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Abstract In this paper, based on the properties of almost periodic function and expo-
nential dichotomy of linear system on time scales as well as Krasnoselskii’s fixed
point theorem, some sufficient conditions are established for the existence of almost
periodic solutions of delayed neutral functional differential equations on time scales.
Finally, an example is presented to illustrate the feasibility and effectiveness of the
results.
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1 Introduction

Neutral differential and difference equations arise in many areas of applied mathemat-
ics, such as population dynamics [1], stability theory [2], circuit theory [3], bifurcation
analysis [4], and dynamical behavior of delayed network systems [5]. Also, qualita-
tive analysis such as periodicity and almost periodicity of neutral differential and
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difference equations received more recently researchers’ special attention due to their
applications, see [6—8] and the references therein.

However, in the real world, there are many systems whose developing processes are
both continuous and discrete. Hence, using the only differential equation or difference
equation cannot accurately describe the law of their developments. Therefore, there is
a need to establish correspondent dynamic models on new time scales.

The theory of calculus on time scales (see [9] and references cited therein) was
initiated by Stefan Hilger in his Ph.D. thesis in 1988 [10] in order to unify continuous
and discrete analysis, and it has a tremendous potential for applications and has recently
received much attention since his foundational work, one may see [11-15]. Therefore,
itis practicable to study that on time scales which can unify the continuous and discrete
situations.

Motivated by the above, in the present paper, we focus on the following neutral
delay functional differential equations on time scales:

x2() = AWx@)+ 0%, x) + G(t,x(t), x;), t €T, (1.1

where T is an almost periodic time scale, A(t) is a nonsingular n X n matrix with
continuous real-valued functions as its elements; the functions Q : T x R? — R”"
and G : T x R" x R" — R" are continuous with their arguments, respectively;
x; € C(T,R"), and x;(s) = x(t + s), forall s € T.

Remark 1.1 The neutral differential and difference equations considered in [6—8] are
the special cases of (1.1). To the best knowledge of the authors, there are few papers
in literature dealing with the existence of almost periodic solutions of neutral delayed
functional differential equations on time scales.

The purpose of this paper is to establish the existence of almost periodic solutions
of (1.1) based on the properties of almost periodic function and exponential dichotomy
of linear system on time scales as well as Krasnoselskii’s fixed point theorem.

In this paper, for each ¢ = (¢1, @2, - ¢n)T e C(T,R"), the norm of ¢ is

defined as ||¢|| = sup |¢(¢)|o, where | (¢)|o = z |¢i (t)]; and when it comes to that
teT
¢ is continuous, delta derivative, delta 1ntegrable and so forth, we mean that each

element ¢; is continuous, delta derivative, delta integrable, and so forth.

2 Preliminaries

Let T be a nonempty closed subset (time scale) of R. The forward and backward jump
operators o, p : T — T and the graininess i : T — R™ are defined, respectively, by

o)=inf{s €T :s >t}, p(t) =sup{s e T:s <t}, ut)=0() —t.

A point t € T is called left-dense if + > inf T and p(¢) = ¢, left-scattered if
p(t) < t,right-dense if + < supT and o (¢) = ¢, and right-scattered if o (t) > ¢. If
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Almost Periodic Solutions of Neutral Delay Functional Differential Equations 319

T has a left-scattered maximum m, then T = T\ {m}; otherwise T = T. If T has a
right-scattered minimum m, then Ty = T\{m}; otherwise T = T.

A function f : T — R is right-dense continuous provided it is continuous at
right-dense point in T, and its left-side limits exist at left-dense points in T. If f is
continuous at each right-dense point and each left-dense point, then f is said to be a
continuous function on T.

The basic theories of calculus on time scales, one can see [9].

A function p : T — R is called regressive provided 1 + w(t)p(t) # 0 for all
t € TK. The set of all regressive and rd-continuous functions p : T — R will be
denoted by R = R(T, R).

If r is a regressive function, then the generalized exponential function e, is defined
by

t
er(t,s) = exp { / Eu(r)(r(f))Af}
N
for all s, t € T, with the cylinder transformation

Log(1+h .
LogQth) i b £ 0,

éh(Z)Z[Z, o

Let p, g : T — R be two regressive functions, define

p®qgq=p+qg+upqg, Op=-— , POq=pd(©9).

)4
I+ up
Lemma 2.1 (see [9]) Assume that p,q : T — R be two regressive functions, then

(i) ep(t,s) =1landey(t, 1) = 1;

(ii) ep(o(t),s) = 1+ u@p)ey,s);
(iii) ep(t,s) = Wﬂn = eop(s, 1);
(iv) ep(t, s)ep(s,r) =ep(t,r);

(v) (egp(t. )™ = (©p)(H)ecy(t, s).

Lemma 2.2 (see [9])If p € R be ann x n-matrix-valued functionon T and a, b, ¢ €
T, then

b
lep(c, NA = —plep(c, )1° and / ptep(c,o(t))At =ep(c,a) —ep(c, b).

The definitions of almost periodic function and uniformly almost periodic function
on time scales can be found in [16,17].

In what follows, we need the following notation. For every real sequence o = (c;;)
and a continuous function f : T — R”,define T}, f = nll)ngo ft+ay)if nli)rréo ft+oay)

exists.
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Lemma 2.3 A function f : T — R" is almost periodic if and only if f is continuous
and for each o = (ap), there exists a subsequence a of (o) such that T, f = g
uniformly on T.

Lemma 24 Let f : T — R”" is an almost periodic function, then f(t) is bounded
and uniformly continuous on T.

The proofs of Lemma 2.3 and 2.4 are similar to the Theorem 3.13 in [18] and the
Theorem 1.1 in [19], respectively. Hence, we omit it.

Lemma 2.5 If f : T x R" — R”" is an almost periodic function in t uniformly for
x € R", then f(t, x) is bounded on T x D, where D is any compact subset of R".

Proof For given ¢ < 1 and a compact subset D C R”", there exists a constant /, such
that in any interval of length I (e, D), f(t, x) is uniformly continuous on [0, I(e, D)] x
D. Therefore, there exists a number M > 0, such that

|f(t, x)o <M, for(t,x)el0,I(e, D)] x D.

Forany t € T, we can take T € E{e, f} N[—t, —t + I(e, D)], then we have t 4+ 7 €
[0, (e, D)]. Hence, we can obtain

If(t+7, 00 <M, YxeD
and
|[ft+7,x)— ft,x)p<e <1, V(t,x)eTxD.
Hence, for any (¢, x) € T x D, we have
Lf@6 0l < 1ft+T,0l0+[fC+7,%) = ft, )0 <M+ 1.

That is, f (¢, x) is bounded on T x D. The proof is completed. O

Lemma 2.6 If f : T x R" — R" is an almost periodic function in t uniformly for
x € R", ¢(¢) is also an almost periodic function and ¢(t) C S forallt € T, Sis a
compact subset of R", then f(t, ¢ (t)) is almost periodic.

Proof For any real sequence o, we can find a subsequence o C o . Assume that (1)
is an almost periodic function, g(¢, x) is an almost periodic function in ¢ uniformly
for x € R", we make that 7, f (¢, x) = g(¢, x) uniformly on T and Ty¢ () = ¢(¢)
also uniformly on T. Hence, g(#, x) is uniformly continuous on T x S. For any ¢ > 0,
there exists a positive number §(5) > 0, Vxi,x2 € S, such that [x; — x2]0 < 8(5)
implies |g(z, x1) — g(¢, x2)|o < %, for any t € T, and there exists a positive integer
No(e) > 0, when n > Ny(¢e), we have

1Ft+an.x) — gt 0o < =, Y(.x)eTxS$

27
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Almost Periodic Solutions of Neutral Delay Functional Differential Equations 321

and
(1 + a) — @(D)]o < 5(%), VieT.

Moreover, ¢ (t + o) C S,o(t) C Sforallt € T. Then, when n > Ny(¢), it is easy to
see that

|f (@ + o, ¢t + an)) — gL, (1))]o
SfE+an ¢t +an) — g, ¢t +an))lo + |8, ¢t +an)) — gt 9(1))lo

£,
<-+-=¢
2 2

Hence, T, f (¢, ¢ (1)) = g(¢, ¢(¢)) uniformly on T. So f (¢, ¢(¢)) is an almost periodic
function. The proof is completed. O

Lemma 2.7 [fu : T — R" is an almost periodic function, then u; is almost periodic.

Proof 1t is clear that u; is continuous for # € T. For any sequence o = (oe;,). Since
u(t) is an almost periodic function, then there exists a subsequence o = (o) of (oc,’l),
such that

Tou(t) = u(t) 2.1)
uniformly for # € T. On the other hand, since u(¢) is an almost periodic function, it
is uniformly continuous on T. For any ¢ > 0, there exists a positive number §(¢),

such that |t — 2| < 8 implies |u(t;) — u(t2)|o < &. From (2.1), there exists a positive
integer N, such that

lu(t +ay) —u(t)o<e, t €T,
when n > N, we have
[(U)a, — Urlo = |u(t +an +0) —u +0)o < e.

Hence u(t + «;,) converges to u; uniformly on T. So u, is almost periodic. The proof
is completed. O
Definition 2.1 (see [16]) Let x € R” and A(¢) be an n x n rd-continuous matrix on
T, the linear system

x2(1) = A(0)x (1) (2.2)

is said to admit an exponential dichotomy on T, if there exist positive constants o >
0, k > 1, projection P and the fundamental solution matrix X (¢) of (2.2) satisfying

IXOPX o) < kega(t,o(s)) s.t €T t>0(s), (2.3)
XTI — PYX (o)) < keca(o(s). 1) s.t €T, t <a(s), (2.4)
where || - || is a matrix norm on T.
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Remark 2.1 1t is clear that when A(tr) = diag(l, —1), (2.2) admits exponential
dichotomy. More generally, in the case A(f) = A, a constant matrix, (2.2) admits
exponential dichotomy if and only if the eigenvalues of A have a nonzero real part.
Lemma 2.8 Suppose (2.2) admits exponential dichotomy, that is, there exist constants
o > 0,k > 1, such that (2.3) and (2.4) hold. If A(t + t) converges to A(t) uniformly
on any compact subset of T, then {X (t + )PX Yo(s) + )} and {X(t + 1)1 —
P)X~1 (0 (s) + 1)} converges to (X(P X (o(s))} and (X(1)(I — P)X ' (o(s))}
uniformly on any compact subset T x T, respectively. Furthermore, the following
inequalities hold:

IXOPX ' (0(s)l < keou(t,0(s) s.t€T.t>o(s)
XU = P)X ' (0())]| < keoa(o(s).1) 5.t €Tt <ol(s),

where X is the fundamental matrix solution of the following equation
A =
x2(t) = A()x. 2.5)
Proof we first prove that {X (tx) PX -1 (tx)} is convergent. From (2.3), we see that
IX ) PX~ w)ll < k.

Suppose {X (tx) P X ~L(#)) is not convergent. Then, we can find two subsequence:

{xa,) X~} fxag)Pxa)),
such that

lim X (t,)PX '(4,) =P, lim X(t, )PX 't )= P,
m-— 00 m—00 m m

and P # P.
Then, from (2.3) we have

IX (¢ + 15, ) PX (0 (5) + t1,)|| < keca(t,0() s,1 €T, 1 =0(s), (2.6)

and
IX(t + 1, YPX (0 (5) + 1)l < kea(t,0(s)) s, €Tt 2 0(s). (2.7)

Assume that Xy, (t)and X, (¢) are the fundamental matrix solutions of systems
m

xB(t) = At + t,)x, x2(1) = At + 1 )x
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respectively, then X (t +1,,) = Xk, (1) X (&, )and X (1 + 1, ) = X,/ (1) X (¢, ). Since

{A(t + 1} converges to A1) uniformly on any compact subset of T, then {A(f + ) x}
converges to A(f)x uniformly on any compact subset of T x R". It follows that
{A(t + tx,,)x} and {A(z + ¢,/ )x} converge to A(#)x uniformly on any compact subset

of T x R". So Xy, (t)and X, () converge to X (¢) uniformly on any compact set of
T. Furthermore, it follows from (2.6), (2.7) that

| X, (I)X(tkm)PX71(tkm)X;nl(U(S))|| <kegu(t,o(s)) s, t €T, t>0(s)
and

Xy )X (5 YPX™ (tk )X I(G(S))II < kega(t,0(s)) s, 1 €T, 1 =0(s).
Let m — oo, we have
IXOPX (@@ < keealt, o) 5,6 €T, 1> 0(s) 238)
and
IXOPX (@6 < keca(t,0(s) 5,1 €T, > 0(s). 29)
Similarly, we can obtain
X = P)X " @6 < keaa(o (). 1) st €Tt <o(s)  (210)
and
XU = PYX (@) < keca(@(5),1) 5,1 €T, <0s). (211
From (2.8)—(2.11), we see that (2.5) admits exponential dichotomy; both P and P
are its projections. So P = P, which is a contradiction. Hence, {X (f;) P X~ 1(tk)} is
convergent.
Let {X (rx)PX ' (1)} — P ask — oo. Now assume that X (7) is the fundamental

matrix solution of the system x2() = A + 1)x, then Xi(r) converge to X ()
uniformly on any compact set of T. It is easy to see that {Xk_1 (o (s))} converges to

7_1(0 (s)) uniformly on any compact subset of T. So X (¢ + 1) PX Yo (s) + 1)
and {X (t +1;)(I — P)X (o (s) + 1)} converges to XOPX '(o(s) and X (1) (I —

F)Yﬁl(a (s)) uniformly on any compact subset T x T, respectively. Furthermore,
from (2.6) and (2.7) we have

IX(t +15)PX (o (s) + 1)l < keea(t,o(s)) s,t €T, t>o(s)
and

IX(t +8)I = P)X "0 (5) + )| < kega(a(s), 1) 5,1 €T, 1 <o(s).
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324 M. Hu, P. Xie

That is,
IXkOX ) PX ™ @) X (0 ()] < kea(t, 0(s)) s.t €Tt >0(s)
and
IXe X @) = PYX ' (1) X} (0(9)]| < kega(a(s).1) 5.t €Tt <o(s).
Let k — o0, we obtain
IXOPX (@) < keaalt,o(s) s.1 €T 1= 0(s)
and
IXOUI ~P)X (06| < kesa(@(s).1) 5,1 € Tot <o s).

The proof is completed. O

Lemma 2.9 (see [20]) Let M be a closed convex nonempty subset of a Banach space
(B, || - ). Suppose that B and C map M into B, such that

(1) x,y € M, implies Bx +Cy € M,
(2) C is continuous and C(M) is contained in a compact set,
(3) B is a contraction mapping. Then, there exists z € M withz = Bz + Cz.

3 Main Results

Let AP(T) be the set of all almost periodic functions on almost times scales T, then
(AP(T), |- is aBanach space with the supremum norm given by ||| = sup |y (¢)]o,

teT
n
where [ ()]0 = > [ (1)].
i=1
Hereafter, we make the following assumptions:
(H1) There exist positive numbers Lo, Lg such that
10, ¢1) — O, ¢)lo < Loldr — ¢rlo (3.1
forallt € T, ¢;, ¢; € AP(T), and
|Gt u, ) — G, v, ¢)lo < Lg(lu —vlo + |9 — ¢rlo) (3.2)

forallt € T, (u, ¢y), (v, ;) € R" x AP(T). (H,) A(¢) is an almost periodic function,
Q(t, uy) is an almost periodic function in 7 uniformly foru; € AP(T), and G (¢, u, u;)
is also an almost periodic function in 7 uniformly foru, u; € R" x AP(T). (H3) System
(2.2) admits exponential dichotomy, that is, there exist constants ¢ > 0, k > 1, such
that (2.3) and (2.4) hold.
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Almost Periodic Solutions of Neutral Delay Functional Differential Equations 325

Define a mapping ® by

t
(Pu)(r) = Q(t, ur) +/ X PX (0 ()G (s, uls), ug) As

—00

+00
—/ X — P)X_l(o(s))G(s, u(s), ug)As. 3.3)
t

Lemma 3.1 Ifu isan almost periodic function, then ®u is an almost periodic function.

Proof For u(t) is an almost periodic function, from (H>), Lemma 2.4 to 2.7, then
O(t,u;)andG(t, u(t), u;) are all almost periodic functions, so they are uniformly
bounded on T. Let Mand M; be positive numbers such that

1QC, u)ll =My, GG, ul),u)ll < M.

Now, we prove that (Pu)(¢) is an almost periodic function. First, it is clear that
(®Pu)(z) is continuous on T. For any sequence o = (o), since Q(¢, u;)andG (¢, u(t),
u;) are almost periodic functions, combining with Lemma 2.3 and 2.8, we can find a
common subsequence of («;,), we still denote it as (¢, ), such that

ToQ(t ur) = Q1(1), ToG(t,u(t), ur) = G1(1) (3.4)

uniformly for € T and

klim X4+ a)PX No@s) +ap) = Y(r)FY’l(a(s)), t>0(s) (3.5

klirn Xt 4o — P)YX Y o@s)+ar) = XTI — PYX (0(s)), 1 < o (s).
(3.6)

Then,

t+oy

(Pu)(t + ax) = Q1 + ok, Ur4ay) +/ X(t+a)PX  (0()G (s u(s), us)As

—00

+00
—/ X(t+ak)(1—P)Xfl(a(s))G(s,u(s),uS)As
t4ay
t

= Q(t+05ka”t+ak)+/ X(t + o) PX (0 (s) + )

XG(s + oy, u(s +ag), Usyo,)As

+00
—/ X(t+ox)I — P)YX Yo (s) + ax)
t

XG(s + ag, u(s + ox), Usa, ) As.
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From (3.4)—(3.6) and Lebesgue’s control convergence theorem, we see that (®u)(r +
o) converges to

t —+o0
01() + / XOPX '(0()Gi(s)As — / X0 = P)X (0()G1(s)As
t

—0o0

uniformly for ¢ € T. So, (Pu)(z) is an almost periodic function. The proof is com-
pleted. O

In order to apply Krasnoselskii’s theorm, we need to construct two mappings, one
is a contraction and the other is compact. Let

(Pu)(r) = (Bu)(t) + (Cu)(1);

where B, C : AP(T) — AP(T) are given by

(Bu)(r) = O(t, uy), 3.7
t
(Cu)(t) = / X(OPX (o ()G(s, u(s), us)As
+00
—/ X — P)X_l(a(s))G(s, u(s), ug)As. (3.8)
t

Lemma 3.2 (see [7]) The operator B is a contraction provided Lo < 1.

Lemma 3.3 The operator C is continuous and the image C(M) is contained in a
compact set, where M = {u € AP(T) : |lu|| < R}, R is a fixed constant.

Proof First, by (3.7), we have

t
[(Cu) )l S/ IX@OPX ()INIGC, u(), u)lAs

—00

+00
+/ X = PYX " (@(6DIIGC u(), w)]|As
t

1
=< IIG(~,M(~),M‘)|I(/ IX(0)PX (o)) As

—00

+00
+/ X ()T — P)XI(G(S))IIAS)
t

t +00
< IIG(',M(~),u.)|I(/ kega(t, 0 (s))As +/ keea(G(S),t)AS).
t

—00

By Lemma 2.2, we can get

4 +00
/ kega(t, o (s))As +/ kecw(o(s), )As < k(l — L)
t o O«

—00
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Therefore,
1 1
[(Cu)O) < k(= — =—INGC,ul), u)l. (3.9)
o (S
Now, we show that C is continuous. In fact, let u, v € AP(T), for any ¢ > 0, take
8= s/[ZkLc;(é — & ], whenever |lu — v|| < §, we have

[(Cu)(-) = (Cv)(|
t
< / IX@OPX (GG, u(), ) = G-, v(), v As

—00

+00
+/ XU = PYX o GDINGC.u(),u)) = G u(), v)]|As
t

t
< / keoa(t, o () Lo (Ju() — vl + lu. — v.)As

—00

+00
+/ kega(o(s), ) Lg(lu(-) — v + lu. — v.]))
t
t +oo
<2Lgllu — vll(/ kegu(t, o (s))As +/ kegy (o (s), 1) As)
—00 t

11
<2kLg(— — —)|lu —
= 2kLa(— ea)llu vl

< E€.

This proves that C is continuous.

For M = {u € AP(T) : |lu] < R}. Now, we show that the image of C(M) is
contained in a compact set. In fact, let u, be a sequence in M. In view of (3.2), we
have

GG uC), u)ll < 1GC, ul),u) =G, 0,0+ G, 0,0)]
< Lo(lull + llu-1) +a
<2LGR +a, (3.10)

where a = ||G (-, 0, 0)||. From (3.9) and (3.10), we have
1 1
Cun()I < k(= ——)2LcR+a):=L. (3.11)
o (S

Next, we calculate (Cu,,)” (t) and show that it is uniformly bounded. By a direct
calculate, we have

(Cun) (1) = A@)(Cu) (1) + X OV PX ™ (0 ()G, un (1), (tn):)
—X)UI = PYX 0 ()G, un (@), (un)y). (3.12)

@ Springer



328 M. Hu, P. Xie

For A(?) is an almost periodic function, then A(¢) is bounded. So, there exists a positive
constant Ag, such that ||A]| < Ag. Together with (3.10), (3.11), and (3.12) implies

[(Cun)* ()l < AoL + (keeu(t, 0 (5)) + ke (0 (), NNG(, un (), (un).)|l
< AoL + (k +k)2RLG + a)
< AgL +2k(2RLG + a).

Thus, the sequence (Cu,) is uniformly bounded and equi-continuous. Hence, by the
Arzela-Ascoli theorem, C(M) is compact. The proof is completed. O

Theorem 3.1 Assume that (Hy) — (H3) hold. Leta = ||G(-,0,0)|,b = [|Q(-, 0)].
Let Ry be a positive constant satisfies

1 1
LoRo+b+k(———)2LgRo+a) < Ro. (3.13)
o (S0

Then, (1.1) has an almost periodic solution in M = {u € AP(T) : |lu]l < Ro}.

Proof Define M = {u € AP(T) : ||u|| < Ro}. By Lemma 3.3, the mapping C defined
by (3.7) is continuous and CM is contained in a compact set. By lemma 3.2, the
mapping B defined by (3.7) is a contraction and it is clear that B : AP(T) — AP(T).

Next, we show that if u, v € M, we have ||Bu + Cv| < Ry. In fact, letu,v e M
with ||u|[, |[v]| £ Ro. Then

1B + (€O < 106, 1) — O 0l + 10, 0]
t
+ / IX(OPX " @ ) - 1GC. v(). vl As

+o00
—l—/ IX(O)(I = P)YX o) - 1GC,v(), vl As
t
1 1
< Lollull+b +k(§ - @)(ZLGR +a)

1 1
<LoRo+b +k(; — @)(ZLGRO + a)

< Rop.

Thus, Bu+Cv € M. Hence all the conditions of Krasnoselskii’s theorem are satisfied.
Hence there exists a fixed point z € M, such that z= Bz + Cz. By Lemma 2.9, (1.1)
has an almost periodic solution. The proof is completed. O

Theorem 3.2 Assume that (Hy) — (H3) hold. If
Lo +2kL ! ! 1 (3.14)
—— ) <1, .
e ¢ o oo

then, (1.1) has a unique almost periodic solution.
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Almost Periodic Solutions of Neutral Delay Functional Differential Equations 329

Proof Let the mapping ® be given by (3.3). For u, v € AP(T), in view of (3.3), we
have

[(@u)(-) = (Pv)O)l
=1QC u)—=QC vl
t
+/ IX@OPX @ DINGE, ul), u) = G, v(), v)l|As

—00

+/_ IX(OT = PYX o DINGE, u(), u) = G, v(), v)[|As
t

t
< Lollu = vl + Lo (llu —v|| + llu. = v.]}) - (/ kega(t, o(s))As

+00
+ / keoa(0 (s), 1) As)
t
< Loll I +2Lgl Ilk(1 : )
u—v u—vlk(= - —
= Lo G o oa
1 1
= (Lo +2kLg(— — —))|lu — vl
(Lo +2kLa(- ea))”M vl

This completes the proof by invoking the contraction mapping principle. O

Remark 3.1 If the conditions of the main result of [7] hold, then (2.2) admits expo-
nential dichotomy with projection P = I, hence system (1.1) has an almost periodic
solution. So our main result greatly improves the main result of [7].

4 An Example

For small positive €1 and &7, we consider the perturbed Van Der Pol equation

XA 4 (82x2 — l)xA +x — ‘el(sint)c?)A —e&ycost =0, “.1)

where x; is defined by x;(0) = x(t + 6) for t, 0 € T is nonnegative, continuous and
almost periodic function. Using the transformation xlA = x, we can transform the

above equation to

X1 A_ 0 1 X1 4 0 A+ 0
X7 “\-11 X2 &1 sintxlzt szcost—eszxlez ’

thatis, A= (—01 i) » O x) = (81 sig txlzt)’ G, x(0), x) = (82 cost 2 ezxlez)'

Since the real part of the eigenvalues of A is nonzero, by Remark 2.1, we see that
x2() = A()x(¢) admits exponential dichotomy. Let ¢ (#)=(¢1(¢), ¢2(¢))and ¢(t)=
(p1(2), p2(2)). Define M = {u € AP(T) : |lull < Ro}, where Ry is a positive
constant.
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Then for ¢, ¢ € M, we have

19C.¢) — QC, 9|l =2e1Roll¢ — ¢l

and

1G(), (), @) =G, 0(0), @)l

2 @1(t) — @1(2)
< easup (G2(0)(P1(1) + @1(1)), 93 (1)) ( r1) — m(t))'
<2eR3|d — ¢l

Hence,let Ly = 2¢e1 Ry, Lg = e R2,a=1G(,0,0) =eandb = |0, 0) =0.
Thus, inequality (3.13) becomes

11
261 RE + kea(— = a)(2R3 +1) < Ro,

which is satisfied for small ¢; and ¢7. By Theorem 3.1, (4.1) has an almost periodic
solution.
Moreover,

1 1
2¢1 Ry + 2k52R3(; — a) <1

is also satisfied for small £1 and &3. By Theorem 3.2, (4.1) has a unique almost periodic
solution.
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