Shap. Mem. Superelasticity (2017) 3:84-108
DOI 10.1007/s40830-017-0100-9

=
@ CrossMark

SPECIAL ISSUE: THEORY, MODELING, AND SIMULATION OF SHAPE MEMORY ALLOYS, INVITED PAPER

A Gradient-Based Constitutive Model for Shape Memory Alloys

Majid Tabesh' -+ James Boyd' - Dimitris Lagoudas’

Published online: 22 March 2017
© ASM International 2017

Abstract Constitutive models are necessary to design
shape memory alloy (SMA) components at nano- and
micro-scales in NEMS and MEMS. The behavior of small-
scale SMA structures deviates from that of the bulk
material. Unfortunately, this response cannot be modeled
using conventional constitutive models which lack an
intrinsic length scale. At small scales, size effects are often
observed along with large gradients in the stress or strain.
Therefore, a gradient-based thermodynamically consistent
constitutive framework is established. Generalized surface
and body forces are assumed to contribute to the free
energy as work conjugates to the martensite volume frac-
tion, transformation strain tensor, and their spatial gradi-
ents. The rates of evolution of these variables are obtained
by invoking the principal of maximum dissipation after
assuming a transformation surface, which is a differential
equation in space. This approach is compared to the the-
ories that use a configurational force (microforce) balance
law. The developed constitutive model includes energetic
and dissipative length scales that can be calibrated exper-
imentally. Boundary value problems, including pure
bending of SMA beams and simple torsion of SMA
cylindrical bars, are solved to demonstrate the capabilities
of this model. These problems contain the differential
equation for the transformation surface as well as the
equilibrium equation and are solved analytically and
numerically. The simplest version of the model, containing
only the additional gradient of martensite volume fraction,
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predicts a response with greater transformation hardening
for smaller structures.

Keywords Shape memory alloys - Size effect - Phase
transformation - Analytical modeling - Constitutive
modeling - Strain gradient theory

Introduction

Shape memory alloys (SMAs) have recently been used as
high-performance actuators in micro-electro-mechanical
systems (MEMS) in the form of thin films/beams including
micropumps [1], microvalves [2], microgrippers [3], and
microactuators [4]. Also, compared to bulk SMAs, thin
films can be thermally activated at a higher frequency due
to the larger exposed free surfaces. The elastic and inelastic
response of materials changes as their size approaches the
micron/nanometer region where fluctuations in the
microstructural and physical features of the material cannot
be resolved by smearing their effect through averaging and
homogenization. Such an experimentally observed size-
dependent behavior can be modeled using continuum
mechanics without resort to cost-prohibitive molecular/
atomistic frameworks by using nonlocal or gradient con-
tinuum theories. Higher gradients of stress or strain usually
occur in smaller sizes. For example, for the same maximum
strain on the outer layer, beams with smaller thicknesses
undergo higher gradients of strain, motivating the use of
higher-order models containing gradient terms for model-
ing their behavior. Toward this end, the objective for this
communication is to develop a thermodynamically con-
sistent gradient-based nonlocal constitutive model for
shape memory alloys with the capability of capturing the
size effect.
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A size effect generally occurs when a characteristic
length in the loading, boundary conditions, or geometry of
the sample (such as the size of the stress concentration
region, curvature of bending, or thickness of the sample) is
of the same order of magnitude as a microstructural length
scale in the material (such as grain size, size of the dislo-
cation loop in metals, or martensitic twin variants in shape
memory alloys). In that case, the heterogeneities in the
microstructure of the specimen and hence the local state of
the material become significant and cannot be averaged out
to produce a larger scale [5]. Size effect has been observed
for elastic properties [6—8] as well as inelastic response of
materials, such as in dislocation plasticity [9-11].

SMAs are not an exception in this regard because the
properties characterizing their unique behavior, i.e., the
critical stresses to start and finish the forward and reverse
transformations as well as the transformation dissipation
and hysteresis, have been shown to depend on the size of
the specimen.

The size effect was observed in microcrystalline SMA
particles in nontransformable solid matrix, and also in free-
standing nano/micro-sized SMA powders. Experimental
results demonstrated that by decreasing the size of the
SMA particle or powder, the martensitic transformation
was fully or partially suppressed [12, 13].

Furthermore, the compressive stress—strain response of
SMA micro/nanopillars was shown to depend on the
diameter. An increase in the critical stresses to start the
austenite to martensite transformation and also in the
stress—strain hysteresis was seen when the diameter of the
pillars was less than one micron [14—18]. This phenomenon
was also observed in SMA wires where the critical stresses
for the start of martensite and austenite transformations
were reported to increase for diameters below 100 pm [19].

SMA thin films with thicknesses in the micron scale,
deposited commonly on glass or silicon substrates, showed
reduced transformation temperatures compared to that of
the bulk SMA, and in some cases the martensitic trans-
formation was impeded for thicknesses below 100 nm
[20-23].

It was also shown through experiments and numerical
modeling that martensitic transformation diminishes with
decreasing grain size in SMA samples with nano-sized
grains, and there exists a critical grain size below which
transformation is inhibited [24-29].

It is possible to account for such high-resolution internal
microstructural features explicitly by considering the spa-
tial variation of the material properties in a lower scale (for
example, using an FEA model including detailed
microstructural features or an atomistic/molecular model-
ing approach). However, this strategy requires much
computational resources. The nonlocal models, either dif-
ferential or integral, introduce one or more length scales in

their formulation that can represent the lower scale features
in an average sense in the continuum scale.

The standard continuum theories predict a singular state
of stress at the tip of a crack or center of a dislocation core.
Nonlocal theories of elasticity can eliminate these singu-
larities [30-32]. In addition, standard continuum theories
have difficulty predicting size dependence in the elastic
torsional or flexural response of certain materials
[6, 7,33, 34, 35, 8]. Furthermore, the elastoplastic response
of micron and submicron-sized specimens feature an
increased plastic hardening with decreasing size. This
effect was modeled using both implicit and explicit strain
gradient plasticity models [36, 37]. Plastic size effects
include nano-scale indentation depth dependence for
hardness of several metals [38], thickness dependence in
nondimensional moment-curvature response of Ni thin
films [39], and size-dependent yield stress in torsional
response of micron-sized Cu wires [9]. The standard
plasticity models, due to the lack of intrinsic material
length scales, cannot capture such an observed size effect
featuring a stronger response as the size of the structure
reduces [10].

Nonlocal integral plasticity models are a generalization
of the classical plasticity models that include nonlocal
measures of the plastic strain, defined via a weighted vol-
ume integral over the domain, in their yield function
[40, 41]. Strongly nonlocal implicit gradient plasticity
models [42] also include an integral nonlocal variable in
their constitutive equations. However, the nonlocal vari-
able (such as damage or the accumulated plastic strain) can
be obtained via solution of a Helmholtz-type differential
equation over the material body with Neumann boundary
conditions applied on the external boundary (and not on the
evolving elastic-plastic boundary) and solved in a coupled
fashion with the equilibrium equation [43]. In contrast,
weakly nonlocal constitutive models [42] for inelastic
material behavior directly include the spatial gradients of
the state variables (hence also called explicit gradient
models) that capture the effect of an infinitesimally small
neighborhood around a material point. This can be the
higher gradients of the displacement field (or the gradients
of total strain) [44] or can be exclusive to the gradients of
the internal variables such as the accumulated plastic strain
[45—-47] or the martensite volume fraction (MVF) [48, 49].
Explicit gradient models were shown to be more effective
in capturing the strengthening as a result of reducing the
specimen size, while nonlocal implicit models proved to be
more efficient in regularizing the problem of strain local-
ization in materials with softening behavior [50]. Gud-
mundson et al. [51] presented a thermodynamic framework
that can be used to derive many of the existing strain
gradient plasticity models. A generalized principle of vir-
tual power was assumed that considers the contributions
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from elastic strains, plastic strains, and the plastic strain
gradients along with their respective work conjugates of
Cauchy stress, microstress, and moment stress. The prin-
ciple of virtual power led to the balance equations and
corresponding standard and nonstandard boundary condi-
tions with respect to the force and moment force tractions.
The balance law regarding microstresses is often denoted
as the microforce balance after Gurtin [52]. The microforce
balance acts as a generalized flow rule in this context. The
rates of the plastic strain and the plastic strain gradient
were obtained based on satisfaction of the second law of
thermodynamics through derivatives of a yield function.
The yield function was defined based on generalized stress
and plastic strain measures that accommodated three dif-
ferent intrinsic material length scales. Connections between
this theory and strain gradient theories of Aifantis
[53-55], and Fleck and Hutchinson [36, 47], were also
demonstrated.

Phenomenological modeling of SMAs using internal
variables has been under development for the past two
decades [56]. The SMA phenomenological models are
similar to rate-independent dislocation-based plasticity
models. The nonlocal continuum models motivated by the
experimentally observed SMA behavior, such as the size
effect or transformation front localization, are also similar
to the nonlocal plasticity models [57, 58, 48].

Duval et al. [58] provided the nonlocal extension of an
existing phenomenological SMA constitutive model [59].
This nonlocal implicit gradient model was inspired by the
work of Engelen et al. [43]. In addition to the conventional
internal variable of martensite volume fraction (MVF) f,
the integral average of it over the domain was also con-
sidered as the nonlocal MVF, f . Similar to the implicit
gradient plasticity models, f was obtained from an addi-
tional PDE with a Neumann-type boundary condition on
the domain boundary ensuring the equality of local and
nonlocal MVF averaged over the entire domain. The
nonlocal model was implemented in the finite element
software package ABAQUS through the user element
(UEL) feature. The experimentally observed softening
behavior (stress peak of nucleation and subsequent stress
plateau for propagation) in the SMAs was captured by
gradually decreasing the critical force for martensitic
transformation through the nonlocal MVF resulting in
lower stresses required for propagation of martensite
compared to its nucleation. Therefore, the nonlocal model
performed as a localization limiter improving the otherwise
pathological behaviors of the local models. The nucleation
and propagation of martensite transformation front in ten-
sile loading of an SMA plate with a hole were simulated
with results showing the dependence of the localization
width and the stress peak of nucleation on the intrinsic
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length scale introduced in the model through the nonlocal
variable.

Another nonlocal implicit gradient SMA model was
presented by Badnava et al. [57]. The model was based on
a 3D extension of Brinson’s SMA model [60] and was
intended to capture the unstable softening and localization
behavior of SMAs upon nucleation and propagation of
martensite transformation. The effectiveness of the model
as a localization limiter was demonstrated through FEA
simulation of SMA structures after implementation in
ABAQUS UEL.

The explicit gradient-based SMA model of Qiao et al.
[48] was inspired by the strain gradient plasticity work of
Gurtin and Anand [61]. This isothermal one-dimensional
model was intended to capture the size-dependent supere-
lastic response of SMA micro/nanopillars under compres-
sion tests. The Helmholtz free energy for the material
contained the gradient of MVF through which an energetic
length scale was introduced. Through the use of a gener-
alized form for the principle of virtual power, stress equi-
librium equation and a balance equation regarding the
microstresses (conjugates to the martensite volume fraction
and its spatial gradient) along with their corresponding
boundary conditions were obtained. Constitutive relations
were assumed for the microstresses such that the micro-
force balance played the role of the transformation partial
differential equation giving the rate of MVF. The varia-
tional form of this equation was implemented in a 1D finite
element framework to simulate size effect in the response
of Cu-Al-Ni SMA micropillars under compression.

In the work by Sun and He [62], a multiscale continuum
phenomenological strain gradient model was developed to
study the effect of grain size in the response of polycrys-
talline SMA specimens. The model was based on a non-
local nonconvex strain energy function. The characteristic
length scales introduced were the specimen size L, grain
size [, and the intrinsic material length scale ¢ related to the
width of austenite—martensite interface. The results
demonstrated that the energy dissipation during phase
transformation is governed by the ratios of % and % The
martensitic transformation, hence dissipation, was dimin-
ished in the case of an SMA with large grains close to the
size of the specimen (denoting a single crystal behavior)
and also in the case where the grains were of the order of
nanometer in size close to the intrinsic length scale (de-
noting the transformation inhibition observed in ultrafine-
grain SMAs).

In the current work, a gradient-based thermodynami-
cally consistent constitutive model is developed for the
response of SMAs at small scales. It is assumed that gen-
eralized surface and body forces contribute to the free
energy as work conjugates to the MVF, transformation
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strain tensor, and their spatial gradients. The rates of evo-
lution of these variables are obtained by invoking the max-
imum dissipation postulate. The generalized transformation
surface is a differential equation for the spatial distribution of
the thermodynamic forces, whereas in conventional consti-
tutive theories, the transformation surface is an algebraic
equation. The connection between this model and the theo-
ries that use a configurational force (microforce) balance law
is established by showing the latter to be a specific case of a
generalized transformation surface.

Using such a framework, gradient-based constitutive
models are developed that include energetic and dissipative
length scales which can be calibrated experimentally.
These models are simplified for 1D. Example boundary
value problems are solved analytically and, where impos-
sible, numerically for pure bending of SMA beams and
simple torsion of SMA cylindrical bars. The simplest gra-
dient-based SMA constitutive model, containing only the
additional gradient of MVF, can capture the size effect in
the response of these structures by demonstrating an
increased hardening for smaller sizes.

Gradient-Based SMA Constitutive Modeling

In this section, a thermodynamically consistent gradient-
based model for SMAs is developed. A treatment based on
generalized principles of continuum mechanics is given in
the Appendix “Fundamentals” section; however, the
internal variable approach is used herein. The development
begins by specifying the Gibbs free energy, G. The strain
and entropy are shown to be the derivatives of the Gibbs
free energy with respect to stress and temperature. A dis-
sipation potential is formulated to obtain (rate-indepen-
dent) evolution equations for the internal variables.

To begin, the dependent and independent state variables
are introduced:

G = G(“? T7 Y)7
S = §(67 T’ Y)7

Y = {{{VEVVE,.. V'EL " {Ve", VVe" .. V"]
(1)

The independent state variables include the Cauchy
stress o, the absolute temperature 7, and a set of internal
variables Y with &", the tensor for transformation strain,
and ¢, the volume fraction of martensite phase in the SMA.
Also included are the spatial gradients of the MVF and the
transformation strain tensor up to orders n and m. It is
assumed, henceforth, that m = n. The dependent variables
are ¢ the infinitesimal strain (we assume infinitesimal
strains), q the heat flux vector, s the specific entropy, and
G the specific Gibbs free energy.

€:é(G7T,Y)7 q:(i(c) T’Y))

Referring to the inequality in Eq. (90) and the devel-
opment in the Appendix “Fundamentals” section, the
Clausius—Plank inequality becomes

- a—G—i-s 10— 6—G+s T
- TP er

oG 3G . <~/ 0G . 3G
:é“—i—a—ig“—i—z (—-Vké+—~Vké‘r)
k=1

>0.

(2)

Assuming that all the constitutive variables and their
rates are independent, the Clausius—Plank inequality (and
hence the second law of thermodynamics as mentioned in
the Appendix “Constitutive Equations” subsection) is
satisfied given the following constitutive equations:

oG 0G
*Pg, S**a—T- (3)

Therefore, the dissipation is

TP e Ve oVket

& =

D'=T.Y

. & . & 4
=P pné Y A VLY VR >0, “)
k=1 k=1

where Y denotes the set of generalized thermodynamic fluxes
with corresponding thermodynamic forces, I', given by

oG
That is
oG %G
= pa TP = ~Paore »
w__, 9G
- 'Davkatr'

It is common to consider the martensitic transformation
a volume-preserving process such that tr(e") = 0. There-
fore, the hydrostatic part of the generalized stress, ¢, does
not contribute to the dissipation. Hence, only its deviatoric
part will be considered for determining the evolution of the
internal variables:

, T, ; ,
$i=cyi—zuw(EP)dy, w(P) =& =0. (7)

3

It is assumed that a transformation surface defines the
region for the thermoelastic state of the material in the
space of the generalized forces and that any admissible
state of the material must satisfy the condition imposed by

o) =0(L, n, a7, ..., 1") <0. (8)
For the rate-independent response considered here, the
fluxes are associated with the forces through derivatives of

a transformation potential [63]. One approach uses the
principle of maximum dissipation (PMD) such that the
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fluxes will be normal to the transformation surface. Nor-
mality of the fluxes in the space of the generalized forces
and also convexity of the transformation surface are the
results of the PMD. According to PMD, the transformation
state of the SMA material, belonging to the set of admis-
sible states, is the one that maximizes the dissipation D" or

Max{D" =T Y | T, ®(I') <0}. 9)

This is a minimization programming which is solved
using the method of Lagrange multipliers, further described
in the Appendix “Fundamentals” section and Egs. (98)—
(101) including the corresponding Kuhn-Tucker condi-
tions. As a result, the rates of the internal variables can be
found from

[ . [ ()
étr:},%, é:/"hz—, 6 ia—k,
T o n o (10)
Vké[r - /1@ .

Hence, the response is associative in the space of gener-
alized thermodynamic forces.

Next we assume a form for the transformation surface
@(I'). For @ to be a general anisotropic convex function of
P om ', ., 7 and 1!, ..., 1" satisfying the second law of
thermodynamics for forward and reverse martensitic
transformations, it is sufficient to have

q)twd <D —1 i 1 N =d-Y
rS: ZDTE7 7—1 " ,—nt 71 't )n ¢ , (11)
P (g N AR A ,...,1:) =p+Y
b= o)+ p(m) + Z @' - Gh () (12)

=1

where various ¢ are homogeneous of degree 1, convex
functions of their respective variables. A general quadratic
form is commonly assumed such that

1
2

(/3($D) (AWS Sij ‘:rs) )

1
qb(ﬂ:) =n,P (ﬁ ) =-—gh. ﬁk - (ﬁk : AHkﬁk)za

=l .k _ (

$(1) = — . A’”k‘l:k)% (13)

with no summation over k. Here, notice that if 7* or t* €
T™ then E or " ¢ 7™ and A" or A™ ¢ T°". The
tensors A and E can be assigned the symmetry necessary to
achieve the directional dependence of the yield surface and
flow observed in the response of the SMA. Y is a constant
that is equal to one-half of the amount of energy dissipation
in a full transformation path.

The surface ¢ given by Eq. (11) can result in multiple
forms of differential equations. For example, consider 7l =

8 =aVé and P = —p 2 = bV which can be

part of an isotropic SMA constitutive model including &,
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V¢, and sz as internal variables. Hence, one can have
first and second-order differential terms, including the
Laplacian ¢ ;;, within the definition of the partial differen-
tial equation for the transformation surface:

71 _1 - — . . _2 _— ..
¢ (TC ) - A\/ éJéJ)nij - bé,l]? (14)
@ (M) = —BE; — \/CE + DE &y

It is possible to eliminate 4 from Eq. (10) such that the
rate of evolution of the internal variables will be propor-

—1
T, =al;,

tional to ¢ since & = /1%% — /. This implies that ¢ plays the
role of the plastic multiplier as in the analysis of dissipation
surfaces and flow in plasticity. 5 can, furthermore, be
determined using the consistency condition.

According to the Kuhn-Tucker condition (iii), while
E=2 # 0 — ® = 0, thus the consistency condition during
forward or reverse transformation (fwd/rev) can be

obtained considering the transformation surface in
Eq. (11):
fwd/rev fwd/rev fwd/rev

(I)fwd/revzoa;() Jre ‘G'+a£ /re +6(D fre . g

" 0o oT og""

aq)fwd/rev . L) fwd/rev .

el — v

+ 3¢ ¢+ 2 5vEe ¢

n oD fwd/rev
—_ VR =0 15

2 e : (15)
which leads to the following for the evolution of the
martensite volume fraction:
. L6427
= oL (16)

"’ as" : aﬂD + Z awg ank + Z aVks" W

Once the evolution of internal variables is given by the
derivatives of the transformation surface as in Eq. (10), the
dissipation due to martensitic transformation can be
obtained as follows:

[ (0

)‘<ar )”(ﬁF)

B Jré éso (17)
"““”‘{—yé, <o

>0

in which Euler’s homogeneous function theorem is used as
¢(I') is continuously differentiable and homogeneous of
degree one. The satisfaction of the second law of thermo-
dynamics is guaranteed through Eq. (17), which requires
careful attention. First, the rates of internal variables & and
V*¢ and also &" and V*&" are not independent because they
are related by a spatial gradient. This imposes the follow-
ing restrictions on the transformation surface:
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v(i5) =45 V(*55) = ou

18)
a0\ . o0 o0 w
V()vﬁ) :Aw, V(ll—> = A—.

otk Otk
The first one of these constraints is trivially satisfied in

light of f = 1 and (10). A discussion about such restric-
tions on the transformation surface can also be found in
[64]. Second, as observed in Eq. (17), the dissipation does
not explicitly depend on the rate of the gradient of MVF
and transformation strain. This is a consequence of the
specific form assumed for the transformation surface,
Eq. (11), and also the rates of ¢ and V¢ as well as £" and
Ve, However, the inhomogeneous distributions of the
martensitic volume fraction and the transformation strain in
the body contribute to the dissipation by changing the
evolution of & as a result of their influence on the trans-
formation surface.

The Most General Anisotropic 3rd Degree SMA
Gradient Model

In this section, an anisotropic gradient-based constitutive
model for SMAs is presented, with Y considered as the
following list of internal variables:

X={o,T,Y}, Y={&VEe", Vel (19)

The derivation of the constitutive response follows the
procedure used from the beginning of this section, so only
the key equations will be discussed in this section. The
form for the Gibbs free energy

G =G(X) =G(o,T, & VE &, Veb)
—G<GU7T é 517 1;7 yrk) (20)

is commonly selected to be a polynomial in terms of the
variables considered to determine the state of the material.
The polynomial function can be truncated depending on the
level of coupling desired between the variables and on the
physical phenomena as well as the material symmetry
sought to be captured [65, 66]. The reference state, X, for

the free energy is
Go = G(Xy) = G(0,Ty,0,0,0,0). (21)

Taylor’s expansion with respect to this reference state
results in a polynomial form for the free energy function

G(X) =G(Xy+ (X — Xy)) = Gy + DrG(Xo)[X — Xy

1
+ EDic;()co)[X — Xo, X — X]

+ 37 DYG(X0)[X — Xo, X — Xo, X — Xy

+O(xh. (22)

The most general anisotropic as well as isotropic forms
for Gibbs free energy of Eq. (20) is provided in the
Appendix “The Most General Anisotropic/Isotropic Gibbs
Free Energy for the Gradient-Based SMA Constitutive
Model” section.

The constitutive variables and generalized forces are
similarly given by Egs. (3) and (6). The response of the
SMA in this section is assumed to be isotropic so that in
Eq. (13), the tensors =, being of odd rank, vanish and the
tensors /A can be rewritten in terms of the fundamental
isotropic tensors

1 _\2
] 3, ,\2 o T -7
() =H <§€zi€zj> , o(n) = —<?> ; (23)
1

) 1 41 1 1
T) = TiikTi TiikThii + == Tjji Tkki
@ 62 ijk Lijk £d3 ijk Lkji 6(214 Jji Lkk
; (24)

1 1 :
+ 72 ik Tl + 72 ki | -
ds de
The six constants ¢4 can be regarded as dissipative

length scales. Hence, the forward and reverse transforma-
tion surfaces will be

cpfwd(g'D, , ﬁ, r) = ¢ — Y
(Drev( ) —
¢ =9(") +n+¢(m) + (7). (25)

The Simplified SMA Gradient Model Including V&
and Ve"

In this section, a simplified version of the general isotropic
SMA model introduced in the previous section is consid-
ered. The free energy is decomposed into local and non-
local parts with no coupling between the local state
variables and the nonlocal internal state variable. For the
nonlocal part of the free energy, only three quadratic terms
including &; and 3,1 « are retained. The Gibbs free energy,
given to its most general form in Eq. (119), is simplified to

G(O’, Ta €tl‘7 é) V§7 vslr) = GlOCal (67 Ta stra é)
+ Gnonlocal(vé’ VS"). (26)

The local and nonlocal parts are given as follows:

Gl (6, T, & &) = — ﬁo (&0 — %a  [0(&)(T = To) + &)

+e(®) {(T —Ty)~Tln %)}
—50(E)T + uo(E) + f(f)
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+asli & e (27)

The tensor S(¢) is the phase-dependent isotropic fourth-
order compliance tensor defined linearly (rule of mixtures)
with respect to the compliance of the austenite S* and
martensite S™ phases. a(¢) is the phase-dependent effective
coefficient of thermal expansion. The material parameters
¢, so, and u, are the effective specific heat, effective
specific entropy at a reference state, and the effective
specific internal energy at the reference state, respectively.
They also follow a rule of mixtures with respect to their
corresponding values for austenite and martensite phases, i.e.,

S=8+(SM-8"¢, a=at+ (M —0at)e,
o=sf o (- w0 =i+ (- a)e,
c=cr+ (cM —cA)é.

(28)

The function f(¢) is the hardening function
attributable to the obstacles inhibiting the propagation of
the transformation phase front. f(£) can take various forms,
from linear to smooth hardening, as discussed in [67] and
[68]. The energetic length scales ¢; to ¢3 are introduced
here with their corresponding constant coefficients a; to aj
(with dimensions of energy per volume).

The constitutive variables and thermodynamic forces
can be determined using Egs. (3), (6), and the free energy
given in Eq. (27):

oG
E= Pog S(&)o +a(E)(T — To) + ",
= aG—lc-a+l T +
5= T~ 5% cln T 50,
D _ oG
S ——P@—Ga
oG 1
n=-p—=-6:(SM-SYo+o: (aM—at)(T-Tp)
ot 2
M A r
—p(c" —c )[(T—T@—Tln(—)}
Ty
0
+pAs0T—pAu0—a—];, (29)
oG
i :_paé[:_alﬁ ‘Sﬁi_ g% :Jrﬁ
oG 1
Tk = P 3 = —al5 Sﬁ;;‘k—zaﬂ% (05 Ex+ 0w &+ 0 &)
ljk

Also, the transformation surfaces in Eq. (23) are sim-
plified to

(wad ¢ Y orey —
b =o(<

—¢—7,
P) + ¢(n) + o () + (),
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» 3., ] ,,
?(¢ )—H<§s,;;sgj> ; =\ )
dy
I (30)
1 2
@(t) = n Tijk Tijk P
Zd?

which can be rewritten by substituting for the generalized
forces determined in (29):

1
o) =~ | (@) a5 (@) ol

+aiBazl5 &, egjr, (31)

1

row 19 2
7 [(azé%) G+ 76 (16) €l
2

1

+aBasl &)

In (31), d;; are the components of the deviatoric stress and
the newly introduced dissipative length scales, ¢4, and £4,,
are assumed to be positive. Thus, this model has three
nonlocal constants in the Gibbs free energy and two in the
transformation surface.

The rates of the internal variables are given by

g3y Y g,

voo2
35.4.
\/ 299
2 tr
: lalf f +2613€ ”’]é
g,i_ ’

Edl V nlnl
g 1 axf3 e, +asl3 (35 &g+ 0u &5+ 0 &)

ij.k =
Ty, V/TiikTijk

é
(32)

In order to further investigate the contribution from the
gradient of transformation, the model is reduced for a one-
dimensional problem where only a single component of
stress (1) is nonzero. In this case, it is possible to ana-
lytically integrate the equation for evolution of transfor-
mation  strain, (32), such that & =HE, &), =

H £ &5y = %H ¢. Hence, the surfaces for forward and
reverse transformations become

d
Hlon ()] + 7 - M = 27, (33)
where
B aléf + %Hag,ﬂg
- 14
y (34)

1 /3 15
Tl \/5 (@B)'H? + 16 (33)*+ar Bas GH.
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This shows that the 1D transformation surface, as a
result of the nonlocal terms, is a first-order differential
equation and the nonlocal material constants can be
grouped in a nonlocal parameter, M. Specifically, because
the transformation strain evolves proportional to the MVF,
adding the variable Ve" results in additional restrictions
and constants without changing the form of the transfor-
mation surface that must be finally solved in conjunction
with the equilibrium equation. Therefore, Ve&" will be
excluded from the next simplified SMA gradient model and
the focus will be on the coupling of V¢ with other state
variables.

The Simplified SMA Gradient Model Including
Only Terms with V¢

The general isotropic SMA model introduced in “The Most
General Anisotropic 3rd-Degree SMA Gradient Model”
section is simplified in this section to include the terms
with V& but not Ve". The resulting Gibbs free energy
cannot be decomposed into two additive parts as before
because the cubic terms provide coupling between the local
and nonlocal state variables:

Glo, T, & &, VE) = — ia :S(8)6 — %0' () (T — To) + "]

+e(d) {(T —Ty)~Thn %)}

o1
—0(E)T +uo(&) + ;f(é)

1
+5 [ 03 VE-VE+ a3 VE-6VE

+ a3 TVE-VE+aly EVE-VE
+asf2 VE-g"VE + agl? tr(o) VE- V.
(35)

Six energetic length scales are introduced in this model
that attribute to the coupling between V¢ and the other
state variables.! The material constants a;, a4, and as have
dimensions of energy per volume, while a3 has dimension
of energy per volume per temperature and a, and ag are
dimensionless. Because they originate from the same ten-
sorial constant, there exists a relation between the constants
coupling ¢ and V¢, i.e., a>03 = 2agl%. The local material
constants of Eq. (35) follow a similar linear rule of mix-
tures as listed in Eq. (28).

The constitutive variables and thermodynamic forces
can be determined via (3) and (6) using the free energy
given in Eq. (35):

! Notice that the nonlocal length scales here are independent of the
ones in Eq. (27).

oG
%
— S(&)0 +a(&)(T = To) + & — % WA (VE® VE)
+aply (VE-VE) T,

oG 1 T 1
s = ——6:u+cln<7> ——a3l3 (VE-VE) + s0,

or p o/ 2p
oG 1
D — — 2
¢ = —P@*G—Eas% (VERVE),
oG 1
m=—paz =55 (SM—8"e+a: (oM —at) (T —Tp)

—p(cM — ) {(T —Ty) —Tln (Tlo)] + pAsyT

0 1
— pAug - 6—’; —all (VE-V0),
(36)
_ oG
T = —Pa—gi

= —alff Vﬁ — a2€§ GVﬁ — a3€§ T Vf — 614&% f Vé
— asl3 "V ¢ — agly tr(c) VE.

The transformation surfaces, @(I'), are slightly modified
for the forward and reverse processes:

(I)fwd _ ¢fwd -y, orev — _¢rev -y,
¢fwd/rev _ (/3(’;/])) + (f)(ﬂ?) + (/—)fwd/reV(ﬁ)7

1
iy 3.\ _twd/ - 1 —
P(&°) = H(EQU%) ;o o™M(m) = —aa VT
d
Vi m, (37)

which can be rewritten by substituting for the generalized
forces determined in Eq. (36). Notice that the deviatoric
part of the generalized stress tensor conjugate to transfor-
mation strain is & = ¢P — 1tr(cP) and the constant H is the
maximum achievable transformation strain. Therefore, ¢ is
a Mises-type transformation surface; ¢, is the dissipative
length scale that has different values during the forward or
reverse transformations, hence /' and 5.

The energetic and dissipative intrinsic length scales, ¢;
to ¢ plus g4, are combined in the nonlocal parameter M;.
M has dimensions of lengthx energy/volume. Appearing
in the transformation surfaces, M; are given by (no sum-
mation on i)

2
fwd/rev __ a;l;
Mi = efwd/lrev : (38)
d
It will be shown later that such nonlocal parameters
appear in the differential equation for the transformation

surface as part of the analysis of SMA structures.
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The rates of the internal variables can thus be obtained
as

3 &P .
M =H—— ¢, (39a)
3D, D
76 ¢
vim -t T ¢ (30b)
 lamowm
in which
1
L =6 —asBEB(VER VE) - (VE- VO,
PP =G5 a5€§ VE-6VE +8[a5€§ (VE- Vg)]2.

(40)

The rate of MVF is determined using the consistency
condition, ®=0or (16), repeated here:

. - | 0 . - 0
5:7 aO’ﬁ-wT :7a0+ﬁT
0 L 3¢ .3 , 3 3, 0 3 ’
wtaad tove ot ave o A
(41)
in which we have
%:511 P +a2_z§ T®VE+5 (- VEI
0o 2 3D, D Yy T-T
76 ¢
+ (SM—8%)6 + (oM — o) (T — Tp),
0¢
— =0
or -
(aM—aA)—kp(cM—cA)ln(F)+pAs0
0
agégﬁ"Vf
—= 42
Ly, T-T (42)
and
a5€§ 1 1 _
A=3H—2 — —— 7
éd VT T /%Q/D:éD
PR 1 2 04&% 1 _
GVE—=asl: (VE-VE) VE| +2—2 —— (7- V&)
3 Ly T
1
_ Z [(alf% + aﬂ% T+ a4€§ &+ ad% tI‘(O‘))
02€%6+05€§ 8"_ _ _ _ﬁ
(43)

Thus, the evolution of MVF, Eq. (41), is affected by the
heterogeneity in its distribution coupled with the temper-
ature as well as the stress tensor.

To complete the modeling section, it is necessary to
introduce the hardening function, f{¢). A linear form is

@ Springer

chosen for f{&) with the relevant material constants oM, bA,
Uy, and py:

%préz i+ m)E, E>0
f(&= ) . (44)
EPbAfz +(y — )¢, £<0

In addition, a smooth hardening function can be intro-
duced that results in a continuous transition between the
linear elastic and transforming regimes, for example in a
uniaxial stress—strain loading plot. Its differentiated form is
given by [68]

%b1[1+é"‘—(1—€)"2]+b3, £>0
552[1-5-5"3—(1—5)"4]—1?3, £<0

where n; to ny and b, to bz are constants.

One-Dimensional Analysis of SMA Structures

The gradient-based SMA constitutive model introduced in
“The Simplified SMA Gradient Model Including Only Terms
with VE” section is reduced to consider the case when only
one component of stress is nonzero. The proposed model is
then used to investigate the response of SMA wires and thin
films which are commonly encountered in microactuators.
Extension of an SMA homogenous prismatic bar is analyti-
cally investigated to demonstrate that the gradient-based
model recovers the results of a conventional SMA model in
the case of a uniform deformation. In addition, the torsion of
SMA wires is studied in which the variation of stress, and
hence the martensitic volume fraction, over the diameter of the
wire demonstrates the size-dependent features of the gradient-
based model. The response of an SMA thin film is also ana-
lytically modeled for forward transformation as a beam under
pure bending. The loading—unloading response of the SMA
beam under pure bending, including the forward and reverse
transformations, is numerically modeled.

Extension of SMA Prismatic Bars

The purpose of this section is to show that the proposed
nonlocal model yields a local response if the material
undergoes a homogeneous deformation. A prismatic bar is
assumed to undergo a uniaxial isothermal loading at a
temperature above the austenite finish temperature, Ax. The
bar is isothermally loaded from austenite so that the
transformation to martensite occurs. The schematic for the
1D boundary value problem, considering the symmetry (at
the left end) and boundary conditions, is shown in Fig. 1. It
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= f

Fig. 1 Schematic including boundary conditions for uniaxial loading
of an SMA bar

is assumed that the state of the bar, including the MVF, is
symmetric about the left end.

The kinematic and equilibrium equations, along with the
equation for decomposition of strain, (36a), result in the
following:

_ Ou 0oy

8X_a7 65227 , (dE(x) 2 (46)
gx:E(é(x))_2a6£6< o > +HE(x).

The stress does not vary through the length of the bar.
The equation for transformation surface, after simplifying
Eq. (37) and considering linear hardening for the trans-
formation, can be rewritten as follows:

2 2
Oy — lasfg <dé(x)> - %mﬁ <dix()6)>

2 dx
11 1\, "
+ |:§ <E_M_E>O-X+pASOT_pAMO_ (pb €+,Ul +,Uz)
b
(g“/d

H

‘alf% + aﬂ% T + a4&21 &+ 3a6€(2) [

-Y=0.

+ast; HE(x)| ‘%(x)

(47)

Upon satisfying the symmetry boundary condition,
%x:o at the left end, the nonlocal contribution due to the
derivative of £ vanishes. Therefore, MVF depends only on
the stress with a constant homogeneous distribution along
the bar:

Hoy + 3 (fn — 7x) 0% + pAsoT — pAug — () + ) — Y
pbM '

é‘l"wd =

(48)

A similar analysis for the reverse transformation results
in

Hoy + 3 (3 — )02 + pAsoT — pAug — (u; — 1) + Y
é‘rcv = [)bA '

(49)

This solution will be used in the Appendix “Experi-
mental Measurement of the SMA Material Properties”
section in order to relate the typical experimentally
observed SMA properties to the material constants of the
developed constitutive model.

Simple Torsion of an SMA Bar

The solution for the torsion of an SMA bar using the
nonlocal model of “The Simplified SMA Gradient Model
Including Only Terms with VE” section is obtained in this
section. It is assumed that the bar has a circular cross
section representing a wire with a diameter of D. An
opposite and equal torque T is applied to the ends of the
wire (Fig. 2). Also, it is assumed that the wire is initially in
a fully austenitic state at a temperature above Ay.

The twist per unit length of the circular bar is denoted by
©, a constant. This problem is axisymmetric, and it is
assumed that the radii on the cross section remain straight.
The shear strain in the plane perpendicular to the axis is,
therefore, given by

1/0 10 1
ug = r@z, 89z§<ai;+ uz)—r@. (50)

roo) 2
The state of stress in the SMA bar, satisfying the

boundary conditions for end moments and traction-free
side, is considered to be

ij # 0z. (51)

Therefore, the equilibrium equations reduce to

O'ij:O,

1
Cov: _y, 1000 _ (52)
0z

r o0
which are all satisfied in the case of oy, = G¢,(r). This

implies that & = &(r). Also, for the regions in the material

undergoing elastic loading ¢y, = Gr® where G = ﬁ

The relation for total strain, according to the model of
“The Simplified SMA Gradient Model Including Only
Terms with VE” section, is given in Eq. (36a). For this
problem, after considering that the MVF changes only with
the radial coordinate, the 0z component of strain tensor can
be written as

N S

)

Fig. 2 Simple torsion of an SMA bar with a circular cross section
showing, to the right side, a typical distribution for the MVF during
forward transformation
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0o, o 1 ,[0&
&0; = 2G(é)+ 0z 2a6€ (a}") . (53)

The generalized stress tensor, ¢cP, conjugate to trans-
formation strain can be determined by simplifying Eq. (36)
which finally leads to

%asﬁ <Zf) 1 . (54)
1 08\?]’
§a5£§<a—f>] , (55)

which means, after Eq. (39a), the rate of transformation

strain can be given by

\ .
& =>H . &, (56)

2 .212
3+ s @)

or in terms of components,

D 4 2
&P =207 +3

In this sense then

@(P) =H, |30}, +

fy = =2éy = —2ég, = HC s <2_é>2,
oo+ [
=3 C o -0
\/ 303, + [Las2 (%)’]
57

For this simple torsion problem, in addition to trans-
formation shear strains, the SMA gradient model results in
transformation strain in normal directions as well. There-
fore, by the initiation and propagation of transformation in
the bar, the cross section may undergo swelling or warping.
This point can be used for identification and calibration of
the nonlocal parameter asl? as discussed in the results
section. Equation (36d) reduces to

1 1 1 affwd/rev
1 o¢
2a4€2 ( m) . (58)

The generalized force 7 in component form can be given
by

a‘/
T, = — [a1€% + a3£§ T + 04&2‘ &+ asfz o aﬁfé tI'(O')] a—i,

5 Epr

- 615(2 i tr

Ty = —a5€ ¢ T =
a r97 ¢4 a

(59)
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The last two components vanish in light of the relations
given for the rate of transformation strain components,
Eq. (57¢). Hence after Eq. (37) and with ¢4 = ¢4 = ¢,

- 1 \?
q = —\| 7T
oe) =~ ()
1 o¢
=——l|ail + a33 T+ asly &+ asls &b | =2
éd N or
(60)
It is reasonable to assume that ¢y, > 0 and %f >0, after
which the forward transformation surface becomes

1 (o 11 1)\,
2915 <a)] +z<@‘a)%

O™ =H,|303 +

affwd
AsoT — pAug —
+ pAsoT — pAug ae
1 oe\? 1
_ 561462 <6r> —E|a1£% +a3€§ T+a4€i 14
a¢
2 | 25y
asts & | 5.~ Y=0. (61)

The boundary conditions required to solve this differ-
ential equation are determined by considering the interface
between the elastic and transforming regions in the circular
bar. The forward transformation begins at the outer surface,
while the inner core is still loading elastically. The sche-
matic for the distribution of MVF in this case is shown in
Fig. 2 where ¢ denotes the radial position of the interface.
Hence,

6(9) =0, _|g =0, (62)

due to the zeroth- and first-order continuity of &(r). Equa-
tions (61) and (62) enable one to find ¢

For the reverse transformation,
1 o¢ 1/1 1
2 2
295t (a) ] ) (w - a) %
afrev
o¢

1
+ a3 + a3 T + aslf ¢
d

O = — H, |30 +

— pAsoT + pAuy +

1, (0
+2 aaly <6r)
)
+asl? & a—f—y 0. (63)

Similarly, the boundary conditions for (63) are the
dé(r)
dr

continuity of &(x) and across the interface, x = ¢,
where the transition form the reverse transformation to

elastic unloading takes place.
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Fig. 3 Pure bending of an SMA
beam showing, to the right side,
a typical distribution for the
MVF through the (half)
thickness during forward
transformation

2h MC_ ............. L - )MT
X

For this problem, the differential equations for the
transformation surfaces, Egs. (61) or (63), must be solved
in a coupled fashion with the equations for the rate of
transformation strain, (57), and the equation for the
decomposition of strain, (53), in order to find the distri-
bution of &(r) and a4, (r).

Ultimately, it is possible to find the relation between the
twist per length in the bar ©, as the loading parameter, and
the applied torque:

T(0) =2n / “op.(r)r dr. (64)
0

The complexity of the problem here prohibits one from
obtaining a closed-form solution. Therefore, such system of
differential equations was solved numerically using the
finite difference method. The following nondimensional
parameters are, notably, introduced for the purpose of
results.

.. r T . 0 G2

T

The nondimensional torque, T*, and nondimensional
angle of twist per length, @, are obtained by considering
the critical torque to start the transformation at the surface
of the circular SMA bar, 72", and the corresponding
critical angle of twist per length, @, The critical shear

stress to start forward transformation is given via
,wad — ﬂ
s V3©

In the next section, pure bending of an SMA beam is
considered with its solution for when only one of the length
scales, aIE%, is nonzero.

Pure Bending of an SMA Beam

The deflection of SMA thin film actuators is investigated in
this section. For simplicity, all of the nonlocal length scales
in the nonlocal SMA constitutive model except alﬁ% are
considered to vanish. It will be shown that even in this
simplified version, the SMA gradient model is capable of
capturing the size effect in the response.

It is considered that a slender prismatic SMA beam
(with a width of W and thickness of 2 /) undergoes a state

0

of pure bending (Fig. 3) such that the Euler—Bernoulli
assumptions hold, i.e., the planar sections remain planar
and perpendicular to the neutral axis and rotate with rea-
sonably small slopes. Hence,

ov(x) B % _
ox & = —y@—’@v (66)

u(y) = —ytan(0) = —y

where k is the curvature of bending deformation. We
assume that the only nonzero component of stress is the
normal stress on the cross section, o,. In addition to that,
the decomposition of strain in the axial x direction using
the SMA gradient-based model results in

6ax(y): . Oy
ox Y E(E(x))

First, the start of forward transformation on the outer-
most layers of the beam under loading is investigated to
find an analytical nondimensional response. The state of
the beam including stress, strain, and martensitic volume
fraction reduces to a one-dimensional problem with vari-
ation along the thickness of the beam or y direction;
ax(y), &l(y), &(v). The normal stress in the x direction
is the only nonzero component of the stress tensor. The
deformation is isothermal at a temperature above Ay, thus
the loading begins, while the beam is entirely in an
austenite state. The loading causes the transformation to
martensite to begin at the outer layers and propagate
towards the neutral axis. The interface between trans-
forming outer layers and the elastic austenitic inner layers
of the beam is denoted by r on the y-axis, {(y = r) = 0.
Because the stress state is 1D, the forward transformation
equation for the SMA gradient-based model becomes

1/1 1
Hlo.(y)| + { ( —) a.(y)* + pAsY T — pAug

+ Hé(x). (67)

2\EM EA
—(pbMEW) + 1y + 1) ]
fwd df()’) o

- M, O ‘—Y—O, (68)

in which a linear hardening function is used. Also,

Mflwd/rev = a;ffi
Considering the symmetry about the neural axis, only the
top portion of the beam is studied hence ¢, > 0 and,

after the definition given in Eq. (38).
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therefore, g—fZO. The material constants in the above

equation can be collected together to reach

Mdedf()—i-D 0, (69)

Ho(y) + Ao(y)* + BE(y) — o

with the newly introduced constants of forward transfor-
mation with linear hardening (Table 2),

1/1 1
A== ——
Z(EM EA)’

= pASYT — pAug — (1) + ) —

— _pr _ _H(O{Wd _ O_fwd)’

S
Y = —Ho™.
(70)

Equation (69) is a differential equation that requires a
boundary condition for its solution. Obviously, the condi-
tion at the boundary of the elastic-transforming regions or,
E(r) = 0, must be satisfied. But this relation gives the
constant of integration for (69) as a function of r which is
still an unknown parameter of loading. Implicit in the
analysis of the nonlocal constitutive model developed here
is the fact that the forward or reverse transformation front
entails a smooth transition from the elastic to the trans-
forming region, i.e., all the state variables, including
VE(X), must be continuous across the interface. In a
polycrystalline SMA sample, the transformation front
progresses by the martensitic transformation first occurring
in the grains with favorable crystalline direction to the
stress direction and then gradually transitioning to the
elastic behavior in the transformed regions. This can be
simulated by having a smooth scalar field variable, £. Thus,
at the elastic-transforming boundary interface,

é|y:r = 07 dé

— =0. 71
T ber (1)

Satisfaction of the boundary conditions in (71) gives a
relation for both the constant of integration in the ODE of
(69) and the location of the elastic-transforming boundary
r with respect to the current curvature, x, as the loading
parameter. The transition to the fully martensitic region is
not smooth in terms of &, i.e., V& will not be continuous
across the transformation finish front.

Interestingly, using (71) in the equation for forward
transformation surface (69) results in

[Hoy(y) +D],_,=0 = oaur)=0 =
fwd (72)
JS

r =
EAk

The loading here is proportional, so it is possible to
directly integrate the rate of evolution of transformation
strains

&' = Hésgn(o,), &5 =i =—_¢" (73)

y z
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to obtain

el (v) = HE(y), ax(y) = E(&)(ky — HE(y)). (74)

In order to attain a closed-form solution, the difference
in the elastic modulus of austenite and martensite is
ignored, i.e., E = E™ = E* which means A = 0.

The differential equation in Eq. (69) (with A = 0) is
linear first order with a general solution given by

M D (E’b)
7+K M
Fy) = —— By BT re N\ /| (75)

(f-H) M

which after applying the boundary condition in Eq. (71)
and replacing ( yields
B—EH?
fod (V=7
3 K(l —e™ > .

(76)

D + HExy
B — EH?

_ HEM}™
(B — EH?)

) =~

The first term on the R.H.S. of the above equation
pertains to the local part of the model and gives a bilinear
distribution in &, while the second term is the exponential
contribution from the nonlocal part. The moment, M,
applied to the beam section corresponding to the current
curvature, k, can be readily calculated from

h h
:/ Wo.(y)y dy = ZW/ ox(y)y dy. (77)
—h 0

Using Egs. (74) and (76) in the integration of (77)
results in

M TMive LERYa 2
=K +5—133 K —— K +=-|—) — 3
B—1)2p8-1 )30 Te\kt) 2

(e
s

Kl Mfwd*) ;,W;*M)_( 1y
(78)

which is the equation of moment-curvature in a nondi-
mensional form for pure bending of an SMA beam.

The nondimensional parameters introduced in (78) are
now defined. The nondimensional moment, M , and
nondimensional curvature are obtained based on a nor-
malization using the critical moment and curvature to start

the forward transformation, M™¢ and 1™
M M K Eh
M = = K'=—=—xk. 79
Mng %th O’£Wd ’ ngd G£Wd ( )

In addition, M™ can be defined as the nondimensional
form of the nonlocal parameter as well as the nondimen-
sional hardening, f3



Shap. Mem. Superelasticity (2017) 3:84-108

97

p

B fwdx 1 MfIWd
e M CEm ™ 80
Mliwd* B 1 Mliwd ( )
B—1 hB—EH?’

It is also helpful to write down the local nondimensional
response of the SMA beam

3 |1 1/1\* 1
M*: * X - —__\ 1
K +—/3—1{3K +6(_x*> 2} (81)

Comparing Eqgs. (78) and (81) reveals the size effect in
the response for pure bending of SMA beams. The first
term on the R.H.S of both equations pertains to the elastic
portion of the SMA behavior, i.e., M~ = «. This portion is
size-independent because the nonlocality is only consid-
ered for the inelastic part of the response. Nonetheless, the
remainder of Eq. (81) is also size-independent, because
there is no effect from the thickness of the beam in the
hardening parameter f5. Therefore, the moment-curvature
response using the conventional local model cannot capture
the size effect in pure bending of SMAs because it can be
fully normalized with respect to the thickness h. The
response according to the nonlocal constitutive model, on
the other hand, is able to capture the size effect, due to the
nondimensional nonlocal parameter Mtin* which depends

on the thickness; M = #MTM Hence by changing
MM either through M or h, the moment-curvature
response of the beam changes.

The analysis of the reverse transformation can be per-
formed by following similar steps. Upon unloading, the
reverse transformation first begins where its corresponding

differential equation is first satisfied:

dé(y)

—Hax(y) _AJX(y)z JFB/f(y) + Mrlevd—y +D = 0,
(82)
B/ _ pbA _ H(azev _ alzev)’
D' = —pAs¥T + pAug + (u; — o) — Y = Ha.
(83)

It can be shown that the reverse transformation begins at
the outer layer and propagates towards the neutral axis with
progression of unloading. The interface between the region
of reverse transformation and the region where unloading
takes place elastically is denoted by /. The reverse trans-
formation finishes when ' reaches r. Although extremely

lengthy, it is possible to develop a closed-form analytical
response for unloading step as well. Equation (82) can be

integrated considering the continuity of & and %(}yv)

y="r.

However, a numerical algorithm was developed to solve
both of the ODEs in (69) and (82) for forward and reverse
transformations using the finite difference method. The
thickness of the beam was discretized through which the
differential equations were integrated using a forward
Euler method. The imposed curvature was considered as
the loading parameter, and having solved for the MVF at
each discretization point, the stress was found using the
decomposition of strain in Eq. (67) and integrated over the
thickness, Eq. (77), to obtain the corresponding moment.
The results of this analysis are presented in the next
section.

at

Results and Discussions

The modeling results developed in the previous section for
pure bending and simple torsion of the SMA structures are
now presented. Where nondimensional numbers could not
be realized, the material constants listed in Table 1 are
used for the local part of the SMA constitutive model. They
are selected from the properties of a typical shape memory
alloy.

It is noted that the nonlocal model in “The Simplified
SMA Gradient Model Including Only Terms with V¢&”
section contains six energetic length scales. The analysis
for simple torsion included all, whereas only one was
considered for the pure bending analysis.

1/,2
The effect of the nonlocal parameter ./\/lEWd/ = ;Vh/r‘ev

d

[with the units of (mm MPa)] on the pure bending of the
SMA beam is investigated. It is assumed that
M; = M™ = M. For an SMA beam with W = 1
(mm), the plot of the nondimensional moment vs. curvature
is illustrated in Fig. 4.

The case of M] = 0 pertains to the local conventional
model. Inclusion of the nonlocal effect in the model results
in a macroscopic hardening effect. More energy is dissi-
pated due to the existence of the nonlocal term and
therefore more flexural work is required to achieve a given
curvature. This plot can act as the characterization point for
the nonlocal parameter. Given a fixed thickness and known

Table 1 SMA material

. . Thermoelastic constants
properties used in the

Transformation properties

presentation of the modeling

EA = 85,000 MPa
results

EM = 75,000 MPa

A, =27 °C

M, = —53°C

Ap = 47 °C H=55%

My = -73 °C T=67°C
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Fig. 5 Effect of the nonlocal parameter Mj = ﬁ% on the
distribution of MVF in the SMA beam of Fig. 4. a During loading
atk* =33, b during unloading at K =16

tensile SMA properties, it is possible to determine the
value of the nonlocal parameter by calibrating the nondi-
mensional flexural response of an SMA sample.

Figure 5 shows the variation in the distribution of MVF
for this SMA beam under a curvature of x* = 3.3 during
loading and that of x* = 1.6 during unloading. Through
the nonlocal model, the inelastic energy generated con-
tributes both to the martensitic transformation and also its
gradient. The higher the nonlocal effect, the lower the total
amount of transformation. Note that the conventional local
model (M7 = 0) results in a linear distribution of &, as
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nondimensional torque—twist response of an SMA bar under simple
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expected from the linear choice for the hardening function.
Also, note that the SMA gradient model does not capture
the size effect in the elastic regime.

The model used for the pure bending analysis included
only one nonlocal parameter, M;. That corresponds to
considering only the quadratic terms in the free energy for
the gradient of MVF and showed the capability in captur-
ing the size effect.

The SMA nonlocal model, in general, has 6 parameters
coupling the gradient of MVF with the rest of the state
variables, Eq. (35). In what follows, the effect of coupling
between the two internal variables is investigated. As
shown in Eq. (35), the nonlocal energetic length scale, a5£§
with dimensions of [mm2 MPa], acts as the coupling term
between the gradient of MVF and the transformation strain
tensor. The significance of this coupling appears when the
solution for simple torsion of an SMA bar is considered.

According to (35), axial, circumferential, and radial
transformation strains are generated under simple torsion in
addition to the common shear term for the transformation
strain. Here then we assume Ms = M = ME' where

fwd/rev uslg
MS = e
“d

Figures 6 and 7 show the response of an SMA bar with a

diameter D = 1 mm under pure torsion. The only nonzero
nonlocal parameter here is M5, and according to Fig. 6a,
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distribution of shear and normal transformation strains in simple
torsion of an SMA bar

the nonlocal torque—twist response is close to the local one.
The distribution of the martensite volume fraction across
the diameter, however, varies by changing the nonlocal
parameter. This can be clarified by referring to Fig. 7a,
where the shear transformation strain is plotted, in which
the local and nonlocal responses also differ insignificantly.
According to the equation for the transformation surface,
Eq. (61), and what has been observed so far, the nonlocal
effect tends to inhibit the transformation as plotted in
Fig. 6b. But this will not affect the evolution of the shear
transformation strain, as shown in Eq. (57), where a
decrease in the MVF is counteracted by a larger nonlocal
parameter. On the other hand, the nonlocal parameter gives
rise to transformation strains in the radial, hoop, and axial
directions, Eq. (57) and Fig. 7b. Therefore, a pure torsion
experiment cannot be used to calibrate such a nonlocal
parameter unless the experimentalist obtains the distribu-
tion of MVF or measures the axial/radial transformation
strain, if any.

The ability of the proposed nonlocal model to capture
the size effect in the bending response of SMA thin films as
well as simple torsion of SMA bars was demonstrated.
Beams of various thicknesses from the same SMA show
different responses. As the thickness of the SMA beam
increases, its response becomes closer to the results of the
local model. This is supported by the fact that by moving

away from the small scale, the transformation behavior
becomes independent of the size and can be nondimen-
sionalized based on the mode and complexity of the
deformation. SMA beams of smaller thickness, according
to Fig. 4, show a hardening effect demonstrating the
experimentally established “smaller is stronger.”

Conclusions

The response of SMA structures with submicron dimen-
sions deviate from that of the bulk material. Conventional
constitutive models, due to lack of intrinsic length scales,
cannot capture such an experimentally observed size effect.

In the current work, a thermodynamically consistent
constitutive model for the behavior of SMAs is developed
that includes additional internal variables for the spatial
gradients of martensite volume fraction and the transfor-
mation strain. The gradient-based constitutive model
includes various energetic and dissipative length scales that
can be calibrated experimentally. The length scales con-
tribute to additional hardening in the structural SMA
response.

A boundary value problem, defined by such model,
contains the differential equation for the transformation
surface including the gradients of internal variables as well
as the equilibrium equation. The boundary value problems
are solved analytically and, where impossible, numerically
for simple extension of an SMA bar, pure bending of an
SMA beam, and simple torsion of an SMA cylindrical bar.
The gradient model attains to the results of a conventional
SMA model in the case of a homogeneous problem. Unlike
pure bending of a beam, the solution to simple torsion of an
SMA bar featured a coupling between the gradient of MVF
and transformation strain that resulted in transformation
strains in normal directions in addition to transformation
shear strains. Moreover, for structures that include gradi-
ents of stress, the most simplified version of the nonlocal
SMA constitutive model, containing only one nonlocal
parameter, can capture the size effect demonstrating a
stronger response for smaller sizes.

Appendices
Fundamentals

The independent state variables, assumed in the develop-
ment of the strain gradient constitutive model, include the
stress ¢, the absolute temperature 7, and a set of general-
ized state variables Y related to the microstructure of the
material. The definition of Y as the set of internal variables
or internal degrees of freedom is discussed later in this
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section. The dependent state variables that change in
response to the changes in the independent state variables
are assumed to be

€= 5(6, TvY)a q= (i(o.v T»Y)v
ub:ﬂb(c,T7Y)7

s=35(c,T,Y)

G=G(o,T,Y).
(84)

l’l‘y = ﬂs(cv Ta Y)»

The response function ¢ is the infinitesimal strain, q is
the heat flux vector, s is the specific entropy, G is the
specific Gibbs free energy, and p* and p” are the general-
ized forces conjugate to Y through surface and body action,
respectively. The specific Gibbs free energy can be related
to the specific internal energy, u, through the Legendre
transformation.

Tensors of any arbitrary rank can constitute the set of
generalized state variables Y = {Y,, Y, Y3, ...} and their
corresponding generalized forces p' = {pj, p3, p3, ...}
and p” = {p4, 5, ps, ...}.2 The variables Y, are related to
the mechanisms of microstructural rearrangement; for
example, plastic deformation due to the movement of
dislocations, twinning of crystals, or slip of grain bound-
aries or transformation strain due to the stress/temperature-
induced martensitic transformation. For the current study
of an SMA gradient theory, the martensitic transformation
is considered as the mechanism of microstructural changes.
Therefore, Y includes the MVF, &, and its spatial gradients,
V¢, ..., VPE, as well as the martensitic transformation
strain tensor, &, and its spatial gradients, Ve", ..., V7",
We assume here that the Y; are independent, but later we
will see that some Y; are related by the evolution equations.

The conventional conservation laws of continuum
mechanics as for the principle of conservation of mass, linear
momentum, and angular momentum as well as the second
law of thermodynamics in the form of the Clausius—Duhem
inequality are considered [69]. The localization procedure,
in going from the integral to the PDE form, assumes a con-
tinuous and smooth function for all of the fields integrated.

Generalized Principle of Conservation of Energy

The first law of thermodynamics states that the rate of
change of kinetic and internal energy for a continuum body
is equal to the rate at which external mechanical work is
exerted on that body as well as external heat added to it.
The external work is performed partly due to the contact
and body forces. In its generalized form herein, it is
assumed that the generalized state variables are capable of
performing work through generalized surface and body
forces. No physical justification is given here. However,

2 It is assumed here that if Y; € T™, the space of mth-rank tensors,
then pf € 7"" and p? € T™.

@ Springer

one can argue that since the generalized state variables
contribute to the internal energy, they must do external
work in the balance of energy:

D 1

— —pv-vdV dv

D[(/szv v +/qu )

:/t-VdS+/b-vdV+/ —q-ndS+/prdV
oQ Q Q Q

+/ (p§~n)-Y,-ds+/uf?-Y,-dv,
0Q Q
(85)

where £ and (-)denote the material (or Lagrangian) time
derivative, V is the volume of the body with mass density
p, and v = u being the velocity of the material point. Also,
b is the body force per unit volume, t is the surface trac-
tion, and ¢ is the symmetric Cauchy stress tensor which is
related to the surface traction operating on a surface with a
unit normal n through on = t. In addition, r is the body
heat source, and p; and uﬁ’ are the generalized surface and
body forces, respectively. Equation (85) can be localized
using the equilibrium equation, V -6 + b = pv, and the
divergence theorem to get the local form of the generalized
principle of conservation of energy,

pi=6:6—V-q+pr+p-VY;+ [Div(p)) +pn] - Y.
(86)
For the special of Y={¢&¢&" V¢ Ve,

W= {n}, m3, 1, mi}, and p® = {uf, pb, pg, ni}, the local
form of the generalized principle of conservation of energy
will be

case

pi=6:i—V-q+pr+ [Div(p}) +pl]é
+ [Div(py) +pb] : &+ [Div(ps) +ps +pj] - VE
+ [Div(ps) +pl+ps] - VT + s VVE+ps - VT
(87)

Constitutive Equations

External thermodynamic state variables perform work on
the surface of the body. Internal thermodynamic state
variables (ISV), on the other hand, are identifiable and
measurable, but cannot be linked to any external force
variable. Therefore, ISVs do not perform work, i.e., they do
not appear in the mechanical work in the first law of
thermodynamics [70]. The constitutive equations give
relationships between the dependent state variables at time
t and the independent external state variables and the ISVs.
These state equations must be accompanied by evolution
laws for the internal variables.

The generalized state variables, Y, contribute to the
internal energy through their surface and body work
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conjugates. According to the aforementioned definition,
therefore, Y; are not internal state variables. They are rather
the internal degrees of freedom related to the microstruc-
ture. In order to derive the constitutive equations, it is
assumed that all the material points in the continuum body
at any time, #, go through thermodynamic processes that
obey the 2nd law of thermodynamics. Using the Legendre
transform for G, it is possible to combine the first and
second laws of thermodynamics in their local form to
obtain

—pG — psT —g: 6+ pi - VY, + [Div () + p!] - Y; >

1

V~q—TV-(%)=Tq~VT. (88)

This can be reduced to the Clausius—Plank inequality
assuming the Fourier’s law of conduction.

oG ) oG L
—(pg—i—s) -G_P<6_T+S>T+"i -VY;

G .
- -Y; >0.
ray| iz

+ [Div(uf-) +u
(89)

Thus, by assigning surface work to generalized state
variables, Y, the gradients VY appear in the rate of energy
dissipation.

If the set of generalized variables, Y, used in Eq. (87)
are considered, we will have

oG oG .

-\ p= 20— p| == T+ D>0. 90
<p60+8> G p(aT—f—s) +D> (90)
The inequality (90) is satisfied by considering the fol-

lowing constitutive equations:

0G s:—a—G D>0, (91)

8= P%s or’

where D, the dissipation rate, is given by

s oG] . s G| .,
D:[Dlv(u‘l) —l—,u}f—pa—g} &+ [Dlv(u‘z)—i—ug—p@} 2

. s s oG c

oG
Di s b s \Tatr
+ |: 1V(|14) Tt pavstr:|
15 VVE+ps - VVET
(92)
Whether internal degrees of freedom or internal state
variables, the above equations must be augmented by

evolution equations for the state variables Y = {Y,} as

well as constitutive equations for p* = {p{} and p’ =
{n?}. In any case, it is possible to use the concept of
generalized thermodynamic forces, I', and fluxes, I1. In
relation to Eq. (89), after including (91)a and b, one can
write

, oG ,
r E{ [DiV(Hﬁ +n - pﬁ]a Hf}7 M= {Y;,VYi},
D =I', H1+F2H2:FHZO
(93)

For the case of SMA response, by redefining the vari-
ables in Eq. (92), we will have

. s oG
I EDlv(pl) —|—,uf—p&, IT, = ¢;

I, = Div(p)) +ps — Pagr IL, =¢";

I3 = Div(p) +p3 +p) fp%, Il; = V¢&;

Iy = Div(p}) +pf +ps — paa—G7 I, = Ve";  (94)
Vel

I's=p, II=VVS

Is=pn;, Hg=VVe";

r= {r17r2ar37r4ar53r6}7
T = {I1;, M, I3, Ty, s, Te };

D=T;-11,>0.

A common method to achieve a rate-independent
response is to define a threshold for I' at which the dissi-
pative mechanism activates. This can be done by assuming
the existence of a convex set K such that

VI*ek: (I;—T;)-I;>0. (95)

No dissipation occurs if I' is inside K. Equation (95) is
known as Hill-Mandel’s principle of maximum dissipa-
tion. A hypersurface

@(F,H) = ¢(r) - g(“)v (96)

can be defined in the space of generalized forces that define
the convex boundary of the convex set K. In the case of
dislocation plasticity, @ = 0 is the yield surface. @ can
also be associated with the dissipation potential the result
of which is the normality in the space of generalized forces.
To that end, the state of generalized variables is considered
to be the one that maximizes the dissipation, D, or

Max{D =T;-II; [T, ®(T,T) <0}. (97)
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It is shown that the problem in (97) is equivalent to finding
the minimum of a Lagrangian, L,

L=—T; II; + A0(I,II), (98)
so that

oL . - 0D

ari:—Hi-f-;ua—l_‘i:O, (99)

on the condition that the following Kuhn-Tucker condi-
tions are satisfied:

1. @(I, 1) is convex in I" and ® <0,
2. 1>0,
3. Jo(T) =0.

(100)

Therefore, the rates of the generalized fluxes can be
found via
. 00
=1
or;

. ¢
=
or;’

II; (101)
demonstrating the associativity of the response in the space
of generalized forces. The existence of the time derivative
on both sides does not imply a rate-dependent response
because it can be viewed as differentiation with respect to a
loading parameter.

The rate of the Lagrange multiplier can be determined
from the consistency condition:
0 . (08 0¢
—— . i+il= == =0. 102
or, T (an,- o, (102)

It is customary for ¢(I') to be assumed a homogeneous
function of degree k. In that case the dissipation, (94)
satisfying the second law of thermodynamics, can be
obtained from

0¢

D=T-M=i(T; =%
”( o,

) =kl = kig>0, (103)
in which Euler’s homogeneous function theorem is used.
The connection between the general constitutive model
developed in this section and the higher-order theories that
use a microscopic force balance or microforce balance law
is shown in “Connection with the Gradient Theories Based

on the Microforce Balance Law” section.

Reformulation of the Gradient Theory with Internal
Variables

The approach of thermodynamics with internal variables is

chosen to capture the microstructural changes in an SMA
due to the martensitic phase transformation. According to

@ Springer

the discussion in “Constitutive Equations” section, the
internal variables, by definition, cannot perform work
through surface or body forces. The internal variable theory
is recovered by setting the generalized forces p* and p” to
zero such as in Eq. (89), resulting in

oG oG
E=—pP——, S === IISEO, HbEO,
Jc G . or (104)
D=—-p—-Y>O0.
p@Y Z

Thus with Y = {¢&, €, V&, Ve"}, Eq. (92) reduces to
oG] - oG
D = |—p— —_) ——
{ pﬁé}“ [ pas‘f]

DT+ {—p%} -VE+ {—p%} -VE">0.  (105)

It is acknowledged that the equivalence of “nonexis-
tence” versus “being present with zero value” is a point of
controversy [71]. Nonetheless, the final outcome is equiv-
alent for the purpose of the current constitutive
formulation.

Connection with the Gradient Theories Based
on the Microforce Balance Law

Several gradient-based theories of plasticity postulate an
additional balance law that incorporates the configurational
or microscopic forces associated with the effective or
accumulated plastic strain [72, 73]. This microscopic force
balance or microforce balance law [52] can be obtained
from a generalized form of the principle of virtual power,
in which it is assumed that microtractions act as work
conjugates to the generalized variable of the accumulated
plastic strain and contribute to the external power. Also, it
is assumed that the accumulated plastic strain and its spa-
tial gradient contribute to the internal power.

As an example, Eq. (3.9) from Gurtin and Anand [72] is
rewritten here

Wor = [ (t@) i+ 7wy aa+ [boiav,
oP P (106)
Win,:/P(T:Eel+m/’”+§-Vy"’) n

Following Gurtin and Anand’s notation, the scalar
microstress 7 is the power conjugate to the accumulated

plastic strain yP = HEP

’, & a vector microstress conjugate

to V9P, and y(n) is the surface microtraction. It is then
assumed that Wiy = Wey for any arbitrary subregion P of
the body and for any consistent virtual velocities

V= (uE" 7).
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The generahzed Pr1nc1ple of virtual power results in the Ir;= ug - p L = Y,
conventional and microforce balance laws ov¢
Div(T)+b=0, t©—n+Div(§) =0, (107) r={1,1,0I}, HO={I,IL,I;}, (112)
D=T;-11,>0.

as well as standard traction and microtraction boundary
conditions

¢m)=Tn, z(n)=E-n, (108)

where 7 is the (Von Mises) equivalent stress. Furthermore,
the dissipation inequality as given in Eq. (6.13) of [72] is

. , oy
D = mgis)® + &g - VIP 20,  mgis =7 — o
oy
&dis - & - avyp B

where = lﬁ(Eel, WP, VyP) is the Helmholtz free energy.
Replacing n and & in the microforce balance (107) yields

- %4’ DiV(&dis +%> =0,

o v (109)

T — Tldis
which is Eq. (6.15) in [72]. Equation (109), together with
constitutive equations for 7y and s, acts as the flow rule
for the gradient plasticity theory. It will now be shown that
(109) can be obtained following the general model estab-
lished in “Constitutive Equations™ section. This, however,
will be performed for the shape memory response by
replacing the accumulated plastic strain with the MVF. To
that end, it is assumed that the generalized variables are

Y={e", Ve, p={n}, n={L 08, (110

where pj is the surface power conjugate to ¢ and p and p3
are, respectively, the body power conjugates to & and V¢ in
the generalized first law of thermodynamics (86). The
dissipation in Eq. (92) reduces to

s 0G| . oG| .,
D= D1V(p1) —|—,u'1’ — pa—é} &+ {_pas‘r} . gl

G .
+{u§’+ui —pﬁ} -VE>0.
(111)

Hence, the list of generalized forces and fluxes is as
follows:

s oG
FIEDIV(HI)+M?7p&a leéa
e r
FZE—p@, H25817

Constitutive assumptions are now considered for the
generalized forces and fluxes. First, it is assumed that
I'; = 0 such that

oG,
.

ﬁ—ﬂ (113)

Hy=p

In addition, the transformation surface in Eq. (96) is
considered to have the form

®(T,T1) = §(I) — g(IT) = /T T+ T, = ¥ =0
(114)

or

. oG oG
D= \/1"2:1“2+D1v<pa——u[3’> —|—,u’1’—p¥—Y

V¢
=0.

(115)

Now, if the form of the Gibbs free energy is such that
oG

I=-p e = O (116)
then
. oG oG
(117)

equivalent to the microforce balance in Eq. (109) aug-
mented with the constitutive relations ng = Y — ,u'l’ and

gdis = _llg

The Most General Anisotropic/Isotropic Gibbs Free
Energy for the Gradient-Based SMA Constitutive
Model

The form for the Gibbs free energy of Eq. (20) is given in
this appendix. The most general anisotropic Gibbs free
energy with a polynomial form including terms up to 3rd
degree is
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(118)

The free energy includes all possible couplings between
the state variables with their corresponding tensorial
material constants. The tensorial material constants are the
derivatives of the free energy calculated at the reference
state leading to the major and minor symmetries.

The Gibbs free energy for the case of isotropic materials

can be obtained by rewriting the constant tensors included
in Eq. (118) in terms of their isotropic invariants. That is,

pG(o, T, ¢ ", VE V) =pGy
+ (a+EDy 4 ENg + TE| + TEP3 + T2 Q3 )tr(o)
+ (A1 + &P+ TQ) +tr(0)F) )tr(0?)
+2(A+EP,+TO, + 3tr(o‘)F2)tr(62)
+ 8Fstr(6°) +2(Cy + Ay + TB, + 2tr(6) N ) tr(oe")
+8Ns tr(6€") + 8Ss tr(o€™)
+ 2(By+ EVa + TU, + tr(6) ) tr ()
+ 8K tr(stﬁ) + [(cl +EL +TM, +tr(6) W)y

+2Wio; +2Y183-] £
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(119)

In this equation, the notation for the scalar constants is
chosen based on their corresponding tensor. The rank-8
tensors, as listed, are not expanded due to the prohibitively
large number, 91, of scalar constants involved. Four con-
ditions are taken into account for the coefficient tensorial
material constants in order to derive Eq. (119) from
Eq. (118) as follows: (1) isotropy, (2) major symmetry as a
result of interchangeability in differentiation of G with
respect to state variables, (3) minor symmetry as a result of
symmetry in o, &", and Ve, and (4) tr(¢") = 0 due to the
volume-preserving assumption for the transformation
strain.

Experimental Measurement of the SMA Material
Properties

An attempt is made herein to relate the material constants
of the constitutive model in “The Simplified SMA Gradi-
ent Model Including Only Terms with V& section to the
typical experimentally observed properties of shape mem-
ory alloys. For that, the solution to uniaxial loading of an
SMA bar is considered (“Extension of SMA Prismatic
Bars” section). The typical pseudoelastic response of
SMAs, based on Egs. (48) and (49), is shown in Fig. 8.
ot and o™ are the stresses to start and finish the forward
transformat10n to martensite at the current temperature and
o and of" are the stresses to start and finish the reverse
transformation to austenite, respectively.
The material constants used in the model can be found
based on the following critical transformation start and
finish conditions for a stress-free heating and cooling path:

At the start of forward transformation, T = M,, ¢ = 0,
At the end of forward transformation, T = My, & = 1,
At the start of reverse transformation, 7 = A,, &£ = 1,
At the end of reverse transformation, 7 = Ay, & = 0.

The Gibbs free energy and thus the hardening function,
(&), must be continuous, i.e., A& = Dlgyg = AE = Dliey-
The form of fis given in Eq. (44) for the linear hardening
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Fig. 8 A typical stress—
temperature phase diagram and
pseudoelastic loading path for
SMAs

Table 2 Material constants
used in the local part of the
SMA constitutive model using
the linear hardening function

Table 3 Material constants
used in the local part of the
SMA constitutive model using
the smooth hardening function

Table 4 SMA material
properties used in the developed
nonlocal model

A ﬂ‘ R4 CM
b II ,l, ,/
v /I bu a-de % v vl
§ 7 EM ﬁ f \\“‘/' //' ,
fwd 4 4 /
A ag - fwd _ ¢ ’ /
. > & T G
P il ’ s s
fwd - / A Y /
Os -~ / PR AN I VA
,,' 7 o.gev ,/ ,/' /'!z\ ,/'
- = >\“
Ex '/ el ,'I // // // A a.;'ev
I, ”/ ’ /I ,I ,I ,I
Lo ? A |\ N
4 / 4 ~~
/II a¥ev ,'I /’ // /' /’ af
: L L va L :
I .
. Strain, € M; M; As; A Temperature, T
=1 Aso(M + My — A — Ap)
pb" = —pAso(Ms — M)
pb* = —pAso(As — Ar)
t + pAug = 4 pAso(Ms + Ay)
= —LpAso(My — My + Ap — As)
pAsy =~ [H + ( — )0 pliso = —[H + (g — 1)o”]
Y= —%,DAS()([WS — Af) — b3
by = pAso(My — M)
hz = ,()AS()(AS _Af)
by b
b= =4 (1t —ate) +5 (1 k)
pAug =% pAso(As + M)
Pl = —[H + g~ )0 s phso =~ [H + (e =)o)
Thermoelastic constants Transformation properties Nonlocality
vA  E® (MPa) oA <%> ACO) AT <MT > H (%)  M™ (MPa mm)
W EM (MPa) oM (%) M (°C) M (°C) ¢, (%) M™ (MPa mm)

rule. Notice that this condition for £ = 0 is trivially

satisfied. For the smooth hardening function,
explicitly given in Eq. (45). Hence,

¥
R 18

the continuity

condition can be written in the integral form as

fl e fl o
0

6. By takmg the dlfferentlal of (48) and (49) and letting
d¢ to vanish, it is possible to recover the slopes of the
transformation regions on the stress—temperature phase
diagram at a specific stress (for here the calibration
stress ¢ = ¢ ). This leads to a relation for pAsq based

on the forward and reverse transformation slopes,
fwd
Cy =Y. and Cy = 2

— drlo=0 — drlo=o""

The results of the conditions listed above are summa-
rized in Table 2 for the linear hardening and in Table 3 for
the smooth hardening rules.

The SMA model in this form cannot capture a response
with different Clausius—Clapeyron slopes, as per the last
equation shown in Tables 2 or 3, hence C5 = Cy.

In addition,
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o™ = (T — M), o™ = Cu(T — M),
™ = CA(T — Ay), 0 = Ca(T — Ay),

s s

Ca = Cu1.
(120)

To derive the relations in (120), the difference between
the elastic moduli of austenite and martensite is ignored.

The nonlocal model developed in “The Simplified SMA
Gradient Model Including Only Terms with V& section
introduces six energetic and two dissipative length scales in
addition to the SMA material constants already being used
in the classical local Boyd-Lagoudas SMA model [56]. A
simplified version of the model considering only the three
independent length scales £;, /1%, and £5" was used to
study the behavior of SMA beams with various thick-
nesses. Based on the nonlocal constants, two parameters
M™ and M5 can be identified in the transformation
differential equation. The material constants used in non-
local modeling for SMAs are given in Table 4. The dissi-
pative length scales, /1" and /5", are excluded from this
table since they do not independently appear in the solution
of the SMA structures studied. This is because the solutions
of the transformation surfaces, e.g., Eq. (68), rather than
the rate forms are considered for those one-dimensional
problems.

The relation between the local material parameters
expressed in the course of model development and the
more common SMA properties listed in Table 4 was
established in this section using the problem of isothermal
uniaxial stretching of an SMA bar (“Extension of SMA
Prismatic Bars” section). Solution to this problem showed
that the nonlocal model reduces to the original local SMA
model for the cases in which there are no spatial gradients
of the MVF.

Therefore, calibration of the nonlocal parameters, e.g.,
MM and MY for the case of “Pure Bending of an
SMA Beam” section, must be performed using specially
designed experiments which provide spatial gradients. To
this end, bending of SMA beams with various thicknesses
was discussed in the results section. Also torsion of
SMA thin wires with various diameters, or compres-
sion of tapered SMA pillars with different diameters are
promising for nonlocal material parameter calibration
purposes. To the best knowledge of the authors, there are
no experimental results published for bending of SMA
thin films with different thicknesses, although this has
been done for the case of dislocation plasticity using
aluminum foils [39]. Experimental observations for
compression of SMA micropillars, on the other hand, are
available and can be used for calibration of the current
SMA gradient model.
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