
Vol.:(0123456789)

Eurasian Economic Review (2019) 9:459–466
https://doi.org/10.1007/s40822-018-0120-6

1 3

ORIGINAL PAPER

Unit versus ad valorem tax comparisons in a simple New 
Keynesian dynamic stochastic general equilibrium model

Kazuki Hiraga1

Received: 5 July 2018 / Revised: 8 October 2018 / Accepted: 14 October 2018 / 
Published online: 21 November 2018 
© Eurasia Business and Economics Society 2018

Abstract
This paper compares unit and ad valorem taxes using a New Keynesian dynamic 
stochastic general equilibrium model. We show that the ad valorem tax increase is 
superior to the unit tax increase with respect to the comparative statics, while is 
equivalent to under the log-linear setting, even when price stickiness and monopolis-
tic competition are present.

Keywords  Unit tax · Ad valorem tax · New Keynesian dynamic stochastic general 
equilibrium model

JEL Classification  E62 · H20

1  Introduction

Many advanced countries introduce unit or specific as well as ad valorem taxes as 
value-added taxes. U.S. and Canadian states, most of EU countries and Japan apply 
an ad valorem consumption tax in addition to using unit taxes on goods such as gas-
oline, liquor and tobacco. Concurrently, when the government increases consump-
tion taxes, some firms increase product prices more than the tax increase; that is, 
firms engage in price gouging.

This paper compares unit and ad valorem taxes using the New Keynesian 
dynamic stochastic general equilibrium (DSGE) model. Producer price stickiness 
follows the previous research of Forni et al. (2009) and Iwata (2011). We show that 
the ad valorem tax increase is equivalent to the unit tax increase, even when price 
stickiness and monopolistic competition are present.

Previous literatures have investigated the welfare effect of unit or ad valorem tax 
is more efficient in realizing objectives, e.g. Suits and Musgrave (1953), Delipalla 
and Keen (1992), Blackorby and Murty (2007, 2013), Häckner and Herzing (2016), 
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Weyl and Fabinger (2013), Adachi and Fabinger (2017) and Wang and Chou (2018). 
These studies show that the ad valorem tax is superior to the unit tax.1 This study 
expands on the relevant literature by using the DSGE model to compare unit and ad 
valorem taxes. Our result shows not only the comparative statics at the steady states, 
but also the comparative dynamics which analyzes the log-linear (i.e. first-order) 
approximation of model.

The remainder of this paper is organized as follows: Sect.  2 outlines the study 
model. Section  3 compares the two tax schemes using welfare criteria. Section  4 
concludes.

2 � The model

We explain the detail of the DSGE model to compare unit and ad valorem taxes. 
This study sets the sticky price using the DSGE model following Calvo (1983) and 
does not include physical capital. Consistent with the general DSGE model, inter-
mediate firms face monopolistic competition and can change the producer price 
with probability 1 − ρ, while maintaining its price with probability ρ. The govern-
ment distributes lump-sum transfers using both unit and ad valorem taxes of final 
good, that is, an increase in the unit or ad valorem tax results in only the substitution 
effect.2 We set the lifetime utility as a separate function as follow:

where ct is consumption, β is discount factor, σ is relative risk aversion, lt is labor 
supply, and λ is the inverse of labor supply elasticity.

2.1 � Levying two consumption taxes

The government levies two consumption taxes: ad valorem tax �t and unit taxes Tt , 
and pays a lump-sum transfer Vt to households. Therefore, we define the government 
budget constraint as follow:

where PP,t is the producer price. Since lump-sum transfer and unit tax are the 
nominal variables, we refine the above equation, substituting the consumer price 
PC,t =

(
1 + �t

)
PP,t + Tt;

E0

∞∑
t=0

� t

(
c1−�
t

−�
−

l1+�
t

+�

)

Vt =
(
�tPP,t + Tt

)
ct,

vt =
�t + tt

1 + �t
ct,

1  Blackorby and Murty (2007, 2013) show that the equivalence between unit and ad valorem taxes under 
100% profit tax. As an empirical literature, Bui (2018) analyzes the effects of fiscal policy on national 
saving in emerging East Asia countries using panel vector autoregression (PVAR) model.
2  We assume the single stage taxation, which is applied in U.S. and Canadian states.
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where vt =
Vt

PC,t

, tt =
Tt

PC,t

.

Since resource constraint is yt = ct, we can rewrite vt =
�t+tt

1+�t
yt.

2.2 � Log‑linearized model

We show the log-linearized DSGE model, which obtains equilibrium conditions (^ 
represents the percentage deviation from the steady state), as follows:

where yt is the output,  it is the nominal interest rate, �C,t is the gross inflation rate 
of consumer prices including tax, �P,t is the gross inflation rate of producer price 
excluding tax, ρ is the probability that firms retain their original producer price,  τt is 
the ad valorem tax rate at period t, τ  is the steady state ad valorem tax rate, tt is the 
real unit tax revenue on consumer price PC,t,3 t is the steady state real unit tax rate, 
and ϕy ≧ 0 and ϕπ > 1 follow the parameters of the Taylor rule.4

Equation (1) is the New Keynesian IS curve, Eq. (2) is the New Keynesian Phil-
lips curve, Eq.  (3) represents the relationship between consumer and producer 
prices, and Eq.  (4) follows the Taylor rule. The government budget constraint is 
shown as follows:

In this model, ŷt, 𝜋̂P,t and 𝜋̂C,t are control variables and 𝜏t and t̂t are pre-deter-
mined variables.

In order to obtain analytical solutions of the model, we distinguish two cases of 
permanent price increases resulting from unit or ad valorem taxes.

(1)ŷt = Etŷt+1 −
1

𝜎

(
ît − Et𝜋̂C,t+1

)
,

(2)

𝜋̂p,t = 𝛽Et𝜋̂p,t+1 +
(1 − 𝜌)(1 − 𝛽𝜌)(𝜆 + 𝜎)

𝜌
ŷt +

(1 − 𝜌)(2 − 𝛽𝜌)

𝜌

(
𝜏

1 + 𝜏
𝜏t +

t

1 − t
t̂t

)
,

(3)𝜋̂c,t = 𝜋̂p,t +
𝜏

1 + 𝜏

(
𝜏t − 𝜏t−1

)
+

t

1 − t

(
t̂t − t̂t−1

)
,

(4)ît = 𝜑yŷt + 𝜑𝜋𝜋̂c,t,

(5)v̂t =
𝜏𝜏t + tt̂t

𝜏 + t
+ ŷt.

3  τ  and t represent the steady state values.
4  ϕπ > 1 ensures local stability (the Taylor principal).
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2.3 � Ad valorem tax case (t = 0)

Using the undetermined coefficient method, we obtain solutions of the model 
at period t = 2 and later, with government tax rate remaining constant, i.e., 
𝜏t+1 = 𝜏t = 𝜏t−1 as follows:

where Δ ≡ (1 − �)�y + (� + �)�
(
�� − 1

)
, � ≡

(1−�)(1−��)

�
.

At period t = 1, we obtain the initial policy function as follows5:

w h e r e 
�� ≡ −

�

(1+�)Δ

[
� + �y + ��(� + �)

]−1[
��

(
�� − 1

)
+ (1 + �)��Δ + ��y

(
��� − 1

)]
.

2.4 � Unit tax case (τ = 0)

Similar to the case with the ad valorem tax, we obtain the solution of the model at 
period t = 2 and later using the undetermined coefficient method, as follows6:

(6)ŷt = −
𝜏𝛼

(
𝜑𝜋 − 1

)
1 + 𝜏

Δ−1𝜏t,

(7)𝜋̂p,t =
𝜏𝛼𝜑y

1 + 𝜏
Δ−1𝜏t,

(8)𝜋̂c,t =
𝜏𝛼𝜑y

1 + 𝜏
Δ−1𝜏t,

(9)ŷ1 = 𝜒𝜏𝜏1,

(10)𝜋̂p,1 =

(
𝛽𝛼𝜏𝜑y

1 + 𝜏
Δ−1 + 𝛼(𝜎 + 𝜆)𝜒𝜏 +

𝛼𝜏

1 + 𝜏

)
𝜏t,

(11)𝜋̂c,1 =

(
𝛽𝛼𝜏𝜑y

1 + 𝜏
Δ−1 + 𝛼(𝜎 + 𝜆)𝜒𝜏 +

2𝛼𝜏

1 + 𝜏

)
𝜏t,

(12)ŷt = −
t𝛼
(
𝜑𝜋 − 1

)
1 − t

Δ−1 t̂t,

(13)𝜋̂p,t =
t𝛼𝜑y

1 − t
Δ−1 t̂t,

(14)𝜋̂c,t =
t𝛼𝜑y

1 − t
Δ−1 t̂t.

5  We substitute ŷ2 = 𝜋̂P,2 = 𝜋̂C,2 = 𝜏0 = 0 in Eqs. (6), (7) and (8).
6  Similar to the case in ad valorem, this case also satisfies t̂t+1 = t̂t = t̂t−1.
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At period t = 1, the government increases the ad valorem tax rate as follows:

w h e r e 
�t ≡ −

t

(1−t)Δ

[
� + �y + ��(� + �)

]−1[
��

(
�� − 1

)
+ (1 + �)��Δ + ��y

(
��� − 1

)]
.

3 � Comparing with two taxes

3.1 � Tax revenue setting

In this section, we compare the two taxes from the viewpoint of efficiency, that is, we 
use a welfare comparison between tax collections. Specifically, the government imple-
ments a permanent increase in the ad valorem or unit tax rates. To compare these two 
tax schemes, we use the same present value of tax revenue as follows:

where v�,t is the tax revenue from the ad valorem tax increase and vt,t is the tax rev-
enue from the unit tax increase. Using Eq. (18), we obtain the following equation at 
period t ≧ 2:

As for the initial period (t = 1), we obtain the same equation as Eq. (19).

3.2 � Comparative statics

Before discussing about the comparative dynamics, we evaluate the welfare at steady 
states of both unit and ad-valorem tax collections. We can evaluate the welfare using 
consumption at the steady state.

(15)ŷ1 = 𝜒t t̂1,

(16)𝜋̂p,1 =

(
𝛽𝛼t𝜑y

1 − t
Δ−1 + 𝛼(𝜎 + 𝜆)𝜒t +

t

1 − t

)
t̂t,

(17)𝜋̂c,1 =

(
𝛽𝛼t𝜑y

1 − t
Δ−1 + 𝛼(𝜎 + 𝜆)𝜒t +

2t

1 − t

)
𝜏t,

(18)
∞∑
t=0

� tv�,t =

∞∑
t=0

� tvt,t,

(19)

𝜏𝜏t

𝜏 + t
−

𝜏𝜏t

1 + 𝜏
−

t𝛼
(
𝜑𝜋 − 1

)
1 + 𝜏

Δ−1𝜏t =
tt̂t

𝜏 + t
−

t𝛼
(
𝜑𝜋 − 1

)
1 − t

Δ−1 t̂t

⇒
𝜏𝜏t

1 + 𝜏
=

tt̂t

1 − t
.
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For obtaining analytical solution of the welfare comparison, we set σ = λ=1 in 
this subsection.7 We obtain the same tax revenue condition and the consumption of 
unit ( cu ) or ad-valorem tax ( ca ) as follows:

Comparing with above two consumptions, we see that ad-valorem tax is superior 
to unit one at steady state.

3.3 � Comparative dynamics

A second-order approximation of the welfare function (equal to the household’s util-
ity function) around the steady state is as follows:

where UCy = c1−� =

[
(�−1)(1−t)2

�(1+�)2

] 1−�

�+� and θ is the price elasticity of intermediate 

goods (  �
�−1

 is the gross markup rate).
We show the welfare functions under two tax rules as follows:

� =
t(1 − t)

1 − t(1 − t)
,

cu =

√
𝜃 − 1

𝜃
(1 − t) < 1,

ca =

√
𝜃 − 1

𝜃

1

1 + 𝜏
=

√
𝜃 − 1

𝜃
[1 − t(1 − t)] < 1.

(20)U0 ≅ −
UCy

2
E0

∞∑
T=0

𝛽T
[
𝛼−1𝜋̂2

c,T
+ (𝜎 + 𝜆)ŷ2

T

]
,

(21)

U0 ≅ −
UCy

2
E0

∞�
T=0

𝛽T

�
𝛼−1

�
𝛽𝛼𝜏𝜑y

1 + 𝜏
Δ−1 + 𝛼(𝜎 + 𝜆)𝜒𝜏 +

2𝛼

1 − t

�2

𝜋̂2

c,T

+
𝛽

𝛼(1 − 𝛽)

�
𝜏𝛼𝜑y

1 + 𝜏
Δ−1

�2

+ (𝜎 + 𝜆)

⎡⎢⎢⎣
x2
t
+

𝛽

1 − 𝛽

�
t𝛼
�
𝜑𝜋 − 1

�
1 − t

Δ−1

�2⎤⎥⎥⎦

⎤⎥⎥⎦
𝜏2
t
,

(22)

U0 ≅ −
UCy

2
E0

∞�
T=0

𝛽T

�
𝛼−1

�
𝛽𝛼t𝜑y

1 − t
Δ−1 + 𝛼(𝜎 + 𝜆)𝜒𝜏 +

2𝛼𝜏

1 + 𝜏

�2

𝜋̂2

c,T

+
𝛽

𝛼(1 − 𝛽)

�
t𝛼𝜑y

1 − t
Δ−1

�2

+ (𝜎 + 𝜆)

⎡⎢⎢⎣
x2
t
+

𝛽

1 − 𝛽

�
t𝛼
�
𝜑𝜋 − 1

�
1 − t

Δ−1

�2⎤⎥⎥⎦

⎤⎥⎥⎦
t̂2
t
,

7  We see that the level of consumption which maximizes the utility is one.
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where U0,� and U0,t are the welfare functions when the ad valorem tax (Eq. 21) and 
unit (Eq. 22).

Substituting Eqs.  (19) into (22), we can see that Eq.  (21) equals Eq.  (22). This 
concludes that ad valorem tax is equivalent to unit tax in the DSGE model, that is, 
the qualitative and quantitative effects are the same under equivalent tax revenue 
collections when initial tax rates are zero (t = τ = 0).8 Blackorby and Murty (2007) 
show that unit tax is equivalent to ad valorem tax in monopolistic markets at general 
equilibrium with 100% profit tax; that is, the tax-adjusted profit is zero. This study 
is similar to Blackorby and Murty (2007), with the exclusion that profit remains 
present. A reasonable explanation for this difference is the absence of monopolistic 
competition, that is, the parameter of θ.

3.4 � Case in zero lower bound

Some countries; e.g. Japan, U.S. and EU, face on the situation under zero lower 
bound (ZLB) which the nominal interest rate is stuck zero. Eggertsson (2011) ana-
lyzes the income and consumption tax multiplier in DSGE model under ZLB. That 
is, log-linearized nominal interest rate is stuck ît = −

1−𝛽

𝛽
 and the rest of the model 

remains. Therefore, we obtain the same result in Sect. 3.3 under ZLB.

4 � Conclusion

This paper compares unit and ad valorem taxes using the New Keynesian DSGE 
model. We show that price markup causes differences between unit and ad valo-
rem taxes under comparison with steady states, while we find that the increase in ad 
valorem tax is independent of that in unit tax under log-linear transition dynamics.

Additional researches can expand the findings in this study. For example, we can 
apply the new open economy macroeconomic model, as used by Corsetti and Pesenti 
(2009), to consider external channels as well as traded and non-traded goods, which 
further analyze the effects of tariffs. Tariff analysis considers both unit and ad valo-
rem taxes. In addition, higher order approximation may apply; e.g. Schmitt-Grohé 
and Uribe (2004). These, however, are topics for future research.
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