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Abstract
The deteriorating items, e.g., fruit and vegetables, have specific self-life. In general, a com-
mon observation is that upon the initial introduction of fresh items to the market, there is a
progressive increase in demand up to a specific period, followed by a subsequent stabilization
at a consistent level. This type of stabilization is termed ‘ramp-type’ demand. Here, we pro-
posed an inventory model for deteriorating items with a combination of permissible delay in
payment (PDP) and preservative technology investment (PTI), like temperature and storage.
Here, retailers get twofold benefits: first,1) PTI enhances the shelf life of deteriorating items’,
and second, PDP stimulates extra sale orders from retailers, which is a perfect simulacrum
of a profit state to attain maximum profit through inventory management. The present study
aims to find the optimal replenishment and investment policywithmaximumutilization of the
resources towards the maximum profit of retailers. The concavity of the theorem is proved
manually. Further, numerical examples and graphs are presented to support the proposed
model. The sensitivity analysis can keenly observe the salient facts in a polyglot situation;
when demands variables and parameters change in the future, retailers can take an opportune
decision. A comparison of studies for different aspects provides a managerial approach to
retailers. In the last, we concluded the study with future remarks.

Keywords Permissible delay in payment (PDP) · Preservative technology investment
(PTI) · Deteriorating items · Economic order quantity

Introduction

Deterioration refers to a product’s quality change over time [10]. In traditional inventoryman-
agement, we assume the shelf life of deteriorating items like fruit, vegetables, and medicines
is constant while stored. Contrarily, in reality deteriorating items’ shelf life changes over
time [1]. The shelf life of deteriorating items depends on the products’ packing, holding,
atmosphere, and nature [26]. After a specific period, these products become outdated and
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unsuitable for final consumption. The recent study highlights that the U.S.A. accounts 10%
of food wastage at the retail level [24]. Moreover, approximately 30% of fresh agricultural
items were lost due to deterioration [52]. Similarly, due to deterioration, China suffered a
tremendous economic loss of 43 billion U.S$ [57]. The wastage of food items at a large
scale has a twofold implication, as it involves direct economic loss and, at the same time,
overburdens natural resources.

Therefore, the inventory loss due to the deterioration needs to be addressed, and it has
gained wide scientific attention recently [15]. Therefore, to overcome this challenge [14]
introduced the preservative technology concept to control the deterioration effects of dete-
riorating items. Retailers invest in preservative technology like refrigerators, packing, etc.
Consequently, the deteriorating items’ shelf life enhances food’s final consumption time
period [40]. As a result, retailers obtain extra revenue from Preservative Technology Invest-
ment (PTI). In the traditional industry, retailers have to pay immediately after the purchase.
However, it does not seem to be a pragmatic approach if we look at today’s competitive
business environment’s present scenario. Therefore, we need to alter this classical business
assumption. The primary drawback of this approach is the increasing inventory cost at the
retailer’s end; concomitantly, future demand is unexpected (He et al., 2020). Consequently,
retailers order minimum items to avoid their future sale risk. Concurrently, the supplier also
bears amassive loss due to the retailers’ minimumorder of sale items. Therefore, The Permis-
sible Delay in Payment (PDP) concept was introduced by [9]. However, extensive research
has been carried out by several researchers like [17], [2, 37], [56] & [18] to concise the riddle
task of existing research gap.

Literature Review

We are introducing PDP and PTI approaches coherent with meticulous analysis of deteri-
oration in different cases. Keeping in view of readers’ perspective the, literature review is
subdivided into three segments.

(1) Literature review on permissible delay in payment (PDP).
(2) Preservative technology investment (PTI).
(3) PDP and PTI coherent approach.

Permissible Delay in Payment (PDP)

The suppliers offer retailers a specific period to settle their dueswithout an extra charge. Thus,
the permissible delay in payment plays a vital role for retailers because they accumulate more
revenue in the form of interest from the bank. Besides, suppliers also get additional revenue
through additional orders processed by retailers. Hence, PDP eventually allows suppliers to
enhance their sale orders, which is of utmost important task in supply chain management.

Several researchers [6]; [8], [33] worked on deteriorating items for linear demand function
of Price and time. A study reported by Jaggi et al. [16] Introduced a fuzzy approach for the
permissible delay in payment for the price-dependent linear demand function. Their study
focused on optimal decision policies for retailers for maximum profit. Hence, they discussed
the possibility of a higher interest earned than the interest charged rate (Ie > Ic). A study
reported by [44] Worked on the generalized reduced gradient (GRG) method to minimize
inventory costs for deteriorating items. [42] presented a price and stock-dependent inventory
model without shortage. They allowed two levels of trade credit in their research. The optimal
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replenishment policy for retailers through the advance cash credit approach is reported by
[51]. The study focuses on, a special discount provided to retailers if they pay some advance
cash to suppliers. Recently, [32] presented a modified model of [5, 31] with more realistic
approaches. Concurrently [41], (Shaikh, A. A., Cárdenas-Barrón, L. E., & Tiwari, 2018), [43,
45] and [50] extended,the PDP approach with several price-depended demand functions.
Afterward, different types of demand emerged in the market for decaying items. When
demand changes into two phases, it is known as ‘ramp-type demand.’ This type of demand
pattern follows in the seasonal demand of deteriorating items or new electronic items arriving.
Its demand adolescent in phase I, then become constant in other phases. [48] introduced a new
strategy to reduce the overall inventory cost through their model. A time-dependent ramp-
type demandwas adopted for PDPwith a partial backlog. [4] proposed an inventorymodel for
ramp-type demand for the PDP approach. Their study was vernalizing the exponential rate of
deterioration. After that, A pragmatic approach was shared by [52] through their comparison
study, with and without permissible payment delay for time-dependent, ramp-type demand.
Later, [47] proposed a new approach of permissible delay in payment for ramp-type demand
function of price and time. Their study explains how retailers get extra revenue through the
effect of permissible delays in payment.

Preservative Technology Investment (PTI)

Several researchers considered deterioration as an uncontrollable exogenous variable. Several
organizationsmanage inventory at a fixed rate of deterioration. Therefore, they envisage huge
losses periodically. Furthermore, there was a need to control deterioration to enhance the
revenue and avoid unnecessary waste of deteriorating items. Then, several techniques were
implemented as ‘process improvement’ and enhancing ‘storage techniques’, even though
storage industries still suffered from leviathan loss due to deterioration effect over the storage
period. Therefore, industries required a salient investment to control the deterioration effect
over time. Moreover, the term preservative technology was introduced by [14]. Their study
proposed a solution procedure for deterministic demand and controllable deterioration rate.
The retailer may invest some amount in preservative technology and revert more profit due
to deterioration control. Then, [12] extended the work of [39] and [58] with a preservative
approach to seasonal demand for deteriorating items. After that, [21, 22, 34] proposed an
inventory model for deteriorating items to trapezoidal demand. Their study briefs us on the
impact of preservative technology investment on inventory through their comparison study.
Further, [35] introduced an inventory model for the seasonal demand of deteriorating items.
They considered price and stock-dependent demand function and extended the model of
[12] as a particular case in their study. [30] represented the effect of preservative technology
over cycle length and deterioration rate consistently for price-dependent demand and time-
dependent deterioration rate. Concurrently, [3] Introduced the concept of price discounts with
the PDP approach under the 20–40% price discounts concept after selling inventory 50–90%,
respectively. Recently (S. [23, 29], [38], and [20] briefly introduced an inventory model for
ramp-type demand with partial shortage.

Permissible Delay in Payment and Preservative Approach (PDP and PTI)

PDP and PTI approaches are significant from retailers’ profit point of view, even though few
researchers coherent work on nascent approaches towards igniting profit. [49] Investigated
an inventory model for deteriorating items under the assumption of PDP and PTI together.
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The retailer’s optimum order policy for supply chain management was discussed in their
study for deteriorating items. Then, [54] discussed an integrated production–distribution
model under the assumption of SCM. They discussed adequate decision of optimal supply
chain for deteriorating items under the PDP, and PTI approaches separately. Similarly, [53]
introduced an inventory policy to reduce the existing deterioration rate due to an additional
investment in preservative technology. In their study, remaining stock of deteriorating items
shifted to another market as a trade credit approach. Later, [36] developed an inventory
model to control the deterioration rate through the PTI under the PDP policy. Their study
emphasized joint effect over optimal ordering policy. (M. [28] introduced the inventory
model for PDP and PTI approaches together. Here, suppliers provide a specific time limit to
retailers without an interest charge. After that, retailers either pay interest amounts or order
more quantities to avoid envisaging interest charges. Recently, [46] Developed an inventory
model for deteriorating items with the concept of PTI, and a single level of trade credit
allowed for ramp-type demand with partial backlog. Then, [7] discussed an inventory model
under PTI and the trade credit approach. A Price-dependent demand is illustrated through
the ‘swarn optimizing’ method in their study.

Research Gap and Contribution

Many researchers worked on PDP and PTI approaches. However, very limited studies com-
bine the capabilities of both concepts. Recently, [25] depicted that Bangladesh procure $7.05
Million additional income during fiscal year 2020–21 with only mango sale.

There are enormous studies available in the field of permissible delay in payment and the
preservative approach separately. Even though prescience research gap stimulate to develop
a coherent PDP and PTI approaches. Therefore, suggested study introduces the concept of
permissible delay in payment with a preservation technology approach (freezing) to enhance
the profit of suppliers and retailers. This study does not apply only to suppliers’ and retailers’
points of view. Moreover, it will provide significant input to the overall economic growth of
any region. As extra demands result in extra sales, job opportunities may be generated in a
community that is imperative for the sustenance of any society and economy. Symmetrically,
preservative technology enhances the shelf life of deteriorating items; as a result, society
overcomes food security issues through the preservative technology approach, and retailers
may earn extra revenue due to additional inventory saved by PTI. We are adopting both
approaches in the current study, which shall be overwhelmed effects on managerial deci-
sions of extra revenue as well as on society in the form of food security. Here the suggested
model focused on combine effect of both approaches uniquely. Moreover, a fix deterioration
rate is considered for inventory models. Yet, the suggested model controls deterioration as a
derivative rate of deterioration itself due to PTI investment. Apart from them, the suggested
model considered a price and time dependent demand function which exhibits a compre-
hensive result for retailers rather than a price or time dependent only. The optimal price and
replenishment policy due to both approaches attract retailers marvelously. Therefore, novel
results in Table 10, Investigates a fabulous contribution into the existing literature to find the
answers to the following questions. (1) Where do retailers get maximum profit (2) Should
retailers invest continuously in preservative technology after a specific time (3) Should retail-
ers get maximum profit when adopting our study approaches (4) Can we find the effect of
permissible delay and preservative technology separately (5) Up to what point can we store
the maximum inventory of deteriorating items.
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The rest of the study is described as follows: Sect. “Literature Review” covers the liter-
ature review as in Table 1. We define all notations and assumptions in Sect. “Notations and
Assumptions”, then analyze them in Sect. “Analysis” with optimality conditions and Hes-
sianMatrix analysis. Further, we cross-verify the optimality through numerical examples and
graphs in Sect. “Solution Procedure”. Then, the Advances of the proposed model, sensitivity
analysis, and their results are described in Sect. 6, and managerial insight is available in
Sect. “Managerial Insights”. Finally, we concluded the study with future remarks in Sect.
“Conclusion”.

Notations and Assumptions

We developed the proposed model through the stated assumptions and notations.

Notations

T1: Time up to which demand increases
(
in weeks, i.e., 70

10 � 7weeks
)

T2: Time up to which demand remains constant.
TL : Shortage started point from Phase I Phase II.
I: Inventory levels at the start.
Ib: Backlogged shortage.
c0: Ordering cost.
c1: Holding cost per unit time.
c: The purchase price per unit of an item.
θ: Deterioration rate without PTI.(
θ − 1

θ

)
: Diminishing deterioration rate per unit after preservation technology Investment

derivate w.r.t. θ itself.
P: Per unit selling price of the item.
λP: Backlogged Price; (0 < λ < 1).
γ (η): Waiting time for replenishment of inventory.
H: Holding cost for each Phase.
R: Revenue earned for each Phase.
Net: Profit for each Phase.

Demand Function

This paper considered fruit and vegetables as deteriorating items for seasonal demand. We
worked on the ‘EOQ’model, assuming that PDP and PTI concepts affect them together. Here,
the proposed study considered a ramp-type demand, which is price and time-dependent with(
θ − 1

θ

)
deterioration rate with respect to time due to investment in preservative technology

rather than the traditional constant rate of deterioration. The second motive of the study is
how to enhance the sale of suppliers. We apply a one-time permissible delay in the payment
concept. Hence, suppliers and retailers get additional revenue through the proposed model.
The assumption of inventory level decreased with respect to time and deterioration, then
reached zero at the level considered.

For Phase I: f1(P , t) � a+bt
P j ; 0 ≤ t ≤ T1

For Phase II: f2(P , t) � a+bT1
P j ; T1 ≤ t ≤ T2
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Our study is based on price and time then ‘a’, ‘b,’ and ‘j’ are other considered demand
parameters.

Assumptions

(1) Special discount to loyal customers waiting during the shortage period. γ (η) � 1 −
(η/T ) ; 0 ≤ η ≤ T .

(2) The backorder price is λP such that c < λP <P for this c
P < λ < 1.

(3) Consider a positive demand function of price and time; fF (P , t) > 0.
(4) Consider that the SP of items is higher than the purchase price per unit.
(5) Consider that the backlog amount shall be precise in the next replenishment.
(6) Considering a seasonal demand for the deteriorating items in our study.
(7) The replenishment period is a finite horizon.

Analysis

Weconsidered a ramp-type demand for seasonal items like fruit and vegetableswhere demand
increases in phase I due to customers’ preference for fresh items; then, after a specific time
period, it becomes constant demand. The inventory vanishes at T1&T2 as in Fig. 1.

Figure 1 represents ramp-type demand with grace period ‘M’; Fig. 2 compares profit
against cases I and II.

Phase 1: Inventory depletes in the growth phase
(
0 ≤ TL1 ≤ T1

)

H1 � c1

⎡

⎢
⎣

TL1∫

0

{(
TL1 − 0

)
f1(P , t) +

(
θ − 1

θ

)}
dt

⎤

⎥
⎦

R1 �
TL1∫

0

P f1(P , t)dt + λP Ib1

Fig. 1 Ramp-type Demand
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Fig. 2 Comparison of Profits for
Cases I & II

Ib1 �
T1∫

TL1

f1(P , t) ∗ γ (T1 − t)dt+

T2∫

T1

f2(P , t) ∗ γ (T2 − t)dt

I1 �
TL1∫

0

{
f1(p, t) +

(
θ − 1

θ

)}
dt

Ie1 = P*Ie*

TL1∫

0

(
TL1 - t

)∗
(
a + bt

Pj

)
dt

Ic � c ∗ Ic

⎡

⎢
⎣

TL1∫

M

(t − M) ∗
((

a + bt

P j

)
+
(
θ − 1

θ

))
dt

⎤

⎥
⎦

Net1 � (
R1 − H1 − c0 − c

(
I1 + Ib1

)
+
(
Ie1 − Ic1

)
/T2

)
(1)

Phase II: Inventory depletes in a constant phase (T1 ≤ TL2 ≤ T2)

H2 � c1

⎡

⎢
⎣

T1∫

0

{
(T1 − 0) f1(P , t) +

(
θ − 1

θ

)}
dt+

TL2∫

T1

{(
TL2 − 0

)
f2(P , t) +

(
θ − 1

θ

)}
dt

⎤

⎥
⎦

R2 �
T1∫

0

P f1(P , t)dt +

TL2∫

T1

P f2(P , t)dt + λP Ib2

Ib2 �
T2∫

TL2

f2(P , t) ∗ γ (T2 − t)dt

I2 �
T1∫

0

{
f1(p, t) +

(
θ − 1

θ

) }
dt +

TL2∫

T1

{
f2(p, t) +

(
θ − 1

θ

) }
dt

Ie2 � P ∗ Ie

⎡

⎢
⎣

T1∫

0

(T1 − t) ∗
(
a + bt

P j

)
dt +

TL2∫

T1

(
TL2 − t

) ∗
(
a + bt

P j

)
dt

⎤

⎥
⎦
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Net2 � (
R2 − H2 − c0 − c

(
I2 + Ib2

)
+ (Ie − Ic)

)
/T2 (2)

Theorem 1 (a) Net1 is a concave function in TL1
iff.

2a
[
T1(P

1− j + θc
(−1 + Ic

(
M − TL1

))
+ θTL1(c − Pλ)

]
+ 2bθT 2

L1
(−c + Ie + c − Pλ)

+TL1T1[Ie P
1− j − c1P

− j − 2θ
{
bc(1 + MIc) − TL1 Ic

} ≤ P j − θ2

(3)

(b) Net2 is a concave function in TL2
iff.

T 2
1 bθ(c1 − Ie P + cIc) + T1

[
aθ
(
c1 − bTL2 + cIc2

)
+ bθ (−c + TL2(c(Ic − 1) − Pλ)

+θ P j (c1
(
θ − 1

θ

)
+ cIcθ +

bTL2
P j (c − Pλ)

]

+aθTL2 [c(1 + Ic) + P(1 + Ie)]

+P j [c1TL2

(
T1 − θ2

)
+ c(1 − θ2

(
1 − TL2 Ic

)]
+ aθ(T2P−)c ≤ −1

p− j

(4)

Case II (2a).Net1 Is a concave function in TL1
iff.

2McIc
[
T1P

jθ + aT1 + bT1TL1

]
+ T 2

L1
bT1

[−2c1 + Ie P − 2c2 Ic
]

+2T1TL1

[−P2θ(c1 + cIc) + a(−c1 + Ie P − cIc) + b(P − c)
]

+2T1
[
a(P − c) − cP jθ

]
+ 3TL1(c − Pλ) ≤ 1

P− j

(5)

(2b) Net2 is a concave function in TL2
iff.

T1T2
[
c1
(
1 + a − bTL2

)
+ P(b − aIc P) + bTL2 (Ie P − c1)

]
+ bT 2

1 T2(c1 − Ie P)

+T2
[
a(P − TL2 (c1 + Ie P) − c1TL2 − cθ

(
i − IcTL2

)]
+ cIc

[
−c + 2

(
T1 − TL2

) − 1
Ic

]

+2TL2 (c − Pλ) ≤ 0

(6)

Proof (a) On partially differentiating Net1 with concerning TL1 .

Now on solving for TL1 we get

TL1 � (−bP1− j − aIe P P1− j + bcP− j − acP− j

T1
+ ac1P− j − bcIcMP− j − cIc

θ
+ cIcθ + aP1− jλ

T1

− acP− j

T1
+ ac1P− j + acIc P− j − bcIcMP− j − cIc

θ
+ cIcθ + aP1− jλ

T1

−
√((

bP1− j + aIe P1− j − bcP− j + acP− j

T1
− ac1P− j − acIc P− j + bcIcMP− j + cIc

θ
− cIcθ − aP1− jλ

T1

)2

−4
(
aP1− j − acP− j + acIcMP− j + c

θ
− cIcM

θ
− cθ + cIcMθ

)

(
1
2 bIe P

1− j + bcP− j

T1
− bc1P− j − bcIc P− j − bP1− jλ

T1

)))/

(
2
(
1
2 bIe P

1− j + bcP− j

T1
− bc1P− j − bcIc P− j − bP1− jλ

T1

))

(7)

∂Net1
∂TL1

� 1
2T1T2θ

P− j (T1
(
2a
(
P − c1 + Ie PTL1

))
+ bTL1

(−2c1TL1 + P
(
2 + IeTL1

)))
θ + 2T1c

(
−1 + Ic

((
M − TL1

))((
a + bTL1

)
θ + pJ (−1 + θ2

))
+ 2TL1

(
a + bTL1

)
θ(c − pλ)

)

(8)
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∂2Net1
∂T 2

L1

� 1
T1T2θ

P− j

⎛

⎝
T1

(
a (−c1 + Ie P) + b

(
P − 2c1TL1 + Ie PTL1

))
θ

−T1c
(
bθ + Ic

(
a − bM + 2bTL1

)
θ + Ic P

j (−1 + θ2
))

+
(
a + 2bTL1

)
θ (c − Pλ)

⎞

⎠

(9)

The right-hand side of the expression mentioned above (3)

2aT1P
1− j − 2acT1θ + 2aθT1cM Ic − 2aθT1cTL1 Ic + 2a(θTL1 − 2aPTL1λθ − 2bc1T

2
L1

θ

+2bIeT
2
L1

θ + 2bcθT 2
L1

− 2bPλθT 2
L1

+ T1 Ie P
1− j TL1 − T1c1TL1 P

− j − 2bTL1θT1c

+2bTL1θT1cM Ic − 2bTL1θT1TL1 Ic − P j + θ2

� 2a
[
T1
(
P1− j + θc

(−1 + MIc − TL1 Ic
))

+ θTL1(c − Pλ)
]

+2bθT 2
L1

(−c1 + Ie + c − Pλ)

+TL1T1
[
Ie P

1− j − c1P
− j − 2θ

(
bc + bcM Ic − TL1 Ic

)] − P j + θ2

After simplifying, we get,

2a
[
T1
(
P1− j + θc

(−1 + Ic
(
M − TL1

))
+ θTL1(c − Pλ)

)]
+ 2bθT 2

L1
(−c + Ie + c − Pλ)

+TL1T1
[
Ie P

1− j − c1P
− j − 2θ

{
bc(1 + MIc) − TL1 Ic

}] ≤ P j − θ2

If the above condition is met, we can conclude that it is a concave function with respect
to TL1

.
(b) On partially differentiating Net2 with respect to TL2 ,

TL2 �
(

T2

(
cP j − T1c1P

j − acθ − bT1cθ + aT1c1θ + bT 2
1 c1θ + aT1cIcθ + bT 2

1 cIcθ

+aPθ + bT1Pθ − aT1 Ie Pθ − bT 2
1 Ie Pθ − cP jθ2 + T1c1P

jθ + T1cIc P
jθ2

))

(10)

∂Net2
∂TL2

� 1
T 2
2 θ

P− j

⎛

⎝
−T2

(
(a + bT1) c1θ + θ

(
acIc + bT1cIc − aIe P − bT1 Ie P + cIc P

j θ
)
+ c1P

j (−1 + θ2
))

+ (a + bT1) θ (c − Pλ)

⎞

⎠

(11)

The RHS of the above expression is

c1T2P
j TL2 + aT2Pθ + bc1T

2
1 θ − bT 2

1 Ie Pθ − ac1TL2θ + aIe PTL2θ + aT1c1θ − abT1TL2θ

−acθ + aT1cIcθ − IcTL2acθ − bT1cθ + bcT 2
1 Icθ − bT1TL2cθ Ic − c1P

j TL2θ
2

−T1c1P
j + T1c1P

jθ2 + cP j − cP jθ2 + cP j T1 Icθ
2 + bT1θcTL2 − bT1θ PλTL2

After the simplification of the stated above, we find

(12)

T 2
1 bθ (c1 − Ie P + cIc) + T1

[
aθ

(
c1 − bTL2 + cIc

)
+ bθ (−c + TL2 (c (Ic − 1) − Pλ)

+θ P j (c1
(
θ − 1

θ

)
+ cIcθ +

bTL2
P j (c − Pλ)

]
+ aθTL2 [c (1 + Ic) + P (1 + Ie)]

+P j [c1TL2

(
T1 − θ2

)
+ c(1 − θ2

(
1 − TL2 Ic

)]
+ aθ (T2P − c) ≤ −1

P− j
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If the above condition is met, we can conclude that it is a concave function with respect
to TL2

Further, we check the concavity with respect to P.

∂Net1
∂P

� 1

6T1T 2
2

P−1− j
(
b
(
T1T2

(
c j
(
3T 2

L1
+ Ic

(
M − TL1

)2(
M − 2TL1

))
+ T 2

L1
(2c1 jTL1 − (−1 + j)P

(
3 + IeTL1

)))

3T 4
1

(
c j − (−1 + j)Pλ

)
+ 2T 3

1 T2
(
c j − (−1 + j)Pλ

)
+ 3T 2

1 T
2
2

(
c j − (−1 + j)Pλ

) − 2T2T
3
L1

(
c j − (−1 + j)Pλ

)
)

−3a
(
T 3
1

(
c j − (−1 + j)Pλ

) − T 2
1 T2

(
c j − (−1 + j)Pλ

)
+ T2T

2
L1

(
c j − (−1 + j)Pλ

)

−T1T2
(
T2cj + c1 jT

2
L1

+ cj
(
Ic
(
M − TL1

)2 + 2TL1

)
− (−1 + j)PTL1

(
2 + IeTL1

) − T2(−1 + j)Pλ
)))

(13)
∂2Net1
∂P2 � 1

6T1T 2
2

j P−2− j (b(−T1T2(c(1 + j)
(
3T 2

L1
− Ic

(
M − TL1

)2(
M − 2T TL1

))
+ T 2

TL1
(cc1(1 + j)TL1

− (−1 + j)P
(
3 + IeTL1

)
)) + 3T 4

1 (c + cj + Pλ − j Pλ) − 2T 3
1 T2(c + cj + Pλ − j Pλ)

− 3T 3
1 T

2
2 (c + cj + Pλ − j Pλ) + 2T2T

2
TL1

(c + cj + Pλ − j Pλ)) + 3a(T 3
1 (c + cj + Pλ − j Pλ)

− T 2
1 T2(c + cj + Pλ − j Pλ) + T2T

2
TL1

(c + cj + Pλ − j Pλ) − T1T2(c(1 + j)
(
Ic(M − T )2L1

+ 2TL1

)

+ TL1

(
c1(1 + j)TL1 − (−1 + j)P

(
2 + IeTL1

))
+ T2(c + cj + Pλ − j Pλ)))) (14)

The abovementioned calculation is exceptionally lengthy, sowe only check their concavity
through the graphical method illustrated in Fig. 2.

Hessian Analysis

|HM | �
[

∂2Net2
∂T 2

∂2Net2
∂T ∂P

∂2Net2
∂P∂T

∂2Net2
∂P2

]

2×2

�
[ −.06027 .04683

−2.43023 618.294

]

2×2

� −37.2616 + .1138

⇒ −37.1478 < 0

TheHessianmatrix analysis culminates that the proposed study ignites the profound profit
to retailers. Moreover, It reconciles mathematically to prove the concavity of the suggested
model.

Solution Procedure

For F � 1.
Step 1: Solve ∂Net1

∂T � 0 and ∂Net1
∂P � 0 from the expressions 8 and 13 to obtain the value

of T ∗
L1

and P∗.
Step 2: Check(0 < TL1 < T1)&P∗ > Pr ice Floor. If the result is positive, then move to

the next step; otherwise, find the primary value.
Step 3. For this set was obtained from expressions 11 and 14. If we get a negative value,

then move to the next step.
Step 4. For this set of (T ∗

L1
, P∗) find the value of Net1 from expression (1).

Step 5: Repeat steps 1 to 4 for F � 2. Towards then, we choose the highest value.
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Numerical Example

Case I Preservative technology and permissible delay in payment allowed:

Example 1 We consider the stated values and parameters to the solution procedure of the
model.

M � 35, Ic � .008, Ie � .003, T1 � 45, T2 � 75, a � 20, b

� 7.6, j � 2.5, c0 � 100, λ � 0.99, c1 � 0.001, c � 0.5

Results Case I Tables 2 and 3 of case I shows the computational results. We discussed the
practical results of different parameters of demand functions. The profit commences from
Phase I and attains maximum profit � 130.925$ in Phase II, when both both PDP and PTI,
both approaches are applied together. We restrict the optimum replenishment point of Phase
II, as a consequence, the price and backlog amount on inventory become constant in Phase
II. Hence, we attain less backlog amount as compared to Phase I. The concavity is seen in
the stated Figs. 3 and 4 swhich supports the proposed study.

Case II When Preservation technology and Permissible delay in payment are not allowed:

Example 2 We consider the stated values and parameters of the solution procedure of the
model T1 � 40, T2 � 75, T3 � 100, r � 1, a � 20, b � 5.5, j � 1.7, c0 � 100,
λ � 0.99, c1 � 0.001, c � 0.5

Results Case II The computational results are shown in Tables 4 and 5 of Case II. We
discussed the practical results of different parameters of demand functions. The profit com-
mences from Phase I and attains attained I ∗

2 � 27831.1827831.18 in phase II, without both

Table 2 Result of Phase I (0 < TL1 < T1) When PD and PT Allowed

θ T ∗
L1

P∗ Net∗1 I∗1 I∗b1

0.2 43.985 .846897$ 120.317$ 13707.2 25967.1

0.4 43.743 .846581$ 119.522$ 13846.5 26107.5

0.6 43.649 .846463$ 119.218$ 13899.6 26160.5

0.8 43.594 .846393$ 119.038$ 13931.3 26192.0

1.0 43.553 .846342$ 118.906$ 13954.3 26214.9

Table 3 Result of Phase II, (T1 < TL2 < T2) When PD and PT Allowed

θ T ∗
L2

P∗ Net∗2 I∗2 I∗b2

0.2 66.1255 .86793$ 130.925$ 27133.4 4306.8

0.4 66.1255 .86793$ 130.667$ 27312.0 4306.8

0.6 66.1255 .86793$ 130.409$ 27380.3 4306.8

0.8 66.1255 .86793$ 130.150$ 27421.1 4306.8

1.0 66.1255 .86793$ 129.892$ 27475.1 4306.8

Bold value represents max profit
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Fig. 3 Illustrates the joint
concavity of the profit function of
Case I and Phase I

Fig. 4 Illustrates the joint
concavity of the profit function of
Case I and Phase II

Table 4 Result of Phase I, (0 < TL1 < T1) When PD and PT not allowed

θ T ∗
L1

P∗ Net∗1 I∗1 I∗b1

0.2 40.8033 .856618$ 113.746$ 14832.6 25357.9

0.4 40.7774 .856589$ 113.689$ 14845.2 25367.0

0.6 40.7515 .856560$ 113.633$ 14857.9 25376.1

0.8 40.7257 .8565314 113.576$ 14870.5 25385.1

1.0 40.6997 .856502$ 113.520$ 14883.1 25394.2

approaches.We restrict the optimum replenishment points of Phase II; consequently, the price
and backlog amount on inventory become constant in Phase II. Hence, attain less backlog
amount as compared to Phase I.

A crepuscular change was observed due to PTI. The invested amount attracts additional
revenue w.r.t. time and vice versa. The invested amount controls the decimate deterioration
rate

(
θ − 1

θ

)
impulsively. Therefore, retailers yield a surplus inventory replenishment period.
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Table 5 Result of Phase II, When PD and PT not allowed (T1 < TL2 < T )

θ T ∗
L2

P∗ Net∗2 I∗2 I∗b2

0.2 71.0877 .866073$ 126.954$ 27831.2 1975.95

0.4 71.0877 .866073$ 126.859$ 27846.0 1975.95

0.6 71.0877 .866073$ 126.763$ 27860.3 1975.95

0.8 71.0877 .866073$ 126.667$ 27874.5 1975.95

1.0 71.0877 .866073$ 126.572$ 27888.7 1975.95

The P � 0.00186$ excess price per unit received due to PTI. Consequently, 3.97$ per unit
additional profit and 698 units of inventory space profound through PTI. Moreover, Retailers
shall invest 5.105 × 1010 per unit investment to ignite their profit.

Case III When Permissible, delay in payment is allowed only:

Example 3 We consider the stated values and parameters to the solution procedure of the
model.

M � 35, Ic � .008, Ie � .003, T1 � 45, T2 � 75, a � 20, b

� 7.6, j � 2.5, c0 � 100, λ � 0.99, c1 � 0.001, c � 0.5

Results Case III The computational results are shown in Tables 6 and 7 of case III.
We discussed the practical results of different parameters of demand functions. The profit
commences from phase I and attains a maximum Net∗2 � 129.724$ and I ∗

2 � 27475.8 in

Table 6 Result of Phase I When PD Allowed (0 < TL1 < T1)

θ T ∗
L1

P∗ Net∗1 I∗1 I∗b1

0.2 43.5339 .846317$ 118.845$ 13965.4 26225.1

0.4 43.5143 .846293$ 118.784$ 13976.5 26235.4

0.6 43.4947 .846268$ 118.723$ 13987.6 26245.6

0.8 43.4751 .846244$ 118.663$ 13998.7 26255.8

1.0 43.4556 .846220$ 118.602$ 14009.7 26266.0

Table 7 Result of Phase II, (T1 < TL2 < T2) When PD and PT Allowed

θ T ∗
L2

P∗ Net∗2 I∗2 I∗b2

0.2 66.0022 .867686$ 129.724$ 27475.8 4365.89

0.4 66.0022 .867686$ 129.630$ 27489.0 4365.89

0.6 66.0022 .867686$ 129.536$ 27502.2 4365.89

0.8 66.0022 .867686$ 129.442$ 27515.4 4365.89

1.0 66.0022 .867686$ 129.347$ 27528.6 4365.89
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Table 8 Result of Phase I (0 < TL1 < T1) When PT Allowed only.

θ T ∗
L1

P∗ Net∗1 I∗1 I∗b1

0.2 43.9850 .846897$ 114.863$ 13707.2 25967.1

0.4 43.7428 .846581$ 114.111$ 13846.5 26107.5

0.6 43.6497 .846463$ 113.825$ 13899.6 26160.5

0.8 43.5941 .846393$ 113.655$ 13931.3 26192.0

1.0 43.5534 .846342$ 113.531$ 13954.3 26214.9

Table 9 Result of Phase II, (T1 < TL2 < T2) When PT Allowed only.

θ T ∗
L2

P∗ Net∗2 I∗2 I∗b2

0.2 71.2352 .866166$ 128.869$ 27840.2 1902.87

0.4 71.2352 .866166$ 128.472$ 27840.2 1902.87

0.6 71.2352 .866166$ 128.076$ 27840.2 1902.87

0.8 71.2352 .866166$ 127.679$ 27840.2 1902.87

1.0 71.2352 .866166$ 127.283$ 27840.2 1902.87

phase II, when PDP is applied only. We restrict T ∗
L2

� 66.0022 as optimum replenishment
points of Phase II; as a consequence, the price and backlog amount on inventory become
constant in Phase II. Hence, we attain less backlog amount as compared to phase I.

Case IV When Preservation Technology Allowed only:

Example 4 We consider the stated values and parameters to the solution procedure of the
model.

M � 35, Ic � .008, Ie � .003, T1 � 45, T2 � 75, a � 20, b

� 7.6, j � 2.5, c0 � 100, λ � 0.99, c1 � 0.001, c � 0.5

Results Case IV The computational results are shown in the Tables 8 and 9 of case III.
We discussed the effective results of different parameters of demand functions. The profit
commences from phase I and attain Net∗2 � 128.869$ and I ∗

2 � 27840.2 in phase II, when
PTI approach envisage.We restrict the optimumreplenishment point of Phase II consequently,
the price and backlog amount on inventory become constant in Phase II. Hence, we attain
less backlog amount as compared to phase I. Therefore, it is suggested to retailers, more
inventory items to be stored to fulfill future backlog orders.

Advances of the proposedmodel and sensitivity analysis

Advances of the proposedmodel

The advances of the study is considered an integral part of every study. Therefore, Table 10
consists of a compendious case study after comparison with the proposed model.
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Table 10 Advances Results with Proposed Model

Author Existing Profit Novel Profit Available
Inventory

Backlog
Inventory

[19] 27.980$ 37.1000$ 2097.37 115.098

[25] 474.32$ 588.449$ −165 75.2497

Hatibaruah and Saha, 2023) 324.57$ 2243.16$ 21,159.6 27,815.3

[46] 64.8934$ 216.836$ −2.61154 8.88746

[27] 153.973$ 386.121$ 2119.67 4120.85

[55] 7009.30$ 223,015$ 128,419 158,945

The retailers may obtain additional revenue if the proposed study applied to their previous
parameters. The optimal replenishment time and price suitably enhance an incredible profit.
Each study exhibits novel profit, especially [22], instigating an eminent profit from addi-
tional demand due to the optimal replenishment period of inventory. Therefore, the above
table depicts the novel results of the study after interspersing several demand parameters of
distinguishing studies into the proposed model.

Sensitivity Analysis

As per our study, the retailer may attain maximum profit Net∗2 � 130.925$ in phase II of
case I, although many uncertainties are possible in decision-making. So, we need to check all
possibilities of indebting solutions for profit maximization. Hence, a change in the values of
all variables and parameters is required due to uncertainties in the future. Sensitivity analysis
is applied to find the effect of optimality due to changes in demand parameters. We obtain
various outcomes, juxtaposed into the stated Table.

The Loss percentage is calculated as
(
Net∗2 − Net2

)

Net∗2
× 100

We applied sensitivity analysis with respect to loss percentage from − 25% to 100% in
their initial value. From Table 11. We find different sensitive variables and parameters of the
price and time-dependent demand function. As per our observation,

1. P is themost sensitive variable, so if we change the− 75% initial value of parameter P, we
attain a maximum profit of − 2543.3%. The retailer may attain maximum profit if they
increase the selling price of items. Hence, we find ‘P’ as the most sensitive parameter of
the proposed study.

2. In the competitive world, it is complicated to hike the price so much that’s why we can
opt to control the price of the items. Therefore, the retailer may attain maximum profit
� − 147.18% when we change + 100% in the initial value of the ‘j’ parameter.

3. We attain maximum profit in ‘a’ and ‘b’ when we + 100% change their parameter’s initial
value.

We are calculating loss percentage, so; most minus results show the most profit to retailers
regarding changes in demand parameters and variables. Further, we choose every sensitive
variable from each parameter and apply it to obtain max profit, max inventory, and backlog
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inventory requirement as per change in the sensitive variable on different loss percentage
parameters in Table 12.

The attempt to envisage the relationship of sensitivity analysis results with respect to
different variables and their effects on profit is made through the graphs below.

Further, Table 12 identified the impact of several patterns on inventory decisions. The
managers can develop a contingency plan due to parameter fluctuations.

1. The retailer may attain maximum profit Neta � 121.289$ and maximum inventory
Ia � 25011 as a 100% change in the initial value of parameter ‘a’.

2. Backlog Inventory plays a significant role in inventory management because pending
orders shall be treated as expected future sales.We attainmaximumbacklog Ib � 19343.2
when we change + 100% in the initial parameter of ‘T.’ Here, we attain maximum profit
as NetT � 21.6248$ of the ‘T’ parameter. As per our study, if the replenishment period
is short, the retailer will receive more profit because the deterioration impact is much less
on fresh items if the length is small. So, retailers are suggested to opt for a maximum
replenishment policy to attain maximum profit.

3. The demand function becomes price-dependent only when we apply a + 100% change in
the initial value of ‘b’. Here we receive Netb � 11.5811$. Otherwise, we procured only
loss due to a change in initial value. So, it is suggested that when retailers suffer a loss;
they may purchase very few amounts of deteriorating items and not store them for a long
time. Yet they shall not receive max profit as the model becomes price dependent only,
but at least they earn some profit during the recession period. The retailer may attain the
intended maximum loss when we change -100% in the initial value of parameter ‘b’.

4. ‘j’ is the price-dependent parameter; hence, when we put j� 1, then the demand function
will be free from the effect of ‘j’. We attain maximum profit Net j � 92.901$ when we
change + 100% in the initial value of parameter ‘j’.

5. The comparison study of sensitivity analysis and their effects on different variables and
parameters is available in Table 12. Our study insights fluctuation in price, concurrently,
observed most consistency in variable ‘a’. Extreme price fluctuation is not appreciated in
the real world, so it is suggested that retailers analyze our study before investing during
extreme fluctuations in price.

6. In Fig. 5a, we compare the change of effect between profits vs. sensitivity analysis. We
findmore profit due to the sensitive variable ‘a’ and less profit or even loss due to variable
‘b’.

7. In Fig. 5b and c,we compare the change of effect in backlog orders vs. sensitivity analysis.
Then, find a significant consistency of inventory due to the sensitive variable ‘a’

Managerial Insights

The study already encapsulates risk analysis through Tables 11 and 12 description.Moreover,
perfunctory managerial insights construe to overcome business risk as stated below.

1. Figure 5d depicts the relationship between profit and deterioration in different cases.
When it increases, the retailer’s profit is reduced as per the natural law of deterioration.
Here, a threshold point (PTI) exists to control the rate of deterioration due to investment
in preservative technology. It is suggested that investing in preservative technology is
very useful in enhancing retailers’ profit.

2. In this paper, we have another remedy to overcome the effect of deterioration. Permis-
sible delay in payment (PDP) can control the impact of deterioration because retailers
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Table 12 Results of change of effects as a change in their parameter

Parameter/Decision variable % Change into variable Net2 I F2 I b2

‘a’

− 100% − .1803884 121.192$ 24,991.9 4066.71

− 75% − .1578399 121.205$ 24,994.3 4066.98

− 50% − .1352913 121.217$ 24,996.7 4067.25

− 25% − .1127428 121.229$ 24,999.1 4067.52

0 − .0901942 121.241$ 25,001.5 4067.78

25% − .0676457 121.253$ 25,003.9 4068.05

50% − .0450971 121.265$ 25,006.3 4068.32

75% − .0232964 121.277$ 25,008.6 4068.58

100% 0 121.289$ 25,011.0 4068.86

‘b’

− 100% − 1.888374 − 18.3422$ − 4488.4 − 773.05

− 75% − 1.652327 − 14.6018$ − 3701.7 − 646.67

− 50% − 1.416281 − 10.8614$ − 2915.0 − 520.29

− 25% − 1.802338 − 16.9789$ − 4201.6 − 726.98

0 − .9441870 − 3.38055$ − 1341.7 − 267.55

25% − .7081403 .359872$ − 555.01 − 141.18

50% − .4720935 4.10029$ 231.663 − 14.803

75% − .2360468 7.84071$ 1018.33 111.571

100% 0 11.5811$ 1805.00 237.945

‘j’

− 100% − 2.943500 61.5211$ 12,379.5 1992.30

− 75% − 2.575563 64.7664$ 13,058.7 2098.60

− 50% − 2.207625 68.1853$ 13,774.3 2210.87

− 25% − 1.839688 71.7872$ 14,528.2 2329.15

0 − 1.471750 75.5817$ 15,322.4 2453.76

25% − 1.103813 79.5792$ 16,159.1 2585.03

50% − .7358750 83.7906$ 17,040.6 2723.32

75% − .3679375 88.2273$ 17,962.2 2869.02

100% 0 92.9014$ 18,947.5 3022.50

‘T’

− 100% − 4.166200 7.4409$ 6189.79 19,283.5

− 75% − 3.645425 9.26075$ 6469.91 19,297.5

− 50% − 3.124650 11.0672$ 6748.16 19,309.6

− 25% − 2.603875 12.8603$ 7024.54 19,319.9

0% − 2.083100 14.6400$ 7299.06 19,328.3

25% − 1.562325 16.4063$ 7571.72 19,334.8

50% − 1.041550 18.1592$ 7842.50 10,339.5

75% − .5207750 19.8987$ 8111.43 19,342.3

100% 0 21.6248$ 8378.49 19,343.2
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Fig. 5 a Change of effect on profit due to most sensitive variables, b Change of effect on inventory due to most
sensitive variables, c Change of effect on backlog due to most sensitive variables, and d Comparison of profit
and deterioration between all cases

receive some extra amount from the bank due to a specific time to settle their dues.
Hence, it is suggested that the coherence of both techniques was significant to retailers.

3. In case I, retailers may attain maximum profit NetI � 130.925$ when PDP and PTI
are applied coherently. They earn 3.128% extra revenue as compared to case II. Con-
currently, When both PDP and PTI are not allowed, we observe case II; we attain a
minimum profit NetI I � 126.954$.

4. We observe in case III, when PDP is allowed only. Then, retailers attain 2.18% extra
revenue as compared to case II. While, observe in the case of IV, when PTI is allowed
only. Then, we procured 1.508% extra revenue as compared to case II.

5. More time for permissible delay offers more revenue to retailers as they can control the
inventory cost and inflation effects. Suppliers also get more revenue due to additional
orders by retailers. Hence, a longer time period for PDP is suggested as suitable for an
extra sale.

6. It is observed that retailers attain invincible inventory when preservation techniques are
allowed only. This extra inventory exists due to the investment by retailers in preserva-
tive technology. Later, this additional inventory shall convert into additional profit for
retailers.

7. When the replenishment period is short due to high sales, then it is suggested that
retailers refill as often deteriorating items as possible. In this way, the holding cost
and deterioration effect shall be less, which converts into the retailer’s profit. Besides,
customers get fresh items for final consumption. Further, Industries incorporate findings
for long-term planning to ensure eminent inventory management as below.
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8. Optimal Inventory Management: The suggested model stimulates a dynamic inven-
tory replenishment policy where industries can easily adjust re-order quantities as per
existing demand patterns. Further, excess stock may be reduced by implementing the
suggested model.

9. Financial Impact: The suggested model overwhelmingly impacts cash flow and work-
ing capital requirements. The industries can develop a permissible delay payment policy
that balances customer financial risk.

10. Efficient preservative Technology Investment: The industries can assess a cross-
functional effective preservative investment to implement in supply chain management
with respect to deterioration rates. Moreover, the suggested model enhances industries’
profit by performing cost–benefit analysis.

11. Overcome supply chain risk: The industries can identify critical points to mitigate
future risks. The industries shall develop contingency plans against disruption of inven-
tory management in terms of additional buffer uncertainties.

12. Competitive strategies: The optimal selling price and commitment to the product
available can differentiate businesses from competitors. The industries may develop
potential plans to ensure flexibility in competitive strategies.

Conclusion

Several researchers worked separately on an inventory model on Permissible delay in
payment and Preservative technology investment. There was still some gap in finding max-
imum profit for retailers. Hence, the proposed model combine the capabilities of both
models to find maximum profit for retailers. We opted for four different cases to charac-
terize our results. In case I, retailers attained maximum profit when PDP and PTI were
both techniques adoptedNetI � 130.925$. Then, we worked on PDP-allowed case. Then
procureNetI I I � 129.724$. Further, working over PTI allowed the only case to receive for
the extensive study, we compare the proposed model when both of the techniques are not
allowed; we attain less profitNetI I � 126.954$. Therefore, attains impetuous enough profit
to retailers with appropriate insights. The sensitivity analysis broadcasts future insights when
different demand parameters and variables change simultaneously. All expected results are
juxtaposed through several tables and graphs. Therefore, retailers may make future decisions
to overcome their unexpected risks.

The present study proves several theoretical connectivity results through theorems, numer-
ical examples and graphs. Our study justifies the role of deterioration, PDP, and PTI
coherently. The retailers may attain impetuous enough profit by controlling the deteriora-
tion rate through the PTI approach. Parallels, the supplier gives a specific credit period to
retailers to settle their dues; then, the retailer may obtainmore profit from both sides. Besides,
suppliers also obtain extra revenue due to additional orders by retailers. The proposed study
is not useful only from the retailer’s point of view, even though additional demands always
create additional jobs in the market, which is the most required in the current scenario after
the world pandemic. Secondly, PTI enhances the shelf life of deteriorating items. Conse-
quently, the proposed model plays a significant role for retailers and society. Finally, the
young researcher may develop further models based on our study. The future is unexpected,
so they will find different demand patterns in the future; at that time, they can apply the pro-
posedmodel to overcome future risks towards expected demands like stochastic and quadratic
as future insights.
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