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Abstract

This study proposes a uniformly convergent finite difference scheme on a uniform mesh to
solve singularly perturbed boundary value problems for second-order ordinary differential-
difference equation of the convection-diffusion type. Error estimates are produced for the
proposed numerical scheme. The theoretical results are supported by numerical simulations
of test problems.
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Introduction

Singularly perturbed differential-difference equations (SPDDEs) are the outcomes in mathe-
matical models of practical importance such as those in the fields of physics and biology [1,
2]. Due to the presence of the perturbation parameter and the delay term, the solution to such
a class of problems may exhibit boundary or interior layers. Due to the dependence of the
solution profile on the singular perturbation parameter, the numerical approaches designed
for addressing regular problems turn out to be inapplicable. Also, the traditional numerical
schemes on uniform meshes do not produce uniformly convergent results for SPDDEs. The
first advancements in the study of singularly perturbed differential-difference equations have
been initiated by Lange and Miura [3, 4]. They carried out the analytical work for solving the
boundary-value problems for singularly perturbed linear second-order differential-difference
equations with small shifts. The problems with solutions that display layer behaviour at one
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or both of the boundaries were studied. It has been discovered that the size of the shifts com-
pared to the perturbation parameter plays a vital role in the solution profile of the problem.
Kadalbajoo and Sharma [5-7] provided numerical methods for boundary value problems
with delay argument comparable to perturbation parameter. Kadalbajoo and Ramesh [8] dis-
cussed numerical schemes to approximate the solution of the boundary value problem, which
is defined on Shishkin meshes. Kadalbajoo and Devendra Kumar [9] obtained the scheme for
the singularly perturbed boundary value problem by using the B-spline collocation technique
with piecewise uniform meshes. Mohapatra and Natesan [10] proposed adaptive grid com-
putational techniques for solving singularly perturbed differential-difference equations on a
nonuniform mesh. Nageshwar Rao and Chakravarthy [11, 12] presented a tridiagonal fitted
finite difference technique for singularly perturbed linear second-order differential-difference
equations and focused on how shift affects the behaviour of the boundary layer or the oscil-
latory behaviour of the solution. Sahihi et al. [13] solved singularly perturbed second-order
differential-difference equations using the reproducing kernel Hilbert space method based
on a collocation approach. Swamy et al. [14] presented a computational technique for sin-
gularly perturbed delay differential equations exhibiting twin-layers or oscillatory solution.
kiltu et al. [15] presented a higher-order numerical scheme for solving reaction-diffusion-type
singularly perturbed delay differential equation with solution exhibiting layer or oscillatory
behaviour. Sirisha et al. [16] proposed a mixed finite difference approach to solve singularly
perturbed differential-difference equations with mixed shifts by using domain decomposi-
tion. Ravi Kanth and Murali [17] presented a numerical method for nonlinear singularly
perturbed delay differential equations by fitted splines method. Rai and Sharma [18] focused
on the interpolation technique for singularly perturbed delay differential equation with or
without a turning point, on a piecewise uniform Shishkin mesh. Chakravarthy and Kumar
[19] presented a fitted operator finite difference scheme for a reaction-diffusion-type singu-
larly perturbed delay differential equation based on Numerov’s technique. Subburayan and
Ramanujam [20] presented uniformly convergent finite difference method with piecewise
linear interpolation on Shishkin meshes. Woldaregay and Duressa [21] considered the expo-
nentially fitted operator mid-point upwind finite difference method to solve the singularly
perturbed boundary value problem.

It is well known that when traditional numerical methods are used, these types of problems
with smaller values of perturbation parameter generate erroneous results. So, it is essential
to develop numerical techniques that could provide higher precision, despite the smaller
values of the perturbation parameter, i.e., techniques that are parameter uniform convergent.
Studying how the shift parameter affects the thin layer structure of the solution is another
crucial component for these kinds of problems. To deal with these issues, in the present
paper, we used a fitting parameter on a higher-order finite difference scheme for a singularly
perturbed boundary value problem with a small negative shift. Briefly, the outline is as follows:
In Sect. 2, we state the continuous problem and the problem is replaced with an approximate
boundary value problem for computational feasibility. Also, some important properties of
the analytical solution of the modified problem are presented. In Sect. 3, an exponentially
fitted finite difference method is presented for the modified problem. Convergence analysis
of the numerical scheme is discussed in Sect. 4. Section 5 presents numerical results and
graphs for the solutions to the test problems. Discussion on the efficiency of the method and
the conclusions are given in Sect. 6.
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Statement of the Problem

Consider the singularly perturbed two point boundary value problem of convection-diffusion
type with a small negative shift in the first derivative term

ev”(x) + p()v' (x — 8) + g(x)v(x) = r(x),x € (0, 1) ()

under the interval condition
v(x) = ¢(x), x € [-4,0], (2a)

and the boundary condition
v(l) = B, (2b)

where 0 < € < 1 is the pertutbation parameter, and § is the delay (shift) parameter. As § < e,
for p(x) > M > 0, (¢ —8p(x)) > 0,V x € [0, 1] and the solution exhibits a boundary layer
near x = 0, while for p(x) < M < 0, the solution exhibits a boundary layer near x = 1. We
assume ¢g(x) < —6 < 0 where § is a positive constant, g(x), ¢ (x) and r(x) are functions
which are sufficiently smooth, 8 is a constant. The function v(x) will be a smooth solution to
the problem (1-2), when it satisfies (1) and (2), being continuous in the underlying interval
[0, 1] and also continuously differentiable in (0, 1).

As § < €, the use of Taylor’s series expansion for the term containing delay is valid [3]
and hence the approximation to the boundary value problem (1) and (2) is

Lwkx)=rx),0<x <1, 3)
subject to

w(0) = ¢(0) = ¢o,
w(l) =B,

where, .2 (w(x)) = pw”(x) + p(x)w'(x) + gX)w(x), u(x) =€ —p(x), w(x) ~ v(x).
The following Lemma shows that . satisfies the minimum principle:

“

Lemma 1 Suppose w(x) is a function, sufficiently smooth and satisfying {w(0), w(1)} > 0,
then w(x) > 0,0 < x < 1, whenever L(w(x)) <0,0<x <1.

Proof Let 0 < z < 1 be such that w(z) = minyeo,1j w(x) and assume that w(z) < 0.

Clearly 7z ¢ {0, 1}, therfore w'(Z) = 0 and w”(z) > 0.
Now we have, Z(w(z)) = u@)w” @)+px)w'(Z))+q(x)w(z) > 0, whichis a contradic-
tion to our assumption that w(z) < 0. Therefore, w(z) > 0 and hence w(x) > 0 Vx € [0, 1].
O

The stability estimate for the solution of the continuous problem (3) is given in the fol-
lowing Lemma:

Lemma 2 If w(x) is the solution of the problem (3) and (4), then we have ||w| < 6! (|71l +
max(|¢ol, [Bl), where ||.|| is the lo norm given by ||w|l = maX;¢[o,1] |w(x)|.

Proof We consider two barrier functions ¥ * as below:
YEE) =67 rl + max(Igol, 1B £ w(x)
Then we have

YE0) =07 |l + max(|gol, |B]) £ w(0), since w(0) = ¢y > 0.
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and
Y1) =67 ir | 4+ max(Igol. |B]) £ w(1), since w(l) =B > 0.
Also
LY () =) ) + p)W () + g ()P (x)
=4() [0~ 1)+ max(Igol, 18] % Lw(x)

=q(0) [0 171l + max(igol. 18] + 7 ()
We have q()c)é_1 < —1, since g(x) < -0 < 0, using in the above inequality, we get,

LYE) < (=lrll £r () + ¢ () max(lgol, 1B < 0
Vx € (0, 1), since |r| > r(x).

By the minimum principle [22], we know that 1/fi(x) > 0Vx € (0,1), and we find the
stability estimate. O

The uniqueness of the solution of (3-4) is guarenteed by Lemma 1 and as the problem
is linear, the existence also is implied. Furthermore, the boundedness of the solution of the
problem is implied by lemma 2.

Lemma 3 Let the zeroth order approximate solution to (3) and (4) be w(x) = wq + wé,
where wg is the approximate solution in the outer region of zeroth order and that in the layer
region be wy. Then for a fixed positive integer j,

h
(n(0))

lim w(jh) ~ wi(0) + (¢(0) - wg(0))e POIr p =

Proof The outer(reduced) region problem is given by
POWH(X)) + g )wh(x) = r(x), wg(l) = B

and the inner(layer) region problem

X

(wh(®)" + pO)(w§ () = 0, w§(0) = ¢o — w§(0), wi(c0) = 0, where £ = (€ —8M)"

From [23], we know that the zeroth order asymptotic approximations to the solution to the
problem is

_7 P
w(x) = wg(x) + %(% — wl(0))e Ofwm)

Assuming the coefficients to be locally constant on a fine mesh,
_ O
w(x) & wg(x) + (go — v (0))e “O
and hence, at the mesh points,
0 0 — 2O
w(x;j) ~wg(x;) + (Po — wp(0))e @O, j=0,1,---, N.

H o/ 0 —&jh
w(jh) Awg(jh) + (do — w§(0))e” HOY
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Therefore,
lim w(jh) ~ wg(©0) + (o — wi(O)e "7 for j=0.1.-- . N,
h
where p = ———.
(1(0))

Lemma4 Let w(x) is the solution of the problem (3) and (4) then
w® || < Cle — M)~ fork =1,2,3.

Proof Given any x € (0, 1), we can construct the neighborhood N, = (¢, ¢ + y), where y
is some combination of € and § yet to be determined, such that N, € (0, 1).Then by mean
value theorem there exists ¢ € N, such that

W) = Ve yy) ().

SO

2
llw @)l < ey (&)
Y

Now integrating Eq.(3) from ¢ to x and taking the modulus from both sides we get
(e = M)W’ (x)| < (€ = M)W (O + [Irlllx — ¢| + /; Ip@w'@)ldt + lig|l[lw]llx = ¢,
this gives
' ()] < [w'@)]+ (e = M) HIrlllx — ¢| + (e — M)~ /{ [p(Ow' (0)ld1
+(e =M~ lgllllwlllx —¢l.

Using Eq.(5) and the fact that x — ¢ < y, after simplification we have following bound:
W' < C (67" + (e =3M)~'¢ + (e = 8M) ") [|wl] + (e — M)~ "¢ Ir]
< C (e + e =oM)7e + (e = M)~ ) max{|lyll. |Ir[]}.
The right side is a minimum iff y = (¢ — 6M )1/2_ For this value of y, we have
w'(x)] < Cle —sM)™".

Thus the result is true for k = 1. Using Eq.(3) for w, we can obtain required bounds for
k = 2 and on differentiating Eq.(3) the result for k = 3 follows. O

Lemma5 Let w is the solbftion of (3) and (4) and let w = w° + w'. For 0 < k < 3 and for
sufficiently small €, w°, w' and their derivatives satisfy the following bounds:

(W] < C(e — sM)*7*,
[Jw (x)|] < Ce=M/(E€=3M) [ e (0, 1),
(WK < C(e — M) TR TMX/E=0M) [y e (0, 1),

Proof For proof of this theorem the reader can refer [24]. ]
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Numerical Method
We write Eq.(3) as

pew”(x) = glx, w, w') (6)

where

g, w, w) =rx) — pw'(x) — g(w(x). (M

We divide the interval [0, 1] into N equal parts with constant mesh length 4. Let 0 =
X0, X1, X2, - -+ , X, = 1 be the mesh points, so thatx; =ih,i =0,1,2,--- , N.

We consider the sixth order finite difference method by Chawla [25] for the general non-
linear boundary value problem of the form y” = g(x, y, y’) as below:

_ 1
Vi = E[)’kﬂ — Yk—1l,

_ 1
Vip1 = E[3)’k+l — 4k + yi-11,

_ 1
Vioi = E[_)’kJrl +4yk — 3yr-1l,

1

— h
Vit1 = E[)’k—s—l — Yk—1]+ §[2gk + 8k+1l,

— 1 h _
Vi1 = E[ykﬂ — Yk—1]— g[zgk + 8k-11,

_ 1 h? _

Viry = 351501 + 18y — o1l — - [38k41 + 48k — 8.

_ 1 o .
Vit = gyl + 18y + 15yk-1] = o [=8hpr + 48k + 38k,

— 1 h _

Yny = g Vet = O3+ yi1] = 2 [38kp1 + 88k + 81,
— | h _ _
Vil = E[—ykﬂ +6yc — Syr-1] — IS[EI(+1 + 88k +38k-11,

~ _ 1 _ — 1 = = 2 = =
Ve=Yrt+h [%(glwrl —8r-1) — 5(81&1 — 8k—1) — B(gH% - gk_%)] ,

2

[Yi—1 = 29k + Yis1] = 0 [26§k + 8pp1 + 8 + 16@(% +§k_%)] , (8)

where
= =/
8kl = 8(Xkt1, Ykt1s Yk 1)s
= =/
Spel = 8Osl Ve Lo Vi 1)
&k = g(xk, Y, p)-

By introducing fitting parameter o (p) for the second derivative and applying the above
scheme to (6), we get the tridiagonal scheme

Enwn—l+ann+ann+l=Hn =12, ,N—1, (9)
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where

hpnii2 hpnti hpn—12 hpa-i h2qu-1 n h2qn_1/2
15 120 3 120 60 8
. h25]n+1/2 13hp, _ th,%—l _ thy2,+l _ 7h2Pnfan thnJrlpn

120 60 120 360 720 B 720
19h% py_12n B R pusi2Pn WPan-1pn 1983qu_1/2pn B h3qui1/2Pn

180 180 360 480 96
+h2Pn—1Pn—1/2 R puiputiz B2pusiPu—1y2 . W2 pusiPutiz 3 pa_i1p?

40 120 360 120 360

h puy1 p? N Wpaipn  Wpypn  Wpuippl  Bpayipp)
360 240 720 180 180

B3 pu_iqn-1  3h3pu_ign-1y h3pn71Qn+1/2_h3pn+lq;171/2 13 D1 Gnr1 2

180 160 160 480 160

_ B3 pu_rp@n-1 . Wpusipgn-1  h*qu_12p? B hqui1)202 n " qn_1qn-12
60 180 480 480 80
W qn_1qni12 B3 Pu—i1Pa—1/2Pn B Pu—1Pas12Pn . B Put1 Pa—1/2Pn
B 240 B 160 B 480 + 1440

+ h3pn+1pn+1/2pn . h4pnlen71pn 3h4pn—1(f]n—l/2pn + h4pn—1%1+l/2pn

480 360 640 640
h4pn+14n—l/2pn h4pn+l‘1n+l/2pn + h4pn—1/2qn—1pn + h4pn+l/2Qn—1pn

1920 640 240 720

B B3 Gn—1Gn-1/2Pn B B3 Gn—1Gn4172 P
320 960 '

2hpp—1/2  2hpay1)2 13h%g, n 302qn-1)2 n 302G i1)2

5 5 30 20 20

hpro hph + h2 pu—1Pn n B2 puy1pn B W2 pp—1/2Pn _ W2 pus1/2pn
90 90 90 90 10 10

hSPn—lqn . h3pn+lqn . 2h3pn71/2qn + 2h3pn+1/29n 3h3qn71/2pn

Eyn =unon +

+

Fy = —2unon +

90 90 45 45 80
n 33 Gug1/2 P n " qn—12qn n h*Gui1/2Gn B h? Pu—1Pn—1/2 n W2 Pu—1 Pns1)2
80 60 60 30 90
n B2 puiipn—1)2 B h? Pyt Put1/2 B Wp; o pn  Wpa P | WP pu_igeoip
90 30 180 180 40
. h3Pn—lQn+1/2 h3pn+1‘]n—l/2 _ h3pn+1‘h+l/2 _ h4pn71[’nQn _ h4pn+1[’n%

120 120 40 180 180
h4pn71/2ann+h4pn+l/2pnqn B3qn_12Pndn W qn+1/2Pndn

+

90 90 240 240
n 3 Pt P12 Pn N 13 pu1 Put172 P B 13 Pust P12 Pn B 13 Pyt Prs1/2 P
120 360 360 120
R pu_iGn-12Pn  h*Puci@ni12Pn h*Pusrdn—12Pn B Pps1Gnirj2pn
B 160 B 480 Bl 480 B 160 ’
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hpn—1  hpus1 hpu—ipz hpasip BPquir Rqu—ip

Gn=tnont "0 Y o0 " 15 T3 T 60 120
+ hzqn+1/2 + 13hpn . thz%—l . thﬁ—&-l . hzl’n—lpn . 7h2Pn+1Pn
8 60 360 120 720 720
_ R pu_ippn 1902 pusifopn WPquiipn . h3qu_1/20n n 1913 Gus1/2n
180 180 360 96 480
B2 pu_tiPu-1j2 h*puiPnsijz B2pusiPu—tj2 W PusiPasisz B3 pu_ip?
120 a 360 a 120 40 360
_ 13 pus1 p? . h3p2_ | pn 3 h3pZ. i pn N 13 pp_1/2p? N 13 pyt1/2p?
360 720 240 180 180
_ 13 pug1gnt _ B3 pu_iqn-12  h>pu-i@niiy B B3 Pus1Gn-1)2
180 160 480 160
3° pusigns12 R pucipguet | P pasipgnrt  hqn-12p;
160 180 60 480
hqns1203 _ W qnirgn-12  h*qni1gnir B 13 Pu—1 Pn—1/2Dn
480 240 80 480
_ h3pn71pn+1/2pn h3pn+1pn71/2pn h3pn+1pn+1/2pn _ h4pn+1¢h+lpn
1440 480 160 360
N h* pu—1Gn—-1/2Pn N h* pu—1Gnt12Pn N h* pug1Gn—12Pn N 3h* Pt 1@n+1/2Pn
640 1920 640 640
+ h4pn71/2%1+1pn + h4pn+1/24n+1pn + hsqwrlq”fl/an h54n+1‘In+1/2Pn
720 240 960 320
and
H, = 13h2rn + hzrnfl + hzrnJrl + 4hz"n—l/Z + 4h2r,,+1/2 + h3p,1,1r,1 _ h3pn+lrn
30 60 60 15 15 90 90
_ Bra—ipn  hrugipa _ 213 pp—1/27n n 213 ppy1/27n B B3rn_1/2Pn
360 360 45 45 15
B3 rus12Pn  h* g1 n M quirora WP pa_ira—i B h3 pusirat
15 60 60 180 180
B 13 pp—1/2n—1 B B3 pp—1pprns1 . B pusippra—t B3 pugijpras
60 180 180 60
M qu_1/2rn-1 B B gu_1/2rn41 B h* qug1 /271 n M qugr /2t B B pu—1 pnrn
80 240 240 80 180
_ B pusipnrn h*pui2pnrn h* pusijapara B B3 Gn_12Pntn . B qns1/2Pnrn
180 90 90 240 240
o h4pn—lrn—1pn _ h4pn+1rn+lpn h4pn—l/2"n—1pn h4pn—]/2rn+]pn
360 360 240 720
h* pug1j2n—1Pn . h* Pug1/2Pns1 Pn B B3qn—1/2Tn—1Pn . B3 Gn—12"n+1Pn
720 240 320 960
B B3 Gn41/27n—1Pn N B3 Gns1/2Pn41 Pn
960 320 '

The above tri-diagonal scheme, along with the boundary conditions (4) is evaluated using
Thomas Algorithm. The procedure followed for finding the fitting parameter o, is as follows:
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A fitting parameter o (p) is introduced into the second derivative term of (6) and is
determined such that the solution of (8) converges uniformly in x to the solution of (3-4),
which is illustrated in the subsequent steps.

e Thenumerical scheme (9) obtained after intoducing the fitting parameter, when multiplied
by h,ash — Qs

.| r(0)
lim | —(wp—1 — 2wy, + Wpg1) + ——(Wp—1 —wyp41) | =0
h—=0[ p 2

e Using lemma (3), we get the fitting parameter, o (p) = w coth (@), which is a

constant fitting factor.
e In general we consider the variable fitting parameter

_ P (Xp) pn P(Xn) pn
oy = — coth( > ) , (10)

where p, = ui

n

Convergence Analysis

Multipying Eq. (9) by & and incorporating the boundary conditions, we obtain the system of
equations in the matrix form as

(Z2+ )W+ K+ Th) =0, an
where
7 = (U2, —tyn, ty)
*212101 moi 0
Moy Z2u03 WOy 0
h h h
= 0 . . . ,
: L ot —2unon
0 0 M IhUN 1 #NhIUN 1
p] fy] 0 0
5 R P2 PZ P2 0 .
/:(Pms Pms Pm): 0 . . . ,T(l’l):O(l’l )s

0 -+ 0 pv—1 pN—1

By = Pn+1/2  Pntl Pn—1j2  Pn-1 | hgn-1  hgno12 hgniip2

TS 120 3 20 T e0 T8 120
_13Pn . hp%_l . hp;%-&—l . Thpp—1pn _ hpn+1Pn 19hl)n71/2pn
60 120 360 720 720 180
Chpur1ppn hquoipn 19R%quo1opn WPquaijopa . hpn—1pn-12
180 360 480 96 40
_hpa_1Pnt12 hppiipn-1p2 N hpns1Pnt12 % pu_ip? n h? pui1 p?
120 360 120 360 360
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+h2pﬁ_1pn th,%_HPH _ thn—l/lp% _ thn+1/2p,% h2p11—1qn—l

240 720 180 180 180
_3h2pn71Qn71/2 N W2 Pp—1Gn+1)2 B B2 pps1Gn-1)2 n B2 pus1Gns1)2
160 160 480 160
R pp_1p2Gn-1 B’ pps12Gn-1  BWan_12P?  hquy12p2 BPqu_1qa-12
- - +
60 180 480 480 80
Banqni12 B2Puo1Pu—12Pn W*Pu—1Pnt12Pn % Put1 Pu—1/2Pn
240 B 160 a 480 1440
+h2pn+lpn+l/2pn _ hSPn—IQn—IPn + 3h3pnflqnfl/2pn n hSpnflqwrl/an
480 360 640 640
h3Pn+l¢]n71/2Pn h3pn+l‘1n+l/2pn n hSpn71/241nflpn n h3pn+l/2qn71pn
1920 640 240 720

_ h4Qn71qn71/2pn _ h4qn714n+l/2pn
320 960 ’

2 2
_2Pa-1p2 2Pnt1f2 N 13hq, N 3hgn—1)2 N 3hqui1)2 N hp,_, N hp;,

=3 5 30 20 20 90 90
+ hpn—1Dpn + hput1pn . th—1/2Pn . th+1/2Pn + thn—IQn . thn—HQn
90 90 10 10 90 90
_ 2h%py—124n n 202 Pus1/2Gn _ 302 Gn—1)2Pn n 3h2qus1/2Pn N B3 Gn—1/2qn
45 45 80 80 60
B3 qns1/2qn _ hpa—1pa-12 n hPn—1Pn+12 n hpns1Pn—1/2  hPnt1Pny1/2
60 30 90 90 30
h*py_ | P thiﬂpn R pniqn-12 R Pu_rqni1z B> Pui1qn-12
180 180 40 B 120 120
B B2 Pyt 1Gnt1)2 B B3 pu—1 Pngn _ B3 pus1Pngn . > Pn1/2Pnn n 13 Pyt /2 Pndn
40 180 180 90 90
R qu_1/2PnGn  h*qus1/200Gn . h*Pu—1Pn—1/2Pn "> Pn—1Pn+1/2Pn
B 240 240 120 360
R pusiPac12Pn R PasiPati2Pn BPacigu-12n 1 Pac1gui1apa
360 120 160 480
W puii@n-12Pn B Pasignti/2pn
480 160 ’
5, _ Pl Pntl DPn—1/2 n DPn+1/2 n hgny1  hgn-12 n hqn+1/2
120 120 15 3 60 120 8
Bps  hpay hpaii hpa_ipn Thpasipn hpa-1/2p
60 360 120 720 720 180
19th+1/2Pn hZCIn-Hpn hZQn—l/an 19h2‘1n+1/2pn th—an—l/z
180 360 96 480 120
_ hpa_1Pnvi2 hppyipa-12 N hpni1Pny12 h2 pp_1p? B h? ppy1p?
360 120 40 360 360
+ L Y N ARY R ) VeV " W pus12py  h pusign
720 240 180 180 180
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B h2 Pu—1Gn—1)2 N B2 Pu—1Gns1)2 B B2 pusiqn-1y2 302 puiiqnir2

160 480 160 160

_ h2 Pu—12qn+1 N B2 Pt /2Gn+1 B m3qn_1)2p2 n h3qus1/207 _ B3 qni1qn-12
180 60 480 480 240

N W qui1gne12 R Paipu=12Pn B> PuiPat12Pn | W Puti Pa—1/2Pn
80 480 1440 480

+ thn+lpn+l/2pn _ h3pn+ICIn+1Pn h3pn—1‘1n—l/2pn h3pn—IQn+l/2pn
160 360 640 1920

N h3 pug1Gn-1/20n N 303 put1gn+1/2Pn N B3 pa—1/2Gn+1Pn N 3 Put12Gn+1Pn
640 640 720 240

N h*qns1Gn-1/2Pn N h* Gns1Gn+1/2Pn
960 320

and

K= [kl + (% +r1)¢0, Ko Ko s Kv—2, Kn—1 + (% + fol) ﬁ]T7

where

_13hry n hrp_ n hry n dhrp_1y2 | 4hrng1) n W2 pp_1ra _ h? puyiry

30 60 60 15 15 90 90
_ hzrn—lpn h2rn+lpn . 2h2pn71/27’n n 2h2Pn+l/2rn _ hzrnfl/an
360 360 45 45 15
Rrpi120n h3qu_i1jom n h3qng1/2rn n h?pp_1rp—1 _ B2 Py rns
15 60 60 180 180
R pu_ipra—t  B2pa—iprast  B2pagippra—t B2 pagijpras
B 60 B 180 180 60
n B3 qn_12rn-1 B B3 qn_12rn+1 B "3 qn1/2mm—1 N B3 qns1/2Pn41
80 240 240 80
_ RPpacipara W pasipara | W pacippara | W pasippara
180 180 90 90
B h*Gn-1/2Pnn n h*qns1/2Pntn B 13 Pu_1rn—1pn B 13 P 1Png1 Pn
240 240 360 360
B3 pu—ippta—1Pn B Pa—ipptasiPn B Ppsippra—1Pn 1 Pps1j2rnsiPn
240 720 720 240
_ h4q:1—]/27'n—lpn n h4Qn—]/2rn+1pn _ h4q::+1/2rn—]pn + h4Qn+1/2rn+1pn
320 960 960 320 ’
n=1,2,--- N —1.
Here, W = [W,, Wh,---, Wy_1]7, the truncation errors at the mesh points T (h) =
[T, T, -, Ty
Let W = [wy, Wa, -+ , wn—1]T = 9 which satisfies the equation
2+ yw+K=0 (12)
Lete, = w, — W,,n = 1,2,---, N — 1 be the discretization error, so that E =

ler,e2, -+ en—11T =w — W.
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Now subtracting (12) from (11), we get
(2+ 7)E=T(h) (13)

Considering |p(x)| < c1, |g(x)| < c2 and _Z; ;, the (i, j)th element of the matrix ¢, we
have

15 * 10 15 120 90 120 240

c1 heo hc% h%cicr n h2c? h3c%cz h3c% h4clcg>

|/n,n+l| :|i7n| =< (2 +2

15 + 10 15 120 90 120 240

v Cl
|jn,nfl| :|Pn| < (_2 +2

3
heo hcf h%cicn B h2c% n h c%cz hSC% B h4clc%)

When # is sufficiently small,

o o C

B2 nartl = (B D) £0, =12, N =2,
h h 2

[0, UnOn €l
’;l”+|fn,n_1|s(%—5)¢o, n=12-- N-1

Hence the matrix is irreducible [26].
Let S, be the sum of the elements of the n'”* row of the matrix (2 + # ), then we have

L) L) R ) e Ve ) A VN L T I3 %)

Sn = h + 120 + 120 + 3 15 30 60
1Thgu-12 | Whguirp | 13py  hop_y  hppyy  Thpa_ipa
120 40 60 120 360 720
i hpn+1Pn _ 19hpn—1/2pn i hpn+l/2pn T hZQnJrlpn n thn71Qn _ thnJrlqn
720 180 180 360 90 90
_ 202 pu—12qn . 202 pus1/2n B 131%Gn—1)2 n 4 37h%qn+1/20n _ hpu_1pn1p2
45 45 480 480 40
" B3 qn-1/2qn n B3qni12Gn  hPn—1Pnt12  hPusi P12 _ Thpns1Pnt1/2
60 60 120 360 240
B h?pu_1p? B h?pus1p2 B h2pi_ipn  WPpapn R2pu_ippr B pusiap
360 360 240 + 720 + 180 + 180
R pustqnet  3h*pnoidn—12  B’Pui@nerz  h*Pusidn—12 W Pusidnsi2
180 160 B 160 + 480 B 160
_ h3pn—1ann _ h3pn+lP11Qn _ thnfl/ZCInH h2pn+l/2qn+1 h3pn71/2ann
180 180 180 60 90
n 13 Put1/2Pndn B "3 qn_1/202 n h3quir 203 _ B3 qns1qn-12 N B3 qns1qn+1)2
90 480 480 240 80
B qu_120nqn . h*qus12PnGn B2 PuciPa-12Pn h*Pu—1Put1/2Pn
B 240 240 160 480
_ h2 Pyt P12 Pn B 2 Pyt Put1 2 P _ 3 Dot 1Gn+1 P B 303 Pu—1Gn—1/2Pn
1440 480 360 640
_ 3 Pu—1Gn+1/2Pn B 13 Pus1@n—1/2Pn _ B3 ppsigna1 2P0 B Pt j2Gns1 Pn
640 1920 640 + 720
B3 pus12n1Pn . W qnsrdn—12Pn W @ns1Gns1/20n
+ + , forn=1,
240 960 320

@ Springer



Int. J. Appl. Comput. Math (2023) 9:101 Page 130f24 101

_ HnOn Pu—1 Pntl Pntl/2 | Pn—1/2 hqn—1 13hqy
h 120 120 3 15 60 30
n L1hqgy—1,2 N 17hgnt172  13pn hpn_y iy hpa_ipa
40 120 60 360 120 720

+ Thpn+1DPn n hpn—1/2Pn _ 19hpy+1/2Pn _ hZanlpn + thnlen thnJrIQn
720 180 180 360 90 90

o 2h2pn—l/2qn + 2h2P11+1/2qn _ 37h2‘1n—l/2pn + 13h2‘1n+1/2pn + hSQn—]/ZQn
45 45 480 480 60

N 13 Gns124n _ hpa—1pn—12 | hppn—1Pnv12 | hPugiPa—1/2 RPni1Pnt1)2
60 120 360 120 40
W2puipl  BPpuvipy  WpaiPn  WPppiaPn Wpacippr B patip}

* 360 + 360 720 240 180 180

n B2 Pu—1Gn—1 n B2 pu—1Gn—1)2 B B2 Pu—1Gn+1)2 n B2 Pus1Gn—1)2 _ 302 Pus1qnr1)2
180 160 480 160 160

_thn—l/ZQn—l R pus1p@n-1 . h3qn-12P?  B3quy1202  hqu-1Gn—172

60 180 480 480 80
_hSqn—IQn-H/Z_h3pn71ann B3 pus1PnGn W Pu—1/2Pn@n B Pus1/2Pngn

240 180 180 90 90

_ h4qn—l/2ann h4Qn+l/2pnqn thn—lpn—l/2pn thn—]p11+l/2pn
240 240 480 1440
. thnJrlpnfl/ZPn h2p11+1pn+1/2pn h3pn—1(h—lpn _ hspnflqnfl/an

480 160 360 640
 WPpacignr1opn W pasi@n—120n 390 Pusidn1/2Pn N 13 Pu—1/2Gn-1Pn
1920 640 640 240

3 . h*Gn—1qn— h gy
Pn+1/29n—1Pn _ dn—19n—1/2Pn _ dn IQn+1/2pn’ forn =N —1,

hqn—1 %%(Q’Qn hqni1 ‘él%l)nfl/z hqn+1/2960h2qn—1pn R Gn41pn
"=T60 T30 60 T 15 30 360 360
4 thn—IQn _ thn+1%1 _ 2h2pn71/24n + 2h2pn+l/2Qn _ hZanl/an
90 90 45 45 15
R Gus1/2Pn N "3qn_1/2qn n B3 Gns1/2Gn N h? pp—1qn—1 B B2 Pus1Gn+1
15 60 60 180 180
_ B2 Pu—1/2Gn—1 n B2 Pus12Gn—1 B B2 Pu—12Gn+1 n B2 Pus1/2Gn+1 n B3 qn—1Gn-1)2

60 180 180 60 80
o h3qn—1%1+1/2 _ hSqu—IQn—l/Z + h3Qn+1‘In+l/2 _ h3pn71pn9n h3pn+1pnqn

5}1:

+

240 240 80 180 180
+ h3Pn—l/2Pn‘]n + h3pn+l/2pnqn _ h4qn—l/2pn4n + h4Qn+1/2pnqn
90 90 240 240
_ WPpacign=1Pn B PasidnsiPn | B Pac1/2Gn41 P . h? Put1/2Gn+1Pn
360 360 720 240
h* G+ 1Gn—1/2Pn N BG4 19n+1/2Pn N B3 pu_1/2Gn—1Pn N Pt 1/2Gn—1Pn
960 320 240 720
_ hqu—1gn-12Pn hgn-1Gn41/20n
320 960 ’

+

forn =23...N — 2.

Let c;+ = min | p(x)], ¢] = max |p(x)],
Let co« = min |g(x)], ¢; = max |g(x)],
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Table 1 Maximum absolute errors for Example 1 when § = 0.5¢

el N— 100 200 300 400 500

22 3.7771E-05 9.4485E—06 4.1998E—06 2.3624E—06 1.5124E—-06
2—4 4.1182E—-04 1.0314E—-04 4.5857E—05 2.5798E—05 1.6512E—-05
276 1.9243E—-03 4.9388E—04 2.2067E—-04 1.2435E—-04 7.9647TE—05
28 5.6460E—03 1.8640E—03 8.8725E—04 5.1145E—04 3.3136E—-04
2-10 6.6385E—03 3.3187E-03 2.1019E-03 1.4402E—-03 1.0397E—-03
2-12 6.6389E—03 3.3586E—03 2.2478E—-03 1.6890E—03 1.3521E-03
214 6.6389E—03 3.3586E—03 2.2478E—-03 1.6891E—-03 1.3529E—-03
2-16 6.6389E—03 3.3586E—03 2.2478E—03 1.6891E—03 1.3529E-03
218 6.6389E—03 3.3586E—03 2.2478E—-03 1.6891E—03 1.3529E-03
2-20 6.6389E—03 3.3586E—03 2.2478E—03 1.6891E—-03 1.3529E—-03
Table 2 Maximum absolute errors for Example 2 when § = 0.5¢

€l N— 100 200 300 400 500

22 1.1929E-04 3.5721E-05 1.7430E-05 1.0429E-05 6.9860E-06
24 3.0249E-04 9.7579E-05 4.9255E-05 3.0090E-05 2.0452E-05
276 5.9314E-04 2.2189E-04 1.1965E-04 7.6039E-05 5.3101E-05
28 8.6455E-04 3.5666E-04 2.1716E-04 1.4894E-04 1.0967E-04
2-10 9.0331E-04 4.5243E-04 2.9815E-04 2.1679E-04 1.6533E-04
212 9.0332E-04 4.5319E-04 3.0247E-04 2.2697E-04 1.8163E-04
214 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04
2-16 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04
218 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04
2720 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04

then0 < cpx <c; <c],0<cx <2 <¢3

It can be easily verified that (2 + _¢) is monotone ( [26], [27]).
Hence (7 + #) !existsand (Z + #)~! > 0.

From the error equation (13), we have

NEI =112+ 2~ LI

For sufficiently small 4, we have
4

h
Sn >%C1C% forn =1,

4

h
Sn >—clc% forn =N —1and

80
h4
5}’1 >%C1

where cq = |gn+19, | — dn-19, 11
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Table 3 Maximum absolute errors for Example 3 when § = 0.5¢

el N— 100 200 300 400 500
22 4.2293E-06 1.0573E-06 4.6988E-07 2.6429E-07 1.6914E-07
24 3.3962E-05 8.4872E-06 3.7718E-06 2.1216E-06 1.3578E-06
276 1.9662E-04 4.9130E-05 2.1827E-05 1.2272E-05 7.8556E-06
28 9.7034E-04 2.3662E-04 1.0539E-04 5.9085E-05 3.7684E-05
2-10 3.7141E-03 1.1428E-03 4.9233E-04 2.5469E-04 1.6378E-04
212 4.8984E-03 2.3634E-03 1.4318E-03 9.5511E-04 6.7463E-04
214 4.9126E-03 2.4981E-03 1.6743E-03 1.2562E-03 1.0003E-03
216 4.9126E-03 2.4981E-03 1.6750E-03 1.2598E-03 1.0096E-03
218 4.9126E-03 2.4981E-03 1.6750E-03 1.2598E-03 1.0096E-03
2-20 4.9126E-03 2.4981E-03 1.6750E-03 1.2598E-03 1.0096E-03

Table 4 Maximum absolute errors for Example 4 when § = 0.5¢

€N — 100 200 300 400 500

272 3.0656E-05 7.6643E-06 3.4064E-06 1.9161E-06 1.2263E-06
24 1.8028E-04 4.5017E-05 2.0007E-05 1.1255E-05 7.2029E-06
276 6.3466E-04 1.5489E-04 6.8853E-05 3.8774E-05 2.4805E-05
28 2.5259E-03 6.8192E-04 2.9578E-04 1.6685E-04 1.0695E-04
2~10 6.1882E-03 2.2969E-03 1.1363E-03 6.6756E-04 4.3618E-04
2~ 12 6.6279E-03 3.3486E-03 2.1990E-03 1.5763E-03 1.1830E-03
214 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03
216 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03
218 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03
2720 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03

Table 5 Maximum absolute errors for Example 5 when § = 0.5¢

el N— 100 200 300 400 500
272 5.2904E-06 1.3227E-06 5.8787E-07 3.3066E-07 2.1164E-07
24 3.9510E-05 9.8820E-06 4.3927E-06 2.4710E-06 1.5815E-06
26 1.9258E-04 4.8312E-05 2.1486E-05 1.2089E-05 7.7376E-06
28 7.6981E-04 1.9855E-04 8.9947E-05 5.0872E-05 3.2584E-05
210 1.4478E-03 6.0342E-04 3.2207E-04 1.9641E-04 1.2989E-04
212 1.4910E-03 7.5249E-04 4.9968E-04 3.6743E-04 2.8386E-04
214 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04
P 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04
218 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04
2-20 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04
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Table 6 The numerical rate of
convergence for the considered
examples for various of € with
8§ =0.3¢

@ Springer

el N— 100 200 300 400 500
Example 1

22 2.0004  2.0000  2.0001 1.9976 1.9949
23 1.9993 1.9997 1.9998 1.9996 1.9995
24 1.9985 1.9996 1.9999 1.9999 1.9997
273 1.9949 1.9987 1.9994 1.9996 1.9998
276 1.9811 1.9953 1.9977 1.9986 1.9992
27 1.9283 1.9815 1.9913 1.9949 1.9969
28 1.7531 1.9269 1.9665 1.9811 1.9880
279 1.3889 1.7563 1.8788 1.9292 1.9535
2~ 10 1.0567 1.3915 1.6227 1.7579 1.8322
Example 2

22 1.9994  1.9998 1.9999 19999 2

23 1.9979 1.9995 1.9998 1.9999 1.9999
24 1.9923 1.9981 1.9991 1.9995 1.9997
273 1.9717 1.9928 1.9968 1.9982 1.9988
276 1.8998 1.9726 1.9876 1.993 1.9955
27 1.7008 1.9011 1.9531 1.973 1.9825
28 1.4873 1.7026 1.8393 1.9018 1.9345
279 1.1918 1.4867 1.5738 1.7036 1.7859
210 1.0125 1.1954 1.4142 1.4864 1.5251
Example 3

272 1.9999  2.0001 2.0006  2.0005  2.0018
23 20002 2 1.9999 1.9997 1.9999
24 1.9999  2.0001 2 2.0001 1.9999
273 2.0001 2.0004 20002 2 2.0001
26 2.0046  2.0007 1.9998  2.0001 2.0002
27 2.0031  2.004 2.0018 1.9995  2.0006
28 2.0008  2.0144  2.0065 1.9978  2.0023
29 2.1897 1.9845 2025 2.014 1.9964
210 17374 2.1993 2.0966 1.9761 2.035
Example 4

272 19999 2 1.9999  2.0005 1.9995
23 2.0003  2.0001 2 1.9994 1.9987
24 20017 2 2 2.0003  2.0003
273 2.0066 1.999 2.0009  2.0005  2.0001
276 2.0347 1.9981 2 2.0021 2.0014
27 21327 1.9955 1.9981 1.9989 1.9992
28 1.8891 2.031 1.9927 1.9956 1.9974
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Table 6 continued

Table 7 The numerical rate of
convergence for the considered
examples for various of § with
€ =0.01

el N— 100 200 300 400 500
279 1.783 1.9366 1.9768 1.9837 1.9894
210 1.4298 1.7827 1.8914 1.9372 1.9593
Example 5

272 1.9997  2.0001 1.9999  2.0001 1.9992
23 1.9996 1.9999  2.0000 1.9999  2.0000
24 1.9991 1.9996 1.9998  2.0000  2.0001
273 1.9978 1.9994 1.9998 1.9998 1.9999
276 1.9944  1.9985 1.9993 1.9995 1.9994
27 1.9899 1.9958 1.9980 1.9989 1.9993
28 1.7993 1.9932 1.9717 1.9966 1.9910
279 1.4977 1.8048 1.9822 1.9949 1.9810
210 1.1776 1.5037 1.6746 1.8075 1.9260
§IN— 100 200 300 400 500
Example 1

1073 1.9725 1.9929 1.9966 1.9981 1.9989
104 1.9741 1.994 1.9974 1.9985 1.999
1073 1.9749 1.9943 1.9974 1.9984 1.9991
1076 1.975 1.9944  1.9974 1.9984  1.9991
1077 1.975 1.9944  1.9974 1.9984 1.9991
Example 2

1073 1.9188 1.9785 1.9903 1.9945 1.9965
1074 1.9408 1.9846  1.9931 1.9961 1.9975
1073 1.9425 1.985 1.9933 1.9962 1.9976
1076 1.9426 1.9851 1.9933 19962  1.9976
1077 1.9427 1.9851 1.9933 1.9962 1.9976
Example 3

§=10"3 19973 20023 20008  2.0005  2.0004
s=10"4 1.9953 20022 19994 20006  1.9998
§=10"° 1.9957 20022 19995  2.0006 1.9999
§=10"° 1.9957  2.0022 19995 20006  1.9999
§=10"" 1.9957  2.0022 1.9995  2.0006  1.9999
Example 4

§=103 2.13 1.9953 1.9977 1.9986 1.9992
§=10"% 21203 1.9942  1.9975 1.9986  1.999
§=10"° 2.1191 1.9938 1.9975 1.9986 1.999
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Table7 continued SIN—> 100 200 300 400 500

§=10"° 2.119 1.9937 1.9975 1.9986 1.999

s=10""7 2.119 1.9937 1.9975 1.9986 1.999
Example 5
1073 1.9892 1.973 1.9872 1.999 1.9993
10~4 1.8603 1.9972 1.9973 1.9897 1.999
1073 1.8375 1.9969 1.9904 1.9968 1.999
10-6 1.8351 1.9968 1.9894 1.9976 1.9989
1077 1.8349 1.9968 1.9893 1.9976 1.9989
2.4 T T T I
—0=0.00
—0=0.2¢|
0=0.5¢
a J
2
5
S J
<
2
5 J
=
=
Z 4
1 1 1 1 1 1 | 1 | 1 .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
Fig. 1 Numerical solution for Example 1 with e = 0.1
B = |qn+19, 41 — dn—19,_11- (14)

Let (2 + /)(_nl’i) be the (n, i) element of (2 + /)_1 and we define

N-1
-1 —1
9 — m 9 ! T(h)|| = T,
@+ 7))l = max 2—1( i and ([T = | max |y,

N-1
since (74 #),)) = 0and ¥ (74 #),), - Si=1forn=12, N—1
' i=1 '

Hence

1 <i < _80
D=6 = h4c1c§’
oo b 80
N=D =gy ~ /’l4ClC%.

@+ 1,

@+ 0,

@ Springer



Int. J. Appl. Comput. Math (2023) 9:101

Page 190f24 101

3 T T T T T i T T 1
—4=0.00
—4=0.2¢
6=0.5¢
25 [ ]
=
2
5
2
= 2 b
2
)
g
=)
4
1.5} _ b
1 1 1 1 1 1 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
Fig.2 Numerical solution for Example 1 with € = 0.01
l T T T T I
—0=0.00
—0=0.2¢
0.8 6=0.5¢|
=
2
=
§ 0.6 A
S
2
8 0.4 &
=
=
Z
0.2 5
0 1 1 1 1 1 1 1 L 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
Fig.3 Numerical solution for Example 2 with € = 0.1
Further
IVZ_ZZ(@+/)“ < < 50 f 1,2, N—1
. Or n et ... J—
(n,i) = i .= 14 2 2 2 * o ’
= 25?511}{]1_251 h*cilcy + ¢4 + gl

Hence from Eqs.(13) and (14), we get

80 2 1 1 1
NEN = [2 T 2} x O(h% = O(h?).

4
h*cy C1Cy (&5} Ca Ch

This establishes the convergence of the finite difference scheme (9).
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I
—6=0.00
—06=0.2¢
0=0.5¢
0.8 -
=
2
=
-—'8 0.6 b
<
2 <l
= >
[P} = ” =
g 0.4 A
z o
02 e 4
0 / 1 1 1 1 L 1 1 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
X
Fig.4 Numerical solution for Example 2 with € = 0.01
1
—0=0.00
—6=0.2¢
0.8 0=0.5¢]|
=]
2
=
§ 0.6 7
=
2
et
S04 .
=
Z

e
o

O L 1 1 1 L 1 1 T -
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig.5 Numerical solution for Example 3 with € = 0.1

Numerical Results

To check the efficiency of the present method, it is applied on five problems of singularly per-
turbed linear differential equation with small shift. Three problems with solutions exhibiting
boundary layer to the left of the interval [0,1] and two problems with right layer.

Since the exact solutions of these problems for different values of § are not known, the
maximum absolute errors for the test problems are evaluated using the following double
mesh principle:

Eyny = max IwiN—w%lNl.
0<i<N

The numerical rate of convergence for all the examples have been calculated by the formula

_loglEn/Ean|

N log2
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Fig.7 Numerical solution for Example 4 with € = 0.1
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Fig.8 Numerical solution for Example 4 with ¢ = 0.01
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Fig. 9 Numerical solution for Example 5 with € = 0.1
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Fig. 10 Numerical solution for Example 5 with € = 0.01

The maximum absolute errors are given in Tables 1, 2, 3, 4 and 5 for the considered test
problems with § = (0.5)e. The numerical rate of convergence for the considered problems
for various values of € and § are given in Tables 6 and 7. The graphical solutions of the
examples are depicted in Figs. 1, 2, 3,4, 5, 6, 7, 8, 9 and 10 for different values of the shift
parameter, where-in the effects of the shifts on the layer behaviour of the solutions can be
examined.

Example 1 €v”(x) 4+ v/(x — 8) + v(x) = 0 subject to the interval and boundary conditions
v(x)=1; -8 <x <0,v(l) = 1.

Example2 ev”(x) + (1 + x)v'(x — §) — e “v(x) = 1 subject to the interval and boundary
conditions v(x) = 0; =6 < x <0,v(1) = 1.

Example 3 ev” (x)+0.25v'(x —8) —v(x) = 0 subject to the interval and boundary conditions
vx)=1; -8 <x <0,v(1) =0.

Example 4 v’ (x) — v'(x — §) + v(x) = 0 subject to the interval and boundary conditions
vix) =1, -6 <x <0,v(1) = —1.
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Example 5 ev”(x) —e*v'(x — 8) — v(x) = O subject to the interval and boundary conditions
v(x)=1: =8 <x <0, v(l) = I.

Discussion and Conclusion

In this paper, a higher-order fitted finite difference method is presented for singularly per-
turbed boundary value problems of second-order ordinary differential-difference equation of
the convection-diffusion type. The method is devised for the problems with shifts smaller
than the petrubation parameter. The method is shown to be second-order uniformly conver-
gent for various values of € and §, which can also be observed from the numerical results.
Computations are carried out to examine the efficiency of the present method and also the
effects of the shifts on the layer behaviour of the solution. The graphs of the solutions of the
considered problems are plotted for various values of € and § and they are found to be in good
agreement with those in existing literature. From the figures, we conclude that as the shifts
increase in magnitude, the layer thickness decreases in the case where the solution exhibits
layer behaviour near left of the underlying interval, while it increases in the case where the
solution exhibits boundary layer behaviour on the right side.

While classical finite difference methods fail to provide good results when the mesh
parameter exceeds the perturbation parameter and lead to round-off errors, the fitted finite
difference method developed in this paper gives uniformly convergent solutions, independent
of the perturbation parameter and with considerably larger value of the mesh parameter. Also
it provides a higher rate of convergence. An extensive numerical work has been carried out
on MATLAB R2023a in double precision and presented in the form of tables which exhibit
the efficiency of the method.
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