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Abstract
This study proposes a uniformly convergent finite difference scheme on a uniform mesh to
solve singularly perturbed boundary value problems for second-order ordinary differential-
difference equation of the convection-diffusion type. Error estimates are produced for the
proposed numerical scheme. The theoretical results are supported by numerical simulations
of test problems.
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Introduction

Singularly perturbed differential-difference equations (SPDDEs) are the outcomes in mathe-
matical models of practical importance such as those in the fields of physics and biology [1,
2]. Due to the presence of the perturbation parameter and the delay term, the solution to such
a class of problems may exhibit boundary or interior layers. Due to the dependence of the
solution profile on the singular perturbation parameter, the numerical approaches designed
for addressing regular problems turn out to be inapplicable. Also, the traditional numerical
schemes on uniform meshes do not produce uniformly convergent results for SPDDEs. The
first advancements in the study of singularly perturbed differential-difference equations have
been initiated by Lange andMiura [3, 4]. They carried out the analytical work for solving the
boundary-value problems for singularly perturbed linear second-order differential-difference
equations with small shifts. The problems with solutions that display layer behaviour at one
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or both of the boundaries were studied. It has been discovered that the size of the shifts com-
pared to the perturbation parameter plays a vital role in the solution profile of the problem.
Kadalbajoo and Sharma [5–7] provided numerical methods for boundary value problems
with delay argument comparable to perturbation parameter. Kadalbajoo and Ramesh [8] dis-
cussed numerical schemes to approximate the solution of the boundary value problem, which
is defined on Shishkin meshes. Kadalbajoo and Devendra Kumar [9] obtained the scheme for
the singularly perturbed boundary value problem by using the B-spline collocation technique
with piecewise uniform meshes. Mohapatra and Natesan [10] proposed adaptive grid com-
putational techniques for solving singularly perturbed differential-difference equations on a
nonuniform mesh. Nageshwar Rao and Chakravarthy [11, 12] presented a tridiagonal fitted
finite difference technique for singularly perturbed linear second-order differential-difference
equations and focused on how shift affects the behaviour of the boundary layer or the oscil-
latory behaviour of the solution. Sahihi et al. [13] solved singularly perturbed second-order
differential-difference equations using the reproducing kernel Hilbert space method based
on a collocation approach. Swamy et al. [14] presented a computational technique for sin-
gularly perturbed delay differential equations exhibiting twin-layers or oscillatory solution.
kiltu et al. [15] presented a higher-order numerical scheme for solving reaction-diffusion-type
singularly perturbed delay differential equation with solution exhibiting layer or oscillatory
behaviour. Sirisha et al. [16] proposed a mixed finite difference approach to solve singularly
perturbed differential-difference equations with mixed shifts by using domain decomposi-
tion. Ravi Kanth and Murali [17] presented a numerical method for nonlinear singularly
perturbed delay differential equations by fitted splines method. Rai and Sharma [18] focused
on the interpolation technique for singularly perturbed delay differential equation with or
without a turning point, on a piecewise uniform Shishkin mesh. Chakravarthy and Kumar
[19] presented a fitted operator finite difference scheme for a reaction-diffusion-type singu-
larly perturbed delay differential equation based on Numerov’s technique. Subburayan and
Ramanujam [20] presented uniformly convergent finite difference method with piecewise
linear interpolation on Shishkin meshes. Woldaregay and Duressa [21] considered the expo-
nentially fitted operator mid-point upwind finite difference method to solve the singularly
perturbed boundary value problem.

It is well known that when traditional numerical methods are used, these types of problems
with smaller values of perturbation parameter generate erroneous results. So, it is essential
to develop numerical techniques that could provide higher precision, despite the smaller
values of the perturbation parameter, i.e., techniques that are parameter uniform convergent.
Studying how the shift parameter affects the thin layer structure of the solution is another
crucial component for these kinds of problems. To deal with these issues, in the present
paper, we used a fitting parameter on a higher-order finite difference scheme for a singularly
perturbedboundary value problemwith a small negative shift. Briefly, the outline is as follows:
In Sect. 2, we state the continuous problem and the problem is replaced with an approximate
boundary value problem for computational feasibility. Also, some important properties of
the analytical solution of the modified problem are presented. In Sect. 3, an exponentially
fitted finite difference method is presented for the modified problem. Convergence analysis
of the numerical scheme is discussed in Sect. 4. Section 5 presents numerical results and
graphs for the solutions to the test problems. Discussion on the efficiency of the method and
the conclusions are given in Sect. 6.
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Statement of the Problem

Consider the singularly perturbed two point boundary value problem of convection-diffusion
type with a small negative shift in the first derivative term

εv′′(x) + p(x)v′(x − δ) + q(x)v(x) = r(x), x ∈ (0, 1) (1)

under the interval condition

v(x) = φ(x), x ∈ [−δ, 0], (2a)

and the boundary condition

v(1) = β, (2b)

where 0 < ε � 1 is the pertutbation parameter, and δ is the delay (shift) parameter. As δ < ε,
for p(x) ≥ M > 0, (ε − δ p(x)) > 0, ∀ x ∈ [0, 1] and the solution exhibits a boundary layer
near x = 0, while for p(x) ≤ M < 0, the solution exhibits a boundary layer near x = 1. We
assume q(x) ≤ −θ̂ < 0 where θ̂ is a positive constant, q(x), φ(x) and r(x) are functions
which are sufficiently smooth, β is a constant. The function v(x)will be a smooth solution to
the problem (1-2), when it satisfies (1) and (2), being continuous in the underlying interval
[0, 1] and also continuously differentiable in (0, 1).

As δ < ε, the use of Taylor’s series expansion for the term containing delay is valid [3]
and hence the approximation to the boundary value problem (1) and (2) is

L (w(x)) = r(x), 0 < x < 1, (3)

subject to

w(0) = φ(0) = φ0,

w(1) = β,
(4)

where, L (w(x)) = μw′′(x) + p(x)w′(x) + q(x)w(x), μ(x) = ε − δ p(x), w(x) ≈ v(x).
The following Lemma shows that L satisfies the minimum principle:

Lemma 1 Suppose w(x) is a function, sufficiently smooth and satisfying {w(0), w(1)} ≥ 0,
then w(x) ≥ 0, 0 ≤ x ≤ 1, whenever L (w(x)) ≤ 0, 0 ≤ x ≤ 1.

Proof Let 0 ≤ z̄ ≤ 1 be such that w(z̄) = minx∈[0,1] w(x) and assume that w(z̄) < 0.
Clearly z̄ /∈ {0, 1}, therfore w′(z̄) = 0 and w′′(z̄) ≥ 0.

Nowwehave,L (w(z̄)) = μ(z̄)w′′(z̄)+p(x)w′(z̄))+q(x)w(z̄) > 0,which is a contradic-
tion to our assumption that w(z̄) < 0. Therefore, w(z̄) ≥ 0 and hence w(x) ≥ 0 ∀x ∈ [0, 1].

	

The stability estimate for the solution of the continuous problem (3) is given in the fol-

lowing Lemma:

Lemma 2 If w(x) is the solution of the problem (3) and (4), then we have ‖w‖ ≤ θ̂−1‖r‖ +
max(|φ0|, |β|), where ‖.‖ is the l∞ norm given by ‖w‖ = maxs∈[0,1] |w(x)|.
Proof We consider two barrier functions ψ± as below:

ψ±(x) = θ̂−1‖r‖ + max(|φ0|, |β|) ± w(x)

Then we have

ψ±(0) = θ̂−1‖r‖ + max(|φ0|, |β|) ± w(0), since w(0) = φ0 ≥ 0.
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and

ψ±(1) = θ̂−1‖r‖ + max(|φ0|, |β|) ± w(1), since w(1) = β ≥ 0.

Also

Lψ±(x) =μ(x)(ψ±(x))′′ + p(x)(ψ±(s))′ + q(s)ψ±(x)

=q(x)
[
θ̂−1‖r‖ + max(|φ0|, |β|)

]
± Lw(x)

=q(x)
[
θ̂−1‖r‖ + max(|φ0|, |β|)

]
± r(x)

We have q(x)θ̂−1 ≤ −1, since q(x) ≤ −θ̂ < 0, using in the above inequality, we get,

Lψ±(x) ≤ (−‖r‖ ± r(x)) + q(x)max(|φ0|, |β|) ≤ 0

∀ x ∈ (0, 1), since ‖r‖ ≥ r(x).

By the minimum principle [22], we know that ψ±(x) ≥ 0∀x ∈ (0, 1), and we find the
stability estimate. 	


The uniqueness of the solution of (3-4) is guarenteed by Lemma 1 and as the problem
is linear, the existence also is implied. Furthermore, the boundedness of the solution of the
problem is implied by lemma 2.

Lemma 3 Let the zeroth order approximate solution to (3) and (4) be w(x) = wo
0 + wi

0,
where wo

0 is the approximate solution in the outer region of zeroth order and that in the layer
region be wi

0. Then for a fixed positive integer j,

lim
h→0

w( jh) ≈ wo
0(0) + (φ(0) − wo

0(0))e
−p(0) jρ, ρ = h

(μ(0))

Proof The outer(reduced) region problem is given by

p(x)(wo
0(x))

′ + q(x)wo
0(x) = r(x), wo

0(1) = β

and the inner(layer) region problem

(wi
0(x̂))

′′ + p(0)(wi
0(x̂))

′ = 0, wi
0(0) = φ0 − wo

0(0), w
i
0(∞) = 0, where x̂ = x

(ε − δM)
.

From [23], we know that the zeroth order asymptotic approximations to the solution to the
problem is

w(x) = wo
0(x) + p(0)

p(x)
(φ0 − wo

0(0))e
−

x∫
0

p(x)
(μ(x)) dx

Assuming the coefficients to be locally constant on a fine mesh,

w(x) ≈ wo
0(x) + (φ0 − νo0 (0))e

− p(0)
(μ(0)) x

and hence, at the mesh points,

w(x j ) ≈wo
0(x j ) + (φ0 − wo

0(0))e
− p(0)

(μ(0)) x j , j = 0, 1, · · · , N .

w( jh) ≈wo
0( jh) + (φ0 − wo

0(0))e
− p(0)

(μ(0)) jh
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Therefore,

lim
h→0

w( jh) ≈ wo
0(0) + (φ0 − wo

0(0))e
−p(0) jρ for j = 0, 1, · · · , N ,

where ρ = h

(μ(0))
.

	

Lemma 4 Let w(x) is the solution of the problem (3) and (4) then

||w(k)|| ≤ C(ε − δM)−k for k = 1, 2, 3.

Proof Given any x ∈ (0, 1), we can construct the neighborhood Nx = (c, c + γ ), where γ

is some combination of ε and δ yet to be determined, such that Nx ∈ (0, 1).Then by mean
value theorem there exists ζ ∈ Nx such that

w′(ζ ) = w(c + γ ) − w(c)

γ
,

so

||w′(ζ )|| ≤ 2||y||
γ

. (5)

Now integrating Eq.(3) from ζ to x and taking the modulus from both sides we get

(ε − δM)|w′(x)| ≤ (ε − δM)|w′(ζ )| + ||r |||x − ζ | +
∫ x

ζ

|p(t)w′(t)|dt + ||q||||w|||x − ζ |,

this gives

|w′(x)| ≤ |w′(ζ )| + (ε − δM)−1||r |||x − ζ | + (ε − δM)−1
∫ x

ζ

|p(t)w′(t)|dt

+(ε − δM)−1||q||||w|||x − ζ |.
Using Eq.(5) and the fact that x − ζ ≤ γ , after simplification we have following bound:

|w′(x)| ≤ C
(
ζ−1 + (ε − δM)−1ζ + (ε − δM)−1) ||w|| + (ε − δM)−1ζ ||r ||

≤ C
(
ζ−1 + (ε − δM)−1ζ + (ε − δM)−1)max{||y||, ||r ||}.

The right side is a minimum iff γ = (ε − δM)1/2. For this value of γ , we have

|w′(x)| ≤ C(ε − δM)−1.

Thus the result is true for k = 1. Using Eq.(3) for w, we can obtain required bounds for
k = 2 and on differentiating Eq.(3) the result for k = 3 follows. 	

Lemma 5 Let w is the solution of (3) and (4) and let w = wo + wi . For 0 ≤ k ≤ 3 and for
sufficiently small ε, wo, wi and their derivatives satisfy the following bounds:

||(wo)k || ≤ C(ε − δM)2−k,

||wi (x)|| ≤ Ce(−Mx/(ε−δM)), x ∈ (0, 1),

||(wi )k || ≤ C(ε − δM)−ke(−Mx/(ε−δM)), x ∈ (0, 1),

Proof For proof of this theorem the reader can refer [24]. 	
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Numerical Method

We write Eq.(3) as

μ(x)w′′(x) = g(x, w,w′) (6)

where

g(x, w,w′) = r(x) − p(x)w′(x) − q(x)w(x). (7)

We divide the interval [0, 1] into N equal parts with constant mesh length h. Let 0 =
x0, x1, x2, · · · , xn = 1 be the mesh points, so that xi = ih, i = 0, 1, 2, · · · , N .

We consider the sixth order finite difference method by Chawla [25] for the general non-
linear boundary value problem of the form y′′ = g(x, y, y′) as below:

y′
k = 1

2h
[yk+1 − yk−1],

y′
k+1 = 1

2h
[3yk+1 − 4yk + yk−1],

y′
k−1 = 1

2h
[−yk+1 + 4yk − 3yk−1],

y
′
k+1 = 1

2h
[yk+1 − yk−1] + h

3
[2gk + gk+1],

y
′
k−1 = 1

2h
[yk+1 − yk−1] − h

3
[2gk + gk−1],

yk+ 1
2

= 1

32
[15yk+1 + 18yk − yk−1] − h2

64
[3gk+1 + 4gk − gk−1],

yk− 1
2

= 1

32
[−yk+1 + 18yk + 15yk−1] − h2

64
[−gk+1 + 4gk + 3gk−1],

y
′
n+ 1

2
= 1

4h
[5yk+1 − 6yk + yk−1] − h

48
[3gk+1 + 8gk + gk−1],

y
′
k− 1

2
= 1

4h
[−yk+1 + 6yk − 5yk−1] − h

48
[gk+1 + 8gk + 3gk−1],

ŷ′
k = y′

k + h

[
1

78
(gk+1 − gk−1) − 1

52
(gk+1 − gk−1) − 2

13
(gk+ 1

2
− gk− 1

2
)

]
,

[
yk−1 − 2yk + yk+1

] = h2

60

[
26ĝk + gk+1 + gk−1 + 16(gk+ 1

2
+ gk− 1

2
)
]
, (8)

where

gk±1 = g(xk±1, yk±1, y
′
k±1),

gk± 1
2

= g(xk± 1
2
, yk± 1

2
, y

′
k± 1

2
),

ĝk = g(xk, yk, ŷ
′
k).

By introducing fitting parameter σ(ρ) for the second derivative and applying the above
scheme to (6), we get the tridiagonal scheme

Enwn−1 + Fnwn + Gnwn+1 = Hn , n = 1, 2, · · · , N − 1, (9)
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where

En =μnσn + hpn+1/2

15
− hpn+1

120
− hpn−1/2

3
− hpn−1

120
+ h2qn−1

60
+ h2qn−1/2

8

− h2qn+1/2

120
− 13hpn

60
− h2 p2n−1

120
− h2 p2n+1

360
− 7h2 pn−1 pn

720
− h2 pn+1 pn

720

+ 19h2 pn−1/2 pn
180

− h2 pn+1/2 pn
180

− h3qn−1 pn
360

− 19h3qn−1/2 pn
480

− h3qn+1/2 pn
96

+ h2 pn−1 pn−1/2

40
− h2 pn−1 pn+1/2

120
− h2 pn+1 pn−1/2

360
+ h2 pn+1 pn+1/2

120
+ h3 pn−1 p2n

360

+ h3 pn+1 p2n
360

+ h3 p2n−1 pn
240

− h3 p2n+1 pn
720

− h3 pn−1/2 p2n
180

− h3 pn+1/2 p2n
180

+ h3 pn−1qn−1

180
− 3h3 pn−1qn−1/2

160
+ h3 pn−1qn+1/2

160
− h3 pn+1qn−1/2

480
+ h3 pn+1qn+1/2

160

− h3 pn−1/2qn−1

60
+ h3 pn+1/2qn−1

180
+ h4qn−1/2 p2n

480
− h4qn+1/2 p2n

480
+ h4qn−1qn−1/2

80

− h4qn−1qn+1/2

240
− h3 pn−1 pn−1/2 pn

160
− h3 pn−1 pn+1/2 pn

480
+ h3 pn+1 pn−1/2 pn

1440

+ h3 pn+1 pn+1/2 pn
480

− h4 pn−1qn−1 pn
360

+ 3h4 pn−1qn−1/2 pn
640

+ h4 pn−1qn+1/2 pn
640

+ h4 pn+1qn−1/2 pn
1920

+ h4 pn+1qn+1/2 pn
640

+ h4 pn−1/2qn−1 pn
240

+ h4 pn+1/2qn−1 pn
720

− h5qn−1qn−1/2 pn
320

− h5qn−1qn+1/2 pn
960

,

Fn = − 2μnσn + 2hpn−1/2

5
− 2hpn+1/2

5
+ 13h2qn

30
+ 3h2qn−1/2

20
+ 3h2qn+1/2

20

+ h2 p2n−1

90
+ h2 p2n+1

90
+ h2 pn−1 pn

90
+ h2 pn+1 pn

90
− h2 pn−1/2 pn

10
− h2 pn+1/2 pn

10

+ h3 pn−1qn
90

− h3 pn+1qn
90

− 2h3 pn−1/2qn
45

+ 2h3 pn+1/2qn
45

− 3h3qn−1/2 pn
80

+ 3h3qn+1/2 pn
80

+ h4qn−1/2qn
60

+ h4qn+1/2qn
60

− h2 pn−1 pn−1/2

30
+ h2 pn−1 pn+1/2

90

+ h2 pn+1 pn−1/2

90
− h2 pn+1 pn+1/2

30
− h3 p2n−1 pn

180
+ h3 p2n+1 pn

180
+ h3 pn−1qn−1/2

40

− h3 pn−1qn+1/2

120
+ h3 pn+1qn−1/2

120
− h3 pn+1qn+1/2

40
− h4 pn−1 pnqn

180
− h4 pn+1 pnqn

180

+ h4 pn−1/2 pnqn
90

+ h4 pn+1/2 pnqn
90

− h5qn−1/2 pnqn
240

+ h5qn+1/2 pnqn
240

+ h3 pn−1 pn−1/2 pn
120

+ h3 pn−1 pn+1/2 pn
360

− h3 pn+1 pn−1/2 pn
360

− h3 pn+1 pn+1/2 pn
120

− h4 pn−1qn−1/2 pn
160

− h4 pn−1qn+1/2 pn
480

− h4 pn+1qn−1/2 pn
480

− h4 pn+1qn+1/2 pn
160

,
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Gn =μnσn + hpn−1

120
+ hpn+1

120
− hpn−1/2

15
+ hpn+1/2

3
+ h2qn+1

60
− h2qn−1/2

120

+ h2qn+1/2

8
+ 13hpn

60
− h2 p2n−1

360
− h2 p2n+1

120
− h2 pn−1 pn

720
− 7h2 pn+1 pn

720

− h2 pn−1/2 pn
180

+ 19h2 pn+1/2 pn
180

+ h3qn+1 pn
360

+ h3qn−1/2 pn
96

+ 19h3qn+1/2 pn
480

+ h2 pn−1 pn−1/2

120
− h2 pn−1 pn+1/2

360
− h2 pn+1 pn−1/2

120
+ h2 pn+1 pn+1/2

40
− h3 pn−1 p2n

360

− h3 pn+1 p2n
360

+ h3 p2n−1 pn
720

− h3 p2n+1 pn
240

+ h3 pn−1/2 p2n
180

+ h3 pn+1/2 p2n
180

− h3 pn+1qn+1

180
− h3 pn−1qn−1/2

160
+ h3 pn−1qn+1/2

480
− h3 pn+1qn−1/2

160

+ 3h3 pn+1qn+1/2

160
− h3 pn−1/2qn+1

180
+ h3 pn+1/2qn+1

60
− h4qn−1/2 p2n

480

+ h4qn+1/2 p2n
480

− h4qn+1qn−1/2

240
+ h4qn+1qn+1/2

80
− h3 pn−1 pn−1/2 pn

480

− h3 pn−1 pn+1/2 pn
1440

+ h3 pn+1 pn−1/2 pn
480

+ h3 pn+1 pn+1/2 pn
160

− h4 pn+1qn+1 pn
360

+ h4 pn−1qn−1/2 pn
640

+ h4 pn−1qn+1/2 pn
1920

+ h4 pn+1qn−1/2 pn
640

+ 3h4 pn+1qn+1/2 pn
640

+ h4 pn−1/2qn+1 pn
720

+ h4 pn+1/2qn+1 pn
240

+ h5qn+1qn−1/2 pn
960

+ h5qn+1qn+1/2 pn
320

and

Hn =13h2rn
30

+ h2rn−1

60
+ h2rn+1

60
+ 4h2rn−1/2

15
+ 4h2rn+1/2

15
+ h3 pn−1rn

90
− h3 pn+1rn

90

− h3rn−1 pn
360

+ h3rn+1 pn
360

− 2h3 pn−1/2rn
45

+ 2h3 pn+1/2rn
45

− h3rn−1/2 pn
15

+ h3rn+1/2 pn
15

+ h4qn−1/2rn
60

+ h4qn+1/2rn
60

+ h3 pn−1rn−1

180
− h3 pn+1rn+1

180

− h3 pn−1/2rn−1

60
− h3 pn−1/2rn+1

180
+ h3 pn+1/2rn−1

180
+ h3 pn+1/2rn+1

60

+ h4qn−1/2rn−1

80
− h4qn−1/2rn+1

240
− h4qn+1/2rn−1

240
+ h4qn+1/2rn+1

80
− h4 pn−1 pnrn

180

− h4 pn+1 pnrn
180

+ h4 pn−1/2 pnrn
90

+ h4 pn+1/2 pnrn
90

− h5qn−1/2 pnrn
240

+ h5qn+1/2 pnrn
240

− h4 pn−1rn−1 pn
360

− h4 pn+1rn+1 pn
360

+ h4 pn−1/2rn−1 pn
240

+ h4 pn−1/2rn+1 pn
720

+ h4 pn+1/2rn−1 pn
720

+ h4 pn+1/2rn+1 pn
240

− h5qn−1/2rn−1 pn
320

+ h5qn−1/2rn+1 pn
960

− h5qn+1/2rn−1 pn
960

+ h5qn+1/2rn+1 pn
320

.

The above tri-diagonal scheme, along with the boundary conditions (4) is evaluated using
Thomas Algorithm. The procedure followed for finding the fitting parameter σn is as follows:

123



Int. J. Appl. Comput. Math (2023) 9 :101 Page 9 of 24 101

• A fitting parameter σ(ρ) is introduced into the second derivative term of (6) and is
determined such that the solution of (8) converges uniformly inμ to the solution of (3-4),
which is illustrated in the subsequent steps.

• Thenumerical scheme (9) obtained after intoducing thefitting parameter,whenmultiplied
by h, as h → 0 is

lim
h→0

[
σ

ρ
(wn−1 − 2wn + wn+1) + p(0)

2
(wn−1 − wn+1)

]
= 0

• Using lemma (3), we get the fitting parameter, σ(ρ) = p(0)ρ
2 coth

(
p(0)ρ
2

)
, which is a

constant fitting factor.
• In general we consider the variable fitting parameter

σn = p(xn)ρn
2

coth

(
p(xn)ρn

2

)
, (10)

where ρn = h
μn

.

Convergence Analysis

Multipying Eq. (9) by h and incorporating the boundary conditions, we obtain the system of
equations in the matrix form as

(D + J )W +K + T (h) = 0, (11)

where

D = (μnσn
h , −μnσn

h ,
μnσn
h

)

=

⎛
⎜⎜⎜⎜⎝

−2μ1σ1
h

μ1σ1
h 0 · · · 0

μ2σ2
h

−2μ2σ2
h

μ2σ2
h · · · 0

0 . . · · · .

. . . · · · .

0 · · · 0 μN−1σN−1
h

−2μN−1σN−1
h

⎞
⎟⎟⎟⎟⎠

,

J = (
p̌m, pm, p̂m

) =

⎛
⎜⎜⎜⎜⎝

p1 p̂1 0 · · · 0
p̌2 p2 p̂2 · · · 0
0 . . · · · .

. . . · · · .

0 · · · 0 p̌N−1 pN−1

⎞
⎟⎟⎟⎟⎠

, T (h) = O(h6),

p̌n = pn+1/2

15
− pn+1

120
− pn−1/2

3
− pn−1

120
+ hqn−1

60
+ hqn−1/2

8
− hqn+1/2

120

−13pn
60

− hp2n−1

120
− hp2n+1

360
− 7hpn−1 pn

720
− hpn+1 pn

720
+ 19hpn−1/2 pn

180

−hpn+1/2 pn
180

− h2qn−1 pn
360

− 19h2qn−1/2 pn
480

− h2qn+1/2 pn
96

+ hpn−1 pn−1/2

40

−hpn−1 pn+1/2

120
− hpn+1 pn−1/2

360
+ hpn+1 pn+1/2

120
+ h2 pn−1 p2n

360
+ h2 pn+1 p2n

360
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+h2 p2n−1 pn
240

− h2 p2n+1 pn
720

− h2 pn−1/2 p2n
180

− h2 pn+1/2 p2n
180

+ h2 pn−1qn−1

180

−3h2 pn−1qn−1/2

160
+ h2 pn−1qn+1/2

160
− h2 pn+1qn−1/2

480
+ h2 pn+1qn+1/2

160

−h2 pn−1/2qn−1

60
+ h2 pn+1/2qn−1

180
+ h3qn−1/2 p2n

480
− h3qn+1/2 p2n

480
+ h3qn−1qn−1/2

80

−h3qn−1qn+1/2

240
− h2 pn−1 pn−1/2 pn

160
− h2 pn−1 pn+1/2 pn

480
+ h2 pn+1 pn−1/2 pn

1440

+h2 pn+1 pn+1/2 pn
480

− h3 pn−1qn−1 pn
360

+ 3h3 pn−1qn−1/2 pn
640

+ h3 pn−1qn+1/2 pn
640

+h3 pn+1qn−1/2 pn
1920

+ h3 pn+1qn+1/2 pn
640

+ h3 pn−1/2qn−1 pn
240

+ h3 pn+1/2qn−1 pn
720

−h4qn−1qn−1/2 pn
320

− h4qn−1qn+1/2 pn
960

,

pn =2pn−1/2

5
− 2pn+1/2

5
+ 13hqn

30
+ 3hqn−1/2

20
+ 3hqn+1/2

20
+ hp2n−1

90
+ hp2n+1

90

+ hpn−1 pn
90

+ hpn+1 pn
90

− hpn−1/2 pn
10

− hpn+1/2 pn
10

+ h2 pn−1qn
90

− h2 pn+1qn
90

− 2h2 pn−1/2qn
45

+ 2h2 pn+1/2qn
45

− 3h2qn−1/2 pn
80

+ 3h2qn+1/2 pn
80

+ h3qn−1/2qn
60

+ h3qn+1/2qn
60

− hpn−1 pn−1/2

30
+ hpn−1 pn+1/2

90
+ hpn+1 pn−1/2

90
− hpn+1 pn+1/2

30

− h2 p2n−1 pn
180

+ h2 p2n+1 pn
180

+ h2 pn−1qn−1/2

40
− h2 pn−1qn+1/2

120
+ h2 pn+1qn−1/2

120

− h2 pn+1qn+1/2

40
− h3 pn−1 pnqn

180
− h3 pn+1 pnqn

180
+ h3 pn−1/2 pnqn

90
+ h3 pn+1/2 pnqn

90

− h4qn−1/2 pnqn
240

+ h4qn+1/2 pnqn
240

+ h2 pn−1 pn−1/2 pn
120

+ h2 pn−1 pn+1/2 pn
360

− h2 pn+1 pn−1/2 pn
360

− h2 pn+1 pn+1/2 pn
120

− h3 pn−1qn−1/2 pn
160

− h3 pn−1qn+1/2 pn
480

− h3 pn+1qn−1/2 pn
480

− h3 pn+1qn+1/2 pn
160

,

p̂n = pn−1

120
+ pn+1

120
− pn−1/2

15
+ pn+1/2

3
+ hqn+1

60
− hqn−1/2

120
+ hqn+1/2

8

+ 13pn
60

− hp2n−1

360
− hp2n+1

120
− hpn−1 pn

720
− 7hpn+1 pn

720
− hpn−1/2 pn

180

+ 19hpn+1/2 pn
180

+ h2qn+1 pn
360

+ h2qn−1/2 pn
96

+ 19h2qn+1/2 pn
480

+ hpn−1 pn−1/2

120

− hpn−1 pn+1/2

360
− hpn+1 pn−1/2

120
+ hpn+1 pn+1/2

40
− h2 pn−1 p2n

360
− h2 pn+1 p2n

360

+ h2 p2n−1 pn
720

− h2 p2n+1 pn
240

+ h2 pn−1/2 p2n
180

+ h2 pn+1/2 p2n
180

− h2 pn+1qn+1

180
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− h2 pn−1qn−1/2

160
+ h2 pn−1qn+1/2

480
− h2 pn+1qn−1/2

160
+ 3h2 pn+1qn+1/2

160

− h2 pn−1/2qn+1

180
+ h2 pn+1/2qn+1

60
− h3qn−1/2 p2n

480
+ h3qn+1/2 p2n

480
− h3qn+1qn−1/2

240

+ h3qn+1qn+1/2

80
− h2 pn−1 pn−1/2 pn

480
− h2 pn−1 pn+1/2 pn

1440
+ h2 pn+1 pn−1/2 pn

480

+ h2 pn+1 pn+1/2 pn
160

− h3 pn+1qn+1 pn
360

+ h3 pn−1qn−1/2 pn
640

+ h3 pn−1qn+1/2 pn
1920

+ h3 pn+1qn−1/2 pn
640

+ 3h3 pn+1qn+1/2 pn
640

+ h3 pn−1/2qn+1 pn
720

+ h3 pn+1/2qn+1 pn
240

+ h4qn+1qn−1/2 pn
960

+ h4qn+1qn+1/2 pn
320

and

K =
[
k1 +

(μ1σ1

h
+ r1

)
φ0, k2, k3, · · · , kN−2, kN−1 +

(μN−1σN−1

h
+ tN−1

)
β
]T

,

where

Kn =13hrn
30

+ hrn−1

60
+ hrn+1

60
+ 4hrn−1/2

15
+ 4hrn+1/2

15
+ h2 pn−1rn

90
− h2 pn+1rn

90

− h2rn−1 pn
360

+ h2rn+1 pn
360

− 2h2 pn−1/2rn
45

+ 2h2 pn+1/2rn
45

− h2rn−1/2 pn
15

+ h2rn+1/2 pn
15

+ h3qn−1/2rn
60

+ h3qn+1/2rn
60

+ h2 pn−1rn−1

180
− h2 pn+1rn+1

180

− h2 pn−1/2rn−1

60
− h2 pn−1/2rn+1

180
+ h2 pn+1/2rn−1

180
+ h2 pn+1/2rn+1

60

+ h3qn−1/2rn−1

80
− h3qn−1/2rn+1

240
− h3qn+1/2rn−1

240
+ h3qn+1/2rn+1

80

− h3 pn−1 pnrn
180

− h3 pn+1 pnrn
180

+ h3 pn−1/2 pnrn
90

+ h3 pn+1/2 pnrn
90

− h4qn−1/2 pnrn
240

+ h4qn+1/2 pnrn
240

− h3 pn−1rn−1 pn
360

− h3 pn+1rn+1 pn
360

+ h3 pn−1/2rn−1 pn
240

+ h3 pn−1/2rn+1 pn
720

+ h3 pn+1/2rn−1 pn
720

+ h3 pn+1/2rn+1 pn
240

− h4qn−1/2rn−1 pn
320

+ h4qn−1/2rn+1 pn
960

− h4qn+1/2rn−1 pn
960

+ h4qn+1/2rn+1 pn
320

,

n = 1, 2, · · · , N − 1.

Here, W = [W1,W2, · · · ,WN−1]T , the truncation errors at the mesh points T (h) =
[T1,T2, · · · ,TN−1]T .

Let W = [w1, w2, · · · , wN−1]T ∼= Y which satisfies the equation

(D + J )w +K = 0 (12)

Let en = wn − Wn, n = 1, 2, · · · , N − 1 be the discretization error, so that E =
[e1, e2, · · · , eN−1]T = w −W .
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Now subtracting (12) from (11), we get

(D + J )E = T (h) (13)

Considering |p(x)| ≤ c1, |q(x)| ≤ c2 and Ji, j , the (i, j)th element of the matrix J , we
have

|Jn,n+1| =|p̂n | ≤
(
c1
2

+ 2
hc2
15

+ hc21
10

+ h2c1c2
15

+ h2c31
120

+ h3c21c2
90

+ h3c22
120

+ h4c1c22
240

)

|Jn,n−1| =|p̌n | ≤
(

−c1
2

+ 2
hc2
15

+ hc21
10

− h2c1c2
15

− h2c31
120

+ h3c21c2
90

+ h3c22
120

− h4c1c22
240

)

When h is sufficiently small,

μnσn

h
+ |Jn,n+1| ≤

(μnσn

h
+ c1

2

)
�= 0, n = 1, 2, · · · , N − 2,

μnσn

h
+ |Jn,n−1| ≤

(μnσn

h
− c1

2

)
�= 0, n = 1, 2, · · · , N − 1.

Hence the matrix is irreducible [26].
Let Sn be the sum of the elements of the nth row of the matrix (D + J ), then we have

Sn = − μnσn

h
+ hpn−1

120
+ hpn+1

120
+ hpn−1/2

3
− hpn+1/2

15
+ 13hqn

30
+ hqn+1

60

+ 17hqn−1/2

120
+ 11hqn+1/2

40
+ 13pn

60
+ hp2n−1

120
+ hp2n+1

360
+ 7hpn−1 pn

720

+ hpn+1 pn
720

− 19hpn−1/2 pn
180

+ hpn+1/2 pn
180

+ h2qn+1 pn
360

+ h2 pn−1qn
90

− h2 pn+1qn
90

− 2h2 pn−1/2qn
45

+ 2h2 pn+1/2qn
45

− 13h2qn−1/2 pn
480

+ 37h2qn+1/2 pn
480

− hpn−1 pn−1/2

40

+ h3qn−1/2qn
60

+ h3qn+1/2qn
60

+ hpn−1 pn+1/2

120
+ hpn+1 pn−1/2

360
− 7hpn+1 pn+1/2

240

− h2 pn−1 p2n
360

− h2 pn+1 p2n
360

− h2 p2n−1 pn
240

+ h2 p2n+1 pn
720

+ h2 pn−1/2 p2n
180

+ h2 pn+1/2 p2n
180

− h2 pn+1qn+1

180
+ 3h2 pn−1qn−1/2

160
− h2 pn−1qn+1/2

160
+ h2 pn+1qn−1/2

480
− h2 pn+1qn+1/2

160

− h3 pn−1 pnqn
180

− h3 pn+1 pnqn
180

− h2 pn−1/2qn+1

180
+ h2 pn+1/2qn+1

60
+ h3 pn−1/2 pnqn

90

+ h3 pn+1/2 pnqn
90

− h3qn−1/2 p2n
480

+ h3qn+1/2 p2n
480

− h3qn+1qn−1/2

240
+ h3qn+1qn+1/2

80

− h4qn−1/2 pnqn
240

+ h4qn+1/2 pnqn
240

+ h2 pn−1 pn−1/2 pn
160

+ h2 pn−1 pn+1/2 pn
480

− h2 pn+1 pn−1/2 pn
1440

− h2 pn+1 pn+1/2 pn
480

− h3 pn+1qn+1 pn
360

− 3h3 pn−1qn−1/2 pn
640

− h3 pn−1qn+1/2 pn
640

− h3 pn+1qn−1/2 pn
1920

− h3 pn+1qn+1/2 pn
640

+ h3 pn−1/2qn+1 pn
720

+ h3 pn+1/2qn+1 pn
240

+ h4qn+1qn−1/2 pn
960

+ h4qn+1qn+1/2 pn
320

, for n = 1,
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Sn = − μnσn

h
− pn−1

120
− pn+1

120
− pn+1/2

3
+ pn−1/2

15
+ hqn−1

60
+ 13hqn

30

+ 11hqn−1/2

40
+ 17hqn+1/2

120
− 13pn

60
+ hp2n−1

360
+ hp2n+1

120
+ hpn−1 pn

720

+ 7hpn+1 pn
720

+ hpn−1/2 pn
180

− 19hpn+1/2 pn
180

− h2qn−1 pn
360

+ h2 pn−1qn
90

− h2 pn+1qn
90

− 2h2 pn−1/2qn
45

+ 2h2 pn+1/2qn
45

− 37h2qn−1/2 pn
480

+ 13h2qn+1/2 pn
480

+ h3qn−1/2qn
60

+ h3qn+1/2qn
60

− hpn−1 pn−1/2

120
+ hpn−1 pn+1/2

360
+ hpn+1 pn−1/2

120
− hpn+1 pn+1/2

40

+ h2 pn−1 p2n
360

+ h2 pn+1 p2n
360

− h2 p2n−1 pn
720

+ h2 p2n+1 pn
240

− h2 pn−1/2 p2n
180

− h2 pn+1/2 p2n
180

+ h2 pn−1qn−1

180
+ h2 pn−1qn−1/2

160
− h2 pn−1qn+1/2

480
+ h2 pn+1qn−1/2

160
− 3h2 pn+1qn+1/2

160

− h2 pn−1/2qn−1

60
+ h2 pn+1/2qn−1

180
+ h3qn−1/2 p2n

480
− h3qn+1/2 p2n

480
+ h3qn−1qn−1/2

80

− h3qn−1qn+1/2

240
− h3 pn−1 pnqn

180
− h3 pn+1 pnqn

180
+ h3 pn−1/2 pnqn

90
+ h3 pn+1/2 pnqn

90

− h4qn−1/2 pnqn
240

+ h4qn+1/2 pnqn
240

+ h2 pn−1 pn−1/2 pn
480

+ h2 pn−1 pn+1/2 pn
1440

− h2 pn+1 pn−1/2 pn
480

− h2 pn+1 pn+1/2 pn
160

− h3 pn−1qn−1 pn
360

− h3 pn−1qn−1/2 pn
640

− h3 pn−1qn+1/2 pn
1920

− h3 pn+1qn−1/2 pn
640

− 39h3 pn+1qn+1/2 pn
640

+ h3 pn−1/2qn−1 pn
240

+ h3 pn+1/2qn−1 pn
720

− h4qn−1qn−1/2 pn
320

− h4qn−1qn+1/2 pn
960

, for n = N − 1,

Sn =hqn−1

60
+ 13hqn

30
+ hqn+1

60
+ 4hqn−1/2

15
− hqn+1/2

30
− h2qn−1 pn

360
+ h2qn+1 pn

360

+ h2 pn−1qn
90

− h2 pn+1qn
90

− 2h2 pn−1/2qn
45

+ 2h2 pn+1/2qn
45

− h2qn−1/2 pn
15

+ h2qn+1/2 pn
15

+ h3qn−1/2qn
60

+ h3qn+1/2qn
60

+ h2 pn−1qn−1

180
− h2 pn+1qn+1

180

− h2 pn−1/2qn−1

60
+ h2 pn+1/2qn−1

180
− h2 pn−1/2qn+1

180
+ h2 pn+1/2qn+1

60
+ h3qn−1qn−1/2

80

− h3qn−1qn+1/2

240
− h3qn+1qn−1/2

240
+ h3qn+1qn+1/2

80
− h3 pn−1 pnqn

180
− h3 pn+1 pnqn

180

+ h3 pn−1/2 pnqn
90

+ h3 pn+1/2 pnqn
90

− h4qn−1/2 pnqn
240

+ h4qn+1/2 pnqn
240

− h3 pn−1qn−1 pn
360

− h3 pn+1qn+1 pn
360

+ h3 pn−1/2qn+1 pn
720

+ h3 pn+1/2qn+1 pn
240

+ h4qn+1qn−1/2 pn
960

+ h4qn+1qn+1/2 pn
320

+ h3 pn−1/2qn−1 pn
240

+ h3 pn+1/2qn−1 pn
720

− h4qn−1qn−1/2 pn
320

− h4qn−1qn+1/2 pn
960

, for n = 2 3 ... N − 2.

Let c1∗ = min |p(x)|, c∗
1 = max |p(x)|,

Let c2∗ = min |q(x)|, c∗
2 = max |q(x)|,
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Table 1 Maximum absolute errors for Example 1 when δ = 0.5ε

ε ↓ N → 100 200 300 400 500

2−2 3.7771E−05 9.4485E−06 4.1998E−06 2.3624E−06 1.5124E−06

2−4 4.1182E−04 1.0314E−04 4.5857E−05 2.5798E−05 1.6512E−05

2−6 1.9243E−03 4.9388E−04 2.2067E−04 1.2435E−04 7.9647E−05

2−8 5.6460E−03 1.8640E−03 8.8725E−04 5.1145E−04 3.3136E−04

2−10 6.6385E−03 3.3187E−03 2.1019E−03 1.4402E−03 1.0397E−03

2−12 6.6389E−03 3.3586E−03 2.2478E−03 1.6890E−03 1.3521E−03

2−14 6.6389E−03 3.3586E−03 2.2478E−03 1.6891E−03 1.3529E−03

2−16 6.6389E−03 3.3586E−03 2.2478E−03 1.6891E−03 1.3529E−03

2−18 6.6389E−03 3.3586E−03 2.2478E−03 1.6891E−03 1.3529E−03

2−20 6.6389E−03 3.3586E−03 2.2478E−03 1.6891E−03 1.3529E−03

Table 2 Maximum absolute errors for Example 2 when δ = 0.5ε

ε ↓ N → 100 200 300 400 500

2−2 1.1929E-04 3.5721E-05 1.7430E-05 1.0429E-05 6.9860E-06

2−4 3.0249E-04 9.7579E-05 4.9255E-05 3.0090E-05 2.0452E-05

2−6 5.9314E-04 2.2189E-04 1.1965E-04 7.6039E-05 5.3101E-05

2−8 8.6455E-04 3.5666E-04 2.1716E-04 1.4894E-04 1.0967E-04

2−10 9.0331E-04 4.5243E-04 2.9815E-04 2.1679E-04 1.6533E-04

2−12 9.0332E-04 4.5319E-04 3.0247E-04 2.2697E-04 1.8163E-04

2−14 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04

2−16 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04

2−18 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04

2−20 9.0332E-04 4.5319E-04 3.0247E-04 2.2698E-04 1.8164E-04

then 0 < c1∗ ≤ c1 ≤ c∗
1, 0 < c2∗ ≤ c2 ≤ c∗

2

It can be easily verified that (D + J ) is monotone ( [26], [27]).
Hence (D + J )−1 exists and (D + J )−1 ≥ 0.
From the error equation (13), we have

||E || = ||(D + J )−1||.||T ||
For sufficiently small h, we have

Sn >
h4

80
c1c

2
2 for n = 1,

Sn >
h4

80
c1c

2
2 for n = N − 1 and

Sn >
h4

80
c1

(
c22 + c2A + c2B

)
for n = 2, 3, · · · , N − 2

where cA = |qn+1qn− 1
2

− qn−1qn+ 1
2
|,
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Table 3 Maximum absolute errors for Example 3 when δ = 0.5ε

ε ↓ N → 100 200 300 400 500

2−2 4.2293E-06 1.0573E-06 4.6988E-07 2.6429E-07 1.6914E-07

2−4 3.3962E-05 8.4872E-06 3.7718E-06 2.1216E-06 1.3578E-06

2−6 1.9662E-04 4.9130E-05 2.1827E-05 1.2272E-05 7.8556E-06

2−8 9.7034E-04 2.3662E-04 1.0539E-04 5.9085E-05 3.7684E-05

2−10 3.7141E-03 1.1428E-03 4.9233E-04 2.5469E-04 1.6378E-04

2−12 4.8984E-03 2.3634E-03 1.4318E-03 9.5511E-04 6.7463E-04

2−14 4.9126E-03 2.4981E-03 1.6743E-03 1.2562E-03 1.0003E-03

2−16 4.9126E-03 2.4981E-03 1.6750E-03 1.2598E-03 1.0096E-03

2−18 4.9126E-03 2.4981E-03 1.6750E-03 1.2598E-03 1.0096E-03

2−20 4.9126E-03 2.4981E-03 1.6750E-03 1.2598E-03 1.0096E-03

Table 4 Maximum absolute errors for Example 4 when δ = 0.5ε

ε ↓ N → 100 200 300 400 500

2−2 3.0656E-05 7.6643E-06 3.4064E-06 1.9161E-06 1.2263E-06

2−4 1.8028E-04 4.5017E-05 2.0007E-05 1.1255E-05 7.2029E-06

2−6 6.3466E-04 1.5489E-04 6.8853E-05 3.8774E-05 2.4805E-05

2−8 2.5259E-03 6.8192E-04 2.9578E-04 1.6685E-04 1.0695E-04

2−10 6.1882E-03 2.2969E-03 1.1363E-03 6.6756E-04 4.3618E-04

2−12 6.6279E-03 3.3486E-03 2.1990E-03 1.5763E-03 1.1830E-03

2−14 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03

2−16 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03

2−18 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03

2−20 6.6280E-03 3.3559E-03 2.2466E-03 1.6884E-03 1.3524E-03

Table 5 Maximum absolute errors for Example 5 when δ = 0.5ε

ε ↓ N → 100 200 300 400 500

2−2 5.2904E-06 1.3227E-06 5.8787E-07 3.3066E-07 2.1164E-07

2−4 3.9510E-05 9.8820E-06 4.3927E-06 2.4710E-06 1.5815E-06

2−6 1.9258E-04 4.8312E-05 2.1486E-05 1.2089E-05 7.7376E-06

2−8 7.6981E-04 1.9855E-04 8.9947E-05 5.0872E-05 3.2584E-05

2−10 1.4478E-03 6.0342E-04 3.2207E-04 1.9641E-04 1.2989E-04

2−12 1.4910E-03 7.5249E-04 4.9968E-04 3.6743E-04 2.8386E-04

2−14 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04

2−16 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04

2−18 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04

2−20 1.4910E-03 7.5295E-04 5.0364E-04 3.7836E-04 3.0299E-04
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Table 6 The numerical rate of
convergence for the considered
examples for various of ε with
δ = 0.3ε

ε ↓ N → 100 200 300 400 500

Example 1

2−2 2.0004 2.0000 2.0001 1.9976 1.9949

2−3 1.9993 1.9997 1.9998 1.9996 1.9995

2−4 1.9985 1.9996 1.9999 1.9999 1.9997

2−5 1.9949 1.9987 1.9994 1.9996 1.9998

2−6 1.9811 1.9953 1.9977 1.9986 1.9992

2−7 1.9283 1.9815 1.9913 1.9949 1.9969

2−8 1.7531 1.9269 1.9665 1.9811 1.9880

2−9 1.3889 1.7563 1.8788 1.9292 1.9535

2−10 1.0567 1.3915 1.6227 1.7579 1.8322

Example 2

2−2 1.9994 1.9998 1.9999 1.9999 2

2−3 1.9979 1.9995 1.9998 1.9999 1.9999

2−4 1.9923 1.9981 1.9991 1.9995 1.9997

2−5 1.9717 1.9928 1.9968 1.9982 1.9988

2−6 1.8998 1.9726 1.9876 1.993 1.9955

2−7 1.7008 1.9011 1.9531 1.973 1.9825

2−8 1.4873 1.7026 1.8393 1.9018 1.9345

2−9 1.1918 1.4867 1.5738 1.7036 1.7859

2−10 1.0125 1.1954 1.4142 1.4864 1.5251

Example 3

2−2 1.9999 2.0001 2.0006 2.0005 2.0018

2−3 2.0002 2 1.9999 1.9997 1.9999

2−4 1.9999 2.0001 2 2.0001 1.9999

2−5 2.0001 2.0004 2.0002 2 2.0001

2−6 2.0046 2.0007 1.9998 2.0001 2.0002

2−7 2.0031 2.004 2.0018 1.9995 2.0006

2−8 2.0008 2.0144 2.0065 1.9978 2.0023

2−9 2.1897 1.9845 2.025 2.014 1.9964

2−10 1.7374 2.1993 2.0966 1.9761 2.035

Example 4

2−2 1.9999 2 1.9999 2.0005 1.9995

2−3 2.0003 2.0001 2 1.9994 1.9987

2−4 2.0017 2 2 2.0003 2.0003

2−5 2.0066 1.999 2.0009 2.0005 2.0001

2−6 2.0347 1.9981 2 2.0021 2.0014

2−7 2.1327 1.9955 1.9981 1.9989 1.9992

2−8 1.8891 2.031 1.9927 1.9956 1.9974
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Table 6 continued
ε ↓ N → 100 200 300 400 500

2−9 1.783 1.9366 1.9768 1.9837 1.9894

2−10 1.4298 1.7827 1.8914 1.9372 1.9593

Example 5

2−2 1.9997 2.0001 1.9999 2.0001 1.9992

2−3 1.9996 1.9999 2.0000 1.9999 2.0000

2−4 1.9991 1.9996 1.9998 2.0000 2.0001

2−5 1.9978 1.9994 1.9998 1.9998 1.9999

2−6 1.9944 1.9985 1.9993 1.9995 1.9994

2−7 1.9899 1.9958 1.9980 1.9989 1.9993

2−8 1.7993 1.9932 1.9717 1.9966 1.9910

2−9 1.4977 1.8048 1.9822 1.9949 1.9810

2−10 1.1776 1.5037 1.6746 1.8075 1.9260

Table 7 The numerical rate of
convergence for the considered
examples for various of δ with
ε = 0.01

δ ↓ N → 100 200 300 400 500

Example 1

10−3 1.9725 1.9929 1.9966 1.9981 1.9989

10−4 1.9741 1.994 1.9974 1.9985 1.999

10−5 1.9749 1.9943 1.9974 1.9984 1.9991

10−6 1.975 1.9944 1.9974 1.9984 1.9991

10−7 1.975 1.9944 1.9974 1.9984 1.9991

Example 2

10−3 1.9188 1.9785 1.9903 1.9945 1.9965

10−4 1.9408 1.9846 1.9931 1.9961 1.9975

10−5 1.9425 1.985 1.9933 1.9962 1.9976

10−6 1.9426 1.9851 1.9933 1.9962 1.9976

10−7 1.9427 1.9851 1.9933 1.9962 1.9976

Example 3

δ = 10−3 1.9973 2.0023 2.0008 2.0005 2.0004

δ = 10−4 1.9953 2.0022 1.9994 2.0006 1.9998

δ = 10−5 1.9957 2.0022 1.9995 2.0006 1.9999

δ = 10−6 1.9957 2.0022 1.9995 2.0006 1.9999

δ = 10−7 1.9957 2.0022 1.9995 2.0006 1.9999

Example 4

δ = 10−3 2.13 1.9953 1.9977 1.9986 1.9992

δ = 10−4 2.1203 1.9942 1.9975 1.9986 1.999

δ = 10−5 2.1191 1.9938 1.9975 1.9986 1.999
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Table 7 continued
δ ↓ N → 100 200 300 400 500

δ = 10−6 2.119 1.9937 1.9975 1.9986 1.999

δ = 10−7 2.119 1.9937 1.9975 1.9986 1.999

Example 5

10−3 1.9892 1.973 1.9872 1.999 1.9993

10−4 1.8603 1.9972 1.9973 1.9897 1.999

10−5 1.8375 1.9969 1.9904 1.9968 1.999

10−6 1.8351 1.9968 1.9894 1.9976 1.9989

10−7 1.8349 1.9968 1.9893 1.9976 1.9989

Fig. 1 Numerical solution for Example 1 with ε = 0.1

cB = |qn+1qn+ 1
2

− qn−1qn− 1
2
|. (14)

Let (D + J )−1
(n,i) be the (n, i)th element of (D + J )−1 and we define

||(D + J )−1|| = max
1≤n≤N−1

N−1∑
i=1

(D + J )−1
n,i and ||T (h)|| = max

1≤n≤N−1
|Tn |,

since (D + J )−1
(n,i) ≥ 0 and

N−1∑
i=1

(D + J )−1
(n,i) · Si = 1 for n = 1, 2, · · · , N − 1.

Hence

(D + J )−1
(n,1) ≤ 1

S1
≤ 80

h4c1c22
,

(D + J )−1
(n,N−1) ≤ 1

SN−1
≤ 80

h4c1c22
.
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Fig. 2 Numerical solution for Example 1 with ε = 0.01

Fig. 3 Numerical solution for Example 2 with ε = 0.1

Further

N−2∑
i=2

(D + J )−1
(n,i) ≤ 1

min
2≤i≤N−2

Si
≤ 80

h4c1[c22 + c2A + c2B ] for n = 1, 2, · · · , N − 1.

Hence from Eqs.(13) and (14), we get

||E || = 80

h4c1

[
2

c1c22
+ 1

c22
+ 1

c2A
+ 1

c2B

]
× O(h6) = O(h2).

This establishes the convergence of the finite difference scheme (9).
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Fig. 4 Numerical solution for Example 2 with ε = 0.01

Fig. 5 Numerical solution for Example 3 with ε = 0.1

Numerical Results

To check the efficiency of the present method, it is applied on five problems of singularly per-
turbed linear differential equation with small shift. Three problems with solutions exhibiting
boundary layer to the left of the interval [0,1] and two problems with right layer.

Since the exact solutions of these problems for different values of δ are not known, the
maximum absolute errors for the test problems are evaluated using the following double
mesh principle:

EN = max
0≤i≤N

|wN
i − w2N

2i |.

The numerical rate of convergence for all the examples have been calculated by the formula

RN = log|EN/E2N |
log2

.
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Fig. 6 Numerical solution for Example 3 with ε = 0.01

Fig. 7 Numerical solution for Example 4 with ε = 0.1

Fig. 8 Numerical solution for Example 4 with ε = 0.01
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Fig. 9 Numerical solution for Example 5 with ε = 0.1

Fig. 10 Numerical solution for Example 5 with ε = 0.01

The maximum absolute errors are given in Tables 1, 2, 3, 4 and 5 for the considered test
problems with δ = (0.5)ε. The numerical rate of convergence for the considered problems
for various values of ε and δ are given in Tables 6 and 7. The graphical solutions of the
examples are depicted in Figs. 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 for different values of the shift
parameter, where-in the effects of the shifts on the layer behaviour of the solutions can be
examined.

Example 1 εv′′(x) + v′(x − δ) + v(x) = 0 subject to the interval and boundary conditions
v(x) = 1;−δ ≤ x ≤ 0, v(1) = 1.

Example 2 εv′′(x) + (1 + x)v′(x − δ) − e−xv(x) = 1 subject to the interval and boundary
conditions v(x) = 0;−δ ≤ x ≤ 0, v(1) = 1.

Example 3 εv′′(x)+0.25v′(x−δ)−v(x) = 0 subject to the interval and boundary conditions
v(x) = 1;−δ ≤ x ≤ 0, v(1) = 0.

Example 4 εv′′(x) − v′(x − δ) + v(x) = 0 subject to the interval and boundary conditions
v(x) = 1;−δ ≤ x ≤ 0, v(1) = −1.
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Example 5 εv′′(x)− exv′(x − δ)− v(x) = 0 subject to the interval and boundary conditions
v(x) = 1;−δ ≤ x ≤ 0, v(1) = 1.

Discussion and Conclusion

In this paper, a higher-order fitted finite difference method is presented for singularly per-
turbed boundary value problems of second-order ordinary differential-difference equation of
the convection-diffusion type. The method is devised for the problems with shifts smaller
than the petrubation parameter. The method is shown to be second-order uniformly conver-
gent for various values of ε and δ, which can also be observed from the numerical results.
Computations are carried out to examine the efficiency of the present method and also the
effects of the shifts on the layer behaviour of the solution. The graphs of the solutions of the
considered problems are plotted for various values of ε and δ and they are found to be in good
agreement with those in existing literature. From the figures, we conclude that as the shifts
increase in magnitude, the layer thickness decreases in the case where the solution exhibits
layer behaviour near left of the underlying interval, while it increases in the case where the
solution exhibits boundary layer behaviour on the right side.

While classical finite difference methods fail to provide good results when the mesh
parameter exceeds the perturbation parameter and lead to round-off errors, the fitted finite
differencemethod developed in this paper gives uniformly convergent solutions, independent
of the perturbation parameter and with considerably larger value of the mesh parameter. Also
it provides a higher rate of convergence. An extensive numerical work has been carried out
on MATLAB R2023a in double precision and presented in the form of tables which exhibit
the efficiency of the method.
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