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Abstract
The aim of the study is to analyze space-time fractional multidimensional telegraph equation
using a generalized transform method. Fractional derivative are considered in Liouville-
Caputo sense. The idea is to combine New iterative method with Aboodh transform to get
approximate-analytical solution in form of fast convergent series. Uniqueness and existence
of the proposed problem is shown using Banach fixed point theorem. Stability analysis is
stated using Ulam–Hyres stability theorem. The convergent of solution obtain by generalized
transform is shown byCauchy convergent theorem. Four test problem are considered to shows
the efficiency of the proposed method.

Keywords Aboodh transform iterative method · Caputo fractional derivative · Fractional
differential equations · Fractional partial differential equation · New iterative method

Introduction

Most of the physical processes rely on their past behavior; thus, to understand their past behav-
ior, fractional calculus is a vital tool. The memory effect and non-local nature of fractional
calculus help to capture the past behavior of physical processes. This property of fractional
calculus is explained in the transmission of dengue model [1]. It states that mosquito doesn’t
look for their host randomly, but they use the prior experience of host location [2, 3]. Thus
in the transmission of dengue, the history of the transmission process will affect its future
state. Fractional differential operator trajectory is non-local [4]. This property is useful in
including memory in physical process. Du et al. [5] provide justification of memory effect
by taking η ∈ (0, 1) as order of fractional derivative, where η → 0 states an ideal memory
and η → 1 states no memory. Hence these properties of fractional calculus attract many
researchers in this area. The fractional calculus have various applications in field of fluid
dynamics [6], diffusion [7], control [8], relaxation processes [9, 10] and so on.
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In today’s world communication system is a vital tool to transfer information from source
to receiver. Every engineering problem requires the transmission of signals from one point
to another. The system together is known as transmission media which transfers data from
one point to another. All transmission methods undoubtedly experience signal loss. Sorting
out signal losses is necessary to optimise the transmission medium. The study of how elec-
trical impulses spread along a transmission line’s cable and wave phenomena gives rise to
telegraph equations. Oliver Heaviside [11] created the transmission line model and discov-
ered telegraph equations. This model shows how electromagnetic waves are magnified on
wires and how wave patterns can be seen along the length of a transmission line. There are
several applications for telegraph equations, including electrical signal propagation in trans-
mission line cables [12], wave propagation [13], random walks [14], signal analysis [15],
etc. Mainly, the telegraph equation occurs in fractional order than integer order. The main
benefit of fractional derivatives is their memory character. Hence every successive stage of
the physical system will also depend on its past stage. Therefore the physical system with
fractional derivative is more realistic.
There are several methods accessible in literature for the study of fractional-order telegraph
equations. Bansu and Kumar [16] combine radial basis function with chebyshev polynomial
to get approximate solution of fractional telegraph equations. Kumar et al. [17] applied local
meshless method for approximation of the fractional telegraph equation.
The 1-dimensional space-time fractional telegraph equation given as,

∂2ηw

∂τ 2η
+ 2a0

∂ηw

∂τη
+ a2

1w = ∂2αw

∂χ2α + h(χ, τ ), 0 < α, η ≤ 1, (1)

with conditions,

w(χ, 0) = f1(χ), wt (χ, 0) = f2(χ),

w(0, τ ) = g1(τ ), wχ(0, τ ) = g2(τ ).

2-dimensional time fractional telegraph equation given as,

∂2ηw

∂τ 2η
+ 2a0

∂ηw

∂τη
+ a2

1w = ∂2w

∂χ2 + ∂2w

∂γ 2 , 0 < η ≤ 1, (2)

subject to conditions,

w(χ, γ, 0) = φ1, wτ (χ, γ, 0) = φ2.

3-dimensional fractional telegraph equation is given by,

∂2ηw

∂τ 2η
+ 2a0

∂ηw

∂τη
+ a2

1w = ∂2w

∂χ2 + ∂2w

∂γ 2 + ∂2w

∂θ2
+ h(χ, γ, θ, τ ), 0 < η ≤ 1, (3)

subject to,

w(χ, γ, θ, 0) = ψ1, wτ (χ, γ, θ, 0) = ψ2.

In Eqs. (1) to (3) a0, a1 are positive constant. f1, f2, g1, g2, φ1, φ2, ψ1, ψ2 are continuous
function.
Integral transform has always remain a helpful tool in solving fractional differential equations
(FDEs). There are several integral transform like Laplace transform, Sumudu transform,
Elzaki transform available in literature [18, 19]. Combining these integral transform with
semi-analyticalmethods is very helpful in dealingwithFDEs [20].Daybyday these transform
are refine by several researcher. Aboodh transform a generalized form of Fourier integral
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developed by Khalid [23]. The Aboodh transform has several properties, but the most useful
property over the other integral transforms is its ‘unity’ feature which plays an essential role
[21]. Noting these refinement Jena and Chakraverty [21] combines Aboodh transform with
Q-Homotopy Analysis method to solve delay time-fractional partial differential equations.
Jani and T singh [22] combines Aboodh transform with Homotopy perturbation method for
solving regularized long wave equations.
The motivation of the paper is to employ a semi-analytical method namely New iterative
method (NIM) [24] coupled with Aboodh transform to find the solution of the space-time
fractionalmultidimensional telegraph equation.NIM is free fromarbitrary parameters like the
homotopy perturbation method and also does not require tedious calculations like Adomain
decomposition method or finding langrange multipliers like in the variational parameter
method. Aboodh transform coupled with NIM takes very less computation work and less
C.P.U memory. Also, this coupled method is new and still not used for solving this problem.
So, the Aboodh transform iterative method (ATIM) reduce computation size compare to
other method and give a solution in the form of fast convergent series. Also, the uniqueness
and existence of the proposed problem are shown using Banach’s fixed point theorem and
Schaefer–Krasnoselskii fixed point theorem. Stability analysis is stated using Ulam–Hyre’s
stability theorem. The efficiency of the solution obtained by ATIM is shown by comparing
it with the exact solution and previously published work.
This paper consists 7 sections. Section2 consists basic definitions of fractional calculus and
Aboodh transform which is useful in dealing of space-time fractional telegraph equation.
Section3 consists existence, uniqueness and stability analysis of the proposed problem. Sec-
tion4 contains general procedure of ATIM with its convergence analysis. Section5 consists
numerical illustrations. Section6 gives the explanation of the results obtained with help of
graphs. Finally, Sect. 7 concludes the findings.

Preliminaries

This section consists fundamental definitions of fractional calculus and their properties which
is useful for studying FDEs.

Definition 2.1 [25–27] For order η the fractional order Reimann-Liouville integral is defined
as,

I ηg(x) = 1

�(η)

∫ t

0
(x − τ)η−1g(τ )dτ, if η > 0, x > 0.

Definition 2.2 [28] For order η > 0 the Caputo fractional derivatives (Cfd) is defined as,

Dη
t g(x, t) = 1

�(s − η)

∫ t

0
(t − τ)l−η−1 ∂s g(x, τ )

∂τ s
dτ, s − 1 ≤ η < s,

Lemma 1 [26] Let I η
t is an integral operator then for t > 0 and n − 1 < η ≤ n, n ∈ N

(i)Dη
t I η

t g(x, t) = g(x, t),

(i i)I η
t Dη

t g(x, t) = g(x, t) −
n∑

p=0

g(x, 0)
t p

p! .
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Definition 2.3 [29] In a set A, consider function which is piece wise continuous and of
exponential order given by,

A = {v(t) : ∃M, k1, k2 > 0, |z(t)| < Me−vt },
where k1 and k2 maybe finite or infinite and M is constant. The Aboodh transform is defined
as,

T (v) = A [z(t)](v) = 1

v

∫ ∞

0
z(τ )e−vτ ∂τ, τ ≥ 0, k1 ≤ v ≤ k2.

Definition 2.4 [30] For a function z(t) where t ∈ (0,∞), the inverse Aboodh transform is
given as,

i f T (v) = A [z(t)], then z(t) = A −1[T (v)].
Definition 2.5 [30] The Aboodh transform of a Cfd is given as,

A [(Dη
t z(t)); v] = vηA [z(t)] −

n∑
p=0

z(p)(0)

v2−η+p
, n − 1 < η ≤ n, n ∈ N .

Existence, Uniqueness, and Stability

This section consists existence, uniqueness, and stability analysis of proposed problem. First
we state some definitions and theorems which is useful in proving existence and uniqueness
of the proposed problem.

Definition 3.1 Consider a norm space as (X , ||.||). Then a map φ : X → X is a contraction
of X if for every x1, x2 ∈ X ,

||Q(x1) − Q(x2)|| ≤ δ||x1 − x2||,
where 0 ≤ δ < 1.

Definition 3.2 [31] Banach fixed point theorem: On a complete metric space every contrac-
tion mapping has a unique fixed point.

Definition 3.3 [32]Arzela–Ascoli theorem:Consider a compactmetric space X . LetC(X ,R)

be a metric with sup norm. Then a set Q ⊂ C(X ,R) is compact iff Q is bounded, equicon-
tinuous, and closed.

Definition 3.4 [33] Schaefer–Krasnoselskii fixed point theorem: If X is bounded and closed
convex subset of a Banach space Y and Q : X → X is completely continuous, then Q has a
fixed point in Q.

Existence and Uniqueness of Proposed Problem

Let [0, b] × (0, T ] = φ and consider C(φ,R) as a Banach space of all continuous func-
tion from φ into R with sup norm define as ||x ||∞:= sup(|x |, (χ, τ ) ∈ φ). We consider a
generalized fractional partial differential equation (FPDE) for proposed problem as,

∂η
τ w(χ, τ) + G(w,wχ ,wχχ ) = H(χ, τ ), χ ∈ [0, b], τ ∈ (0, T ], 0 < η ≤ 1, (4)
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subject to conditions as,

w(χ, 0) = f1(χ), wt (χ, 0) = f2(χ),

w(0, τ ) = g1(τ ), wχ(0, τ ) = g2(τ ). (5)

Definition 3.5 Let w(χ, τ) be a function in C(φ,R) is said to be a solution of (4)–(5) if η

derivative exists on (0, T ] and w(χ, τ) satisfies(4)–(5) on (0, T ].
Theorem 3.1 [34] Assuming following condition holds.

(R1) ∃ constant K1, K2 > 0 such that

|w1χ − w2χ | ≤ K1|w1 − w2|,
|w1χχ − w2χχ ≤ K2|w1 − w2|, ∀(χ, τ ) ∈ φ, w ∈ C(φ,R).

(R2) ∃ constant M1, M2, and M3 such that,

|G(w1, w1χ ,w1χχ ) − G(w2, w2χ ,w2χχ )|
≤ M1|w1 − w2| + M2|w1χ − w2χ | + M3|w1χχ − w2χχ |

If

T η

�(η + 1)
(M1 + M2K1 + M3K2) < 1. (6)

Then on C(φ,R) (4)–(5) has a unique solution.

Proof Consider a operator  : C(φ,R) → C(φ,R) define as,

(w(χ, τ)) =
n∑

p=0

w(p)(χ, 0)τ p

p! + I η
τ

(
H(χ, τ ) − G(w,wχ ,wχ,χ )

)
, n − 1 < η ≤ n.

The fixed points of operator  are solution of the (4)–(5). Using Banach fixed point theorem
we show that has afixedpoint. Finally, show is a contraction.Considerw1, w2 ∈ C(φ,R)

where (χ, τ ) ∈ φ, then

|(w1(χ, τ )) − (w2(χ, τ ))| = I η
τ |G(w1, w1χ , w1χχ ) − G(w2, w2χ ,w2χχ )|,

≤ I η
τ

(
M1|w1 − w2| + M2|w1χ − w2χ | + M3|w1χχ − w2χχ |),

≤ I η
τ

(
M1|w1 − w2| + M2K1|w1 − w2| + M3K2|w1 − w2|

)
,

≤ τη

�(η + 1)

(
M1 + M2K1 + M3K2

)
|w1 − w2|,

≤ T η

�(η + 1)

(
M1 + M2K1 + M3K2

)
sup|w1 − w2|. (7)

Hence from Eq. (6),  operator is contraction. As a result of Banach fixed point theorem 

has a unique fixed point which is also solution of (4)–(5). 
�
Theorem 3.2 [34] For existence we assume that:

(E1) ∃ a constant A1 such that,

|H(χ, τ )| ≤ A1,∀(χ, τ ) ∈ φ.

123



84 Page 6 of 19 Int. J. Appl. Comput. Math (2023) 9 :84

(E2) ∃ a constant A2 such that,

|G(w,wχ ,wχχ )| ≤ A2,∀(χ, τ ) ∈ φ,w ∈ C(φ,R).

(E3) Assume w : φ → R is continuous.
(E4) ∃ constants β1, β2, and β3 such that

|G(w(χ1, τ1), wχ1(χ1, τ1), wχ1χ1(χ1, τ1)) − G(w(χ2, τ2), wχ2(χ2, τ2), wχ2χ2(χ2, τ2))|
≤ β1|w(χ1, τ1) − w(χ2, τ2)| + β2|wχ1(χ1, τ1) − wχ2(χ2, τ2)|

+ β3|wχ1χ1(χ1, τ1) − wχ2χ2(χ2, τ2)|,
(E5) ∃ constants α1,α2 > 0 such that

|wχ1(χ1, τ1) − wχ2(χ2, τ2)| ≤ α1|w(χ1, τ1) − w(χ2, τ2)|,
|wχ1χ1(χ1, τ1) − wχ2χ2(χ2, τ2)| ≤ α2|w(χ1, τ1) − w(χ2, τ2)|,
∀(χ1, τ1), (χ2, τ2) ∈ φ,w ∈ C(φ,R).

(E6) ∃ constants γ1, γ2 > 0 such that

|w(χ1, τ1) − w(χ2, τ2)| ≤ γ1|χ1 − χ2| + γ2|τ1 − τ2| ∀(χ1, τ1), (χ2, τ2) ∈ φ,w ∈ C(φ,R).

If assumptions (E1)–(E6) satisfied, then problem (4)–(5) have atleast one solution in space
C(φ,R)

Proof The existence of the proposed problem is shown in 4 steps.
Step 1 The map φ is continuous. Consider wn a sequence in C(φ,R) such that wn → w,
then

|wn(χ, τ ) − w(χ, τ)| = I η
τ |G(wn, wnχ ,wnχχ ) − G(w,wχ ,wχχ )|.

Using Eq. (6),

|wn(χ, τ ) − w(χ, τ)| ≤ T η

�(η + 1)
(M1 + M2K1 + M3K2) ‖wn − w‖∞.

From (E3) w is continuous, thus as n → 0 ‖wn(χ, τ ) − w(χ, τ)‖∞ → 0.
Step 2 Operator  maps bounded set into bounded set C(φ,R). We show for any ε0 > 0
∃ a constant f such that for each w ∈ λε0={w ∈ C(φ,R) : ‖w(χ, τ)‖∞ < ε0, we have
|w| < f .

|w(χ, τ)| =
∣∣∣

n∑
p=0

w(p)(χ, 0)τ p

p! + I η
τ

(
H(χ, τ ) − G(w,wχ ,wχχ )

) ∣∣∣,

≤
∣∣∣

n∑
p=0

w(p)(χ, 0)τ p

p!
∣∣∣ + I η

τ (A1 + A2),

≤
∣∣∣

n∑
p=0

w(p)(χ, 0)
∣∣∣ |τ

p|
p! + τη

�(η + 1)
(A1 + A2),

≤
∣∣∣

n∑
p=0

w(p)(χ, 0)
∣∣∣‖τ

p‖∞
p! + T η

�(η + 1)
(A1 + A2). (8)
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Finally,

‖w(χ, τ)‖∞ ≤
∣∣∣

n∑
p=0

w(p)(χ, 0)
∣∣∣‖τ

p‖∞
p! + T η

�(η + 1)
(A1 + A2) = D. (9)

Implies ‖w(χ, τ)‖∞ ≤ ∞.
Step 3  is equicontinuous on C(φ,R). Consider (χ1, τ1), (χ2, τ2) ∈ φ, χ1 < χ2, τ1 < τ2
and λε0 be bounded set of C(φ,R) and let w ∈ λε0 , then

|(w1(χ, τ ) − (w2(χ, τ )|
=

∣∣∣I η
τ

(
G(w(χ1, τ1), wχ1(χ1, τ1), wχ1χ1(χ1, τ1))

− G(w(χ2, τ2), wχ2(χ2, τ2), wχ2χ2(χ2, τ2))
)∣∣∣,

≤ I η
τ

(
β1|w(χ1, τ1) − w(χ2, τ2)| + β2|wχ1(χ1, τ1) − wχ2(χ2, τ2)|

+ β3|wχ1χ1(χ1, τ1) − wχ2χ2(χ2, τ2)|
)

≤ I η
τ

(
β1|w(χ1, τ1) − w(χ2, τ2)| + β2α1|w(χ1, τ1) − w(χ2, τ2)|

+ β3α2|w(χ1, τ1) − w(χ2, τ2)|
)
,

≤ τη

�(η + 1)

((
β1 + β2α1 + β3α2

)(
γ1|χ1 − χ2| + γ2|τ1 − τ2|

))

≤ T η

�(η + 1)

((
β1 + β2α1 + β3α2

)(
γ1‖χ1 − χ2‖∞ + γ2‖τ1 − τ2‖∞

))
. (10)

Hence as Eq. (10) is free from w and as χ1 → χ2, τ1 → τ2 right hand side of Eq. (10) tends
to zero. From above steps and Arzela–Ascoli theorem, we concludes  : (φ,R) → (φ,R)

is continuous and completely continuous.
Step 4 We show that the set

� = {w ∈ C(φ,R) : w = ζ(w(χ, τ)) f orsome 0 < ζ < 1}
is bounded.
Let w ∈ �, then

|w(χ, τ)| = |ζ(w(χ, τ))|,
= ζ |(w(χ, τ))|. (11)

Using Eq. (9) in Eq. (11), we get

|w(χ, τ)| ≤ ζ

( n∑
p=0

w(p)(χ, 0)
∣∣∣‖τ

p‖∞
p! + T η

�(η + 1)
(A1 + A2)

∣∣∣
)

= D1,

which states that � is bounded set. From Schaefer’s fixed point theorem, operator  has a
fixed point which is solution of (4)–(5). 
�

Stability Analysis

This subsection consists the stability analysis of proposed problem with the help of Ulam-
Hyres stability theorem which states,
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Definition 3.6 Letw ∈ C(φ,R) be any solution of (4)–(5) and for any ε0 the (4)–(5) is Ulam-
Hyres stable if inequality holds,

||∂η
τ w(χ, τ) − (H(χ, τ ) − G(w,wχ ,wχχ ))|| ≤ ε0. (12)

Lemma 2 The following inequality hold to problem (4)–(5),

|w(χ, τ) − �w(χ, τ)| ≤
[

T η

�(η + 1)

]
ε0.

Theorem 3.3 Assuming Lemma 2 holds then the solution of problem (4)–(5) is Ulam-Hyres
stable.

Proof For proof please refer [35]. 
�

General Procedure of ATIM

This section consists general procedure of ATIM and further its convergences analysis of
solution is obtained using Cauchy convergences theorem.

Aboodh Transform Iterative Method

Consider a nonlinear FPDE as,

Dη
t w(χ, τ) = R(w(χ, τ)) + Q(w(χ, τ)) + g(χ, τ ), n − 1 < η ≤ n, (13)

with initial conditions,

w(p)(χ, 0) = jp(χ), p = 0, 1, 2 . . . (n − 1).

Caputo fractional derivative operator is defined by Dη
t and source term is g(χ, τ ), R and Q

are linear and nonlinear operator respectively. Operating Aboodh transform on Eq. (13) leads
to

A [Dη
t w(χ, τ)] = A [R(w(χ, τ)) + Q(w(χ, τ)) + g(χ, τ )]. (14)

Using Definition 2.5 and taking inverse of Aboodh transform leads to,

w(χ, τ) = A −1

⎡
⎣ 1

vη

⎛
⎝ n∑

p=0

w(p)(0)

v2−η+s

⎞
⎠ + 1

vη
(A [R(w(χ, τ)) + Q(w(χ, τ)) + g(χ, τ )])

⎤
⎦ .

(15)

As, through the iterative technique,

w(χ, τ) =
∞∑

p=0

wp(χ, τ ). (16)

Linear part decompose as,

R

⎛
⎝ ∞∑

p=0

wp(χ, τ )

⎞
⎠ =

∞∑
p=0

R
(
wp(χ, τ )

)
. (17)
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The decomposition of nonlinear operator Q is done by NIM,

Q(w(χ, τ)) = Q
( ∞∑

p=0

wp(χ, τ )
)

= Q(w0(χ, τ )) +
∞∑

p=1

⎛
⎝Q

⎛
⎝

p∑
j=0

w j (χ, τ )

⎞
⎠ − Q

⎛
⎝

p−1∑
j=0

w j (χ, τ )

⎞
⎠

⎞
⎠ . (18)

Putting Eqs. (17) and (18) in Eq. (16) we get,

∞∑
p=0

wp(χ, τ ) = A −1

⎡
⎣ 1

vη

⎛
⎝ n∑

p=0

w(p)(0)

v2−η+p

⎞
⎠

+A [g(χ, τ )]] + A −1
[
1

vη
A [R(w0(χ, τ ) + Q(w0(χ, τ ))

+
∞∑

p=1

R(wp(χ, τ )) + Q

⎛
⎝

p∑
j=0

w j (χ, τ )

⎞
⎠ − Q

⎛
⎝

p−1∑
j=0

w j (χ, τ )

⎞
⎠

⎤
⎦

⎤
⎦ .

(19)

From above scheme, we obtain following iterations,

w0(χ, τ ) = A −1

⎡
⎣ 1

vη

⎛
⎝ n∑

p=0

w(p)(0)

v2−η+p

⎞
⎠ + A [g(χ, τ )]

⎤
⎦ , n − 1 < η ≤ n. (20)

w1(χ, τ ) = A −1
[
1

vη
A [R(w0(χ, τ )) + Q(w0(χ, τ ))]

]
, (21)

likewise,

wp+1(χ, τ ) = A −1

⎡
⎣ 1

vη
A

⎡
⎣R(wp(χ, τ ) + Q

⎛
⎝

p∑
j=0

w j (χ, τ )

⎞
⎠ − Q

⎛
⎝

p−1∑
j=0

w j (χ, τ )

⎞
⎠

⎤
⎦

⎤
⎦ .

(22)

This series solution converges. For convergences analysis following theorem is discussed.

Convergences Analysis

Theorem 4.1 [36] Consider a Banach space B, if there exists L such that 0 < L < 1, ||wn ||
≤ L||wn−1||, then the series solution obtain from ATIM converges to Ri ∈ B.

Proof Consider a sequence Ri , i = 0, 1, ..., n. given as,

R0 = w0,

R1 = w0 + w1,

R2 = w0 + w1 + w2,

....

Rn = w0 + w1 + w2 + ... + wn .

⎫⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎭

(23)
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We show that this Ri is a Cauchy sequence. Using assumption we have,

||Rn − Rn−1|| ≤ ||wn || ≤ Lnw0. (24)

For all p, q ∈ N ,

||Rp − Rq || = ||Rp − Rp−1 + Rp−1 − Rp−2 + .... + Rq+1 − Rq ||
≤ ||Rp − Rp−1|| + ||Rp−1 − Rp−2|| + ... + ||Rq+1 − Rq ||
≤ (L p + L p−1 + ... + Lq+1)w0

≤ || Lq+1(1 − L p−q)

1 − L
||w0, (25)

where w0 is bounded, so

lim
p,q→∞ ||Rp − Rq || = 0. (26)

So, considered Ri is Cauchy sequence in Banach space B, hence solution in Eq. (22) is
convergent. 
�

Numerical Illustrations

Example 5.1 Consider a homogeneous space fractional telegraph equation as [37]

∂2ηw

∂χ2η = ∂2w

∂τ 2
+ dw

∂τ
+ w, τ ≥ 0, 0 < η ≤ 1, (27)

subject to conditions,

w(χ, 0) = eχ , w(0, τ ) = e−τ , wχ(0, τ ) = e−τ , 0 < χ < 1, τ ≥ 0. (28)

Exact solution of Eq. (27) is w(χ, τ) = eχ−τ .
Applying Aboodh Transform on both side Eq. (27) leads to,

A

[
∂2ηw

∂χ2η

]
= A

[
∂2w

∂τ 2
+ dw

∂τ
+ w

]
. (29)

Using Definition 2.5 on Eq. (29),

A [w(χ, τ)] = 1

v2
w(0, τ ) + 1

v3
wχ(0, τ ) + 1

v2η
A

[
∂2w

∂τ 2
+ dw

∂τ
+ w

]
. (30)

Inverse Aboodh transform on Eq. (30) leads to,

w(χ, τ) = A −1
[

e−τ

(
1

v2
+ 1

v3

)]
+ A −1

[
1

v2η
A

[
∂2w

∂τ 2
+ dw

∂τ
+ w

]]
. (31)

Now solving Eq. (31) by procedure of NIM,

w0(χ, τ ) = e−τ + χe−τ , (32)

w1(χ, τ ) = A −1
[

1

v2η
A

[
∂2w0

∂τ 2
+ dw0

∂τ
+ w0

]]
,

w1(χ, τ ) = e−τ χ2η

�(2η + 1)
+ e−τ χ2η+1

�(2η + 2)
. (33)
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Fig. 1 3-dimensional plot of Example 5.1

Table 1 Comparison of obtained
results by ATIM with exact and
q-HATM [38] with χ = 1 and
η = 1

χ τ Exact ATIM q-HATM [38] Error

0.25 0.50 0.77880 0.77881 0.77881 0.00001

0.50 1.00000 0.99999 0.99999 0.00001

0.75 1.28402 1.28403 1.28403 0.00001

1 1.64870 1.64868 1.64868 0.00002

0.25 0.75 0.60653 0.60652 0.60652 0.00001

0.50 0.77880 0.77881 0.77881 0.00001

0.75 1.00000 0.99999 0.99999 0.00001

1 1.28402 1.28401 1.28401 0.00001

Similarly,

w2(χ, τ ) = e−τ χ4η

�(4η + 1)
+ e−τ χ4η+1

�(4η + 2)
. (34)

Likewise, next approximation,

w3(χ, τ ) = e−τ χ6η

�(6η + 1)
+ e−τ χ6η+1

�(6η + 2)
. (35)

In similar manner we can get further approximation. Hence, the approximate solution com-
muted as,

w(χ, τ) = e−τ

(
1 + x + χ2η

�(2η + 1)
+ χ2η+1

�(2η + 2)
+ χ4η

�(4η + 1)
+ χ4η+1

�(4η + 2)
+ . . .

)
.

(36)

Example 5.2 Considering time fractional telegraph equation in absence of source term as
[37],

∂2ηw

∂τ 2η
+ 2

∂ηw

∂τη
+ w = ∂2w

∂χ2 , τ ≥ 0, 0 < η ≤ 1, (37)
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subject to conditions,

w(χ, 0) = eχ , wτ (χ, 0) = −2eχ , 0 < χ < 1, τ ≥ 0. (38)

Exact solution of Eq. (37) is w(χ, τ) = eχ−2τ .
Taking Aboodh transform of Eq. (37) leads to,

A

[
∂2ηw

∂τ 2η
+ 2

∂ηw

∂τη
+ w

]
= A

[
∂2w

∂χ2

]
. (39)

Using Definition 2.5 on Eq. (39),

A [w(χ, τ)] = 1

v2
eχ − 1

v3
(2eχ ) + 1

v2η
A

[
∂2w

∂χ2 − 2
∂ηw

∂τη
− w

]
. (40)

Applying inverse Aboodh transform leads to,

w(χ, τ) = A −1
[

eχ

v2
− 2eχ

v3

]
+ A −1

[
1

v2η
A

[
∂2w

∂χ2 − 2
∂ηw

∂τη
− w

]]
, (41)

now applying procedure of NIM on Eq. (41),

w0(χ, τ ) = eχ (1 − 2τ). (42)

w1(χ, τ ) = A −1
[

1

v2η
A

[
∂2w0

∂χ2 − 2
∂ηw0

∂τη
− w0

]]
,

w1(χ, τ ) = 4eχ

�(η + 2)
τη+1. (43)

Similarly,

w2(χ, τ ) = − 8eχ

�(2η + 2)
τ 2η+1, (44)

w3(χ, τ ) = 16eχ

�(3η + 2)
τ 3η+1. (45)

In similar manner we can get further approximation.
Hence, the approximate solution commuted as,

w(χ, τ) = eχ

(
1 − 2τ + 4eχ

�(η + 2)
τ η+1 − 8eχ

�(2η + 2)
τ 2η+1 + 16eχ

�(3η + 2)
τ 3η+1 + . . .

)
.

(46)

Example 5.3 Considering 2-dimensional time-fractional telegraph equation [38],

∂2ηw

∂τ 2η
+ 3

∂ηw

∂τη
+ 2w = ∂2w

∂χ2 + ∂2w

∂γ 2 , τ ≥ 0, 0 < η ≤ 1, (47)

subject to conditions,

w(χ, γ, 0) = eχ+γ , wt (χ, γ, 0) = −3eχ+γ , 0 < χ < 1, 0 < γ < 1. (48)

Operating Aboodh transform on the both side of Eq. (47) leads to,

A

[
∂2ηw

∂τ 2η
+ 3

∂ηw

∂τη
+ 2w

]
= A

[
∂2w

∂χ2 + ∂2w

∂γ 2

]
. (49)
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Fig. 2 3-dimensional plot of Example 5.2

Table 2 Comparison of obtained
results by ATIM with Exact and
q-HATM [38] with χ = 1 and
η = 1

χ τ Exact ATIM q-HATM [38] Error

0.25 0.50 0.47236 0.47080 0.47080 0.00156

0.50 0.60653 0.60453 0.60453 0.00200

0.75 0.77880 0.77623 0.77623 0.00257

1 1.00000 0.99672 0.99672 0.00328

0.25 0.75 0.28650 0.26984 0.26984 0.01666

0.50 0.36787 0.34648 0.34648 0.02139

0.75 0.47236 0.44490 0.44490 0.27460

1 0.60653 0.57128 0.57128 0.35350

Using Definition 2.5 on Eq. (49),

A [w(χ, γ, τ )] = eχ+γ

v2
− 3eχ+γ

v3
+ 1

v2η
A

[
∂2w

∂χ2 + ∂2w

∂γ 2 − 3
∂ηw

∂τη
− 2w

]
. (50)

Operating inverse Aboodh transform on both side of Eq. (50) leads to,

w(χ, γ, τ ) = eχ+γ − 3τeχ+γ + A −1
[

1

v2η
A

[
∂2w

∂χ2 + ∂2w

∂γ 2 − 3
∂ηw

∂τη
− 2w

]]
. (51)

Applying procedure of NIM on Eq. (50),

w0(χ, γ, τ ) = eχ+γ (1 − 3τ), (52)

w1(χ, γ, τ ) = A −1
[

∂2w0

∂χ2 + ∂2w0

∂γ 2 − 3
∂ηw0

∂τη
− 2w0

]
,

w1(χ, γ, τ ) = 9eχ+γ

�(η + 2)
τη+1. (53)

Similarly,

w2(χ, γ, τ ) = − 27eχ+γ

�(2η + 2)
τ 2η+1, (54)

123



84 Page 14 of 19 Int. J. Appl. Comput. Math (2023) 9 :84

Fig. 3 3-dimensional plot of Example 5.3

Table 3 Comparison of obtained
results by ATIM with Exact and
q-HATM [38] with χ = γ = 1
and η = 1

χ τ Exact ATIM q-HATM [38] Error

0.25 0.50 0.36787 0.36698 0.36698 0.00089

0.50 0.60653 0.60505 0.60505 0.00148

0.75 1.00000 0.99756 0.99756 0.00244

1 1.64872 1.64470 1.64470 0.04002

0.25 0.75 0.17377 0.15237 0.15237 0.02140

0.50 0.28650 0.25123 0.25123 0.03527

0.75 0.47236 0.41420 0.41420 0.05816

1 0.77880 0.68292 0.68292 0.95880

w3(χ, γ, τ ) = 81eχ+γ

�(3η + 2)
τ 3η+1. (55)

Hence, the approximate solution commuted as,

w(χ, γ, τ ) = eχ+γ

(
1 − 3τ + 9

�(η + 2)
τ η+1 − 27

�(2η + 2)
τ 2η+1 + 81

�(3η + 2)
τ 3η+1 + . . .

)
,

(56)

whose exact solution is w(χ, γ, τ ) = eχ+γ−3τ .

Example 5.4 Considering 3-dimensional fractional order time fractional equation as [38],

∂2ηw

∂τ 2η
+ 2

∂ηw

∂τη
+ 3w = ∂2w

∂χ2 + ∂2w

∂γ 2 + ∂2w

∂θ2
, τ ≥ 0, 0 < η ≤ 1, (57)

subject to conditions,

w(χ, γ, θ, 0) = sinh χ · sinh γ · sinh θ, wt (χ, γ, θ, 0)

= −2 sinh χ · sinh γ · sinh θ, 0 < χ, γ, θ < 1. (58)
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Table 4 Comparison of obtained
results by ATIM with Exact and
q-HATM [38] with
χ = γ = θ = 1 and η = 1

χ τ Exact ATIM q-HATM [38] Error

0.25 0.50 0.00593 0.00591 0.00591 0.00002

0.50 0.05205 0.05188 0.05188 0.00017

0.75 0.20456 0.20388 0.20388 0.00068

1 0.59709 0.59512 0.59512 0.00197

0.25 0.75 0.00359 0.00338 0.00338 0.00021

0.50 0.03157 0.02973 0.02973 0.00184

0.75 0.12407 0.11685 0.11685 0.00722

1 0.36215 0.34109 0.34109 0.02106

Operating Aboodh transform on Eq. (57) leads to,

A

[
∂2ηw

∂τ 2η
+ 2

∂ηw

∂τη
+ 3w

]
= A

[
∂2w

∂χ2 + ∂2w

∂γ 2 + ∂2w

∂γ 2

]
,

A
[
w(χ, γ, θ, τ )

] = sinhχ ·sinhγ ·sinhθ

v2
− 2sinhχ ·sinhγ ·sinhθ

v3

+ 1

v2η
A

[
∂2w

∂χ2 + ∂2w

∂γ 2 + ∂2w

∂θ2
− 2

∂ηw

∂τη
− 3w

]
. (59)

Inverse Aboodh transform on Eq. (59) leads to,

w(χ, γ, θ, τ ) = sinhχ ·sinhγ ·sinhθ − 2τ sinhχ ·sinhγ ·sinhθ

+ A −1
[

1

v2η
A

[
∂2w

∂χ2 + ∂2w

∂γ 2 + ∂2w

∂θ2
− 2

∂ηw

∂τη
− 3w

]]
. (60)

Applying NIM procedure leads to,

w0(χ, γ, θ, τ ) = sinhχ ·sinhγ ·sinhθ − 2τ sinhχ ·sinhγ ·sinhθ, (61)

w1(χ, γ, θ, τ ) = 4sinhχ ·sinhγ ·sinhθ

�(η + 2)
τη+1. (62)

Similarly,

w2(χ, γ, θ, τ ) = −8sinhχ ·sinhγ ·sinhθ

�(2η + 2)
τ 2η+1, (63)

w3(χ, γ, θ, τ ) = 16sinhχ ·sinhγ ·sinhθ

�(3η + 2)
τ 3η+1. (64)

Likewise, other approximation can be commuted.Hence, the approximate solution commuted
as,

w(χ, γ, θ, τ ) = sinhχ ·sinhγ ·sinhθ
(
1 − 2τ + 4

�(η + 2)
τη+1 − 8

�(2η + 2)
τ 2η+1

+ 16

�(3η + 2)
τ 3η+1 + . . .

)
. (65)

The exact solution is w(χ, γ, θ, τ ) = e−2τ sinhχ ·sinhγ ·sinhθ .
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(a) (b)

(c) (d)

Fig. 4 Approximate solution behavior at distinct order of η for Examples 5.1 to 5.4

Results and Discussion

Figure1a and b shows comparison between obtained approximate solution and exact solution
at χ = 1, η = 1, for Example 5.1. We have consider the approximation upto 3rd order. It is
clear from the graph that the solution obtained from the proposed ATIM coincides with the
exact solution. Similarly, for Example 5.2 Figs. 2a and b elaborates the comparison between
obtained approximate solution and exact solution for χ = 1 and η = 1. It also shows
the nature of approximate solution is similar to exact solution. Figures3a and b elaborate
the comparison between obtained approximate solution and exact solution at χ = γ = 1
and η = 1, for Example 5.3. Likewise, Fig. 3 shows that the approximate and exact solu-
tions coincide. Figures4a–d explains the nature of approximate solution for different order
η = 0.7, 0.8, 0.9, 0.98, and 1. Figure4a states that with increase in fractional order η the
approximate solution tends to exact solution atη = 1, forExample 5.1. Similarly, forExample
5.2, Fig. 4b shows that with increasing value of fractional order η, the approximate solution
tends to exact solution at η = 1. Figures4c and d shows that the approximate solution tends
to exact solution as η tends to 1, for Examples 5.3 and 5.4, respectively. Figure5a shows
the error between successive approximation at χ = 0.5, which elaborates that as number of
approximation increase error between successive approximation decreases. Hence solution
obtained by the proposed method converges. A similar results are elaborated by Fig. 5b–d
for Examples 5.2 to 5.4. Hence, the solution obtained by ATIM in all 4 examples converges.
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(a) (b)

(c) (d)

Fig. 5 Plot of error between successive approximation for Examples 5.1 to 5.4

The efficiency of proposed ATIM method is shown from Tables 1, 2, 3 and 4 by comparing
it with exact solution and previously published works.

Conclusions

We have successfully implemented the ATIM for multidimensional telegraph equation. The
proposedmethoddoesn’t require tedious calculation and is free from linearization or perturba-
tion parameter, which makes it more useful for nonlinear problems. It also takes significantly
less memory and less calculation time. Uniqueness and existence of proposed method is
shown. Also, stability is stated using Ulam-Hyres theorem. Cauchy theorems give conver-
gent analysis of the solution obtained by ATIM. Graphs and tabular representation show that
the proposed method is efficient in solving fractional differential equations. The successive
error between approximations states the convergence of the solution.

Author Contributions Both authors have contributed equally.

123



84 Page 18 of 19 Int. J. Appl. Comput. Math (2023) 9 :84

Funding Not applicable.

Data Availibility Not applicable.

Code Availability Not applicable.

Declarations

Conflict of interest Authors declares no conflict of interest.

References

1. Sardar, T., Rana, S., Chattopadhyay, J.: A mathematical model of dengue transmission with memory.
Commun. Nonlinear Sci. Numer. Simul. 22(1–3), 511–25 (2015)

2. Takken, W., Verhulst, N.O.: Host preferences of blood-feeding mosquitoes. Annu. Rev. Entomol. 7(58),
433–53 (2013)

3. Kelly, D.W.: Why are some people bitten more than others? Trends Parasitol. 17(12), 578–81 (2001)
4. Hanert, E., Schumacher, E., Deleersnijder, E.: Front dynamics in fractional-order epidemic models. J.

Theor. Biol. 279(1), 9–16 (2011)
5. Du, M., Wang, Z., Hu, H.: Measuring memory with the order of fractional derivative. Sci. Rep. 3(1), 3431

(2013)
6. Jha, B.K., Gambo, D., Adam, U.M.: Fractional analysis of unsteady slip flow of viscous fluid confined to

the boundaries of an annulus driven by exponentially decaying/growing time-dependent pressure gradient.
Int. J. Appl. Comput. Math. 9(3), 16 (2023)

7. Khan, M., Rasheed, A.: Numerical study of diffusion-thermo phenomena in Darcy medium using frac-
tional calculus. Waves Random Comp. Media 15, 1–8 (2022)

8. Yusuf, A., Qureshi, S., Mustapha, U.T., Musa, S.S., Sulaiman, T.A.: Fractional modeling for improving
scholastic performance of students with optimal control. Int. J. Appl. Comput. Math. 8(1), 37 (2022)

9. Singh, H., Srivastava, H.M.: Numerical simulation for fractional-order Bloch equation arising in nuclear
magnetic resonance by using the Jacobi polynomials. Appl. Sci. 10(8), 2850 (2020)

10. Beghami, W., Maayah, B., Bushnaq, S., Abu, A.O.: The Laplace optimized decomposition method for
solving systems of partial differential equations of fractional order. Int. J. Appl. Comput. Math. 8(2), 52
(2022)

11. Yavetz, I.: Oliver Heaviside, Electrical Papers (1892). In: Landmark Writings in Western Mathematics
1640–1940 . Elsevier Science 1:639–652 (2005)

12. Metaxas, A.C., Meredith, R.J.: Industrial Microwave Heating. Peter Peregrinus, London (1993)
13. Weston,V.H.,He, S.:Wave splitting of the telegraph equation inR3 and its application to inverse scattering.

Inverse Prob. 9(6), 789 (1993)
14. Banasiak, J., Mika, J.R.: Singularly perturbed telegraph equations with applications in the random walk

theory. J. Appl. Math. Stoch. Anal. 11(1), 9–28 (1998)
15. Jordan, P.M., Puri, A.: Digital signal propagation in dispersive media. J. Appl. Phys. 85(3), 1273–82

(1999)
16. Bansu, H., Kumar, S.: Numerical solution of space and time fractional telegraph equation: a meshless

approach. Int. J. Nonlinear Sci. Numer. Simul. 20(3–4), 325–37 (2019)
17. Kumar,A., Bhardwaj,A.,Dubey, S.:A localmeshlessmethod to approximate the time-fractional telegraph

equation. Eng. Comput. 37, 3473–88 (2021)
18. Jena, R.M., Chakraverty, S.: Solving time-fractional Navier–Stokes equations using homotopy perturba-

tion Elzaki transform. SN Appl. Sci. 1, 1–3 (2019)
19. Jena,R.M.,Chakraverty, S.:Analytical solution ofBagley–Torvik equations usingSumudu transformation

method. SN Appl. Sci. 1, 1–6 (2019)
20. Chakraverty, S., Jena, R.M., Jena, S.K.: Computational Fractional Dynamical Systems: Fractional Dif-

ferential Equations and Applications. Wiley, Hoboken (2022)
21. Jena, R.M., Chakraverty, S.: Q-homotopy analysis Aboodh transform method based solution of propor-

tional delay time-fractional partial differential equations. J. Interdiscip. Math. 22(6), 931–50 (2019)
22. Jani, H.P., Singh, T.R.: A robust analytical method for regularized long wave equations. Iran. J. Sci.

Technol. Trans. A: Sci. 46(6), 1667–79 (2022)

123



Int. J. Appl. Comput. Math (2023) 9 :84 Page 19 of 19 84

23. Aboodh, K.S.: The new integral transform Aboodh transform. Glob. J. Pure Appl. Math. 9(1), 35–43
(2013)

24. Bhalekar, S., Daftardar-Gejji, V.: Solving fractional-order logistic equation using a new iterative method.
Int. J. Differ. Equ. 1(2012), 1–12 (2012)

25. Kilbas,A.A., Srivastava,H.M., Trujillo, J.J.: Theory andApplications of FractionalDifferential Equations.
Elsevier, Amsterdam (2006)

26. Podlubny, I.: Fractional differential equations. Math. Sci. Eng. 198, 41–119 (1999)
27. Miller, K.S., Ross, B.: An Introduction to the Fractional Calculus and Fractional Differential Equations.

Wiley, Hoboken (1993)
28. Caputo, M.: Elasticita e Dissipazione. Zani-Chelli, Bologna (1969)
29. Jani, H.P., Singh, T.R.: Study of concentration arising in longitudinal dispersion phenomenon by Aboodh

transform homotopy perturbation method. Int. J. Appl. Comput. Math. 8(4), 152 (2022)
30. Jani, H.P., Singh, T.R.: Solution of time fractional Swift Hohenberg equation by Aboodh transform

homotopy perturbation method. Int. J. Nonlinear Anal. Appl. 1, 1005–1013 (2022)
31. Palais, R.S.: A simple proof of the Banach contraction principle. J. Fixed Point Theory Appl. 2, 221–3

(2007)
32. Green, J.W., Valentine, F.A.: On the Arzela–Ascoli theorem. Math. Mag. 34(4), 199–202 (1961)
33. Garcia-Falset, J., Latrach, K., Moreno-Gálvez, E., Taoudi, M.A.: Schaefer–Krasnoselskii fixed point

theorems using a usual measure of weak noncompactness. J. Differ. Equ. 252(5), 3436–52 (2012)
34. Verma, P., Kumar, M.: An analytical solution of linear/nonlinear fractional-order partial differential equa-

tions and with new existence and uniqueness conditions. Proc. Natl. Acad. Sci. India Sect. A 10, 1–9
(2020)

35. Verma, P., Kumar, M., Shukla, A.: Ulam–Hyers stability and analytical approach for m-dimensional
Caputo space-time variable fractional order advection-dispersion equation. Int. J. Model. Simul. Sci.
Comput. 13(01), 2250004 (2022)

36. Thabet, H., Kendre, S., Chalishajar, D.: New analytical technique for solving a system of nonlinear
fractional partial differential equations. Mathematics. 5(4), 47 (2017)

37. Kumar, D., Singh, J., Kumar, S.: Analytic and approximate solutions of space-time fractional telegraph
equations via Laplace transform. Walailak J. Sci. Technol. 11(8), 711–28 (2014)

38. Prakash, A., Veeresha, P., Prakasha, D.G., Goyal, M.: A homotopy technique for a fractional order multi-
dimensional telegraph equation via the Laplace transform. Eur. Phys. J. Plus 134, 1–8 (2019)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive rights to this article under
a publishing agreement with the author(s) or other rightsholder(s); author self-archiving of the accepted
manuscript version of this article is solely governed by the terms of such publishing agreement and applicable
law.

123


	A Robust Iterative Approach for Space-Time Fractional Multidimensional Telegraph Equation
	Abstract
	Introduction
	Preliminaries
	Existence, Uniqueness, and Stability
	Existence and Uniqueness of Proposed Problem
	Stability Analysis

	General Procedure of ATIM 
	Aboodh Transform Iterative Method
	Convergences Analysis

	Numerical Illustrations
	Results and Discussion
	Conclusions
	References




