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Abstract
It is known that the variable coefficients Hirota equations have been widely studied in the
amplification or absorption of propagating pulses, as well as in the generation of supercon-
tinuum in inhomogeneous optical fibers. In this paper, a generalized variable coefficients
Hirota equation is considered. Firstly, we constructed the classical and generalized Dar-
boux transformations of the equation. Next, we obtained multisoliton solutions based on the
classical Darboux transformation and rogue wave solutions using the generalized Darboux
transformation. Finally, we discussed the evolutions of solitons.

Keywords Lax pair · Darboux transformation · Multisoliton solutions · Rogue wave

Introduction

In recent years, people pay more and more attention to the study of nonlinear evolution equa-
tions, such as Schrödinger equation, Korteweg–de Vries equation, sine-Gorden equation, see
e.g. [1–4]. Seeking exact solutions of the equations is helpful to understand the essential prop-
erties, algebraic structure and physical phenomena [5–7]. There are many methods to obtain
the exact solutions, for instance, Painlevé analysis [8, 9], inverse scattering transformation
[10, 11], Hirota bilinear method [12, 13], Bäcklund transform [14], Darboux transformation
(DT) [15–17], Lie symmetry analysis [18, 19], Riemann–Hilbert formulation [20], elliptic
wave function method [21–23], Lie group analysis [24–26], etc.
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DT is an effective method to obtain a new solution from the initial solution, and it can
be repeated any number of times. The main idea of DT approach is to prove the canonical
equivalence of the Lax pairs and to obtain soliton solutions through continuous iteration. To
construct the explicit solutions, Gu and his collaborators constructed a classical DT in matrix
form and provided purely algebraic algorithms for a group of isospectral integrable systems
[15, 27]. To obtain the roguewaves of nonlinear Schrödinger equation, Guo et al. [28] derived
a generalized DT through a limit procedure. These methods have also been extended to study
the variable coefficients and nonlocal equations.

For the problem at hand, we focus on studying a generalized variable coefficients Hirota
equation

iut + αuxx + iβuxxx + 3iβγ |u|2ux + αγ |u|2u + δu = 0, (1)

where i = √−1 and u is a complex function with the variables (t, x), α = α(t), β =
β(t), δ = δ(t) are real functions with variable t and the parameter γ is a nonzero con-
stant. The significance of the study for this equation is that it is often associated with the
amplification or absorption of propagating pulses and the generation of supercontinuum
in inhomogeneous optical fibers [29–31]. In optical fibers, α, β, γ, δ represent the group
dispersion velocity, third order dispersion, self-steepening and the amplification or absorp-
tion coefficient respectively [32]. For different value of α, β, γ, δ, the amplitude, intensity,
width and period of the oscillation show different results. We constructed the classical and
generalized DTs of Eq. (1) and obtained the multisolutions and rogue wave solutions. The
evolutions of solutions are discussed. The propagation of solitons can be controlled by adjust-
ing the values of relevant parameters. The results might be of potential applications in the
design of optical communication systems. Some related works associated with (1) have been
researched. The auto-Bäcklund transformation and a family of the analytic solutions has also
been given, see [33]. When α, β, δ are all constants, multisolitons, breathers and rogue waves
have been derived, see [34–37]. When α = δ = 0, β = β(t), γ = γ (t), the multisoliton
solutions have been obtained, see [38–41]. When β = 0, α = α(t), δ = δ(t), γ = γ (t),
multisoliton solutions, rogue wave solutions, semi-rational solutions, breathers are obtained,
please see [42–46] for details.

The paper is organized as follows. In section “Lax Pair and Darboux Transformation”,
we derive the Lax pair, classical DT and generalized DT of Eq. (1). In section “Multisoliton
Solutions”, we use the classical DT to obtain multisoliton solutions from the zero seed
solution. In section “Rogue Wave Solutions”, we use the generalized DT to obtain the rogue
wave solutions from the non-zero seed solution. Finally, the main results are summeried.

Lax Pair and Darboux Transformation

In this section, we will derive the Lax pair and DTs of Eq. (1) which include classical DT
and generalized DT. The Lax pair of soliton equation means that the equation can be written
as a pair of linear problems. The DTs build the relationships between the seed solution u[0]
and the new solution u[N ].
Lax Pair

Theorem 1 The Lax pair for the generalized variable coefficients Hirota equation (1) can be
expressed as follows
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ϕx = Uϕ,

ϕt = Vϕ, (2)

where U , V are the matrices determined by u and u∗ with isospectral parameter λ (* denotes
the complex conjugate),

U =
⎛
⎝ −iλ

√
γ
2 u

−
√

γ
2 u

∗ iλ

⎞
⎠ , V =

(
A B
C −A

)
, (3)

with

A = −4iβλ3 − 2iαλ2 + iβγ |u|2λ + i

2
αγ |u|2 + 1

2
βγ (uu∗

x − u∗ux ) + i

2
δ,

B = 4β

√
γ

2
uλ2 +

(
2α

√
γ

2
u + 2iβ

√
γ

2
ux

)
λ + iα

√
γ

2
ux − β

√
γ

2
uxx − βγ

√
γ

2
|u|2u,

C = −4β

√
γ

2
u∗λ2 +

(
−2α

√
γ

2
u∗ + 2iβ

√
γ

2
u∗
x

)
λ + iα

√
γ

2
u∗
x + β

√
γ

2
u∗
xx

+ βγ

√
γ

2
|u|2u∗. (4)

Proof According to the compatibility condition, i.e. ϕxt = ϕt x , of Eq. (2), we can obtain
zero-curvature equation Ut − Vx + [U , V ] = 0 (here [U , V ] = UV − VU ), namely

⎛
⎝ 0

√
γ
2 ut√

γ
2 u

∗
t 0

⎞
⎠ −

(
Ax Bx

Cx −Ax

)
+

⎛
⎝ −iλ

√
γ
2 u

−
√

γ
2 u

∗ iλ

⎞
⎠

(
A B
C −A

)

−
(
A B
C −A

) ⎛
⎝ −iλ

√
γ
2 u

−
√

γ
2 u

∗ iλ

⎞
⎠ = 0. (5)

Substituting Eqs. (4) and (1) into Eq. (5), we can verify the validity ofUt −Vx + [U , V ] = 0.
Therefore, we can give the Lax pair for Eq. (1). ��

Darboux Transformation

Taking j = 1, 2, 3 . . ., we assume u[ j] is j soliton solution of Eq. (1), ϕ[ j] be j solution
of the Lax pair (2) at u[ j] and T [ j] is a gauge transformation between ϕ[ j − 1] and ϕ[ j]
which represents the transformation relationship between two sets of solutions of Lax pair.
The iteration process of the DT is described using a flowchart

ϕ[0] T [1]−−→ ϕ[1] T [2]−−→ ϕ[2] T [3]−−→ · · · T [N−1]−−−−→ ϕ[N − 1] T [N ]−−−→ ϕ[N ]
↑ ↑ ↑ ↑ ↑

u[0] −→ u[1] −→ u[2] −→ · · · −→ u[N − 1] −→ u[N ]
. (6)

Theorem 2 The N-fold classical DT of the generalized variable coefficient Hirota equation
(1) is

ϕ[N ] = T [N ] · · · T [2]T [1]ϕ[0], u[N ] = u[0] − 2

√
2

γ
i

N∑
j=1

(λ j − λ∗
j ) f j [ j − 1]g∗

j [ j − 1]
∣∣ f j [ j − 1]∣∣2 + ∣∣g j [ j − 1]∣∣2

.

(7)
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Here the gauge transformation T [ j] = λI − S[ j − 1], S[ j − 1] = 1
| f j [ j−1]|2+|g j [ j−1]|2(

λ j
∣∣ f j [ j − 1]∣∣2 + λ∗

j

∣∣g j [ j − 1]∣∣2 (λ j − λ∗
j ) f j [ j − 1]g j [ j − 1]∗

(λ j − λ∗
j ) f j [ j − 1]∗g j [ j − 1] λ∗

j

∣∣ f j [ j − 1]∣∣2 + λ j
∣∣g j [ j − 1]∣∣2

)
. ϕ j [ j − 1] =

( f j [ j − 1], g j [ j − 1])T is a solution of Lax pair (2) at λ = λ j and u = u[ j − 1] which
satisfies

(
f j [ j − 1]
g j [ j − 1]

)
= (λ j I − S[ j − 2])(λ j I − S[ j − 3]) · · · (λ j I − S[0])

(
f j [0]
g j [0]

)
.

Proof (1) Gauge transformation
Assuming ϕ satisfies the Lax pair Eq. (2) and ϕ′ satisfies the Lax pair

ϕ′
x = U ′ϕ′,

ϕ′
t = V ′ϕ′, (8)

hereU ′, V ′ have the same formswithU , V except that u, u∗ in thematricesU , V are replaced
with u′, u′∗ in the matrices U ′, V ′. If we set

ϕ′ = Tϕ, (9)

and call T a gauge transformation. We can obtain the gauge transformation T satisfies

Tx + TU −U ′T = 0, (10)

Tt + T V − V ′T = 0. (11)

Substituting T = λI − S into Eqs. (10) and (11), we have

−Sx + (λI − S)U −U ′(λI − S) = 0, (12)

−St + (λI − S)V − V ′(λI − S) = 0. (13)

Setting ( f , g)T is a solution of the Lax pair (2) at λ = λ0, we see that (−g∗, f ∗)T is a

solution of Lax pair (2) when λ = λ0
∗. Denoting � =

(
λ0 0
0 λ∗

0

)
, H [0] =

(
f −g∗
g f ∗

)
, it

can be verified that

S = H�H−1 = 1

| f |2 + |g|2
(

λ0| f |2 + λ∗
0|g|2 (λ0 − λ∗

0) f g
∗

(λ0 − λ∗
0) f

∗g λ∗
0| f |2 + λ0|g|2

)
, (14)

satisfies Eqs. (12) and (13). Then we find the gauge transformation of the Lax pair (2),

ϕ′ = Tϕ, T = λI − S. (15)

Denoting S =
(
s11 s12
s21 s22

)
, and comparing the coefficients of λ in (12), the following

relationship between two sets of solutions in Eq. (1) will be derived,

u′ = u − 2

√
2

γ
is12. (16)

Based on Eq. (14), we can see

s12 = (λ0 − λ∗
0) f g

∗

| f |2 + |g|2 . (17)
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Substituting Eq. (17) into Eq. (16), we obtain

u′ = u − 2

√
2

γ
i
(λ0 − λ∗

0) f g
∗

| f |2 + |g|2 . (18)

(2) One-fold classical DT

Assuming ( f1[0], g1[0])T is a solution of Lax pair (2) when λ = λ1 and u = u[0]. We can
use Eqs. (14) and (15) to obtain the gauge transformation

T [1] = λI − S[0],
S[0] = 1

| f1[0]|2 + |g1[0]|2
(

λ1| f1[0]|2 + λ∗
1|g1[0]|2 (λ1 − λ∗

1) f1[0]g1[0]∗
(λ1 − λ∗

1) f1[0]∗g1[0] λ∗
1| f1[0]|2 + λ1|g1[0]|2

)
. (19)

According to Eqs. (15) and (18), we can obtain the one-fold classical DT

ϕ[1] = T [1]ϕ[0], u[1] = u[0] − 2

√
2

γ
i
(λ1 − λ∗

1) f1[0]g1[0]∗
| f1[0]|2 + |g1[0]|2

. (20)

(3) Two-fold classical DT

Assuming ( f2[k], g2[k])T is a solution of Lax pair (2) when λ = λ2 and u = u[k], where
k = 0, 1. By means of Eqs. (14) and (15), the gauge transformation

T [2] = λI − S[1],
S[1] = 1

| f2[1]|2 + |g2[1]|2
(

λ2| f2[1]|2 + λ∗
2|g2[1]|2 (λ2 − λ∗

2) f2[1]g2[1]∗
(λ2 − λ∗

2) f2[1]∗g2[1] λ∗
2| f2[1]|2 + λ2|g2[1]|2

)
. (21)

Applying Eq. (20), we get
(

f2[1]
g2[1]

)
= (λ2 I − S[0])

(
f2[0]
g2[0]

)
, (22)

and

ϕ[2] = T [2]ϕ[1] = T [2]T [1]ϕ[0]. (23)

By Eq. (18), we derive

u[2] = u[1] − 2

√
2

γ
i
(λ2 − λ∗

2) f2[1]g2[1]∗
| f2[1]|2 + |g2[1]|2

. (24)

Substituting Eq. (20) into Eq. (24), we obtain the two-fold classical DT

ϕ[2] = T [2]T [1]ϕ[0], u[2] = u[0] − 2

√
2

γ
i

2∑
j=1

(λ j − λ∗
j ) f j [ j − 1]g∗

j [ j − 1]
∣∣ f j [ j − 1]∣∣2 + ∣∣g j [ j − 1]∣∣2

. (25)

(4) Three-fold classical DT

Assuming ( f3[k], g3[k])T is a solution of Lax pair (2) when λ = λ3 and u = u[k], where
k = 0, 1, 2. From Eqs. (14) and (15), the gauge transformation

T [3] = λI − S[2],
S[2] = 1

| f3[2]|2 + |g3[2]|2
(

λ3| f3[2]|2 + λ∗
3|g3[2]|2 (λ3 − λ∗

3) f3[2]g3[2]∗
(λ3 − λ∗

3) f3[2]∗g3[2] λ∗
3| f3[2]|2 + λ3|g3[2]|2

)
. (26)
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Utilizing Eq. (25), we get
(

f3[2]
g3[2]

)
= (λ3 I − S[1])(λ3 I − S[0])

(
f3[0]
g3[0]

)
, (27)

and

ϕ[3] = T [3]ϕ[2] = T [3]T [2]T [1]ϕ[0]. (28)

By using Eq. (18), we observe

u[3] = u[2] − 2

√
2

γ
i
(λ3 − λ∗

3) f3[2]g3[2]∗
| f3[2]|2 + |g3[2]|2

. (29)

Substituting Eq. (25) into Eq. (29), we obtain the three-fold classical DT

ϕ[3] = T [3]T [2]T [1]ϕ[0], u[3] = u[0] − 2

√
2

γ
i

3∑
j=1

(λ j − λ∗
j ) f j [ j − 1]g∗

j [ j − 1]
∣∣ f j [ j − 1]∣∣2 + ∣∣g j [ j − 1]∣∣2

.

(30)

(5) N-fold classical DT

Assuming ( fN [k], gN [k])T is a solution of Lax pair (2) when λ = λN and u = u[k], where
k = 0, 1, . . . , N − 1. Continuing the above iteration process, we obtain

T [N ] = λI − S[N − 1],
S[N − 1] = 1

| fN [N − 1]|2 + |gN [N − 1]|2

×
(

λN | fN [N − 1]|2 + λ∗
N |gN [N − 1]|2 (λN − λ∗

N ) fN [N − 1]gN [N − 1]∗
(λN − λ∗

N ) fN [N − 1]∗gN [N − 1] λ∗
N | fN [N − 1]|2 + λN |gN [N − 1]|2

)
.

(31)

The relationship between ( fN [0], gN [0])T and ( fN [N − 1], gN [N − 1])T is
(

fN [N − 1]
gN [N − 1]

)
= (λN I − S[N − 2])(λN I − S[N − 3]) · · · (λN I − S[0])

(
fN [0]
gN [0]

)
. (32)

We obtain the N-fold classical DT

ϕ[N ] = T [N ] · · · T [2]T [1]ϕ[0], u[N ] = u[0] − 2

√
2

γ
i

N∑
j=1

(λ j − λ∗
j ) f j [ j − 1]g∗

j [ j − 1]
∣∣ f j [ j − 1]∣∣2 + ∣∣g j [ j − 1]∣∣2

.

(33)
��

Theorem 3 The N-fold generalized DT of the generalized variable coefficients Hirota equa-
tion (1) is

ϕ[N ] = T1[N ] · · · T1[2]T1[1]ϕ[0], u[N ] = u[0]−2

√
2

γ
i

N∑
j=1

(λ1 − λ∗
1) f1[ j − 1]g∗

1 [ j − 1]
| f1[ j − 1]|2 + |g1[ j − 1]|2 .

(34)
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Here the gauge transformation T1[ j] = λI − S1[ j − 1], S1[ j − 1] = 1
| f1[ j−1]|2+|g1[ j−1]|2(

λ1| f1[ j − 1]|2 + λ∗
1|g1[ j − 1]|2 (λ1 − λ∗

1) f1[ j − 1]g1[ j − 1]∗
(λ1 − λ∗

1) f1[ j − 1]∗g1[ j − 1] λ∗
1| f1[ j − 1]|2 + λ1|g1[ j − 1]|2

)
. ϕ1[ j − 1] =

( f1[ j − 1], g1[ j − 1])T is a solution of Lax pair (2) at λ = λ1 and u = u[ j − 1] which
satisfies

ϕ1[ j − 1] = lim
ε→0

(T1[ j − 1] · · · T1[2]T1[1])|λ=λ1+εϕ1(λ1 + ε)

ε j−1

= ϕ1[0] +
⎛
⎝

j−1∑
k=1

T1[k]
⎞
⎠

∣∣∣∣∣∣
λ=λ1

ϕ
[1]
1 +

⎛
⎝ ∑

1≤k<l≤ j−1

T1[l]T1[k]
⎞
⎠

∣∣∣∣∣∣
λ=λ1

ϕ
[2]
1

+
⎛
⎝ ∑

1≤k<l<m≤ j−1

T1[m]T1[l]T1[k]
⎞
⎠

∣∣∣∣∣∣
λ=λ1

ϕ
[3]
1 + · · ·

+ (T1[ j − 1]T1[ j − 2] · · · T1[1])|λ=λ1
ϕ

[ j−1]
1 , (35)

where ϕ1(λ1 + ε) is a solution of Lax pair (2) at λ = λ1 + ε, u = u[0] and ϕ
[k]
1 =

( f1[k], g1[k])T = 1
k!

∂kϕ1(λ)

∂λk

∣∣∣
λ=λ1

.

Proof From Eqs. (14) and (15), we see that if λ = λ0, the gauge transformation

ϕ′ = T0ϕ = (λ0 I − S)ϕ = 0. (36)

It means that the same solution can not be reused in the iteration of DT. In the generalized
DT, we consider the case of λ = λ1 + ε, where ε is a small complex parameter. Assuming
ϕ1(λ1 + ε) is a solution of Lax pair (2) at λ = λ1 + ε and u = u[0], and it can be expanded
at ε = 0 as the following Taylor series

ϕ1(λ1 + ε) = ϕ
[0]
1 + ϕ

[1]
1 ε + ϕ

[2]
1 ε2 + · · · + ϕ

[n]
1 εn + · · · , (37)

whereϕ
[k]
1 = ( f1[k], g1[k])T = 1

k!
∂kϕ1(λ)

∂λk

∣∣∣
λ=λ1

(k = 0, 1, 2, . . .), andϕ
[0]
1 = ϕ1(λ1) = ϕ1[0].

(1) One-fold generalized DT

The one-fold generalized DT of Eq. (1) is the same as the one-fold classical DT. The gauge
transformation

T1[1] = λI − S1[0],
S1[0] = 1

| f1[0]|2 + |g1[0]|2
(

λ1| f1[0]|2 + λ∗
1|g1[0]|2 (λ1 − λ∗

1) f1[0]g1[0]∗
(λ1 − λ∗

1) f1[0]∗g1[0] λ∗
1| f1[0]|2 + λ1|g1[0]|2

)
, (38)

and the one-fold generalized DT

ϕ[1] = T1[1]ϕ[0], u[1] = u[0] − 2

√
2

γ

(λ1 − λ∗
1) f1[0]g1[0]∗

| f1[0]|2 + |g1[0]|2
. (39)

(2) Two-fold generalized DT

From the classical DT (7), we see that T1[1]|λ=λ1+εϕ1(λ1 + ε) is a solution of Lax pair (2)

at λ = λ1 + ε and u = u[1], and so is
T1[1]|λ=λ1+εϕ1(λ1+ε)

ε
. Then lim

ε→0

T1[1]|λ=λ1+εϕ1(λ1+ε)

ε
is
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a solution of Lax pair (2) at λ = λ1 and u = u[1]. We write ϕ1[1] = ( f1[1], g1[1])T =
lim
ε→0

T1[1]|λ=λ1+εϕ1(λ1+ε)

ε
, and can calculate that

lim
ε→0

T1[1]|λ=λ1+εϕ1(λ1 + ε)

ε
= lim

ε→0

T1[1]|λ=λ1+ε(ϕ1[0] + ϕ
[1]
1 ε + · · · )

ε

= lim
ε→0

(T1[1]|λ=λ1 + ε I )(ϕ1[0] + ϕ
[1]
1 ε + · · · )

ε

= lim
ε→0

T1[1]|λ=λ1ϕ1[0] + (ϕ1[0] + T1[1]|λ=λ1ϕ
[1]
1 )ε + · · ·

ε

= ϕ1[0] + T1[1]|λ=λ1ϕ
[1]
1 , (40)

where T1[1]|λ=λ1ϕ1[0] = 0. Bymeans of Eqs. (14) and (15), we get the gauge transformation

T1[2] = λI − S1[1],
S1[1] = 1

| f1[1]|2 + |g1[1]|2
(

λ1| f1[1]|2 + λ∗
1|g1[1]|2 (λ1 − λ∗

1) f1[1]g1[1]∗
(λ1 − λ∗

1) f1[1]∗g1[1] λ∗
1| f1[1]|2 + λ1|g1[1]|2

)
. (41)

Combining with Eqs. (16) and (39), we find the two-fold generalized DT

ϕ[2] = T1[2]ϕ[1] = T1[2]T1[1]ϕ[0],

u[2] = u[1] − 2

√
2

γ
i
(λ1 − λ∗

1) f1[1]g1[1]∗
| f1[1]|2 + |g1[1]|2

= u[0] − 2

√
2

γ
i

2∑
j=1

(λ1 − λ∗
1) f1[ j − 1]g∗

1 [ j − 1]
| f1[ j − 1]|2 + |g1[ j − 1]|2 . (42)

(3) Three-fold generalized DT

Similarly, we see that (T1[2]T1[1])|λ=λ1+εϕ1(λ1+ε) is a solution of Lax pair (2) atλ = λ1+ε

and u = u[2], and so is
(T1[2]T1[1])|λ=λ1+εϕ1(λ1+ε)

ε2
. Then lim

ε→0

(T1[2]T1[1])|λ=λ1+εϕ1(λ1+ε)

ε2
is a

solution of Lax pair (2) at λ = λ1 and u = u[2]. We write ϕ1[2] = ( f1[2], g1[2])T =
lim
ε→0

(T1[2]T1[1])|λ=λ1+εϕ1(λ1+ε)

ε2
, and can calculate that

lim
ε→0

(T1[2]T1[1])|λ=λ1+εϕ1(λ1 + ε)

ε2

= lim
ε→0

(T1[2]T1[1])|λ=λ1+ε(ϕ1[0] + ϕ
[1]
1 ε + ϕ

[2]
1 ε2 · · · )

ε2

= lim
ε→0

(T1[2]|λ=λ1 + ε I )(T1[1]|λ=λ1 + ε I )(ϕ1[0] + ϕ
[1]
1 ε + ϕ

[2]
1 ε2 · · · )

ε2

= ϕ1[0] + (T1[2] + T1[1])|λ=λ1ϕ
[1]
1 + (T1[2]T1[1])|λ=λ1ϕ

[1]
1 , (43)

where T1[1]|λ=λ1ϕ1[0] = 0 and T1[2]|λ=λ1(ϕ1[0] + T1[1]|λ=λ1ϕ
[1]
1 ) = T1[2]|λ=λ1ϕ1[1] =

0. Then we have the gauge transformation

T1[3] = λI − S1[2],
S1[2] = 1

| f1[2]|2 + |g1[2]|2
(

λ1| f1[2]|2 + λ∗
1|g1[2]|2 (λ1 − λ∗

1) f1[2]g1[2]∗
(λ1 − λ∗

1) f1[2]∗g1[2] λ∗
1| f1[2]|2 + λ1|g1[2]|2

)
, (44)
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and the three-fold generalized DT

ϕ[3] = T1[3]ϕ[2] = T1[3]T1[2]T1[1]ϕ[0],

u[3] = u[2] − 2

√
2

γ
i
(λ1 − λ∗

1) f1[2]g1[2]∗
| f1[2]|2 + |g1[2]|2

= u[0] − 2

√
2

γ
i

3∑
j=1

(λ1 − λ∗
1) f1[ j − 1]g∗

1 [ j − 1]
| f1[ j − 1]|2 + |g1[ j − 1]|2 . (45)

(4) N-fold generalized DT

Continuing the above process, we see that lim
ε→0

(T1[N−1]···T1[2]T1[1])|λ=λ1+εϕ1(λ1+ε)

εN−1 is a solu-

tion of Lax pair (2) at λ = λ1 + ε and u = u[N − 1]. We write ϕ1[N − 1] =
( f1[N − 1], g1[N − 1])T = lim

ε→0

(T1[N−1]···T1[2]T1[1])|λ=λ1+εϕ1(λ1+ε)

εN−1 and can calculate that

lim
ε→0

(T1[N − 1] · · · T1[2]T1[1])|λ=λ1+εϕ1(λ1 + ε)

εN−1

= ϕ1[0] +
(
N−1∑
k=1

T1[k]
)∣∣∣∣∣

λ=λ1

ϕ
[1]
1 +

⎛
⎝ ∑

1≤k<l≤N−1

T1[l]T1[k]
⎞
⎠

∣∣∣∣∣∣
λ=λ1

ϕ
[2]
1

+
⎛
⎝ ∑

1≤k<l<m≤N−1

T1[m]T1[l]T1[k]
⎞
⎠

∣∣∣∣∣∣
λ=λ1

ϕ
[3]
1 + · · ·

+ (T1[N − 1]T1[N − 2] · · · T1[1])|λ=λ1ϕ
[N−1]
1 . (46)

Then the gauge transformation

T1[N ] = λI − S1[N − 1],
S1[N − 1] = 1

| f1[N − 1]|2 + |g1[N − 1]|2

×
(

λ1| f1[N − 1]|2 + λ∗
1|g1[N − 1]|2 (λ1 − λ∗

1) f1[N − 1]g1[N − 1]∗
(λ1 − λ∗

1) f1[N − 1]∗g1[N − 1] λ∗
1| f1[N − 1]|2 + λ1|g1[N − 1]|2

)
,

(47)

and the N-fold generalized DT

ϕ[N ] = T1[N ]ϕ[N − 1] = T1[N ]T1[N − 1] · · · T1[1]ϕ[0],

u[N ] = u[N − 1] − 2

√
2

γ
i
(λ1 − λ∗

1) f1[N − 1]g1[N − 1]∗
| f1[N − 1]|2 + |g1[N − 1]|2

= u[0] − 2

√
2

γ
i

N∑
j=1

(λ1 − λ∗
1) f1[ j − 1]g∗

1 [ j − 1]
| f1[ j − 1]|2 + |g1[ j − 1]|2 , (48)

have been established. ��
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Fig. 1 Parameters are α = 0, β = sin t, γ = 2, δ = 0 in Eqs. (51) and (53)

Multisoliton Solutions

In order to obtain the multisoliton solutions for Eq. (1), we start from the seed solution
u[0] = 0. Substituting u[0] = 0 into Lax pair (2), we get

ϕ[0]x =
(−iλ 0

0 iλ

)
ϕ[0],

ϕ[0]t =
(−4iβλ3 − 2iαλ2 + i

2 δ 0
0 4iβλ3 + 2iαλ2 − i

2 δ

)
ϕ[0]. (49)

Through direct calculation, the solution ϕ1[0] = ( f1[0], g1[0])T of Lax pair (49) at λ = λ1
is

f1[0] = e−iλ1x−4iλ31
∫

βdt−2iλ21
∫

αdt+ i
2

∫
δdt ,

g1[0] = eiλ1x+4iλ31
∫

βdt+2iλ21
∫

αdt− i
2

∫
δdt . (50)

From Eq. (20), if we take λ1 = 1 + 2i , we find the one-soliton solution

u[1] = 8

√
2

γ

f1[0]g1[0]∗
| f1[0]|2 + |g1[0]|2

. (51)

The solution ϕ2[0] = ( f2[0], g2[0])T of Lax pair (49) at λ = λ2 is

f2[0] = e−iλ2x−4iλ32
∫

βdt−2iλ22
∫

αdt+ i
2

∫
δdt ,

g2[0] = eiλ2x+4iλ32
∫

βdt+2iλ22
∫

αdt− i
2

∫
δdt . (52)

Substituting Eqs. (22) and (52) into (25) and taking λ2 = 2 + 3i , we get the two-soliton
solution

u[2] = 8

√
2

γ

f1[0]g∗
1 [0]

| f1[0]|2 + |g1[0]|2
+ 12

√
2

γ

f2[1]g∗
2 [1]

| f2[1]|2 + |g2[1]|2
. (53)

Next,wewill discuss the evolutions of the soliton solutions and show the relationship between
solitons and the group dispersion velocity α, third order dispersion β and the amplification
or absorption coefficient δ.

In Figs. 1, 2, 3, 4, 5, 6 and 7, (a) and (b) represent three- and two- dimensional plots of
one-soliton solution depicted by Eq. (51), respectively. (c) and (d) represent three- and two-
dimensional plots of two-soliton solution depicted by Eq. (53), respectively.

123



Int. J. Appl. Comput. Math (2023) 9 :57 Page 11 of 17 57

Fig. 2 Parameters are α = 0, β = et , γ = 2, δ = 0 in Eqs. (51) and (53)

Fig. 3 Parameters are α = 0, β = t2, γ = 2, δ = 0 in Eqs. (51) and (53)

Fig. 4 Parameters are α = sin t, β = 0, γ = 2, δ = t in Eqs. (51) and (53)

Fig. 5 Parameters are α = et , β = 0, γ = 2, δ = t in Eqs. (51) and (53)

In Fig. 1, the soliton structure oscillates periodically because third order dispersion coef-
ficient β is a trigonometric function. In Fig. 2, the image of the soliton solution has an
upper convex shape and converges at x = 0 because third order dispersion coefficient β

is an exponential function. In Fig. 3, the soliton with variable propagation velocities illus-
trates the non-travelling-wave characteristics because third order dispersion coefficient β
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Fig. 6 Parameters are α = t2, β = 0, γ = 2, δ = t in Eqs. (51) and (53)

Fig. 7 Parameters are α = sint, β = t, γ = 2, δ = et in Eqs. (51) and (53)

is of parabolic-type. In Figs. 1c, 2c and 3c, the head-on interactions form a peak at each
interaction region between the two solitons, respectively. In Figs. 4, 5 and 6, we can see that
the image of the soliton solutions are related to the characteristics of the group dispersion
velocity coefficient α. In Fig. 7, the soliton image is affected by several nonzero parameters
including the group dispersion velocity coefficient α, third order dispersion coefficientβ,
self-steepening coefficientγ , and amplification or absorption coefficient δ.

RogueWave Solutions

In this section, we will derive the rogue wave solutions for Eq. (1). we start with the seed
solution u[0] = ei

∫
(α(t)γ+δ(t))dt . By combining it with Eqs. (39) and (42), we can describe

one-rogue wave solution and two-rogue wave solution as follows

u[1] = ei
∫

(αγ+δ)dt − 4

√
2

γ

f1[0]g1[0]∗
| f1[0]|2 + |g1[0]|2

, (54)

u[2] = ei
∫

(αγ+δ)dt − 4

√
2

γ

f1[0]g1[0]∗
| f1[0]|2 + |g1[0]|2

− 4

√
2

γ

f1[1]g1[1]∗
| f1[1]|2 + |g1[1]|2

, (55)

here we take λ1 = −i .
Next, we will use an example to demonstrate the process. When we take α = t, β =

0.5, γ = 2, δ = 3, we can obtain u[0] = ei(t
2+3t). Assuming ϕ1(−i + ε) is a solution of

Lax pair (2) at λ = −i + ε and u = u[0], with the aid of Eq. (37), we can find ϕ1[0] =
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Fig. 8 Parameters are α = t, β = 0.5, γ = 2, δ = 3 in Eqs. (54) and (55)

( f1[0], g1[0])T with

f1[0] = (−2 + 2i)e
1
2 i t(t+3)(i t2 + 3t − x),

g1[0] = (−2 + 2i)e− 1
2 i t(t+3)(i t2 + 3t − x − 1). (56)

From Eq. (40), we find ϕ1[1] = ( f1[1], g1[1])T with

f1[1] = −2

3

1

2t4 + 18t2 − 12t x + 2x2 − 6t + 2x + 1
e
1
2 i t(t+3)(−4t8 + 24t7 − 8t6x

+ 4t6 + 252t5 − 228t4x + 72t3x2 − 8t2x3 + 204t4 − 360t3x + 204t2x2

− 48t x3 + 4x4 − 84t3 + 108t2x − 36t x2 + 4x3 − 63t2 + 24t x + 33t

− 3x + 4i t8 + 24i t7 − 8i t6x + 4i t6 + 180i t5 − 204i t4x + 72i t3x2

− 8i t2x3 − 420i t4 + 504i t3x − 228i t2x2 + 48i t x3 − 4i x4 + 132i t3

− 108i t2x + 36i t x2 − 4i x3 + 81i t2 − 24i t x − 33i t + 3i x),

g1[1] = 2

3

1

2t4 + 18t2 − 12t x + 2x2 − 6t + 2x + 1
e− 1

2 i t(t+3)(−4t8 + 24t7 − 8t6x

− 12t6 + 180t5 − 204t4x + 72t3x2 − 8t2x3 + 216t4 − 360t3x + 204t2x2

− 48t x3 + 4x4 − 300t3 + 324t2x − 108t x2 + 12x3 + 33t2 − 48t x + 12x2

− 27t + 9x + 3 + 4i t8 + 24i t7 − 8i t6x − 12i t6 + 252i t5 − 228i t4x

+ 72i t3x2 − 8i t2x3 − 432i t4 + 504i t3x − 228i t2x2 + 48i t x3 − 4i x4

+ 348i t3 − 324i t2x + 108i t x2 − 12i x3 − 39i t2 + 48i t x − 12i x2 + 27i t

− 9i x − 3i). (57)

From Eqs. (54) and (55), the one-rouge wave solution and two-rogue wave solution of
α = t, β = 0.5, γ = 2, δ = 3 are obtained.

Then we will discuss the evolutions of the rogue wave solutions and show the relationship
between rogue waves and the group dispersion velocity α, third order dispersion β and the
amplification or absorption coefficient δ. In Figs. 8, 9 and 10, (a) and (b) represent three-
and two- dimensional plots of one-rogue wave solution depicted by Eq. (54) respectively.
(c) and (d) represent three- and two- dimensional plots of two-rogue wave solution depicted
by Eq. (55) respectively. Figure11 show the evolutions of one-rogue wave solution with
different values of α, β.

In Figs. 8, 9 and 10, we take the group dispersion velocity coefficient α, third order
dispersion coefficientβ, amplification or absorption coefficient δ as t respectively, and observe
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Fig. 9 Parameters are α = 1, β = t, γ = 2, δ = 3 in Eqs. (54) and (55)

Fig. 10 Parameters are α = 1, β = 0.5, γ = 2, δ = t in Eqs. (54) and (55)

Fig. 11 Evolutions of the one-rogue wave solution represented by Eq. (54) with γ = 2, δ = 3

the evolutions of the rogue wave solutions. In Fig. 11a, b, the one-rogue wave increases in
amplitude and rotates counterclockwise as the third-order dispersion coefficient β increases.
In Fig. 11a, c, the shape and width of the one-rogue wave change as the group dispersion
velocity coefficient α take different functions.

Conclusion

In summary, we have studied the generalized variable coefficients Hirota equation Eq. (1)
and derived its Lax pair and DTs. Specifically, we have constructed a classical DT and got
multisoliton solutions. Furthermore, rogue wave solutions also have been proposed explicitly
by generalized DT. Finally, we have analyzed the dynamical features of these exact solutions.
We believe that the results could be valuable in solving the inhomogeneity problems in optical
fibers and plasma.
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