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Abstract
The variable fractional dimensions differential and integral operator overrides the phe-
nomenon of the constant fractional order. This leads to exploring some new ideas in the
proposed direction due to its varied applications in the recent era of science and engineering.
The present papers deal with the replacement of the constant fractional order by variable
fractional order in various fractal-fractional differential equations. An advanced numerical
scheme is developed with the help of Lagrange three-point interpolation and further, it is
employed for the solution of the proposed differential equations. However, the properties of
these new operators are presented in detail. Finally, the error analysis is also conducted for the
numerical scheme deployed. The results are validated by the suitable choice of applications
to real-life problems. The well- known multi-step-Adams–Bashforth numerical scheme for
classical differential equations is recovered when the non-integer order is one.

Keywords Fractal-fractional differential equations · Lagrange interpolation · Error analysis

Introduction

In the past few decades, Humankind has discovered important mathematical principles to
model various applications relating to differential and integral operators. The first defini-
tion was derived from the temporal transform, and the ensuing integral is construe as a
surface underneath the functional arc considered [1–3]. Fractional calculus is a non-integer
order generalization problem. Recent research in science and engineering has shown that
non-integer order differential equations can better describe the dynamics of many systems,
including industrial as well as problems in engineering, diffusion and their chaos theory,
physical problem on electromagnetism [4]. Various approximation techniques are available
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to procure these nonlinear “fractional differential equations”. The numerical treatment of
the operator may uses direct and indirect implementation techniques, such as the “Homotopy
Perturbation Method” [5], “Variational Iteration Method” [6], “Homotopy Perturbation
Transform Method” [7], “Adomian Decomposition Method” [8], “Wavelet Method” [9]],
[10], Chaotic system [11] and “Laplace Transform” [12]. Further, Riemann–Liouville, Riesz,
Grunwald–Letnikov, Weyl, and Liouville-Caputo have proposed some of the fractional order
derivative concepts.

In reality, fractional calculus identified as a potential area for the successful character-
ization of processes belongs to dynamics, structures with historical memory and global
correlation. Different literature, on the other hand, indicated that the system’s memory and
non-locality varies in both space and time [13]. Variable Order fractional operators explained
the reminiscence and inherited properties of a wide range of physical phenomena and pro-
cedures. As a result, Variable Order Fractional Calculus has been proposed as a potential
candidate for providing a useful mathematical basis for accurately describing complex phys-
ical structures and processes [14]. To begin, Samko and Ross [15] proposed a description
for variable order integrals and differentials in 1993. Lorenzo and Hartley concluded the
variable order fractional operators’ research results, and further variable order fractional
operators were discussed in various ways. Following that, a number of new extensions of the
variable order Fractional Differential Equations models were investigated further [16]. In the
last ten years, it has been a research hotspot and a source of widespread concern.

Mathematicians all over the world are interested in a non-local differentiation operator
[17]. While various methods for solving fractional equations exist, such as the “Variational
Iteration Method”, “Homotopy Perturbation Method”, and “Exp-function Method” [18], the
procedure is notwell suited for engineers tomaster for the formulationof real-world problems.
As an extensive Leibniz’s derivative a new derivative is proposed that will be helpful to design
several models through discontinuous medium. However, fractal derivative, a substandard
form used in various problems, that is scaled as γ λ. This derivative is generally used to model
conventional physical laws like “Darcy’s, Fourier’s, and Fick’s law”. These are thought to
be the characteristic of traditional geometry and further impracticable to extend the fractal
dimension media. The use of several examples like absorbent media, aquifers, instability, and
other fractal media [19]. Various real-world phenomena have fractal properties that are either
limited or statistical. The noise and data aggregate constraints, as well as the measurement of
the fractal variable, which is affected by various mechanical problems, are all challenges in
this field. However, since evaluated fractal dimensions can be used in a variety of fields for
statistically self-similar singularities, this field has paying attention a lot towards expanding
several properties in this direction.

Furthermore, in [20], a new description of differentiation and integration was developed
due to the complexity of several laws equipped with fractal order differentiation and inte-
gration, combining the concepts of fractional derivative and fractal derivative. [21, 22] list a
number of relevance in engineering, including fluid, dynamical system for the control theory,
biological processes, physical laws, images processing, chemical physics, and a variety of
others. Salahshour et al.[23] presented a comprehensive analysis for the study of asymptotic
behaviour of fractional derivative and compared with conformable and Caputo-type cob-
web model. The general solution is obtained by the Laplace transformation method. Shloof
et al. [24, 25] employed artificial neural network and operational matrix for the solution
of fractional fractal differential equation. In recent study, Jhou et al. [26] discussed on the
application relating to COVID-19 using fractal-fractional operator. A number of scholars
have recently published critical studies on fractal-fractional integro-differential equations
[27–30]. Tate et al.[31] proposed various problems on the fractal and fractional order for the
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estimation of various solution for the parameters depends upon these equations. Aghajani
et al.[32] examine the existence of Cauchy type solutions for a nonlinear family of equations
using measure of non-compactness techniques.

The fractal-fractional derivative of a function with “power law, exponential decay law,
and the generalized Mittage-Leffler function” was proposed by Atangana in [33]. However,
they have not considered the variable order “fractal-fractional derivative” accompanied with
the Riemann–Liouville definition in the literature. Therefore, it is our objective to introduce
the “Riemann–Liouville fractal-fractional” derivative and integrals of variable order. The
following is the research strategy. We present a new fractal-fractional operator as well as
some theorems in Sect. 2. In Sect. 3, we present the existence and uniqueness conditions for
solving the Cauchy problem, as well as a new numerical scheme. Error analysis is discussed
in sectional 4. In sectional 5, the numerical schemes are applied to the fractional Lorenz
system and fractional Liu system of variable order and the numerical simulation discussed.

Proposed Operators: Differential and Integral

Definition 1 If f is a continuously fractal differentiable function with order �(γ ) where
�(γ ) > 0 be a continuous function, then the fractional derivative of f with variable order
λ(γ ) ∈ (0, 1] and fractal variable dimension �(γ ) in the Riemann–Liouville form (FFRL)
is.

FFRL D
λ(γ ),�(γ )
0,γ f(γ ) � 1

�(1 − λ(γ ))

d

dγ �(γ )

γ∫

0

(γ − ξ)−λ(γ )f(ξ)dξ

where

dϕ(γ )

dγ �(γ ) � lim
γ→γ1

ϕ(γ ) − ϕ(γ1)

γ �(γ ) − γ
�(γ1)
1

.

Corollary 1 For the differentiable function �(γ ) [33]

lim
γ→γ1

f(γ ) − f(γ1)

γ �(γ ) − γ
�(γ1)
1

� f
′
(γ1)γ

−�(γ1)
1

1

� ′(γ1) ln γ1+
�(γ1)

γ1

.

Theorem 1 The integral operator for the fractional order correlate with the proposed differ-
ential operator shall be provided as:

FFRL I
λ(γ ),�(γ )
0,γ f(γ ) � 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ)

[
� ′(ξ) ln ξ +

�(ξ)

ξ

]
ξ�(ξ)dξ

Proof Let us consider,

FFRL D
λ(γ ),�(γ )
0,γ f(γ ) � u(γ )

1

�(1 − λ(γ ))

d

dγ �(γ )

γ∫

0

(γ − ξ)−λ(γ )f(ξ)dξ � u(γ )
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Using the Corollary 1

1

�(1 − λ(γ ))

d

dγ

γ∫

0

(γ − ξ)−λ(γ )f(ξ)dξ × 1[
� ′(γ ) ln γ + �(γ )

γ

]
γ �(γ )

� u(γ ),

1

�(1 − λ(γ ))

d

dγ

γ∫

0

(γ − ξ)−λ(γ )f(ξ)dξ � u(γ )γ �(γ )
[
� ′(γ ) ln γ +

�(γ )

γ

]
,

Now employing the Riemann–Liouville integral operator,

FFRL I λ(γ ),�(γ )
0,γ f(γ ) � 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1u(ξ)

[
� ′(ξ) ln ξ +

�(ξ)

ξ

]
ξ�(ξ)dξ.

�

Corollary 2 The fractal-fractional differential operators confess Lipschitz condition.

Proof Consider f(γ ) and g(γ ) be two distinct continuous functions such that their derivative
exist, then ∣∣∣FFRL D

λ(γ ),�(γ )
0,γ f(γ ) − FFRL D

λ(γ ),�(γ )
0,γ g(γ )

∣∣∣

�
∣∣∣∣∣∣

1

�(1 − λ(γ ))

d

dγ �(γ )

γ∫

0

(γ − ξ)−λ(γ )(f(ξ) − g(ξ))dξ

∣∣∣∣∣∣,

≤ 1

�(1 − λ(γ ))
‖f − g‖∞‖φ‖∞

∣∣∣∣∣∣
d

dγ

γ∫

0

(γ − ξ)−λ(γ )dξ

∣∣∣∣∣∣,

≤ 1

�(1 − λ(γ ))
‖f − g‖∞‖φ‖∞

∣∣∣∣∣∣1 +
γ∫

0

d

dξ
(γ − ξ)−λ(γ )dξ

∣∣∣∣∣∣,

≤ 1

�(1 − λ(γ ))
‖f − g‖∞‖ϕ‖∞ sup

γ∈[0,ϒ]

∣∣∣∣∣∣1 +
ϒ∫

0

d

dξ
(γ − ξ)−λ(γ )dξ

∣∣∣∣∣∣,

≤ 1

�(1 − λ(γ ))
‖f − g‖∞‖φ‖∞C,

where ϕ(γ ) � γ −�(γ )[
�

′ (γ ) ln γ+�(γ )
γ

] ,C � sup
γ∈[0,ϒ]

∣∣∣∣∣1 +
γ∫
0

d
dξ
(γ − ξ)−λ(γ )dξ

∣∣∣∣∣,

assuming k � ‖ϕ‖∞
�(1−λ(γ ))C ,

∣∣Dλ(γ ),�(γ ) f(γ ) − Dλ(γ ),�(γ ) g(γ )
∣∣ < k|f(γ ) − g(γ )|,

or ∣∣Dλ(γ ),�(γ ) f(γ ) − Dλ(γ ),�(γ ) g(γ )
∣∣ < k‖f − g‖∞

Hence proved. �
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Corollary 3 For every bounded function f(γ )

FFRL D
λ(γ ),�(γ )
0,γ f(γ ), exist, then

∣∣∣FFRL D
λ(γ ),�(γ )
0,γ f(γ )

∣∣∣ < M < ∞,

where ‖f(γ )‖∞ � sup
γ∈[0,ϒ]

|f(γ )|.

Proof Let f(γ ) be bounded, then for γ ∈ [0, ϒ], we have

∣∣∣FFRL D
λ(γ ),�(γ )
0,γ f(γ )

∣∣∣ �
∣∣∣∣∣∣

1

�(1 − λ(γ ))

d

dγ �(γ )

γ∫

0

(γ − ξ)−λ(γ )f(ξ)dξ

∣∣∣∣∣∣,

� 1

�(1 − λ(γ ))

∣∣∣∣∣∣
d

dγ

γ∫

0

(γ − ξ)−λ(γ )f(ξ)dξϕ(γ )

∣∣∣∣∣∣,

∥∥∥FFRL D
λ(γ ),�(γ )
0,γ f(γ )

∥∥∥ ≤ 1

�(1 − λ(γ ))
‖f‖∞‖φ‖∞

∣∣∣∣∣∣
d

dγ

γ∫

0

(γ − ξ)−λ(γ )dξ

∣∣∣∣∣∣,

∥∥∥FFRL D
λ(γ ),�(γ )
0,γ f(γ )

∥∥∥ ≤ 1

�(1 − λ(γ ))
‖f‖∞‖φ‖∞ sup

γ∈[0,ϒ]

∣∣∣∣∣∣1 +
γ∫

0

d

dξ
(γ − ξ)−λ(γ )dξ

∣∣∣∣∣∣,
∥∥∥FFRL D

λ(γ ),�(γ )
0,γ f(γ )

∥∥∥ ≤ 1

�(1 − λ(γ ))
‖f‖∞‖φ‖∞C < ∞,

∣∣∣FFRL D
λ(γ ),�(γ )
0,γ f(γ )

∣∣∣ < M < ∞.

∣∣∣FFRL D
λ(γ ),�(γ )
0,γ f(γ )

∣∣∣ is a bounded function. �

Corollary 4 If f(γ ) is bounded then the fractal-fractional integral is bounded as well.

Proof Let f(γ ) be bounded, then for γ ∈ [0, ϒ], we have

∣∣∣FFRL I
λ(γ ),�(γ )
0,γ f(γ )

∣∣∣ �
∣∣∣∣∣∣

1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ) ×
[
� ′(ξ) ln ξ +

�(ξ)

ξ

]
ξ�(ξ)dξ

∣∣∣∣∣∣,

≤ 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1 sup
ξ∈[0,ϒ]

|f(ξ)|

× sup
ξ∈[0,ϒ]

∣∣∣∣� ′(ξ) ln ξ +
�(ξ)

ξ

∣∣∣∣dξ,

≤ 1

�(λ(γ ))
‖f‖∞‖ϕ‖∞

γ∫

0

(γ − ξ)λ(γ )−1dξ,

<
1

�(1 + λ(γ ))
‖f‖∞‖ϕ‖∞ϒ

λ(γ )
max < ∞

where ϒ
λ(γ )
max is the sup[0, γ ],∣∣∣FFRL I

λ(γ ),�(γ )
0,γ f(γ )

∣∣∣ < ∞. �
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Theorem 2 The fractal-fractional integral assures Lipschitz condition.

Proof Assuming f(γ ) and g(γ ) be two continuous function such that their derivative exists,
then. ∣∣∣FFRL I

λ(γ ),�(γ )
0,γ f(γ ) − FFRL I

λ(γ ),�(γ )
0,γ g(γ )

∣∣∣

�
∣∣∣∣∣∣

1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
(f(ξ) − g(ξ))dξ

∣∣∣∣∣∣
∣∣∣FFRL I

λ(γ ),�(γ )
0,γ f(γ ) − FFRL I

λ(γ ),�(γ )
0,γ g(γ )

∣∣∣

≤ 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1 sup
ξ∈[0,γ ]

∣∣∣∣ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)∣∣∣∣
× sup

ξ∈[0,γ ]
|f(ξ) − g(ξ)|dξ

≤ 1

�(λ(γ ))
‖ϕ‖∞‖f − g‖∞

γ∫

0

(γ − ξ)λ(γ )−1dξ

<
1

�(1 + λ(γ ))
‖ϕ‖∞‖f − g‖∞ϒ

λ(γ )
max ,

Therefore, for the suitable choice of k1 � ‖φ‖∞
�(1+λ(γ ))ϒ

λ(γ )
max

∣∣∣FFRL I
λ(γ ),�(γ )
0,γ f(γ ) − FFRL I

λ(γ ),�(γ )
0,γ g(γ )

∣∣∣ < k1‖f − g‖∞,

or ∣∣∣FFRL I
λ(γ ),�(γ )
0,γ f(γ ) − FFRL I

λ(γ ),�(γ )
0,γ g(γ )

∣∣∣ < k1|f(γ ) − g(γ )|.
�

Numerical Scheme for ODEs (Ordinary Differential Equations)

The mathematical methods for the various models may be analytical or numerical depending
upon the nature of the function used in the proposed model. However, due to nonlinear nature
it is quite difficult to used analytical approach. The purpose of this section is to develop a
numerical scheme for the solution of both linear and nonlinear ordinary differential equations.

Let us consider a more general, nonlinear Cauchy problem for the fractal-fractional order

FFRL D
λ(γ ),�(γ )
0,γ y(γ ) � f(γ , y(γ )), y(0) � y0 (1)

Assuming f(γ , y(γ )) is bounded and also admits Lipschitz criterion w.r.t. y.

Theorem 3 The aforesaid problem admits unique solution, provided

ϒmax < min

[(
�(1 + λ(γ ))

Lk2

) 1
λ(γ )

,

(
b�(1 + λ(γ ))

M0k2

) 1
λ(γ )
]
. (2)
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Proof The proposed nonlinear Cauchy problem is

FFRL D
λ(γ ),�(γ )
0,γ y(γ ) � f(γ , y(γ )), y(0) � y0

From the Definition 1

1

�(1 − λ(γ ))

d

dγ �(γ )

γ∫

0

(γ − ξ)−λ(γ )y(ξ)dξ � f(γ , y(γ )), y(0) � y0 (3)

Again using Corollary 1

1

�(1 − λ(γ ))

d

dγ

γ∫

0

(γ − ξ)−λ(γ )y(ξ)dξ � f(γ , y(γ ))γ �(γ )
[
� ′(γ ) ln γ +

�(γ )

γ

]

The Volterra integral equation for the above expression can be presented as

y(γ ) � 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ. (4)

It is clear to note that, norm‖ρ(γ )‖∞ � sup
γ∈Dρ

|ρ(γ )|, (5)

Considering a Banach space of R,	a,b � 
a(γ0) × �b(y0).
where 
a(γ0) � [γ0 − a, γ0 + a

]
and �b(y0) � [y0 − b, y0 + b

]
.

Assuming Lipschitz constant L employed for the variable y. Now, applying the “Banach
fixed point theorem” condensed and equipped with the uniform norm ‖ϕ‖∞ � sup

γ∈Ra

|ϕ(γ )|,
define the following mapping

�F : 	a,b
[

a(γ0), �b(y0)

]→ 	a,b
[

a(γ0), �b(y0)

]
, (6)

�F (ϕ(γ )) � 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ, ϕ(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ (7)

To set the target, it is wise to illustrate that the defined map is a contraction.
Therefore, we have to show that

‖�F (ϕ(γ ))‖ ≤ b. (8)

Substituting the value of Eq. (7) in Eq. (8) it leads to∥∥∥∥∥∥
1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ, ϕ(ξ))ξ�(ξ)
(

�(ξ) ln ξ +
�(ξ)

ξ

)
dξ

∥∥∥∥∥∥ ≤ b.

Thus,

‖�F (ϕ(γ ))‖ ≤ 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1‖f(ξ, ϕ(ξ))‖
∥∥∥∥ξ�(ξ)

(
� ′(ξ) ln ξ +

�(ξ)

ξ

)∥∥∥∥dξ

≤ ‖f(ξ, ϕ(ξ))‖
�(λ(γ ))

∥∥∥∥ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)∥∥∥∥ sup
γ∈[0,ϒ]

γ∫

0

(γ − ξ)λ(γ )−1dξ
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<
MD

�(λ(γ ) + 1)
k2ϒ

λ(γ )
max < b. (9)

Here, MD � sup
	a,b

‖f‖ and
∣∣∣γ �(γ )

(
� ′(γ ) ln γ + �(γ )

γ

)∣∣∣ < k2

That impliesϒmax <

(
b�(λ(γ ) + 1)

MDk2

) 1
λ(γ )

(10)

Now, we choose ϕ1, ϕ2, then we evaluate ‖�F (ϕ1(γ )) − �F (ϕ2(γ ))‖.
‖�F (ϕ1(γ )) − �F (ϕ2(γ ))‖

�

∥∥∥∥∥∥∥∥∥∥∥∥∥

1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ, ϕ1(ξ))ξ
�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ

− 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1 f (ξ, ϕ2(ξ))ξ
�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ

∥∥∥∥∥∥∥∥∥∥∥∥∥

�
∥∥∥∥∥∥

1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1[ f (ξ, ϕ1(ξ)) − f (ξ, ϕ2(ξ))]ξ
�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ

∥∥∥∥∥∥

≤ 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1‖f(ξ, ϕ1(ξ)) − f (ξ, ϕ2(ξ))‖ ×
∥∥∥∥ξ�(ξ)

(
� ′(ξ) ln ξ +

�(ξ)

ξ

)∥∥∥∥dξ

× ‖�F (ϕ1(γ )) − �F (ϕ2(γ ))‖ <
L‖ϕ1 − ϕ2‖
�(λ(γ ) + 1)

k2ϒ
λ(γ )
max (11)

L is Lipschitz constant.

Thus, ‖�F (ϕ1(γ )) − �F (ϕ2(γ ))‖ <
L

�(1 + λ(γ ))
‖ϕ1 − ϕ2‖k2ϒ

λ(γ )
max , (12)

�F is a contraction if

L

�(λ(γ ) + 1)
k2ϒ

λ(γ )
max < 1 ⇒ ϒmax <

(
�(1 + λ(γ ))

Lk2

) 1
λ(γ )

, (13)

The mapping �F has unique solution if the Eq. (10) and Eq. (13) implies

ϒmax < min

((
�(λ(γ ) + 1)

Lk2

) 1
λ(γ )

,

(
b�(1 + λ(γ ))

MDk2

) 1
λ(γ )
)

. (14)

The aforementioned theorem clarifies that there exist a trivial solution for the nonlinear
differential equation of fractal-fractional order under the proposed inequality; therefore it is
unusual to consider analytical technique for its solution. Henceforth, a scheme is developed
to handle the nonlinear problem.

We again considering the Cauchy problem

FFRL D
λ(γ ),�(γ )
0,γ y(γ ) � f(γ , y(γ )), (15)

y(γ ) � 1

�(λ(γ ))

γ∫

0

(γ − ξ)λ(γ )−1f(ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ, (16)
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Case1: Numerical approximation considering n subintervals
Consider a time interval that is divided into n-subintervals such that at a given λ � ξi+1,
i � 0(1)n, then Eq. (16) is reconstructed as

y(ξn+1) � 1

�(λ(ξn+1))

ξn+1∫

0

(ξn+1 − ξ)λ(ξn+1)−1 f (ξ, y(ξ))ξ�(ξ)
(

�
′
(ξ) ln ξ +

�(ξ)

ξ

)
dξ,

(17)

y(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1 f (ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ,

(18)

F(ξ, y(ξ)) � f (ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
, (19)

y(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1F(ξ, y(ξ))dξ, (20)

Within
[
ξr−2, ξr

]
the function F(ξ, y(ξ)) will be approximated using the 3-step Lagrange

interpolation technique and expressed as

F(ξ, y(ξ)) ∼� (ξ − ξr−1)(ξ − ξr )

(ξr−2 − ξr−1)(ξr−2 − ξr )
F(ξr−2, y(ξr−2))

+
(ξ − ξr−2)(ξ − ξr )

(ξr−1 − ξr−2)(ξr−1 − ξr )
F(ξr−1, y(ξr−1))

+
(ξ − ξr−2)(ξ − ξr−1)

(ξr − ξr−2)(ξr − ξr−1)
F(ξr , y(ξr )) (21)

Therefore, Eq. (20) becomes

y(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1

[
(ξ − ξr−1)(ξ − ξr )

(ξr−2 − ξr−1)(ξr−2 − ξr)
F(ξr−2, y(ξr−2))

+
(ξ − ξr−2)(ξ − ξr)

(ξr−1 − ξr−2)(ξr−1 − ξr)
F(ξr−1, y(ξr−1))

+
(ξ − ξr−2)(ξ − ξr−1)

(ξr − ξr−2)(ξr − ξr−1)
F(ξr, y(ξr))

]
dξ, (22)

Using ξr−2 � (r − 2)�γ , ξr−1 � (r − 1)�γ , ξr � r�γ , ξ � p�γ , dξ � �γ dp, we
get

y(ξn+1) � (�γ )λ(ξn+1)

�(λ(ξn+1) + 3)

n∑
r�2

[
F(ξr, y(ξr))

×
{
(n + 1 − r)λ(ξn+1)((λ(ξn+1) + 1)(λ(ξn+1) + 2)

+
3

2
(λ(ξn+1) + 2)(n + 1 − r) + (n + 1 − r)2

)

123
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−(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

5

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}

+ F(ξr−1, y(ξr−1))
{
(n + 1 − r)λ(ξn+1)+1(−2(λ(ξn+1) + 2) − 2(n + 1 − r))

+(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) + 4(λ(ξn+1) + 2)(n − r) + 2(n − r)2

)}

+ F(ξr−2, y(ξr−2))

{
(n + 1 − r)λ(ξn+1)+1

(
(λ(ξn+1) + 2)

2
+ (n + 1 − r)

)

− (n − r)λ(ξn+1)((λ(ξn+1) + 1) (λ(ξn+1) + 2) +
3

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}]
,

(23)

Replacing F(ξr−2, y(ξr−2)), F(ξr−1, y(ξr−1))and F(ξr , y(ξr )), using Eq. (19) in
Eq. (23), we get.

y(ξn+1) � (�γ )λ(ξn+1)

�(λ(ξn+1) + 3)

n∑
r�0

[
f(ξr, y(ξr))ξ

�(ξr)
r

(
�

′
(ξr) ln ξr +

�(ξr)

ξr

)

{
(n + 1 − r)λ(ξn+1)

(
(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

3

2
(λ(ξn+1) + 2)(n + 1 − r) + (n + 1 − r)2

)

−(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

5

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}

+ f(ξr−1, y(ξr−1))ξ
�(ξr−1)
r−1

(
�

′
(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

×
{
(n + 1 − r)λ(ξn+1)+1(−2(λ(ξn+1) + 2) − 2(n + 1 − r))

+(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) + 4(λ(ξn+1) + 2)(n − r) + 2(n − r)2

)}

+ f(ξr−2, y(ξr−2))ξ
�(ξr−2)
r−2

(
�

′
(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

{
(n + 1 − r)λ(ξn+1)+1

(
(λ(ξn+1) + 2)

2
+ (n + 1 − r)

)]

−(n − r)λ(ξn+1)
(

(λ(ξn+1) + 1)(λ(ξn+1) + 2) +
3

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}]
(24)

The above Eq. (24) is the general scheme for the solution of nonlinear problem obtained
numerically with variable fractional order and fractal dimension.

Case II: Numerical approximation considering n-1 subintervals
Consider a time interval that is divided into (n-1)-subintervals such that at a given γ � ξi ,
i � 0(1)n − 1, then the above Eq. (16) can be reformulated as

y(ξn) � 1

�(λ(ξn))

ξn∫

0

(ξn − ξ)λ(ξn )−1 f (ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ, (25)

y(ξn) � 1

�(λ(ξn))

n∑
r�0

ξr+1∫

ξr

(ξn − ξ)λ(ξn )−1 f (ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)
dξ, (26)

123
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Replacing the Eq. (19) in Eq. (26) to obtain

y(ξn) � 1

�(λ(ξn))

n−1∑
r�0

ξr+1∫

ξr

(ξn − ξ)λ(ξn)−1F(ξ, y(ξ))dξ, (27)

Then employing Eq. (21) in Eq. (27) we get

y(ξn) � 1

�(λ(ξn))

n−1∑
r�0

ξr+1∫

ξr

(ξn − ξ)λ(ξn)−1

×
[

(ξ−ξr−1)(ξ−ξr)
(ξr−2−ξr−1)(ξr−2−ξr)

F(ξr−2, y(ξr−2)) +
(ξ−ξr−2)(ξ−ξr )

(ξr−1−ξr−2)(ξr−1−ξr )
F(ξr−1, y(ξr−1))

+ (ξ−ξr−2)(ξ−ξr−1)
(ξr−ξr−2)(ξr−ξr−1)

F(ξr, y(ξr))

]
dξ,

(28)

Therefore, Eq. (28) can be reformulated as

y(ξn) � (�γ )λ(ξn)

�(λ(ξn) + 3)

n−1∑
r�0

[
F(ξr, y(ξr))

×
{
(n − r)λ(ξn)

(
(λ(ξn) + 1)(λ(ξn) + 2) +

3

2
(λ(ξn) + 2)(n − r) + (n − r)2

)

−(n − 1 − r)λ(ξn)
(
3(λ(n) + 1)(λ(ξn) + 2) +

5

2
(λ(ξn) + 2)(n − 1 − r) + (n − 1 − r)2

)}

+ F(ξr−1, y(ξr−1))
{
(n − r)λ(ξn)+1(−2(λ(ξn) + 2) − 2(n − r))

+(n − 1 − r)λ(ξn)
(
3(λ(ξn) + 1)(λ(ξn) + 2) + 4(λ(ξn) + 2)(n − 1 − r) + 2(n − 1 − r)2

)}

+ F(ξr−2, y(ξr−2))

{
(n − r)λ(ξn)+1

(
(λ(ξn) + 2)

2
+ (n − r)

)

−(n − 1 − r)λ(ξn)
(

(λ(ξn) + 1)(λ(ξn) + 2) +
3

2
(λ(ξn) + 2)(n − 1 − r) + (n − 1 − r)2

)}]
,

(29)

Replacing F(ξr−2, y(ξr−2)), F(ξr−1, y(ξr−1))and F(ξr , y(ξr )) by their respective val-
ues, Eq. (29) can be expressed as

y(ξn) � (�γ )λ(ξn)

�(λ(ξn) + 3)

n−1∑
r�0

[
f
(
ξr, y(ξr)

)
ξ�(ξr)
r

(
�

′
(ξr) ln ξr +

�(ξr)

ξr

)

×
{
(n − r)λ(ξn)

(
(λ(ξn) + 1)(λ(ξn) + 2) +

3

2
(λ(ξn) + 2)(n − r) + (n − r)2

)

−(n − 1 − r)λ(ξn)
(
3(λ(ξn) + 1)(λ(ξn) + 2) +

5

2
(λ(ξn) + 2)(n − 1 − r) + (n − 1 − r)2

)}

+ f(ξr−1, y(ξr−1))ξ
�(ξr−1)
r−1

(
�

′
(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

×
{
(n − r)λ(ξn)+1(−2(λ(ξn) + 2) − 2(n − r))

+(n − 1 − r)λ(ξn)
(
3(λ(ξn) + 1)(λ(ξn) + 2) + 4(λ(ξn) + 2)(n − 1 − r) + 2(n − 1 − r)2

)}

123
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+ f(ξr−2, y(ξr−2))ξ
�(ξr−2)
r−2

(
�

′
(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

×
{
(n − r)λ(ξn)+1

(
(λ(ξn) + 2)

2
+ (n − r)

)

−(n − 1 − r)λ(ξn)
(

(λ(ξn) + 1)(λ(ξn) + 2) +
3

2
(λ(ξn) + 2)(n − 1 − r) + (n − 1 − r)2

)}]

(30)

Convergence of the technique
If λ(ξn+1) → 1, Eq. (24) leads to

y(ξn+1) � �γ

�(4)

n∑
r�0

[
f (ξr, y(ξr))ξ

�(ξr)
r

(
� ′(ξr) ln ξr +

�(ξr)

ξr

)

×
{
(n + 1 − r)

(
6 +

9

2
(n + 1 − r) + (n + 1 − r)2

)
− (n − r)

(
18 +

15

2
(n − r) + (n − r)2

)}

+ f(ξr−1, y(ξr−1))ξ
�(ξr−1)
r−1

(
� ′(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

×
{
(n + 1 − r)2(−6 − 2(n + 1 − r)) + (n − r)

(
18 + 12(n − r) + 2(n − r)2

)}

+ f(ξr−2, y(ξr−2))ξ
�(ξr−2)
r−2

(
� ′(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

+

{
(n + 1 − r)2

(
3

2
+ (n + 1 − r)

)
− (n − r)

(
6 +

9

2
(n − r) + (n − r)2

)}]
(31)

If λ(ξn) → 1, Eq. (30) leads to

y(ξn) � �γ

�(4)

n−1∑
r�0

[
f (ξr, y(ξr))ξ

�(ξr)
r

(
�

′
(ξr) ln ξr +

�(ξr)

ξr

)

×
{
(n − r)

(
6 +

9

2
(n − r) + (n − r)2

)

−(n − 1 − r)

(
18 +

15

2
(n − 1 − r) + (n − 1 − r)2

)}

+ f(ξr−1, y(ξr−1))ξ
�(ξr−1)
r−1

(
�

′
(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

× {(n − r)2(−6 − 2(n − r)) + (n − 1 − r)
(
18 + 12(n − 1 − r) + 2(n − 1 − r)2

)}

+ f(ξr−2, y(ξr−2))ξ
�(ξr−2)
r−2

(
�

′
(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

×
{
(n − r)2

(
3

2
+ (n − r)

)
− (n − 1 − z)

(
6 +

9

2
(n − 1 − r) + (n − 1 − r)2

)}]

(32)

The difference between Eqs. (31) and (32) becomes

y(ξn+1) − y(ξn) � �γ

12

[
23f(ξn, y(ξn))ξ

�(ξn)
n

(
� ′(ξn) ln ξn +

�(ξn)

ξn

)

− 16f(ξn−1, y(ξn−1))ξ
�(ξn−1)
n−1

(
� ′(ξn−1) ln ξn−1 +

�(ξn−1)

ξn−1

)

123
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+5f(ξn−2, y(ξn−2))ξ
�(ξn−2)
n−2

(
� ′(ξn−2) ln ξn−2 +

�(ξn−2)

ξn−2

)]
(33)

The above expression convergence to the third-order classical Adams–Bashforth method.

Error Analysis

In this section, we’ll determine the error while using the proposed method to approximate
the fractal-fractional differential equation. The following theorem will prove this.

Theorem Let Eq. (1) be a non-linear fractal-fractional differential equation, such that the
3rd derivative of f is bounded; thus, the error is estimated to satisfy [34]

∣∣∣Rλ(γ ),�(γ )
n (γ )

∣∣∣ ≤ (�γ )λ(ξn+1)+3

12�(λ(ξn+1) + 1)

max
γ∈[0,ξn+1]

∣∣∣∣∂
3f(ξ, y(ξ))

∂ξ3
ξ�(ξ)

(
� ′(ξ) ln ξ +

�(ξ)

ξ

)∣∣∣∣
(
(n + 1 − r)λ(ξn+1) − (n − r )λ(ξn+1)

)

Proof Following the derivation presented earlier, we have

y(ξn+1) � 1

�(λ(ξn+1))

ξn+1∫

0

(ξn+1 − ξ)λ(ξn+1)−1 f (ξ, y(ξ))ξ�(ξ)
(

�
′
(ξ) ln ξ +

�(ξ)

ξ

)
dξ

(34)

Considering

F(ξ, y(ξ)) � f (ξ, y(ξ))ξ�(ξ)
(

� ′(ξ) ln ξ +
�(ξ)

ξ

)

and

y(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1F(ξ, y(ξ))dξ

The expression (34) becomes

y(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1

[
qr(ξ) +

2∏
r�0

(ξ − ξr)

3!

∂3F(ξ, y(ξ))

∂ξ3

]
dξ

� 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1qr(ξ)dξ +
1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1
2∏

r�0

(ξ − ξr)

3!

∂3F(ξ, y(ξ))

∂ξ3
dξ

� 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1qr(ξ)dξ + Rλ(γ ),�(γ )
n (γ )

123
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where

Rλ(γ ),�(γ )
n (γ ) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

2∏
r�0

(ξ − ξr )

3!

∂3F(ξ, y(ξ))

∂ξ3
(ξn+1−ξ)λ(ξn+1)−1dξ

≤ 1

�(λ(ξn+1))

∂3F(ξ, y(ξ))

∂ξ3

2!

4

�γ 3

3!

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1dξ

since

n∏
i�0

(γ − γi) ≤ n!

4
�γ n+1

≤ �γ 3

12�(λ(ξn+1))
max

γ∈[0,ξn+1]

∣∣∣∣∂
3F(ξ, y(ξ))

∂ξ3

∣∣∣∣
r+1∫

r

(n + 1 − p)λ(ξn+1)−1�γ λ(ξn+1)dp

Rλ(γ ),�(γ )
n (γ ) ≤ (�γ )λ(ξn+1)+3

12�(λ(ξn+1) + 1)

max
γ∈[0,ξn+1]

∣∣∣∣∂
3f(ξ, y(ξ))

∂ξ3
ξ�(ξ)

(
� ′(ξ) ln ξ +

�(ξ)

ξ

)∣∣∣∣
(
(n + 1 − r)λ(ξn+1) − (n − r)λ(ξn+1)

)

This completes the proof. �

Applications

This section provides an application of the new operator that incarcerates the complexities
for the following chaotic attractor prescribed as

⎧⎪⎨
⎪⎩

Dλ(γ ),�(γ )
γ u(γ ) � f(γ , u, v, w)

Dλ(γ ),�(γ )
γ v(γ ) � g(γ , u, v,w)

Dλ(γ ),�(γ )
γ w(γ ) � h(γ , u, v,w)

(35)

Integrating the above Eq. (35) can be reformulated as
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u(γ ) � 1
�(λ(γ ))

γ∫
0
(γ − ξ)λ(γ )−1f(ξ, u, v,w)ξ�(ξ)

(
� ′(ξ) ln ξ + �(ξ)

ξ

)
dξ

v(γ ) � 1
�(λ(γ ))

γ∫
0
(γ − ξ)λ(γ )−1g(ξ, u, v,w)ξ�(ξ)

(
� ′(ξ) ln ξ + �(ξ)

ξ

)
dξ

w(γ ) � 1
�(λ(γ ))

γ∫
0
(γ − ξ)λ(γ )−1h(ξ, u, v,w)ξ�(ξ)

(
� ′(ξ) ln ξ + �(ξ)

ξ

)
dξ

(36)

For simplicity we consider
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

F(ξ, u, v,w) � f(ξ, u, v,w)ξ�(ξ)
(
� ′(ξ) ln ξ + �(ξ)

ξ

)

G(ξ, u, v,w) � g(ξ, u, v,w)ξ�(ξ)
(
� ′(ξ) ln ξ + �(ξ)

ξ

)

H (ξ, u, v,w) � h(ξ, u, v,w)ξ�(ξ)
(
� ′(ξ) ln ξ + �(ξ)

ξ

) (37)

123
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⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

u(γ ) � 1
�(λ(γ ))

γ∫
0
(γ − ξ)λ(γ )−1F(ξ, u, v,w)dξ

v(γ ) � 1
�(λ(γ ))

γ∫
0
(γ − ξ)λ(γ )−1G(ξ, u, v,w)dξ

w(γ ) � 1
�(λ(γ ))

γ∫
0
(γ − ξ)λ(γ )−1H (ξ, u, v,w)dξ

(38)

Rewrite the equality of Eq. (38) at point

γ � ξn+1⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

u(ξn+1) � 1
�(λ(ξn+1))

ξn+1∫
0

(ξn+1 − ξ)λ(ξn+1)−1F(ξ, u, v,w)dξ

v(ξn+1) � 1
�(λ(ξn+1))

ξn+1∫
0

(ξn+1−ξ)λ(ξn+1)−1G(ξ, u, v,w)dξ

w(ξn+1) � 1
�(λ(ξn+1))

ξn+1∫
0

(ξn+1−ξ)λ(ξn+1)−1H (ξ, u, v,w)dξ

(39)

The functions F(ξ, u, v,w), G(ξ, u, v,w)and H (ξ, u, v,w) will be approximated using
the 3step Lagrange interpolation polynomial

u(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1
[

(ξ − ξr−1)(ξ − ξr )

(ξr−2 − ξr−1)(ξr−2 − ξr)
F(ξr−2, u, v,w)

+
(ξ − ξr)(ξ − ξr−2)

(ξr−1 − ξr−2)(ξr−1 − ξr)
F(ξr−1, u, v,w)

+
(ξ − ξr−2)(ξ − ξr−1)

(ξr − ξr−2)(ξr − ξr−1)
F(ξr, u, v,w)

]
dξ

v(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1
[

(ξ − ξr−1)(ξ − ξr)

(ξr−2 − ξr−1)(ξr−2 − ξr)
G(ξr−2, u, v,w)

+
(ξ − ξr−2)(ξ − ξr)

(ξr−1 − ξr−2)(ξr−1 − ξr)
G(ξr−1, u, v,w)

+
(ξ − ξr−2)(ξ − ξr−1)

(ξr − ξr−2)(ξr − ξr−1)
G(ξr, u, v,w)

]
dξ

w(ξn+1) � 1

�(λ(ξn+1))

n∑
r�0

ξr+1∫

ξr

(ξn+1 − ξ)λ(ξn+1)−1
[

(ξ − ξr−1)(ξ − ξr)

(ξr−2 − ξr−1)(ξr−2 − ξr)
H (ξr−2, u, v,w)

+
(ξ − ξr−2)(ξ − ξr)

(ξr−1 − ξr−2)(ξr−1 − ξr)
H (ξr−1, u, v,w)
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+
(ξ − ξr−2)(ξ − ξr−1)

(ξr − ξr−2)(ξr − ξr−1)
H (ξr, u, v,w)

]
dξ (40)

Solving Eq. (40) to obtain

u(ξn+1) � (�γ )λ(ξn+1)

�(λ(ξn+1) + 3)

n∑
r�0

[
f(ξr, u, v,w)ξ

�(ξr)
r

(
�

′
(ξr) ln ξr +

�(ξr)

ξr

)

×
{
(n + 1 − r)λ(ξn+1)

(
(λ(ξn+1) + 1)(λ(ξn+1) + 2)
+3
2 (λ(ξn+1) + 2)(n + 1 − r) + (n + 1 − r)2

)

−(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

5

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}

+ f(ξr−1, u, v,w)ξ
�(ξr−1)
r−1

(
�

′
(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

×
{
(n + 1 − r)λ(ξn+1)+1(−2(λ(ξn+1) + 2) − 2(n + 1 − r))

+(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) + 4(λ(ξn+1) + 2)(n − r) + 2(n − r)2

)}

+ f(ξr−2, u, v,w)ξ
�(ξr−2)
r−2

(
�

′
(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

×
{
(n + 1 − r)λ(ξn+1)+1

(
(λ(ξn+1) + 2)

2
+ (n + 1 − r)

)

−(n − r)λ(ξn+1)
(
(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

3

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}]

v(ξn+1) � (�γ )λ(ξn+1)

�(λ(ξn+1) + 3)

n∑
r�0

[
g(ξr, u, v,w)ξ

�(ξr)
r

(
� ′(ξr) ln ξr +

�(ξr)

ξr

)

×
{
(n + 1 − r)λ(ξn+1)

(
(λ(ξn+1) + 1)(λ(ξn+1) + 2)
+3
2 (λ(ξn+1) + 2)(n + 1 − r) + (n + 1 − r)2

)

−(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

5

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}

+ g(ξz−1, u, v,w)ξ
�(ξr−1)
r−1

(
� ′(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

×
{
(n + 1 − r)λ(ξn+1)+1(−2(λ(ξn+1) + 2) − 2(n + 1 − r))

+(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) + 4(λ(ξn+1) + 2)(n − r) + 2(n − r)2

)}

+ g(ξr−2, u, v,w)ξ
�(ξz−2)
r−2

(
� ′(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

×
{
(n + 1 − r)λ(ξn+1)+1

(
(λ(ξn+1) + 2)

2
+ (n + 1 − r)

)

−(n − r)λ(ξn+1)
(
(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

3

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}]

w(ξn+1) � (�γ )λ(ξn+1)

�(λ(ξn+1) + 3)

n∑
r�0

[
h(ξr, u, v,w)ξ

�(ξr)
r

(
�

′
(ξr) ln ξr +

�(ξr)

ξr

)

×
{
(n + 1 − r)λ(ξn+1)

(
(λ(ξn+1) + 1)(λ(ξn+1) + 2)+
3
2 (λ(ξn+1) + 2)(n + 1 − r) + (n + 1 − r)2

)
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−(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

5

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}

+ h(ξr−1, u, v,w)ξ
�(ξr−1)
r−1

(
�

′
(ξr−1) ln ξr−1 +

�(ξr−1)

ξr−1

)

×
{
(n + 1 − r)λ(ξn+1)+1(−2(λ(ξn+1) + 2) − 2(n + 1 − r))

+(n − r)λ(ξn+1)
(
3(λ(ξn+1) + 1)(λ(ξn+1) + 2) + 4(λ(ξn+1) + 2)(n − r) + 2(n − r)2

)}

+ h(ξr−2, u, v,w)ξ
�(ξr−2)
r−2

(
�

′
(ξr−2) ln ξr−2 +

�(ξr−2)

ξr−2

)

×
{
(n + 1 − r)λ(ξn+1)+1

(
(λ(ξn+1) + 2)

2
+ (n + 1 − r)

)

−(n − r)λ(ξn+1)
(
(λ(ξn+1) + 1)(λ(ξn+1) + 2) +

3

2
(λ(ξn+1) + 2)(n − r) + (n − r)2

)}]
.

The simulation is carried out by replacing the fractal variable�(γ ) � 1 and suitable choice
of variable fractional order λ(γ ). Further, the comparison with the earlier constant fractional
order and their exact solution is obtained by considering several examples appended below.
In each of these figures, the chaotic behaviour is presented to discuss the instability of the
solutions.

Example Consider the following fractional Lorenz system of constant fractional order λ �
0.898 for the following system.

⎧⎪⎪⎨
⎪⎪⎩

D0.898x(γ ) � a(y(γ ) − x(γ ))
D0.898y(γ ) � bx(γ ) − y(γ ) − x(γ )z(γ )
D0.898z(γ ) � x(γ )y(γ ) − cz(γ )
x(0) � 0, y(0) � 1, z(0) � 0

To find out the chaotic solution, we have considered a � 10, b � 28, and c � 8/3. The
Fig. 1 illustrates the chaotic behaviour for λ � 0.898 and the result is compared with the
work ofMillici et al. [31] those are obtained using Runge–Kutta 4th order and Euler methods.
Whereas Fig. 2 displays the exact solution of the system for λ � 1.

Example 2 Let us consider the following fractional Lorenz system for the variable fractional
order λ(γ ) � sin(γ ) such that γ � 5π

12 ∈ [0, π
2

]
.

⎧⎪⎪⎨
⎪⎪⎩

Dλ(γ )x(γ ) � a(y(γ ) − x(γ ))
Dλ(γ )y(γ ) � bx(γ ) − y(γ ) − x(γ )z(γ )
Dλ(γ )z(γ ) � x(γ )y(γ ) − cz(γ )
x(0) � 0, y(0) � 1, z(0) � 0

To find out the chaotic solution, we have considered a � 10, b � 28 and c � 8/3. The
Fig. 3 illustrates the chaotic behaviour for λ(γ ) � sin(γ ) and the result is compared with
the work of Millici et al. [31] those are obtained using Runge–Kutta 4th order and Euler
methods. Whereas Fig. 4 displays the exact solution of the similar system for λ � 1.

Example 3 Let us consider the following fractional Lorentz system of variable order λ(γ ) �
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Fig. 1 The fractional Lorenz
system of order λ � 0.898

Fig. 2 The exact solution of order
λ � 1

1
1+e−γ such that γ ∈ [0, 3][0, 3] and assuming γ1 � −2.3, γ2 � −2.4 and γ3 � −2.5 for
the following system.

⎧⎪⎪⎨
⎪⎪⎩

Dλ(γ1)x(γ ) � a(y(γ ) − x(γ ))
Dλ(γ2)y(γ ) � bx(γ ) − y(γ ) − x(γ )z(γ )
Dλ(γ3)z(γ ) � x(γ )y(γ ) − c z(γ )
x(0) � 0, y(0) � 1, z(0) � 0
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Fig. 3 The fractional Lorenz
system of order λ(γ) � sin (γ)

Fig. 4 The exact Lorenz system of
order λ(γ) � 1
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Fig. 5 The fractional Lorenz
system of order
λ(γ1) � 1

1+e−γ1
, λ(γ2) �

1
1+e−γ2

andλ(γ3) � 1
1+e−γ3

To find out the chaotic solution, we have considered a � 3, b � 26.5 and c � 1. The
Fig. 5 illustrates the chaotic behaviour for λ(γ ) � 1

1+e−γ and the result is compared with the
work of above Examples 1 and 2. Whereas Fig. 6 displays the exact solution of the similar
system for λ � 1.

Example 4 Considering fractional Liu system of variable order λ(γ ) �
√

γ

2 such that γ �
3 ∈ [0, 3]. ⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

Dλ(γ )x(γ ) � p(y(γ ) − x(γ ))

Dλ(γ )y(γ ) � q y(γ ) − x(γ )z(γ )

Dλ(γ )z(γ ) � x(γ )y(γ ) − r z(γ )

x(0) � 10, y(0) � 10, z(0) � 10

To find out the chaotic solution, we have considered p � 36, q � 22 and r � 44
15 . The

Fig. 7 illustrates the chaotic behaviour for λ(γ ) �
√

γ

2 and the result is compared with the
work ofMillici et al. [31] those are obtained using Runge–Kutta 4th order and Euler methods.
Whereas Fig. 8 displays the exact solution of the similar system for λ � 1.
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Fig. 6 The exact Lorenz system of
order λ(γ) � 1

Fig. 7 The fractional Liu system of order λ(γ ) �
√

γ

2
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Fig. 8 The exact Liu system of order λ (γ) � 1

Conclusion

An analysis is carried out for the solution of variable fractal-fractional differential equations
that overrides the fact of constant order. A new operator for both differential and integral
is proposed for a continuous differentiable function involving power law assumption that
utilizes to achieve Lipschitz condition. It is found that for a bounded function the deriva-
tive and integral associated to it also bounded. A new numerical scheme is employed for
the solution of ODEs with the help of three-point Lagrange’s interpolation that utilizes the
proposed integral operators. The solution procedure will provide a wide scope for several
engineering as well as industrial problems due to the replacement of constant to variable
fractal and fractional order. Several properties for the new operator are presented more pre-
cisely following their corresponding derivation. Further, various set of differential equations
related to real- world applications are solved for both constant and variable fractional order
and their chaotic behaviours are displayed graphically. Finally, the comparison with classical
differential equations is also presented showing a good correlation.
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