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Abstract

In this paper, we obtain a (p, ¢g) —generalization of Srivastava’s triple hypergeometric function
Hc(-), along with its integral representations by using extended Beta function B, ;(x, y)
introduced in 2014 by Choi et al. Also, we discuss some of its main fundamental properties
such as the Mellin transform, derivative formula, recursive identity, and a bounded inequality.
In addition, we obtain an integral form of Hc ;4 (-) functioninvolving Laguerre polynomials.
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Introduction, definitions and preliminaries

Hypergeometric functions have a long history in a wide variety of fields of mathematical
physics, Statistics, Economics etc. For /1, I, € C, I3 € C\Z, [12], the Gauss hypergeometric
function is defined as

JF) <l],lz_ Z) _ Z (IDn(2)n 2" 1zl < 1). (1)

LY) T & @, nl

This hypergeometric funcion extensions includes /; (1 < j < p, ). which also has so many
wide applications; see [17].

In the availablle literature on hypergeometric series, this series and its generalizations
appear in various branches of mathematics associated with applications. This type of series
appears very naturally in quantum field theory. In particular in the computaion of analytic
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expressions for Feyman integrals. On the other hand, the application of known relations for
triple hypergeometric series may lead to simplificatons, help to solve problems or lead to
greater insight in quantum field theory. Srivastava and Karlsson [16, Chapter 3] introduced
and explored a table of distinct 205 triple hypergeometric functions. Some complete triple
hypergeometric functions denoted as H4, Hp and H¢ of the second order are introduced
by Srivastava, see [13, 14]. It is known that Hp and Hc are generalizations of the Appell
hypergeometric function F; and F», while H4 is generalization of both F and F>.

In this paper, we study Srivastava’s hypergeometric function Hc of three variables given
by [16, p. 43], [13] and [15, p. 68]

Hce(ly, b, 13; 143 21, 22, 23)

_ i D mk DminU)nsk 21 25 25 w2
mon k=0 ) mtn+k m! n! k!’

_ i s 3 By +h+nls +m — 1) 8 2 2 W)
homn=0 U4)m B(li,l4+n—11) Wl m!n! | ’

where |z1| < 1, |z2] < 1, |z3] < 1. This triple hypergeometric function Hc¢ is very useful
in analytic continuation. Its analytic continuation formula was obtained by Srivastava [20,
p-104] which is the solution of the system of partial differential equations satisfied the triple
hypergeometric function Hc.

Here (1), (4, v € C) is the Pochhammer’s symbol defined as (1), = n! and

I'(u+v) 1, (v=0; ueC\{0})
Uy 7=~ = (1.4)
I'(u) uw~+1..u+n—-1), (w=neN; uecl),
and Beta function B(u, v) is defined by [9, (5.12.1)]
1
/ A= ldr ) > 0,R(v) > 0)
0
B(u,v) = (1.5)
')l
%, M) <0,RW) <0), (u,v) e C\Zj).
For convenience, we can add parameters r and s into Hc (+) in the form
HEV (W b, 13 s 21, 22, 23)
_ i ntm Dmin BU+r+h+nlo+s+m—1)z 5 24 16)

h,m,n=0 (4)m B(ly,ls+n—1) h! m! n!

The region of convergence for Hc (-) function is given in [7, p.243] as |z1] < A, |z2] < B,
|z3| < C, where

B+A+C—-2J/(1—-B)(1—-A)(1-C)<2. 1.7

The simple Laguerre polynomials of order m(m € Np) is defined by [12, p.213, eq(1-2)]
m
(~m!
L F ; . 1.8
m(X) =1 1( ) g( IO (1.8)
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An integral representation of » F (+) is given by [15, Eq.(11)] and [17]

1

L, '(3) / L1 L—la—1 -1

F, . = —" | 1" 1—1r)3 2 1 —z0) "'dr 1.

2 1( s ,Z> TLTG b ( ) (I —z1) , (1.9
0

where R(l3) > N(p) >0, |arg(l —2)| < 7.
A Beta function B(u, v, p) is given by Chaudhry et al. in 1997 [1, p.20, Eq.(1.7)]

1 —p
B(u,v;p):f t“*l(l—t)“”e[m]dz, M(p) > 0). (1.10)
0

Further, Chaudhry et al. [2] utilise (1.10) to extend the Gauss hypergeometric series 2 F1(-)
and its integral form. Choi et al. [5] extended the Beta function in the following way:
b 1 {—B—i}
B(u,v; p,q) = Bp 4(u,v) :/ A=t el tde, R(p) > 0, R(g) > 0.
0
(1.11)

If p = g then function becomes B (u, v; p). A different generalization of the Beta function
has been given in [11].
The Appell hypergeometric function F(-) is given by

00
)n3)m By +m +n, 1y — 1) u™ V"

Fiiln b foste o) = Z ——, lul <1, ]v] <1,
n,m=0 B(117l4 _l]) m! n!

(1.12)

and this function has been expanded by Ozarslan and Ozergin [10] .

Inspired by these extensions of special functions (as given above), the integral represen-
tations of the functions H¢ (-) have been studied by many authors ; see [3, 4]. In this paper,
we have investigated a generalised Srivastava Hypergeometric function of three variables in
(1.2), which is represented by Hc 4 (-), and investigate certain identities of this generalized
function Hc p 4(-) systematically.

Generalized Srivastava’s triple hypergeometric function Hc p 4(-)

Srivastava investigated hypergeometric function of three variables Hc(-), associated with
integral expressions in [13] and [14]. Here, we investigate a generalised Srivastava’s hyper-
geometric function of three variables, which is expressed by Hc, p 4(-) based on generalised
beta function B 4(x, y) in (1.11)

Hc p g1, 12, 135 145 21, 22, 23)

B i [(lz>h+m(13>m+n Bpg(i+h+nls+m—11) zi’zm] an
(I4)m B(i,l4+m—1) W m!n!| '
h,m,n=0
where the parameters /1, I>, I3 € Cand l4 € C\ Z . The region of convergence for this series
is |z1] < A, |z2] < B, |z3] < C, satisfying Eq. (1.7). This definition implies the original
classical function (1.3) if p =0 = q.
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Theorem 1 The integral representations of the function Hc p 4(-) holds for R(p), R(q),
R(j) >0(1 <j<3)andR(lg —11) > 0:

ra !
He pg(h b2, 133143 21,22, 23) = ﬁ A |:tl‘71(1 — TN — ) TR = 237
Xe[_/'l_%}zFl < f2. Is: X> ]dz, (2.2)
Iy —1y;
where
L 22(1 —1)
T A=z - z30)
I (ls) o0 _ ol _ _
He,pq(hla, 13314521, 22, 23) = WM A |:l/«1] ORI R (o (oM
1+ b, l3;
xexp{—u —q(1+u>}zFl ( oo szzz)]du, 2.3)
m 4 — 113
—_ (4w

where Qi =14+pu—zip0, Q=1+p—z31, L= Q1

He pqU1, 12, 135 15 21, 225 23)

2I'(l4) *[ PN DU SRV A R A
= (sin“ ) T2 (cos )TN TI(D) TR (D)
radnrds =1 Jo
P q b,ly; 2205’
_ 1T F du, 2.4
xexp{ sin?u coszu}z l<l4—11; ap) ” 24)

where 91 =1 — zlsinz,u, and 9 =1 — Z3Sin2M
[ (l4) (B—O)1(A—C)lsh
H, I, Ip, 135 1s; 21, 22, =
C.pqUi, 12,135 143 21, 22, 23) FUDT (s —11) (B — A)ys—l—i-T
B (,U, - A)llil(B - M)1471171 {o_ }—[2{0_ }—13
A (= C)ls=hh v

b, l3;
x exp{—po3 — qoshr F) ( lj _311, azz) ]du, (2.5)

where
o1 =[(B—-A)(n—C)—z21(B—C)(n—A)]
o =[(B—-A)(u—-C)—z3(B—C)u— Al
(B—A)(n—-0C) _B-Au-0)
03=—"———— and oy = ————,
(B—=0C)(u—A) (A-C)B—p)
(A—=C)B —p)
o= —",
0107

He pq(l, 12, 135 145 21, 22, 23)
') (1 + A I 1 ( )11*1(] _ )1471171 B -
e & (V) vyt
raprds —0) Jo (1 4+ Ap)la—h—l
—pU+arpn)  qd+ap b, l3;
- F v du, 2.6
XeXp{ wi+n  I-n } <z4—zl; 2) (du.(26)
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where

Vi=[1+Aiu—z1(1+1)ul,
Vo =[1+Aip —z3(1 +A)pul,
_d=wl+rw,

\% oA >—1.
ViV

Proof We can prove first integral (2.2) by using the extended beta function from equation
(1.11) in (2.1) and then changing order of integration and summation (since integral is uni-
form convergent) and finally using Gauss hypergeometric function (1.1). Then we get after
simplification the right-hand side of (2.2). Furthermore,we can prove the integrals represented
by (2.3)—(2.6), by using below transformations

% dt 1
t=—, — = @7
I1+pn dp  (A+p)
. dt .
t =sin“u, — = 2sinpcosu, 2.8)
du
_B-OC)(u—-A4) dt (B-—AB-C)(A-C) 2.9)
(B—A)pn—-0C)" du (B—A?2(u—-0)?% '
1+ A dt 1+ A
_ U+ 7:(#)2, (2.10)
1+ xn du (1+xrw)
in turn in (2.2) we obtained R.H.S. of respective results. ]

Theorem 2 The integral expression of Hc ) 4(-) function associated with Laguerre polyno-
mials holds for p,q > 0 and R(lg) > N(l1) > 0.

Hc pq(1, b, 133145 21, 22, 23)
e P=IT (1)

= Faord 1 2 b0 @

1 .
x/ t“*”’(l—t)14’11+"(1—zlt)’lz(l—z3t)’[32F1(2’1321. X)dz, (2.11)
0 - )

where

. 22 —-1)
T A=z = z31)

Proof We can get exponential factor representation in (1.11) including Laguerre polynomials
by the generating function [12, p. 202]

o
ot
o-15) 2 A=) "Ly, —l<t<l,u>0 (2.12)
n=0
defines Laguerre polynomials L, (#)(n € Np)

This implies us

e(_%) =e (1 —-1) Z "Ln(q), —1<t<lI, 2.13)

m=0
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Substituting ¢ for 1 — ¢, we get

D =Pt 3 A= 0)"La(p). 0 <t <2 (2.14)
n=0

Comparison of above two equations implies

q

oo
_r_ 4
e( : 1-:) — e P Z A=) "L (@) La(p), 0 <1< 1. (2.15)

n,m=0

Using (2.15) in (2.2), we get the required result stated in (2.11). ]

Mellin transforms for Hc p q(-)

If f(u,v) is alocally integrable function with indices r and s given in [8, p.193, sec.(2.1),
Entry (1.1)] then the Mellin transform is given by

O, s) =M {fu,v)}(r,s) = /oo /oo u" v f(u, v)dudv, 3.1
0 0

which defines an analytic function in the strips of analyticity A < (r) < B and C <
N(s) < D The inverse Mellin transform is defined by

1 c+ioo d+ioo ]
F,y) =" {®@r, )} = W/ x Ty SO, s)drds,  (3.2)

—ioco Jd—ioo

where A <c < B, C <d < D.

Theorem 3 The Mellin transforms of the generalized Srivastava’s triple hypergeometric func-
tion Hc p 4(+) holds for W (p), N(gq) > 0 and R(r), N(s) > 0 given by

AMAHe pq(, b, 13; 143 21, 22, 23) ) () 5)

o0 o

:/ / P " He gL, b, 133 13 21, 22, 23)dpdq, (3.3)
0 0

=TTOHDS (h, b, 13 1 21, 22, 23) (3.4)

where %i(ly +r) > 0, Rl +5) > 0, Iy € C\Zy and H"" is given in (1.6).
Proof Using equation (2.1) in equation (3.3) and reversing order of integration, we can get

MAHe g1, 1,135 145 21, 22, 23) ) (7, 9)
-y [ Dmen sk 2 25 25

(I4)n By, Iy +n — 1)) m! n! k!

m,n,k>0
o0 o0

X {/ / P’ Byl +m+k,l4+n—ll)}dpdq]. (3.5)
0 0

Applying the double integral formula [5, eq.(2.1)]

o0 o0
/ / P ¢ B, 4 (u, v)dpdg = T(r)T(s) B(u+r,v+s), (3.6)
0 0
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where R(p), N(g) > 0; R(s), RF) > 0; R(u+r),RN(v+s) > 0in the eq.(3.5). Then
we obtain

O(r,s) =M {He pg(i, b, 13; 143 21,22, 23) | (. 5)
00 m _n _k
1) man3)n+k B( k,l —1
— T (s) Z [(2)+(3) s Bli+r+m+kls+s+n—10) 7] 2213]

(Ia)n B, ls+n—-10) m! n! k!
3.7

m,n,k=0

Comparing above series Hg's)(ll,lz, I3:14: 21, 22, z3) in (1.6), we obtained R.H.S. of the
Mellin transform as given in (3.4). ]

Corollary 1 The inverse Mellin transform of Hc p 4(-) is given by:

Hc,,,,q(ll b, I3 14 21,22, 23) = M {D(r, 5)
ct+ioo pd+ioco 1\S
/ < ) (*) F(r)F(s)Hé”) (1,2, 135145 21, 22, 73) drds.
(27”) c—ioco Jd— q
(3.8)
A derivative identity for Hc p 4(-)
Theorem 4 The differentiation of Hc p 4(-) gives the identity:
gL+J+K
axLoy 92K He,pq (D2, 133145 21, 22, 23)
_ W) +sB) ik
() L+r+K
xHc pqi+L+K,b+L+J,3+J+K;l4+L+J+K;z1,22 23),
4.1

where L, J, K € Ny.

Proof 1f we differentiate partially the series for & = Hc p 411,12, [3; l4; 21, 22, 23) in (2.1)
with respect to z; we obtain

Z i [(lz)f+f<’3)f+k Bpg(ititklstj—ly ZM] 2)
811 iyt (la) B(li, Iy + j —11) (=D jlk!

using

Bli,lsa+j—1h) =

Iy +j
(41 D B+ 1,04 j — 1), 4.3)
1

and algebraic property (8);4; = (8); (8 + i) j, we have upon setting i — i + 1

o0 ik i [(zz+1),~+j(13),-+k By +1+i+kly+j—0)7 2] z’§]

071 Iy el s+ 1); Bli+1,la+j—1) il jlk!
(4.4)
ol
1142 Hepg (41, h+1, I ly+1521,22,23) . (4.5)
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Repeated application of (4.5) then yields for L = 1,2,...

atow _ (L ()L
dazf ()L

A similar reasoning shows that

Hepq U+ L, b+ L, I3 l4+ L;z1,22,23) (4.6)

I L ()i i

9zkoz,  (a ey
X[<12+L>i+j(13>j+kB,,,qal+L+i+k,z4+1+j—ll)zizézé}
(s+L); Bh+L,la+L+j—1h) itjre ]

4.7
_ (1) ()p+1 (3)

HepqU+L, b+L+1,13+1; 4+ L+1;21,22,23),
(l4)L+1

(4.8)

now replacing j — j 4 1 and applying the Beta function properties in (1.5) and then
differentiating (4.8) J times repeatedly with respect to zo we get
o )L )y B)g
dzkaz) ()47
B4+J; l4+L+J:21,22,23). (4.9)

HepqUW+L, b+L+J,

Following same methods and differentiating with respect to z3 we will get result (4.1). O

An upper bound for Hc p 4(-)
Theorem 5 The inequality of Hc p 4(-) function for parameters ly, 1; > 0 (1 < j < 3) and
complex variables z1, z2, z3 € C holds true

|Hep.g (1, 12, 135 1a; 21, 22, 23) | < e He(ly, b, 13; 1as |21 ], |22l 1z3D), (5.1
where R(p), N(g) > 0 and g := exp[—NR(p) — R(g) — 2/N(p)N(q)].
Proof Assumely >0, I; > 0(1 < j <3),R(p) > 0,N(¢g) > 0with zy, 22, z3 € C. Then

|He,p.g(li. 1, 133 1as 21, 22, 23) |

_ Z D min )ik |Bp gy +m +k,la+n =1 1z1]™ |z2]" |z3]*

, 5.2
(Ig)n B, ls+n—-1) m! n! k! (5:2)

m,n,k>0

Using definition of B, 4(A, B) in (1.11), with U, V > 0, we get
"o V-1 (*E*i)
|Bp.qU, V)IS/ 7T A =0T EpqDldt, Ep () =e\ T T,
0
1
</0 V=Vt Egpy, ) (®)dt,

Since, Eg(p),9i(g)(t) is maximum at t* = r /(1 4 r), r = /N(p)/NR(q). We have

[Bp (U, V)| <@g B(U,V), ¢ :=exp[—R(p) —NR(g) — 2y/R(p)R(g)].
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Further, the Eq. (5.2) implies

|He.p.gh b, 13 14 21, 22, 23) |

I l B(l k.1 —1 " zal" |z3lk
< or Z UD)m4nU3)nrx B +m +k, la+n—11) |z1]" |z2]" |z3] . 53)
(Iy)n B(l,ls+n—1) m! n! k!
m,n, k>0
Comparison with Eq. (1.3), we get desired result (5.1).
Note that for p = € = g > 0 we get o = exp(—40). O

Recursion formulas for Hc p q(-)

We have derived two recursive formulas of the generalized Srivastava hypergeometric func-
tion Hc p 4(-) with triple complex variables in the following theorems:

Theorem 6 The recursive formulas for Hc p 4 (-) involving numerator parameters I and I3
holds true

He pgUi, b+ 1,135 145 21, 22, 23)
71 ll
=Hc pqa1, 0,135 145 21, 22, 23) + Ih cpgi + 1, b+ 1,13; I4+1; 21,22, 23)

/
+Z2173HC1W(11 L+ 1,5+ 1;l+1;z1,22,23), D

He pg(i, b, 3+ 15145 21, 22, 23)

2 Ip
= Hc, p.q(l1, 12, 135 1 21, 22, z3)+ Hch(ll L+ 1,0+ 114+ 1521, 22, 23)

Iy

l
+% cpqi+ 1,0, 03+ 1; 14+ 15 21, 22, 23). (6.2)

Proof Using Eq. (2.1) and identity (Io + Dptm = () hym (1 + h/lo + m/l3), implies us

He p g, I+ 1,13 143 21, 22, 23)

— i (2 + Dppm 3 man Bp,q(ll +h+nls+m—1) ﬁﬁg ©3)
h,m,n=0 (4)m By, ls+m —1y) h! m! n!

=Hc pq1, 0, 13; 145 21, 22, 23) +

+Z1i§:i|:(12)h+m(l3)m+n pq(ll+h+n lay+m—1) Zh 1 Zgl Z3i|

! h=1m=0n=0 (14)"1 B(ll7l4+m_ll) (h— D!'m! n!

L2 i - i |:(12)h+m(l3)m+n Bpgi+h+nls+m—L)z 5! z3]
e oo Ua)m B(ly, ls+m — 1) h! (m — 1)! n!

6.4)
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In above Eq. (6.4) denote S; as first sum and replace m — m + 1 and applying formula
(D41 = 2(z + 1), we obtain

S| = 21 i D nt14mBImgn Bpgh +1+h+n,ls +m —1y) ﬁﬁé
by s (4)m B, Iy +m—1)) R m! nl
. i (2 + Dt (3msn Bpg + 1+ h+nly+m—1) b2 28
h,m,n=0 (4)m B, ls+m—1) Mmia |
(6.5)

Applying (4.3), we then obtain

g _ah i [<lz+1)h+m(zs)m+nBMUI+1+h+n,z4+m_zl)z’fzglz§]

Ig (g + Dy, B(li+1,l4+m—1) h! m! n!
h,m,n=0
21l
= I He pq(h + 1,0+ 1,13 14 + 15 21, 22, 23). (6.6)
4

Applying same procedure for the other series sum in (6.4) and replacing m — m + 1 we can
obtain
213
Sy =22 ; He pqUi, b+ 1,34+ 114 + 15 21, 22, 23). (6.7)
4

Combining Egs. (6.6) and (6.7) and comparing with Eq. (6.4) gives the result in (6.1). Simi-
larly, an expression (6.2) is obtained in the same way by interchanging /3.
Corollary 2 The Eq. (6.1) provide a recursive relation as:

Hc pq(h, lz + N, 13514521, 22, 23) = He p g (h, 12, 135 1a; 71,5 22, 23)

10
I—ZHcpq(ll—i—l L+ 151+ 1521, 22, 23)
(=1

I
Z“ ZHc,,q(ll,lz—i-E L+l +1;21,2,23, Ne{l,2,3,..} (68)
=1

Corollary 3 The Eq. (6.2) provides another recursive relation as:
Hc, pq(ll, b, I3+ N;la; 21,22, 23) = He,pg(1, 12, 13 143 21, 22, 23)

[
@2 ZZHCpq(ll Lh+1,34+£41441;z21,22,23)

4151

42 l
> IZHCpq(ll+1 b3+ 1+ 15 21, 22, 23), (6.9)

l4e1

for positive integer N.

Theorem 7 The recursive formula of Hc p 4(-) involving the denominator parameter ly is
given by:

22 b3
l4(ls+ 1)
Hc,p,q(ll,lz+1,l3+1;l4+2;zl,12,23). (6.10)

He pg(i, 12, 13514 21,22, 23) = He p g1, 1, 13514 + 15 21, 22, 23) +
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Proof Take
H:= Hc p.q(i, 12,1331 — 15 21, 22, 23), (6.11)

and upon the use of fact that (I4 — 1),, = (l4)/ [1 + 14%1 } Then

o i D htm 3man Bpgy +h+n,ly+m—1) 2 25 24
N (s — Dy B(i, 14 +m —1) hm!n! |’

h,m,n=0

h! m! n!

_ i [(lz)h+m(zs)m+n Bpg(i+h+nly+m—1p) (1 m )z/{zg’@]
) m B(li,ls +m —1y) Iy —1 ’

h,m,n=0

=Hc pq1, 2, 13; 145 21, 22, 23) +

) i i Dt Dmsn Bpgi +h+nly+m—1)h =" 2
(a)m B(i,la+m—101)  hl(m—Dlnl]

(6.12)
Replacing m — m + 1, we get

H= Hc,pq,l2,13; la; 21,22, 23) +
22hl; i [(12 + Ditm 3 + Dn Bpgi +h+n, s +14+m—1) 2 22 zg]

la(ly — 1) s+ Dy By, las+14+m—1) h! m! n!
h,m,n=0
2 bl3
= Hc pq(l1, b, 13; 14; 21, 22, 23) + mHC,p,q(lls L+ 1,013+ 1514+ 15 21, 22, 23).
(6.13)
Finally changing /4 by l4 + 1 we get desired result in (6.10). O

Conclusions

We have introduced the generalized Srivastava’s triple hypergeometric function given by
Hc p.4() in (2.1), together with the integral representations. Also, we derived an integral
representation of the generalised Srivastava’s function Hc j ,(-) associated with Laguerre
polynomial. In addition, we established some properties of this function, namely the Mellin
transforms, a differential formula, a bounded inequality and recursion relations. This work
is continuation of earlier work [6] on Srivastava triple hypergeometric function Hp which
supports the corresponding results of this paper.

For motivating further research along the lines described in this paper, we choose to include
anumber of recent works [6, 22] which address generalized Srivastava’s triple hypergeometric
functions, and evaluation of some properties and inequalities. Also, since hypergeometric
series are solutions of differential equatons, therefore this fact can be used to solve non-linear
differential equations in future [23, 24] In addition, we can derive some results involving the
fractional integral and derivative operators [10, 18, 19, 21].
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