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Abstract
This article deals with the study of the multi-index Wright generalized Bessel function (or

Bessel-Maitland function) J Egj ;2 ]i Ic)(.) where (j =1, 2, ..., m) with the relation of path-
way fractional integral operator and with extended Caputo fractional derivative operator
which plays a remarkable contribution in the physical sciences, and various engineering dis-
ciplines, can be represented as the generalized Wright hypergeometric function ,Wg[z]. We
also discuss some special cases of our main result by choosing some particular values of the

parameters in JEZ;;E }i ;(z).

Keywords Bessel-Maitland function - Pathway fractional integral operator - Extended
Caputo fractional derivative operator

Mathematics Subject Classification 2010 - 33C20 - 33B15

Introduction and Preliminaries

The Bessel function has grown noteworthiness due to its involvement in the solution of the
problem in a conduction of heat, propagation of electromagnetic waves along wires, small
vibration of gas, and variable flow of heat in a sphere, the stability of vertical wire, torsional
vibration of a vertical cylinder, etc. (see [1]). Many authors of various fields have investigated
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several generalizations and a large number of integral transform (see [17, 19, 20, 24]). In
[18] the authors developed different aspects of the generalized multi-index Bessel function,
followed by significant unified integrals formulas containing the generalized multi-index
Bessel function. The following definitions are considered in the present paper:

Definition 1 The generalized Wright hypergeometric function (Fox—Wright function) is rep-
resented by W [x] and is defined by (see [9, 10]):

(s1s Sil)s cee (S‘Is,ér); X]
(117 ll)a MR (lS9 lS);
oo - - k
(g1 +¢1k), ... T'(er + ¢rk) x*
= Thi+0K),... Tls + k) X

rYs[x] = Vs |:

)]

1.r (l_§17§1)7'~'7(1_gr7g’r)
= H — - - 2
f’s“[ O A=l (=10, ] @)
where Hr1:2+1[.] is a Fox-H function (see [5]) and the coefficients &1, ..., &, 1, ..., [s €
R*,suchthat 14+3°5_, I —>7_, & forsuitable value of |x|. Ontaking ¢} =, - -+ , = ¢ = 1,
Iy =, ---, =I5 = 1in (2), Fox~Wright function reduces to the generalized hypergeometric

function  Fs (see [10]),

lIJ |:(§1:§])5~"s(§rs§r); i| _ F(§)177F(§)l’
r¥*s X =~ = N

P ; = F L s x).
(AT NOIRNGY Fs(s1, , Grill, Vs x)

3

We now present and investigate the generalised multi-index Bessel-Maitland function,
also known as extended multi-index Bessel-Maitland function:

Definition2 Let &4, B3, g, b, c € C,(1 < j < m) be such that Z?ZIR(%) >
max {0; R(k) — 1}; k > 0, R(85) > 0, R(s) > O then,

) - ©" (<) I
j)m, G k:
JEE)W Pe@ =) = B = me N). 4)
n=0 ] Dlezn+pin+ 52)
1

j=
where (¢)xn, is the Pochhammer symbol given by:

)xn=c(c+k)(c+2k)...,(¢c+ (n—1Dk),

r k
= [(s +nk) (ceC,keR,neN")
I'(s)

Special Cases: The special cases of the multi-index Bessel-Maitland function J EZj ;: }i ;(z)

are listed below, with their respective parameter (¢4, 85, ¢, k, b, c, (3 = 1,2,...,m)) val-

ues:

(i) On setting b = ¢ = 1 and z — —z in Eq. (4), then we get generalized multi-
index Bessel function where a5, 85,6 € C (3 = l,2,...,m),Z'j"=1R(aj) >
max {0, R(k) — 1; k > 0, R(B) > —1 R(¢) > 0}

(@5)m, 6, 1 (@5)m, &
T k. 102) = g 1 (2). ®)
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(i) On setting b = ¢ = 1 in Eq. (4) then we get generalized multi-index Mittag—Leffler
function (see [21]) which is given by

(@5)m, 6, 1 gk
Jm w12 =B ©)
where o4, B4, ¢, k, z € C,R(B5 > 0), ]R(Zj:l a5) > max {0, R(k) — 1}.
(iii) Letm = ¢ = 1, b = —1, then multi-indices Bessel function reduces to Srivastava and
Tomovski functions (see [14]).
vo 1
IG5 (2 = ES 5 (2). (7)

(iv) On substitutingm =« =1,k =0, = v, and z — % in Eq. (4), we get the Bessel

function (see [13])
2
e (2 _ (2
1 ( ] ) - <Z>Ju(z>. ®)

The theory of integrals and derivatives of any order @ € R (even if @ € C) of a function
is called a fractional calculus. It contributed significantly in the area of fractional calculus.
As a result of expanding the scope of applications, it is one of the fastest-growing fields in
mathematical research.For example, fractional differential equations are used for the pollution
model [3]. Also, it has a various applications in a real world applications. For a detailed
account of diversified applications of fractional differential equations, readers may refer to
the literature (see, [6-8, 25])
Firstly, Riemann—Liouville defined fractional derivative operator of order ¢ is given by:

1 a\" [x g(1)
¢ —
brat) = _§)< ) /O P

whenn—1<¢ <n.

Note that if order of fractional derivative operator equals to n, (n € N), it reduces to
simple n-th order derivative as g—;g(x). Italian mathematician Caputo in 1967 introduced
the fractional derivative operator of order ¢ > 0,n — 1 < ¢ <n; n = 1,2,...1is defined
as:

* g™

¢ —
POt =ra =0 ), oot

dr forn—-1<¢<n,n=1,2,...).

Definition 3 The Caputo fractional derivative of order ¢ is defined as

) B 2pz e pz? an
D% {g(z) :p,v} =,/ T M)/ Iz — )™ 2K <t(z t)>@g()dt

where R(p) >0,V >0, m—1 <Nu) <m, (m=1,2,...) (see [11, 12]).

Definition 4 In [4, 22] the classical Caputo derivative of fractional order u is given by

1 < an
D? {g(2)} = m/o (z— f)n_ﬂ_lﬁg(l)df’

wheren— 1l <u<n,(n=1,2,...).
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Definition 5 An extended form of Caputo derivative operator is defined as

1 z o —pz2 an
w,p _ _ \n—p—l1
DYP{g(z)} = ro—p /0 (z—1) exp (Z(Z — t)) 719 g(t)dt

where i(p) >0, u >0,n—1 <N(u) <n,(n=1,2,...)(see [16]).

Lemmal For n —1 < R(w) and R(w) < R(n), R(u) > 0 the formula is as follows (see
[16]):

DI 1) = P+ D —nt+ln—pw .
‘ Fn—p+ DB —n+1ln—pw

Many authors have recently considered pathway fractional integral operators involving var-

ious special functions. (see [13, 15, 16, 23]).

(C))

Definition 6 Let g(x) is Lebesgue measurable function and forn € C, R(n) > 0,d > 0 and
pathway parameter & < 1 then the pathway fractional integration operator [23] is defined
as:

(P 99) o =" S [1 - M}i a(r)dr. (10)
0 X

Let[a, b] C R, the left sided and right sided Riemann—Liouville integral / ; g and Ig_ g
of order n € C, (R(n) > 0) are defined respectively by

d
(Il.9) x) = F(Tl)/ (Xg_(tz)lt_n (x> a,R(n) > 0),

and

> g(nat
L) Jo (=)t
Note: On setting A = 0,a = 1 and n — n — 1, R(»n) > 0, then the pathway fractional

integration operator (10) reduces to left-sided Riemann—Liouville fractional integral given
as follows:

(19) G0 =

(x <b,R(n) > 0).

(P g) 0 =T (19) .

ForO0<a <t <b<oo,R(n) > 0,0 >0,¢ € C,oneof the Erdélyi—Kober type fractional
integral operator (see [2]) defined as:

o(t —o(+¢) t -L—O'a-‘ro'—l )dr
(1"+ g(t)) =20 o)
2t Ty Ja o)
Pathway fractional integration operator is closely related to Erdélyi—Kober operator which
is given as:

(Pe gy =T (1. 49) 0 @) > 0),

Now on setting g(t) = ##~Vin Eq. (10), we get the following relation.

Lemma?2 LetB,n e C,R(n),R(B) >0, ¢ <1, R(%) > —1, then we have the following
result:

LB + 1)
(1= OPT(+ % + )

[Ry01] o =
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Lemma3 Let B,n e C,R(n),R(B) >0, < 1, R(%) > —1, then we have the following
result:

AT (BT + 115)
[Ad —MIFTA + L +B)’

[P PP} o = (1

Pathway Fractional Integral of Multi-index Wright Generalized Bessel
Function

We consider the composition of the pathway fractional integration operator given by Eq. (10)
with the multi-index Bessel Maitland function (4) in this section, and obtain the findings
involving with Fox—Wright function (1). Using some appropriate parameters, we also discuss
some relevant and useful corollaries.

Theorem 1 Ler ¢5,85(3 = 1,2,....m),¢,n,b,c € C,R() > 0,¢ < 1,R(B) >

O,R(%) > —1, be such that Z?ZIR(CJ') > max {0; R(k) —1};k > 0,R(B5) >

0, R(¢) > 0, then following relation holds:
+8

[P (P3G ) oo = W )

’ P F(o)ad - ol

(¢, %), (B.v) uc ] (12)

X 2 ¥ [(ﬁj L e)n ), (L4 2 +B,v) | [d(l 0]

Proof 1 stands for the left-hand side of the Eq. (12). On replacing z — zt" with the definition
of (4), we get

ca @
1= {pesd (P s @)
o0

E ct (g)kn zB 'I 6.4, penv—1
S T= T(@n+ Bin+ 24 n! {re: -

After simplifying and using (11), we get

_ w4+ ) & Z c™(§)nl'(B + 1) zn< cu )“
T T (@l =1 ZZ T(@yn+ Byn+ 2O + 25 +  +n) n! \[d( - )]
After using the definition of (1), we obtain our findings. O

Corollary 1 Let n,¢5, B5,6,b,c € C,z < 1,d = 1,R(B),R(s) > 0, R(%) > —1, be
such that R(B5) > 0, then following relation hold:
wPT (1 + 1)

T()[(1—0))°

(s, k), (B,v) | zuc ]
Bs + 5 o, A+ 2+ 80 ' [A-0)]

5 — ( ')m, 5
{ng (rﬂ 1,11(/?],)%;;(2;”))] () =

X 2Wni [
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C0r0||ary2 Let C = Imm = l,b = _17 n, gsﬂv 5‘76 C,R(n),R(g),R(ﬂ) > 0»( <
1, ,R(%) > —1, then following relation hold:
WP+ 1)

r()[aa — o))
(5. %), (B,v) zu ]

(e (05t ) o -

x 2% [(ﬁ+%,§), I+ 2 + 8. ' [ad —0)]

Corollary3 Let ¢ = 1,b = —1,1n,¢5.85,5.b,c € C, R(n), R(B), R(s) > 0,¢ <
LR(Z) > =1, R(B;) > O, then
u”+ﬁ[’(1+%)

I'(¢)[ai —o))”
Y (s, %), (B,v) |27u]
2By, ¢S U+ 2+ B0 (1 — 01

.¢,d — (&5)ms
[P(;’f (tﬂ lE(ﬂjj)m,i(Z’v))] () =

Corollary4 Letb = ¢ = land z — —z,1,¢,B5.¢,b,c € C,R(m),R(B),R(s) >
0,a < I,R(%) > —1,R(B4) > 0, then
Wt (1 + )

road-or
(5. %), (B.v) | 27"}
Bs + 1, ¢ ?:1’ (1+ﬁ+,3")) [al -o1]°

,¢,d — ( ‘)ma
[P (P10 2 b o =
X 2Wni1 [

Corollary5 Let; =0,a=1,n— n—1,¢5,85.b,c € C, R(s), R(n) > 0, then following
relation hold:

0,1 —1 7(&5)n.T,C v u”*’s’ll“(n)
(o (g inem) e = =57
o [ (5. %), (B.v) Izu]
2EELL (85 + 2L o)y, 0+ B, v) '

Corollary 6 Let ¢,k =1,¢5 — é G=1,2...,m),n,¢ € C,R(c), R(B) > 0, then:

_ (£)m v MH_HSF(l - 1%)
:P(;zf,b (,ﬁ IE(;;)m(zt ))] (u) = m

W (171)7 (ﬁv V) | zu
KT By g5y L P A Tl — o |

Corollary7 Letb =c =m =1,k =0,4, = LB = vandz — % ,R(5) > 0,¢ <
1, 8 € C, then

v AP (1 + L)
o (0 -
{0* CoNZ) PED) W= s Saa s oF

X5 €0, Bv) -z
P B LO0+ 2480 [ad - 0]
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Caputo Fractional Differential Operator of Multi-index Bessel-Maitland
Function

We consider the composition of the fractional order of Caputo differential operator given by
Egs. (3) and (9) with the multi-index Bessel-Maitland function (4) in this section, and obtain
the findings involving with Fox—Wright function (1). Also, using some specific parameter
values, we discuss some useful results on these as provided in the corollaries.

Theorem2 Let R(n),R(s) > 0,¢5,85( = 1,2,....m),b,c e Cm—1 < R(u) <
m, R(n) < R(1),R(¢) > 0, R(m — w) > 0, then following relation hold:

E5)mToC _ B -—m+lm—pup
b: {@(ﬁj)m»%b(z’ P ”))} ) = [(c)I(m— )

(g,k), (1’1) 1— i|
W, . ar 13
X 2 +1|:(ﬂj+b-2i_l,§j)j=1,(l—m,1)|Z (13)

Proof Let us denote left-hand side of Eq. (13) by I and applying the definition of (4), we get
1= {(IE) 5 p) @

I= Z ¢ (Oxn {D’Z‘(zn; D, v)} .
n=0 [] ['(¢5n + Byn + 2Hn!
1

=

J

Simplifying the above and using the result of Eq. (9), we get

[— 1 i c"Byn—Jj+1m—u plic+kn)l'((B+)l'n+1) z"7*
L) = Fn—m+ DMm—)(En + Byn + 25 n!
In view of the definition (1) we get the required findings. O

Corollary8 LetR(¢) > 0, Rm—pu) >0, m— 1 < R(w) <m, R(u) < R(n), and p =
I, R(n) >0, 5,85 (G =1,2,...,m), b, c € C then following relation hold:

(&5)m,T,C _ 1 (¢,k), 1—m,1) -
bz {(ij)m,q,b(z’ ")>} W) = Ty 2 [(ﬁj + 5L )T 1) ‘]

Corollary9 Letm—1 < R(n) <m, R(u) < R(®),R(¢c), R(n), Rm—p) >0,b=1,c =
1,¢5,85 (3 =1,2,...,m),b, c € Cthen following relation hold:

' By(n —m+1,m— u; p)
D (B S ) ) =
? NP F(6)F (m — 1)
(c.k), (1, 1) 1-
|\ m,
2Tt [(ﬂj,cj)?zl,(l-—xn,l)' z
Corollary 10 Letm — 1 < R(u) <m, R(w) < R(n),R(¢) > 0,R(m —p) >0, and b =
—l,c=1lm=1R@u) >0,¢5,8 (3 =12,...,m),b,c € C then following relation
hold:

By(n —m+1,m— w; p)

D (B pow)f =

()T — 10)
(§7 k)v (171) 1—
“%[wxxa—mn'zul
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Corollary 11 Letm — 1 < R(u) < m, R(n) < Rn), R(c) > 0,Rm—pu) >0, b=c =
l,z—> —z,R(u) >0,¢5,.85 (3=1,2,...,m),b, c € Cthen following relation hold:

o[ (7@t _ B —m+1,m—pu;p)
D {@(ﬁj)m»q(z’p’ ”))} ) = [(S)(m— )

(5. %), (1, 1)
Xz‘ym“[wycjj o (=m, e ]

Corollary 12 Letm — 1 < R(n) < m, R(u) < R(),R(¢) > 0,R(m — ) > 0, and ¢ =
k=1¢ — é, G =12,....m),R(s) > 0,R(u) > 0,¢5,B5 € C then following

relation holds:
u (;J _ Bvln—m+1,m—u;p)
ot ()| < 2

(1,0, (1,1) |zl—ﬂ]
Bs + 2. ¢ (1 —m, 1) '

X2 Wt |:

Remark 1 On setting ¢ = k = 1,¢5 — é G =1,2,...,m),R(c),R(n) > 0,¢5,B5 €
Cim—1 <R <mRw < R®M,R() > 0,R@m — ) > 0, then following relation
hold:

(cj 1 (¢, k), (1 —=m, 1) 1-
DM{< B3)m. 1(Z U))}(u) (5‘) 2\ym+l |:(13] b+13§j L (m,l) | 4 Mi|

Corollary 13 Suppose B,b,c € C,{ <1,R(¢) >0, b=c=m=¢=1,k=0,8=v

and z — 2

TG

2\" u™PT(1+ L)
D (P! (7> Tu( r“))}( i
{ ( z) YT roaa - o

X 20 (5.0). (B.v) B
PRLBHLO, U+ 2480 [ad - )]

then following relation hold:

Concluding Remark

In this manuscript, we have introduced a new extended multi-index Bessel-Maitland function
that is most general in nature; one can find many other impressive special functions involving
Bessel functions, multi-index Mittag—Leffler functions, Srivastava and Tomovski functions,
after appropriate parametric replacements (see [13, 14, 21]). Moreover, the results obtained
in this manuscript yield the pathway fractional integration composition formula and the
Caputo fractional integration operator involving Fox—Wright function. These results can
also be expressed as Fox H-functions, Meijer G-functions, and other functions. Therefore,
the results derived in this article would at once give way a large number of results involving
a variety of special functions that appear in problems such as mathematical physics, science,
and engineering.
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