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Abstract

The nonlinear Schamel-Korteweg-de Vries equation is a particularly appealing model for
the study of ion-acoustic waves in plasma and dusty plasma. Using the modified kudrayshov
approach, we acquire some new exact and solitary wave solutions for the Schamel-KdV
model in this study. These acquired solutions will be useful in the theoretical and numerical
investigation of nonlinear evolution problems in general. The paper stresses the method’s
ability to provide diverse solutions to a variety of physical issues.

Keywords Nonlinear Schamel-KdV equation - Modified Kudryashov method - Solitary
wave solutions

Introduction

Nonlinear evolution equations are widely used as models describing many important dynam-

ical systems in various fields of science, particularly in fluid mechanics, solid-state physics,
plasma physics, and nonlinear optics. In the study of nonlinear physical events, the exploration
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of soliton wave solutions that possesses nonlinear partial differential equations (NPDEs) is
crucial. In the last several decades, this field has been researched. Various intriguing com-
putational strategies are used to integrate a variety of this field. In order to understand better
the nonlinear phenomena as well as further applications in practical life, it is important to
seek their more exact traveling wave solutions [1]. Based on developments in computing
tools, investigations of the precise solutions of these equations are currently rather spectac-
ular. The Jacobi elliptic function expansion method [2], the Exp-function method [3], the
F-expansion method [4], the sub-ODE method [5], the parameter-expansion method [6], the
inverse scattering method [7], the variational iteration method [8], the tanh-method [9], the
extended tanh-method [10], the homogeneous balance method [11], the homotopy perturba-
tion method [12], the sine-Gordon method [13], the generalized Riccati equation mapping
method [14], the improved Sardar sub-equation method [15], the Kudryashov method [16],
modified Hirota method [17] are a few methods for computing exact solutions of NPDEs in
literature.

The Schamel-KdV is considered in this study as follows [18]:

ut+“x(aﬁ+ﬂu)+8uxxx:07 B8 #0, (D

where o, 8, and § are the activation trapping, convection, and dispersion coefficients, respec-
tively. This equation reduces to the following:

e The Schamel equation when § = 0, given as
U+ p/u + S ttyey =0. 2)
e The well-known KdV equation when o = 0, given as
Uy + Buy +Suyy =0. 3)

The Schamel equation governs the propagation of ion-acoustic waves in a cold-ion plasma
where certain electrons do not behave isothermally throughout the wave’s passage but are
trapped. The Korteweg—De Vries (KdV) equation, on the other hand, is a mathematical
model of waves on shallow water surfaces. In the presence of solitary waves, the Schamel—
Korteweg—de Vries (S—KdV) model is utilized to simulate the effect of surface for deep water.
This model, which incorporates leading order nonlinearity and dispersion, is a general model
of weakly nonlinear long waves. Exact solutions of this equation play a vital role in the study
of NPDEs occurring in several fields to comprehend the physical shape provided by non-
linear models. Electromagnetic theory, physical chemistry, geophysics, fluid motion, elastic
medium, nuclear physics, optic fibers, energy physics, gravity, statistical, condensed material
physics, biostatistics, natural physics, chemical mechanics, compound physics, electrochem-
istry, fluid mechanics, audial, cosmology, ionized physics, and other fields are examples. To
compute the solutions of this equation, the modified Kudrayshov technique [19-21] will be
used. Kudrayshov’s technique is shown to be a powerful mathematical technique for inves-
tigating nonlinear evolution issues. For instance, Hosseini [22], Mayeli [23] and Ansari [24]
works on the uses of Kudryashov’s approach. Ahmet Bekir [25] work on the application of
the modified Kudryashov approach in [26]. The implementation of the modified Kudryashov
technique in this study highlights our main goal and demonstrates its capacity to handle
nonlinear equations, allowing it to be utilized to solve many types of nonlinearity models.
As follows, we organized the layout of the rest of our work: In Sect. 2, we present the
methodology of the modified Kudryashov method. The mathematical analysis is presented
in Sect. 3. In Sect. 4, we provided the discussion and results. Finally, the conclusion of our
work is given in Sect. 5.
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Methodology of the Modified Kudryashov Method
First, we consider the NLPDE of the form:

G (U, ux, ur, Uxx, Uxe, Uy, -..) = 0, “
where u = u(x, t) is the unknown function and G is a polynomial. Using the transformation
u(x,t) = U(§), & = kx + wt varies according to given equation, this will carries the Eq.
(4) to the nonlinear ODE of the form

HWU, U, U", --)=0, &)

H is the polynomial in U and the derivatives are ordinary with respect to &. Suppose the
solution of Eq. (5) is of the form

N
UE) =ao+ Y _aj0/ (), ay #0, (6)
j=1
where the constants a; (j =0, 1, ..., N) will be determine and positive integer N is calcu-

lated by balancing principle. The function Q(§) satisfies the ODE

0'(€) = (Q*(§) — 0(&)) In(A), 7

where Q(§) = dA§l+1 and A # 0, 1. Susbtituting Egs. (7) and (6) into Eq. (5) and using

mathematical teachnique we obtained a set of algebraic equations in parameters a;, (j =
0,1,...,N), k, and w. Finally obtained new exact solutions for the Eq. (4) by arranging the
extracted values in Eq. (6).
Mathematical Analysis
Consider the wave transformation
u(x, ) = v(x, 0% v, )=V, n=kx—ot, ®)
then, Eq. (1) reduces to nonlinear odes of form:
SIB(VV 43V V) +kV (@ V2+ BV —wVV =0. ©)
By balancing principle we obtained N = 1. The solutions for Eq. (9) can be consider as:
u(§) =ao +arQ(§), (10)

satisfies the above equation

Q'(€) = In(@)(QE)* — Q&)),

1
CO=gETT
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Putting Eq. (10) along with its first two derivatives and collecting the coefficients of Q/, we
obtained the following system:

—apad k3 1n? (a) — a%alkln(a) — agal,B kIn(a) + agajwIn(a) =0,
— 4438 k> In° (a) + Tapa1 8 & In®(a) — 20 apaik In(a) + a adark In(a)
—3agalp kin(a) + aja1 B kIn(a) + afwln(a) — apajwIn(a) = 0,

19478 k> In®(a) — 12apa18 k> In* (@) — a aik In(a)

2 3 2.2 2 (11)
+ 2a apatkIn(a) — 3apai B kIn(a) + 3agaip kIn(a) — ajwln(a) =0,
—27a38 k> n® (@) + 6agar 8 k> In*(a)
+ aaikIn(a) — af B kIn(a) + 3apa;  k In(a) = 0,
12a}8 k> In®(a) 4 a} B kIn(a) = 0.
Family I. The following cases arise
Case I
4ot dar 75pw 1024a°
ag=-——, aj=—, k=— , 8=— .
58 58 16a2 42187583w? In?(a)
Then,
1) dada* (12)
ux,t) = ——mmmXX X .
! 5a% 1 5pda*
Case Il
4o 758w 10240
ay=0, aj=——, k=—"——, §=— —.
58 16a 421875B3w? In%(a)
Then,
(x, 1) o (13)
ur(x,t) = ——mm.
2 58(da*— + 1)
Family II. The following cases arise
Case I
15w 150 1602k ®
apg=-—, a = ——— = — , 8= .
dak 4ok 750 4k3 1n?(a)
Then,
1) 15dw a* (14)
uz(x,t) = .
3 daka® +dadka*
Case 11
150 1602k w
ap=0, aj=—, p=— , 6= .
dak 750 4k3 1In2(a)
Then,
15w
uq(x, 1) = (15)

dok(da*=" + 1)

Family III. The following cases arise
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Case |
4o 4o 160%k 4o
ag=——, a1 =, O =— s =
58 58 758 758 k2 1n”(a)
Then,
1) 4o 1 1
us(x,t) = —| ——— — .
58 x+167€§ﬂ’” +1
Case Il
4a 1602k 4o
ap=0, aj=——, w=— s =
58 758 758 k2 In*(a)
Then,
4o
up(x, 1) = —

sp (d e 1)

Family IV. The following cases arise

Case |
3w 6w w
a=— 25, A1 =77, 0=—"7 > _, 0=
0 26k VTN Bk 263 In2(a)
Then,
3w (—da* +a®!
uwr(x,t)= | — | ——|.
2k \ da* 4+ a®
Case Il
3w 6w w
ao = [ 557 41 =— 775=_72,Ol=
2Bk Bk 2k31n%(a)
Then,
3w (da* —a®t
ug(x,t) = | — —— ).
2Bk \da* + a®t
Case 111
. | 3w . 3w 5i [3Bw w
ay=—i|—, ag=i|_— a=—/—— §=—"5—.
Bk Bk 4 k 4k31n?(a)
Then,
id«3wa*
ug(x,t) = —————.
VB k(a® +da*)
Case IV

3w . 3a) 3,3a) w
ay=Ii[—, a1 =—1 |—, a=— = —+—.
Bk V 4k3 In%(a)

(16)

a7

(18)

19)

(20)
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Then,
1) id/3wa*
upkx,t) = ——.
10 Bk +da¥)
Case 'V
ap=0, a; =—i 3—60, o
Bk
_ 3w _ w
4V kT 43 1n2(a)
Then,
i+3w
up(x,t) = — — . (21)
VBk(da¥—t +1)
Case VI

a 0, a i 3,8a)
0= A= V 453 1n2(a)

i/3w
VBk(da*—t +1)

upp(x,t) =

Family V. The following cases arise

Case |
24 5,2 2 2,
15w3 —§1H3(CZ) . (_5)3 % IB 8(_1)§\~/§a2
w=a=-— " k=~ T  B=—— """
2a Js1n3 (a) 758 w3 In? ()
Then,
15dw%,/—gax In3 (@)
uz(x,t) = Do g2 d a*+ot . (22)
Case 11
153-28 %1 % 1 % 3 23 2
—y @) (=3)° Yo 8(—1)3 20
ap=0, ay =~ 7k=3 5 vﬁ:_ﬁ'
V8 1n3 (a) 754/8w3 In3 (a)
Then,
15 —fa)S ln3(a)
uig(x,t) = 23
14(x, 1) - da o 1) (23)
Case 111
158w% In3 (a) 15Y8w% In? (a) } Yo 8/202
ap)€= —————————, 1 =— S = N =
2320 2320 25.Y51n% (a) 75803 In3 (@)
Then,
15d/3w3 a* In? (a)
uis(x, t) = (24)

V2Qaa® +2ada*)
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Case 1V
15503 In% (a) Yo 8202
ap=0, aj = - o, k= e B
22 22/3.Y51n% (a) 75/80w2/3 In3 (a)
Then,
159803 In? (a)
ne(e 1) = (25)
Case 'V a(da +D
15(=1)23 Y3023 In (a) 89/ —2a> 15(=1)%3 Y303 In (a)
anp = s =\ a] = —
0 232 7550 In @) 232
e
223513 (a)
Then,
2
15(=1)2B3d/8w*3a* In3 (a)
upz(x, t) = 3 ~ (26)
252( a® + ad a¥)
Case VI
15(=1)23 Y503 In% (a) Y 1Y@ 8Y2a?
apg=0, a; = 3 , k=— . 5 s = . 5 .
2320 22/3.3/51n3 (a) 75/8w2/3 In3 (a)
Then,
2
15(=D23Y8w*3 In3 (a)
uig(x, 1) = — : 27)
2Y2(ed a*=" + o)
Family VI. The following cases arise
Case I
da 32ia3 4a ia
apg=——, w= LAl =—, k=e——rnv————.
5B 3754/3B3/2/8 In(a) 58 5v3/B/8In(a)
Then,
do da*
uro(x, 1) = — o (28)
5Bda* + 5B 353
Case 11
0 32ia’ 4o . ia
ap =Y, w= , Ay = ——, =
375+/3B3/2/8 In(a) 5B 5v3/B/81n(a)
Then
4o
ux(x,t) = — o . (29
5 (ﬂ +Bda*e V3G )
Case 111
4o 32ia? 4o 2io
a=——;, w=— s al =, k=—Fpr——F———.
5B 3754/383/24/8 In(a) 5B 5v3/B/8 In(a)
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Then,
da (—l + %)
w (x, 1) = ”‘g; e : (30)
Case IV
ap=0, w=— 32icr’ a1:—4—a k:L.
’ 375/383/2/SIn(a)’ 58° 5v/3/B/3n(a)
Then,
4o
up(x,t) = — 3D

32ia3: :
5 (ﬂ +Bdare wsﬁﬂw%)

Family VII. The following cases arise

Case |
B G VAR £ O N G Ve e (R A IO R A
V2B ’ ’ VB ’ Y53 (@)
Then,
(—1)%/6223/3Y6Jwy@)  (—1)3/5/3/8wyn(a)
ux(x, 1) = - = ) (32)
\/E(d ax—ot 4 1) ﬁ«/ﬁ

Case Il

L CDYOVBYS Yo @) (DV2B B Yo dm@ | VIV
0 = s — —

a=0, a =

V2B VB O i@
Then,
w1y = CVVVIVEYod @) (VYRR YIVE Yo @ o
e J2JB JBdaer g
Case 111
_ Gy () e
NZ ’ Ysind(a)
J=1324/38 Y n(a) 5V/=1V/3/BV58YwY(a)
a; = \/E , a= 7573 .
Then,
V=1V2/3V8Jwym@)  J—132/3V5 Yo/ In(a)
urs(x,t) = — — . (34)
ﬂ(d ax—ot 4 l) JB
Case 1V
=12+/38 Y n(a) =12/3V8 Y n(a)
ap = , ad] = — P
VB VB
(e sYEIVABY Y@
= %ln%(a) B - 25/3 .
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Then,

V=1V2V3Y8Jwdna) V=123V In(a)

uxe(x, 1) = 7B JB(dao + 1)

Case 'V

Case VI

Then,

Case VII

Then,

Case VIII

Then,

Case IX

ap=0, a; =

VAV e, () v

L SRS Yo i@

222/3

V=1V2v/335YwIn(a)
VB (da*—te +1)

uz7(x,t) = —

_ VANV fedn@ (-1 Yo
VB ’ f/gln%(a) ,
_ SVY=1VEYBYE Y@/ n(a)
- 25/3 ’

ap =0, a;

V=132/38 Y/ In(a)
VB (da*— +1) '

i27/38 Y Yn(a) i/23/38 Y wYn(a)
apg = — , al = )
VB VB
Yo Y 5in/3/BV58Ywyn(a)
_722/3\3/5“1% @ > - 222/3 .

uxg(x,t) =

iV2V3V8Ywd/(@)  iV2v/3V8wnla)
ﬂ(d aX—ot 4 1) JB :

uz9(x,t) =

. i/27/3/8 Y wn(a) o V235w In(a)
0= VB > d1 = VB ’
Jo = SV3YBYE Yo In(@)

a 22/3«3/5111%((;)’ 273

oy = V2V Yo d @ i3/2/3Y5 Yo @
130t B \/B \/B(dax*(ut + l) :

V235w ‘ Jo
VB ’ 22/3Y51n% (@)

ap=0, a; =

VB T

(35)

(36)

(37
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" 5i/3/BV8JwYIn(a)

25/3

Then,

i23/38 Y wY(a) .

38
VB (da*—1® + 1) (38)

uz(x, 1) = —

Case X
i/23/3/8 3w yn(a) ‘ Jo

VB o 22/33/5]11%((;)’
_5iV3YBY8YwdIn(@)

= 25/3

ap =0, a) =

Then,
iV/2+/3V/8 Jw(a)
JB (daxft(u + ]) :

uz(x, 1) = (39)

Case XI
_i«3/—2\/§\6/3€/53/1n(a) o i/ =238 Y n(a)
VB COT JB ’
Ve SEDYOVEYBYE Y @)
22/3 3/3111% (a) 7 25/3 .

ag =

Then,

iV=2V3V8Jwd (@) iy/=2/3V8Jw/n(a)
VB (da*—® + 1) VB .

uzz(x,t) = (40)

Case XII

i /=238 Y0 n(a) i /=238 Yw/n(a)
ap = \/B , ap = — \/B )
Ve _ SDYV3YBYEYwin(a)

2235 1n3 (a) 253

Then,

i/ =238 Y n(a) B iﬁﬁ%%ﬁ/]n(u).

41
N VB (dao 1 1) “h

uzg(x,t) =

Case XIII

_SEDINVBYBVEYedn@  i/=2V3Y5 Y@

22278 ¢ VB

ap=0, «

Yo
22/3.Y/51n3 (a)

Then,

i /=238 Yw Y n(a)
VB (da*—t +1)

uzs(x, 1) = — (42)
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Case XIV
i/ =238 Yw Y n(a) V—1Jw
ao=0, a; = k= ———
VB 22/3.Y/51n3 (a)
_5(=1)Y53/BY8 Yw/(a)
- 25/3 :
Then,
iV =23/3V/8w/n(a)
uze(x,t) = ﬂ(dax_’w n 1) . (43)
Case XV
in/3V/8Yw/n(a) i22/3/3Y/8 Y n(a) Jo
aoz—s—,a:O, a) = ,k:—iz.
J2JB VB J2Y81n3 (a)
Then,
war( £) = 122338 Jwna)  iv/3V5JwJnla) “4)
37 ’ - «/B(daxftw + l) w\/ﬁ .
Case XVI
i/3/8YwYn(a) 223398 YwYn(a) Jo
a():3—,a:07 = - ,k:_iz
V2VB VB J2Y51n3 (a)
Then,
s, 1) = VIV 235V na) (45)
38(x, 1) = RN/ JBdao+1)
Case XVII
o = _fﬁﬁ%%«? In(a) w0 ar— Y=12213/3/8 YwY(a)
0 %\/B 9 - 9 1 - JB 9
_ P
NoNATHON
Then,
wsoe, 1) = Y23V odIn@ V1YV In@ (46)
39(x, 1) = VB [da— 1 1) REW/,; .
Case XVIII
=138 Y0y n(a) J—1223/3Y8 Y n(a)
apg = 3 , =0, a=— ,
J2VB VB
_ )P
J2Y51n% ()
Then,
waoCr. 1) V=138 JwyMm@) V—12*33Y8 Y/ n(a) @)
40(x, 1) = - .

%\/B \/B(dax—tw + 1)
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Family VIII. The following cases arise

Case |
158k2 In? 158k2 1n> 402
ap = 7n(a)7 a; = —711@, = 48k In’(a), B = _Lz'
a a 758k% 1n” (a)
Then,
15d58k>a* In?
ugi(x, 1) = @ @) (48)
ada* + aeddk’tin’(a)
Case 11
158k2 In2(a) 4a?
a =0, aj= ————— » =45k’ In*(a), =
0 ! o @. F=—750 In%(a)
Then,
158k In?(a)
g (x, 1) = ada*—4k 1@ 4 o “49)
Family IX. The following cases arise
Case I
i/ 34/6k 1 2i/34/ 6k 1
g = VK@ o 23V s,
VB VB
Then,
iv/3v/8kIn(a) (da25k3zln2(a)+x _ 1)
ugz(x,t) = — (50)
\/B(da28k3tln2(a)+x + 1)
Case Il
i~/3/8k In(a) 0
apg=—"—"—""—F——"", =0,
VB
2i/34/ 8k 1
ay = _M’ w = —28k3 lnz(a),
VB
Then,
iV/3V/6k In(a) (da?* @ 1)
ugq(x,t) = . (5D
ﬁ(da26k3tln2(a)+x + 1)
Case 111
2i4/34/8k 1 2i4/34/8k 1
ay) = — lff n(a), a) = lf[ n(a), w = 48](3 ln2(a),
VB VB
5
o= Ei\/g\/ﬁ«/gkln(a),
Then,
2i+/3d~/8ka* 1
was (x, 1) = — iv/3dv/Eka” n(@) (52)
VB (dax + e48k3t1n3(a))
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Case 1V
w0 — 2iﬁ§5g In@ - _ _Ziﬁ\/\/ggln(a)’ o = 456 I (@),
o= %(—S)i«/ﬁ\/ﬁ«/ék In(a).
Then,
dag(e 1) = —2 v/3d+/8ka* ln(f) . (53)
VB (dax 4 43k3In (a))
Case 'V
ap=0, a = —M, o = 48K n%(a), a = §i\f3\/,§«/(§kln(a),
JB 2
Then,
e p— O (54)
VB (d x4k 1% (@) 4 1)
Case VI
a =0, o= 1(—5)i\f3\/;§\/3kln(a), w =48> 1n%(a), ai = M.
2 VB
Then,
was(e, 1) = — 23Ok In@ (55)

VB (dax—48k3t @) 4 1) '

Discussion and Results

The graphical representations of some solitons (in particular; the dark and singular solitons),
and breather structures have been shown in this section. Solitons are solitary waves that
keep their shape and speed while moving at a steady speed. They are common in nature and
have several applications in nonlinear dynamics [27-34]. Breathers, on the other hand, have
important applications in a variety of physical domains, including hydrodynamics, quantized
superfluid, optics, and many others [35, 36]. For a given parameter values, a family of dark,
singular solitons, as well as breather solutions, is illustrated. The nature of nonlinear waves
is seen in 3D, 2D, and contour plots created using Eq. (4) (Figs. 1,2,3,4, and 5).

Conclusion

In this study, we describe a modified kudrayshov approach for generating a large number
of innovative S-KdV equation traveling wave solutions. The exact solutions provided here
may be beneficial in the theoretical and numerical investigations of the considered equation
since they may explain a variety of novel wave characteristics. Traveling wave solutions with
some free parameters can be found using the modified kudrayshov method. The results show
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(a) (b) (c)

¥
ool

(a) (b) (c)

Fig.4 The wave simulations of Eq. (32) solution witha =5, =04, d =0.8, § =0.1,andw =7
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Fig.5 The wave simulations of Eq. (33) solution witha =2, B =04,d =0.8, § =0.1,andw =7

that the proposed technique is a promising tool since it can provide a wide range of novel
traveling wave solutions for various physical nonlinear models.
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