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Abstract

In paper [R S Pathak and Ashish Pathak, Asymptotic expansion of Wavelet Transform for

small value a , The Wavelet Transforms, World scientific, 164-168, (2009).], we presented

a simple methode for deriving asymptotic expansion of wavelet transform (Wy f)(b, a) =
1

a?

b ffooo elbw f (w) Y (aw)dw with b € R for small values of a by considering the asymptotic

expansion of Y(w) and f(w)as w — 0and w — 00 respectively. In present paper, we
consider the asymptotic expansion of v (¢) as t — oo and f(¢) as t — 0 and then find the
asymptotic expansion for small value a. Some example are given as illustration.

Keywords Asymptotic expansion - Wavelet transform - Fourier transform - Mellin
transform

Mathematics Subject Classification 44A05 - 41A60

Introduction

Using Mellin transform technique of Wong and asymptotic expansions of the Fourier trans-
form of the function and the wavelet Pathak and Pathak [1-3] have obtained the asymptotic
expansions of the continuous wavelet transform for large and small values of dilation and
translation parameters.

Lopez and Pagol [4] have obtained the asymptotic expansions of Mellin convolutions
by means of analytic continuation and oscillatory case. Recently Pathak et al. [5] derived
asymptotic expansion of continuous wavelet transform of the large value of dilation parameter
by exploiting “sum and subtract method ” due to Lopez [4]. In this paper using same technique,
we derive the asymptotic expansion of wavelet transform for small dilation parameter

In “Preliminaries” section we give some definition and technical results which are useful
the further section. In “Main Results” section we introduce the main result of the paper. In
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“Example” section we shall compute asymptotic expansion of Mexican Hat wavelet transform
and Morlet wavelet transform as a special case for small a.
Preliminaries
The general wavelet transform of f with respect to the wavelet ¥ is defined by
—1 [ t—>b
Wy f)b,a) =a™ fOY|——|dt,beR, a>0, )
—oo a

provided the integral exists [6].

Using Fourier transform it can also be expressed as

1

Wy Db =5 [ Z e f () @w)dw @)
where,
fa = | e i 3
B

(Wy f) (b.a) = —{ f " Y () f(@)de + / e"'%—aw)f(—w)dw}.
2 0 0
“)

For deriving the asymptotic expansion of wavelet transform, we requir that f € K and
Y € H; where

Definition 1 We denote by K the set of function ¢ € LILOC (0, co) satisfyings :
()¢ eLl (0,00).
(ii) ¥ (¢) has an asymptotic expansion of the form:

n—1

Y() = ij 17T 4 Y (0); ast — oo

j=0
where, 0 < @ < 1. o
(iii) As ¥ (1) = 0(t""); as t — O+ and ¥ (w) = O(w P asp; € R, w — 00 +.

If € K. Then by using [7, theorem 14,323], we have the asymptotic expansion of U (w) as
Case [ If 0 < o < 1, then

) = piwte 4 Y diwdias w07,
j=0 Jj=0
where,
iTa . _1 J+1
=¥ i T - o, @ = Mty 1

Case Il If « = 1, we have

o 00 00
U(w) = Zc;‘ log(w) w' + Zy}‘w’; as w— 0",
=0 j=0
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where,

e T g

il .
j ! i Y i bj —ildj

for j =0,1,2,3,...and dj41 = lim,_g [wjﬂ,,»“(w) + & b; log(w)]

Definition 2 We denote by H the set of function f € L! (0, co) satisfying:

Loc
(1) f(¢) is n times continuously differential in (0, oo0) and f € L 1L oc (0, 00).
(i1) f(¢) has an asymptotic expansion of the form

o0
f@) = Zaktkfl; ast — 0+
k=0
(iii) Each of the integral

o0
/ fie™dw ; k=0,1,2,3...,n
1

converges uniformly for all sufficiently large w.
(iv) As

f)=0@"");ast — oo+, p € R
and
fw)y=0w " Y asw— 0+.

If f € H. Then by using [7, theorem 1, 199],We have an asymptotic expansion of f (w)
at w — oo+ is

n—1
faw) =Y agrw™+0w™

k=0

ik
where, a; = are 2 T'(k).

Main Results

The following two theorem give the asymptotic expansion of (Wy, f)(b, a) at a — 0+ are:

Theorem1 Lety €e K, f e H,b e R—0and0 < o < 1.Then for any j, k € N such that

hk-1D—j<tk-D—(Gra—-D<l<k—(G—-1)<k—(+a—2),

n—1
_ L * 7 bw VK MO ey k—1/2
(Wll,f)(b,a)_zn_{];)ak[M[l//(w)e 1=kl + (=) "My (—w)e 01 k]i|a
m—1
+2_b [M[f(w)e”’w; Jal+ (=DM (—w)e P+ a]]a-”*‘/z
Jj=0
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m—1
+ Zd;-‘[M[f(w)eib“’;j+ 1+ (=D M[f(—w)e™; j + 1]]aj+1/2
j=0
+Ron@)} s)

K (k) is the index k for which (j —k) <1 < j— (k—1) and J(j) is the index j for which
(J—1)—k <1< (j—k). Let M[g; z] denote the Mellin transform of g.
If j —k =1, for some pair (j, k), then in formula (5), the corresponding sum of the terms

aj [M[@(w)ei”T“”; 1= k] + (=1 MU (—w)e 1 1~ k]]ak—l/2
+b [M[f(w)e"b'”; J el + D IMLf (—wye ™+ a]]a”“—”z
+dj [M[f(w)e“’"f; JH U+ D M (wye ™+ 1]]64“”2 ©
must be replace by
af“/zldj [M[f(w)e"b“f; JH U+ (DIMIf(—w)e ™ j + 1]}
+b% [M[f(w)e"bw; Jal+ (=DM f(—wye ™ j 4+ a]]

~ ] ~ —ibw

+af lim |:M[I/f(w)e”%; 2+ 1=K+ ()M (—w)e a2 41— k]] } @

and the remainder term R, ,,(a) as a — 0+ is given
0@ +a""y, when n#+m+1,

Rn,m (a) = (8)
0" log(a)), when n=m+ 1.

Proof Define /,(w) = f(w) and Yo (w) + ¥, (w) = ¥ (w). For any k, there exists j such
thatfor0 <a < l,wehave k- 1) —j <Gk -1 —-(+a—-1D<l<k—-(( -1 <
k — (j + o —2) . For given (k, j), the following integral exists:

/0 ¢ fi () (@w)dw. ©)

In the following algorithms, we increase (k, j) step by step from (0, 0) to (n, m):
(a) For 0 < @ < 1 and (k, j) satisfying

k-1D—j<k-1D—-(U+a-D)<l<k—G-1D)<k—((+a-—-2),

do the following if (k — j) < I, thenk — (j +« — 1) < 1, go to (b); if (k — j) > 1, then
k—(+a—1)>1,goto(c);if (k—j)=1,thenk — (j +a — 1) > 1, go to (d).
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(b). In this step, we take fi(w) = afw*+ fiy1(w) in (9) and (iii) of Lemma 3 of [4],then
forO < a < 1, we have

o] _ _ K(k)—1
/0 P fr (w)y j (aw)dw = af a* ! |:M[w(w) el k) — Z diBj(1 —k; a; b)
j=0
Kk)—1

- Z bij(afk;a;b)]Jr/O eibwf;{_,_l(w)w:j(aw)dw,
j=0

where,

i

ZN\ (+))
Bj(l:a:b) = (“22 ) T+ j).

Similarly by replacing w by —w , we get

[ e femwiycawnd
B K(k)—1
:(—1)"a7ga’<*1[M[l/}(—w)e*"bw/“;1—k]— > odr -1/
j=0

K(k)—1
<BI—Rab - Y b B kb
=0

-I-/O eiibwfkﬂ(—w)w;j(—aw)dw,

go to (a) with k replaced by k + 1.
(c) we take

IﬁAj(aw) — b;(aw)“‘"‘_] + d;‘(aw)j + Ejﬂ(aw). (10)
Now using (10) in (9) and (iii) of Lemma 2 of [4], we get

o . ' o J(jH—1
/0 e”””fk(w)t/ﬁ,-(aw)dw=bjfa”°"l[M[e”’”’f(w);j+a]— > a;:Ak(j+a;b>]
k=0

J(j)—1
+dta’ [M[e“’Wf(wx JH1= D af A+ 1 b)]
k=0

+ /0 e Fuw) 4y (aw)dws;

where,
i

o F NIk
Ar; b)) =TI — k](7>
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Similarly by replacing w by —w , we get

/0 e o (—w) ) (—aw)dw

J(j)—1
— b;f(_l)j+(¥—1aj+(¥—l [M[e_ibwf(—W); ,] +O{] _ Z a;(—l)_k
k=0

xA(j +a; b)] +d;f(—1>f'af[M[e*"”"%(—wx j+1]

J()=1 o _
-y aZAk(j+1;b)] +/ e fr(—w)¥r 4 (—aw)dw,
k=0 0

Go to (a) with j replaced by j + 1.
(d) In these step, we take

¥ (aw) = ¥ (@w) + 2 (aw) (1

where, W} (aw) = b}k.(aw)j"""_1 + @}H(aw) and wjz(aw) = d}‘.‘(aw)j + @?H(aw) . By

using (11) and fk(u}) = a,’(‘w‘k + ﬁ+1(w) in (9) and recall proof (d) of theorem 2 of [4],
we get

0 _ J(G)—1
f ¢ fe(w)yrj(aw)dw = balte! [M[e’bwf(w); Jtal= > af A+ b)}
0 k=0
_ o J()-1
+a’ lim {d}‘[M[e’bwf(w); z+j+ 11— Z ajAr(z+j+1;b)
0 k=0
inz I’ ~ ibw
—d}‘ﬁg] +aga” [M[W(w)ehT; 21—kl
K(k)—1 00 _
- ) diBic+1-ka b)]} +/0 e fe(w) iy (aw)dw

j=0
oo ~ x5

+ / ¢ frir () Uiy (aw)dw,
0

Usinga=? = 1 — zlog(a) + O(z%) ; when z — 0T and

*

~ ibw o0 ibw A ~ d
M[l//(w)ebT; z+1—k]= / ebek(w)wj(aw)wZ_kdw =L 4+ 0(); whenz — 0%,
0 Z
We get
S _ o J()H—1
/ elbwfk(w)lﬁj(aw)dw — b}’faJ-HI—l [M[ezbwf(w); j4al— Z al’f Ar(j +o; b):|
0 k=0

I(H-1
+ai{dj [M[ebef(w); j+11- Z afAx(j + 1;b) — aj log(a):|
k=0
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_ K(k)—1 J*
~ ibw i
+af lim | M[y(w)e @ ;z24+1—k]— Z d*Bj(z+ 1 —k;a;b) — -+
=0 P J z
J:

in A =
—apdjl— —log(b) — y]} +/ P fr(w) P (aw)dw
0
o . n =
+ / e fopr () 2, (aw)dw
0 ;
Similarly by replacing w by —w , we get

/0 e o (—w) (—aw)dw

J(H—=1
= bi(=1)iter! grec] [M[e—”’wﬂ—w); j+al= ) =h7q
k=0

< Ar(j + o b)] +af{<—1>f dy [M[e"’bwf(—w); j+1
J(jH)—1
— Y G =D FAGH L) - () af log(a)]

k=0

+(=1)"*a} lim [M[fp(—w)e%’”“; 2+ 1—k]
z—0

Kk-1 d3 ,
- 2 D B+ T—kab) - (—Dfﬂ - (= ad;
j=0

x [% — log(b) — y] ] + /0 ¢ fie(—w) YLy (—aw)dw
+ /0 ¢ fir () 9 (—aw)dw

Goto (a) with j replaced by j+ 1 and k replaced by k4 1.The error bounds for the remaninder
R,n(a) can be easly proof with the help of theorem 3 [4]. Hence this algorithm generates
the required results (5)—(8). m]

Theorem2 Lety e K, f e H, b € R —0and « = 1.Then for any j,k € N such that
k-1 —j<l<k—=(—1),

n—1

Wy N)b,a) =Y af [M[J(w)e”;—"'; 1=kl + (=) M (~w)e "0 1~ k]] at=1?

k=0
m—1
+3 v [M[f(w)e"b“’; J+ 1+ D MIf(—wye ™ j + 1]]af'+”2
j=0

m—1
+> ¢ [M Lf (w)e™ log(aw): j + 1]+ (= 1) M[f (=w)e™*" log(—aw): j + 1]]af+”2
=0

+Rinn(@). (12)

K (k) is the index k for which (j — k) <1 < j — (k — 1) and J(j) is the index j for which
(J—1)—k <1< (j—k). Let M|g; z] denote the Mellin transform of g. If j — k = 1 for

@ Springer



5 Page8of16 Int. J. Appl. Comput. Math (2022) 85

some pair (j, k), then corresponding sum of the terms
a; [M[@(w)eii"' 1= K]+ (=) M (—w)e e 1 — k]] k=172
+y} [M[f(w)e"bw; JH 0+ D MIf(—w)e™™™ j + 1]]af’+‘/2

+cjf|:M[f(w)eibw log(aw); j + 11+ (= 1)/ M[f(—w)e™ " log(aw); j + 1]]a"“/2
13)

must be replace by
af“”{ [ MIf (w)e®™; j+1 ]+(—1>fM[f(—w)e‘”’“’;j+11]
+¢j [M Lf e log(aw): j + 11+ (=1 M[f (=w)e™"" log(aw): j + 1]}

~ ibw ~ —ibw
+aj lin}) |:M[1p(w)eT; z+1—k]+ (—1)_kM[1p(—w)eTb; z4+1-— k]:”
—>
(14)
and the remainder term Ry, p,(a) as a — 0+ is given

0@ +a" "y, when n+m+1,
Rn,m (a) = (15)
O(a™ log(a)), when n=m+1.

Proof Define fo(w) = f(w) and 1;,,(w) = E(w). For any k, there exists j such that for
o =1,wehave (k—1)—j <1 < k —(j —1). For given (k, j), the following integral
exists:

oo -
/ e fi(w)j (aw)dw (16)
0
In the following algorithms, we increase (k, j) step by step from (0, 0) to (n, m):
(a). For « = 1 and (k, j) satisfying
k-—1D—j<l<k—=(@G-1,

do the following if (k — ]) < 1,goto (b) if (k j) > 1,goto(c);if (k—j) =1,goto (d)
(b). In this step, we take fk(w) = ak k4 fk+1 (w) in (16) and (iii) of Lemma 3 of [4], wi
have

K(k)—1

/0 eib"’fk(w)lﬁ:j(aw)dw:azak_l[M[lz(w)eib"’/a;l—k]— 3 viBi(1—kasb)
=0
K (k)—1 i
> cj»Bj(l—k;a;b){w(—k—l—j+1)—log(b)—7”
j=0

—I—/(; e"h"’ﬂﬂ(w)w:j(aw)dw.
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Similarly by replacing w by —w , we get

/0 e f(—w)y; (—aw)dw

K(k)—1

= aj (~)*a*! [M[@(—w)e*”’“’/“; L—k— Y yi=1/
j=0
K(k)—1
xBj(I—kiaib) — Y i (—=1)/ B;j(I —k:a:b)
Jj=0
. i
X{I/f(—k+J + 1) —log(b) — 7”
oo N z
+/ e fri1 (—w)Y (—aw)dw.
0
go to (a) with k replaced by k + 1.
(c). Here, we take
i (aw) = ¢t log(aw)(aw)’ + v} (aw)! + ;1 (aw). (17)
Now using (17) in (16) and (iii) of Lemma 2 of [4], we get
oo =
f e fi(w)yj (aw)dw
0
P JG)-1
= c}’f a’ |:M[e’bwf(w) log(aw); j + 1] — Z ajAx(j + 1;b)

k=0

{wu + 1= k) —log(b) - %}] + yfaf[M[e"be(wx j+1

JG)-1 o
-y a;:Ak(j+1;b)]+ / P Fo )l 141 (aw)dw.
k=0 0

Similarly by replacing w by —w , we get

/0 e fi(—w) i (—aw)dw

J(jH—1

=ci(=1/a’ [M[e"’b“ff(—m log(—aw); j+ 11— Y ai(-n7*
k=0
xAk<j+1;b>{w(j+1—k)—log(b)—%’”
o o J(-1
+y;(=1/al [M[e””"’f(—w); 1= > af =t
k=0

o0 J—
xAr(j+1; b)] +/ e fe(—w)vr 4y (—aw)dw.
0
Go to (a) with j replaced by j + 1.
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(d) In these step we take first fk(w) = a,fw’k + fk+1 (w) ; as w — oo and
= d j =
vilaw) = | ¢+ ] | @) + s @w) (18)
Using (18) in (16) and recall proof (d) of Theorem 2 of [4], we get
o0 A R =
f ¢ fi(w)yj (aw)dw
0
00 | d . o
:/ elbw|: -}-wj(aw)—l—(c d +J/j>fk+1(w)a/wfi| dw
0
oo ~ =
+ / ¢ fei1 (W)j1 (aw)dw.
0
Define the function
d
My jlz. w] = w* [akw"‘w,(am + <c it y,) i1 wyal w: } zeC

Therefore,

o0 . R = o0 A o0 . R =

f P fo(w) i (aw)dw = / ¢ My (0, w)dw + / P ot () 41 (aw)dw.
0 0 0

On the one hand 1/:11- (w) = (c;'f log(w) + y;“)w/ + O(w’/t); when w — 07 and on the other

hand ﬂ+1(w) = —a,’("w‘k + O(w*1; when w — 0T, Proceeding similar way [4], we
get

o0 .
/ e My (0, wydw
0

. o0 ibw ~ . d TN
— a’ lim { / [a;:ebTwZ_ka_ZI/fj(w) + ezbw( 24 7/]) witi ka(w)]dw}
0

z—0 d
Therefore,
oo, =
/ ¢ fi ()i j (aw)dw
0
K (k-1
=al lu%{ |:M[1//(w)€” iz 1—k]— 2(:) J/]*Bj(z—l-l—k;a;b)
j:
K(k)—1 in
— Z ¢iBj(z+1 —k;a;b){l/f(z-i- 1+ j—k)—log(b) — 7”
j=0
K(k)—1

+c;f|:|:M[eibwf(w)log(aw); z+1+j—kl— Z a

xAp(z + 1 —I—j;b){w(z-l- 1+ j)—log(b) — %”

—di<ake”5“r(z)b )] +y} [M[eibwf(w); 2+ 1+ j—kl
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J(j)H—1 .
LT inz
— Z afAr(z+1 +j;b)[10(z+ 14+ j—k)—log(b) — 7} —aje?r
k=0
oo A z
XF(z)b’Z“ +/ e fi (W)Y g (aw)dw.
0
Usinga™% =1 — zlog(a) + 0(z?) ; when z — 071 and

- . o0 . -
M (we's 2 +1 -kl = / " fe(w)vrj(aw)w**dw
0

i1 b\ i Yi
= 71(7 + log (7> — E) + L 4+ 0(); whenz — 0.
z\z a z b4
We find that the above expression can be rewritten as

00 - J(H—-1
/O e fr(w)y; (aw)dw = af{c;f[; [M[e"b'”f‘(w) log(aw); 1+ j1— > a;

J k=0

x A(l + j; b){w(l +j —k) —log(d) — %H
—a; 10g(a)<log (Z) - %>j| + yf[M[eibwf(wﬁ 1+j—kl

J()-1 :
12
- a;Ak(l‘Fj;b){w(lﬂL]'*k)*k)g(b)*7}*“;108(0)]
k=0
- K(k)—1
* 1s ~ ibw «
+ai lim ”M[w(w)e “iz+l—kl— > yBjz+1—kia:b)
z—0 =

K(k)—1 i
-y c;fB,(z+1—k;a;b>{w(z+1+j—k>—log(b)—7}
j=0

C;f 1 V;‘ x|k 2 in
+—(-—logla) | — = | +ai|ci|y" + ylog(b) — — log(b)
z \z z 7 2

. 2 .
iny «w et
+(IOg(b))2 T3 T 7) +v; (7 Il 10g(b)) }]

oo ~ =
+/0 e fr1 (W) Y1 (aw)dw
Similarly by replacing w by —w ,we get
[e.¢] . n =
f e fi(—w)yj(—aw)dw
0

J(jH—1

- aj{ (_l)jciﬁ'[[M[f"bwf(—w)1og<aw); L+jl= ) a
k=0

xAr(1+j: b){lﬁ(l +j — k) —log(b) — %” — a; log(a)

. <10g (9) - E)] + (=i} [M[e‘”’“’f(—wx Iy
a 2
J(j)H—1

-y (—1)—ka;Ak<1+j;b){w(1+j—k)—log(b)—%”}
k=0
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—(=D)*a} log(a):| + (=) *ap lim { [M[lz(—w)e#; 2+ 1—k]

K(k)—1 K(k)—1

- > UV yBiG+l—kab)— Y (D¢
=0 j=0
xBj(z + 1 —k;a;b>{w<z+ 1+ j — k) — log(b) — %}
e oy
+(=1) —’(f - log<a>) - (—l)f—’}
z\z z
+(—1)”‘a2‘[(—1)jcf,*- (y2 +y log(b) — % log(b)
i 7? ; i
+(log(b))* — Ty - 7) + (—I)JV}‘<7 e lOg(b)> ”
o N
[ e cw b awdw
0
Go to (a) with j replaced by j+ 1 and k replaced by k+ 1.The error bounds for the remaninder

R, can be easly proof with the help of theorem 3 [4]. Hence this algorithm generates the
required results (12)—(15). O

Example

Using the aforesaid technique, we find the asymptotic expansions of Mexican Hat wavelet
and Morlet wavelet transform.

Asymptotic Expansion of Mexican Hat Wavelet Transform

2
. —t . . .
We consider ¥ (f) = (1 — %) e = to be a Mexican Hat wavelet. Since Fourier transform of
2

Mexican Hat ﬁ () =27 ? 7 s locally integrable in (—o0, 00) and has an asymptotic

expansion of I/A/(a)) asw — 01 [6]

<1

o0 oo
@) =Y cflog)e™ >+ i
r=0 r=0

where,

. (_I)Zr—Z j2r=3)

T T er—ay

o (—D¥=223 () 4 %”) m— i gy o

r = r r—2,
2r —3)!

C—ytr—1)
(T O T
(_l)(Zr—3)

m Nr log(w):|;

dyr—» = lim |:1//2r72, 2wr—2(w) +
z—0
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E(a)):O(l)asweoo+.

Now, assume f € H . Then by Theorem 2, and by means of formula [8, (10, 30), pp. 318,
320], we get the asymptotic expansion of Mexican Hat wavelet transform at a — 07 is

1*% _ 2
(Wy f)(b.a) = Zakﬁ ﬁ(%) [r[(3 ">]1F1(< 2+’<>.1.’;)

2 "2 4a

_1)k (2\(L ERACEY <(_3 k. 3. b2>
X<1 =D ) l(a)(Z) Il 2 1Fl 2 2 4a
m—1 2r—2 :2r—3 in
_ _ =D i ¥+%5) (2r—
=k | k-12 2) e
x<1 + (=1 )]a + ;ZO ( @ 3 Ny — i d2r—2)

x [M[f(w)e”’w; 2r = 2]+ (=D M f(—w)e v 2r — 2]]a2’—5/2

m—1 (_])2}“—2 i(2r—3)

+ ; (W Ur) [M[f(w) log(aw)e®; 2r — 2]

+(=DY T MIf (—w) log(aw)e™""; 2r — 2]]#’*5/2 + Ry (@).
K (k) is the index k for which 2r —3) —k <1 < 2r —3) — (k — 1). R(r) is the index r

for which 2r —2) —k <1 < 2r —3) —k.If 2r — 3) — k = 1, for some pair 2r — 3, k),
then corresponding sum of the terms

B=k)
ik N7 »2[_3-k (=2+k) 1 b2
T TkV27( = @ |T 1F1 so;—
age (k] n<2> e [ [ > ] < > ,2,4(1)

—-1/2 _ 2
() (G)G) (SR
a)\2 2 2 4a

( )] . 1/2+ <(_1)2r2 j2r=3 (V—I—%) i _i(2r73) dzr_z)

@2r —3)!
MLfw)e™: 2r — 21+ (=¥ ML f (—w)e™""; 2r — 2]]412’—5/2

corme f ibw
+<W nr) |:M[f(w) log(aw)e ; 2y — 2]
+(—1)2r—3M[f(—w) log(aw)g—ibw; 2 _ 2]:|a2r—5/2

must be replace by

2r—2 2 3
a2r—5/2{ <( ¥ =223 (y + 1) g,
@r —3)! g "

x [M[f(w)e"bw; 2r — 2]+ (=D M f(—w)e " 2 — 2]]

(— 1)2r—2 i(2r—3) R " -
+<W "’) [M[f (w) log(aw)e™; 2r =20+ (=D

1— (B—k+z)
T 22

X MLf (—w) log(aw)e™""; 2r — 2]] + lim [ak T Tk + z]JEG) o'
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— 2
><<F[<3 l;-i—z)]lFl(( 2+k+z) 1 b ><1+( - )

2 24

—-1/2 _ _ 2
-H(é)(l) 1_‘[(4 k—l—z)]lFl(( 3+k+z);§;b7)
a 2 2 2 2 4a

L))l

Asymptotic Expansion of Morlet Wavelet Transform

2
. i Y . .
we consider () = €™~ 7 to be a Morlet wavelet. Since,Fourier transform of Morlet

—w?/2

wavelet @(w)_: 2 w’e is locally integrable in (—o0, 00) and has an asymptotic

expansion of ¥ (w) as w — 0T is

‘$>I

Zc log(w)w" +Zy w”

where,

(_1)2ri(2r—l)

c, = W ner—1ys
(_1)2ri(2r—1)(y + iﬂ)
. _ 2 _ierDyg, .
Yr (2)’ _ 1)' Ne2r-1) ! 2rs
—1)@-D
doy = lim [Yo, 5 (w) + ﬁnapnlog(w)]

( 1)r nn n
n
= ZZ’ "n'(r—n)'t

Now, assume f € H . Then by Theorem 2, and by means of formula [8, (11, 31), pp. 318,
320], we get the asymptotic expansion of Morlet wavelet transform at a — 0V is
n—1

(w ’2’72%) ibwo ib
Wy )b, a) = Zake 2 Tk [v [l —kle "/ 2e "™ D—(l—k)(_ Wy — l;)

k=0
m—1 2r:(2r—1) in
(=D y+5)
14+ (—1)* k—1/2 2 B
X( + (=D )}a +r§0 2~ n@r—1)

_j@r=D d2r> [M[f(w)eibw; 2]+ (=D M f(—w)e—bv; zr]}azrq/z

'« (DD -
' g“ <W MH)) [M[f (w)e'™" log(aw); 2r]
+(=D¥ M f(—w)e ™ log(aw); zr]]a2r—1/2 Ry (@)

K (k) is the index k for which 2r — 1) —k <1 < (2r — 1) — (k — 1). R(r) is the index r
for which 2r —2) —k <1< Q2r —1)—k.If 2r — 1) — k = 1, for some pair 2r — 1, k),
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then corresponding sum of the terms

2
wZ-23)

in a ibwg b
axe'™ T[k] [\/271 Tl — k] e W/ 2e 7" ¢4 D_<1_k)<— Wy — ’—)

a
~ _ (=DZi@r=D(y 4 )
><<1+(—1) k)]ak 1/2+< @ — 1) 2 N@er-—1)

- dzr) [M[f(w)e"b“’; 2]+ (=D T ML f (—w)e T 2r]}a2"—”2

(_I)Zri(Zr—l) R "
+<W 77(2r—1)> |:M[f(w)€l “log(aw); 2r]
+(=D M f(—w)e ™™ log(aw); 2r]:|a2r_]/2

must be replace by

2212 (=D Dy + 14
2r — 1)

nar—1) —i® b d2r> [M[f(w)e“"“; 2r]
(_I)Zri(erl)

_1\2r—1 £ —ibw.
+(=DT T M f(—w)e ,ZV]:|+( 1)

mzr_l)) [M[f(w)e"”w log(aw); 2r]

(k+2)

+(=D¥ M f(—w)e ™" log(aw); 2r] + lim [ake%r[k + z][m [l —k+z]

5 (w{z,f%) ibw, ib
Xefwo/ze T eTUD_(l_k+z)(— Wy — ;) (1 + (—1)7k>i|i| }

Conclusion

This paper focuses on the asymptotic expansion of continuous wavelet transform for small
dilation parameter. The main advantage of this expansion is that the error terms can be easily
and precisely calculated and these results are used to approximate analytical solution of
different types of linear , non-linear , singular differential and integral equations which are
related to the different types of wavelet transform. Apart from this direction, future work may
involve seeking to apply the homotopy perturbation method, the variation iteration method or
we can formed the suitable algorithm for solving the linear, non-linear , singular differential
and integral equations. Another direction which can be further explored is that how to adjust
the dilation parameter to priorities of different type of differential and integral equations. It
is thus worth studying the properties of asymptotic expansion of different types of wavelet
transform.
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