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Abstract

In the present article, we considered a class of nth order impulsive neutral differential equa-
tions. The study on the oscillatory and asymptotic behavior of solutions for the higher-order
neutral differential equation is theoretical and practical. Various techniques appeared for these
studies. We reduced this class into a class of non-impulsive neutral differential equations by
using suitable substitutions. Through a comparison strategy involving first-order differential
equations, we studied the oscillatory and asymptotic behavior of solutions. Sufficient condi-
tions are obtained for asymptotic as well as oscillatory bounded solutions. Several examples
have illustrated the effectiveness of the requirements.

Keywords Neutral differential equations - Higher order - Impulsive conditions - Oscillation
criteria - Asymptotic behavior
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Introduction

The differential equations having the higher-order derivatives with and without delay are
called neutral differential equations. Higher-order neutral differential equations are used
to model many mathematical phenomena in natural science and technology. Initially, the
existence and uniqueness of solutions for different types of neutral equations have been
studied. In recent years, extensive considerations have been given to their oscillatory nature
by many researchers [1,3,5,11,12,17,18,22,23,28,33,34,36] and in the last few decades the
characteristics of such neutral equations with even/odd order have been studied [18,22,37].
The asymptotic and oscillation properties of higher-order neutral equations with some relaxed
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conditions on coefficients are investigated in [1,3]. Yildiz et al. [33,34] have considered neutral
type nonlinear higher-order functional differential equations with oscillating coefficients.
Basic definitions and results on oscillation for neutral type differential equations are given
in [2].

It is a well-known fact that the motions on the earth are not always uniform as vari-
ous kinds of resistance appear during the motions. If high-intensity forces act for a short
duration, then the motions caused by these forces are called impulsive motions. In math-
ematical models, these types of motions are described by impulsive differential equations.
The differential equations with impulsive effect can be used to simulate those discontinuous
processes in which impulses occur. So, it becomes an important tool to handle the natural
function of mathematical models and phenomena such as in optimal control, electric circuit,
biotechnology, population dynamics, fractals, neural network, viscoelasticity, and chemical
technology. One of the main advantages of the impulses can be seen in the paper of Sugie
and Ishihara [26]. They provided the model in which the mass point might oscillate with
impulsive effect; however, the mass point didn’t oscillate without an impulsive effect. For
more work on impulsive impact, refer to the article of Feng et al. [6] as well as Raheem and
Magbul [24].

In 1989, some researchers started to investigate the oscillatory nature of differential equa-
tions with impulses and were at the initial stage of its development. Later on, authors
in papers [6,8-10,18] have extended the study of oscillation to parabolic and hyperbolic
impulsive partial differential equations. The oscillatory and asymptotic nature of the solu-
tions for a higher-order delay differential equation with impulses were examined by some
researchers using comparison results with associated delay differential equations without
impulses[7,19,37]. We have often seen that even non-impulsive neutral delay differential
equations may have solutions of oscillatory nature due to some additional controls.

In literature, we noticed Riccati techniques are widely used to obtain Kameneyv, and Philos-
type oscillation criteria [6,27,31]. Oscillation theory extended to the first-order impulsive
differential equations with variable delays in [11]. Several results for third-order delay dif-
ferential equations were discussed by Tiryaki and Aktas [29]. For the oscillation results on
second and fourth-order dynamical systems, refer to the paper [12,38]. Oscillatory and non-
oscillatory solutions play a significant role in many applied problems in natural sciences and
engineering. The research on oscillation and asymptotic behavior of impulsive differential
equation is emerging as an important area of study and is developing rapidly [4,20,25,30,35].

After considering the above formulations, we study the oscillation and asymptotic behavior
of solutions for higher-order neutral differential equations with impulsive conditions. We
converted the impulsive differential equations into non-impulsive differential equations by
using suitable substitutions. Moreover, we reduced the nth order neutral differential equation
into the first-order equation using generalized Riccati transformation. It allows using the
comparison theorems to establish the oscillation results. The obtained conditions are sufficient
for asymptotic as well as oscillatory bounded solutions. Philos-type oscillation criteria are
proved for taking n as an even integer.

Necessary lemmas and fundamental assumptions are provided in “Preliminaries and
Assumptions” section. Main results are obtained in “Main Results” section for the problem (1)
by using generalized Riccati transformations and comparison theorems. And in “Frequency-
Amplitude Formulation” section, the applicability of the main results is demonstrated by
several examples.
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Here, we established the oscillation results for the following model of impulsive neutral
differential equation of order n:

VO () + kDu(m(x)) =0, x # xp,

u®(xp) —u () =dpu(x,), r=01,2,....n—1, )
1,2,3

where v(x) = u(x) + au(n(x)), n1(x) < x, n(x) < x,x > x0, & > 0, dp > 0, v (x)
denote the rth (r > 1) order derivatives.

Preliminaries and Assumptions

Throughout the paper, we consider the following assumptions:

(©) ny 1 (x9,00) = R, r =1, 2 are continuous functions with the following conditions:

@) nr(x) < x, n1(n2(x)) = n2(n1(x))
(i) n.(x) =1landn/(x) =0
(iii) xli)rgo nr(x) = oo.

Lemmal U(x)= [[ (1 +d,) " ux) satisfies

X0<Xp=<X
VO (x) + k()L U (2 (x)) = 0, )
where
Ve =Um+a  [] d+dp) 'Um) ©)
ni(x)<xp=<x
and

g =[] a+dp™!

n2(x)<xp<x

if and only if u(x) satisfies (1) on the interval (xg, 00) .

Proof LetU(x) = [] ( —l—dp)_lu(x) satisfies (2). Then we will show that u(x) satisfies

X0<Xxp=x
(1) on the interval (xg, 00).
Obviously,

uv)= [] A+dpUu@andvr)= ] (1+dp)V().

X0<)Cp§)6 )C0<Xp§)6
Thus
Wy = [ A+dp)pv? ).

X0<Xp=<X

Using (2), we get

vV = [ d+dp |-k [ (+dp) ' Umk)

o <xp<x M () <xp=x

@ Springer



155 Page4of15 Int. J. Appl. Comput. Math (2021) 7:155

=—kx) [ (+d)Uum).

X0 <Xp=<m2(x)

Therefore, for x # x,, we have

v (x) 4+ k()u(na(x)) = 0.
Also, we obtain

W)= [[ A+dpuP@). r=012,....n—1,

X0<Xp=<x
which implies that
W (xp) =0 +d)u”(x,), r=01,2,....n—1

This shows that u(x) satisfied (1).
Conversely, we assume u(x) =[]

that U (x) satisfies (2) on (xgp, 00).
AsV(x)= [I (+dp 'v(x), wehave

X0<Xp=<X

(1 +dp,)U(x) satisfies (1). Then we will show

X0<Xp=<X

v = T (+dp) P ).

X0 <Xp=<x
Using (1), we obtain
V@) = —kx) [ (A +dp ulmnx)

XQ<Xp=<X

=—k@) [] (+d) Umx)

n(x)<xp=<x
—k(x)E£)U (2(x)).
Now, we can easily show that U(")(x;) =y" (xp). This shows that U (x) satisfied (2). O

Lemma 2 [19] A non zero solution u(x) of (1) is oscillatory on (xqg, 00) if and only if the
corresponding solution U(x) = l_[xo<x,,§x(1 + d,,)’lu(x) of (2) is oscillatory on (xq, 00).
Moreover, limx — oou(x) = 0 if and only if lim U(x) = 0.

X—>00

Lemma 3 [5] Let the nth order derivative of V(x) has a constant sign and not identically
zero on a subinterval of [xo, 00). If V(x) and its derivatives up-to order n — 1 are of constant
sign in [xqg, 00), then there exists an integer ¢ > 0 and T > xq such that0 < g <n —1, and
(=D"HV(x)VP(x) > 0,

V(x)V(r)(x)>0 for r=0,1,2,...,g—1 when q>1
and
=DV VO (x) >0 for r=q,q+1,...,.n—1 when g <n-—1
on [t, 00).

Lemma4 [18] Let V be a function defined in Lemma 3. If limy_,», V (x) # 0, then for every
€ (0, 1), there exists x,, € [T, 00) such that
H n—1y,(n—1)
Vel z o )
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on [t;,, 00).

Lemma5 [18] Let V be a function defined in Lemma 3. If V=D (x)V" (x) < 0, then for any
constant v € (0, 1) and sufficiently large x, there exists a constant M > O satisfying

VO )| = Mx" VD ().
Lemma 6 [18] If U is a positive solution of (2), then corresponding function

Ve =Um+e [ d+d) ' Umx),

n1(x)<xp=<x

satisfies V(x) > 0, Vva-Dx)y >0, VW (x) <0 eventually.

Main Results

Theorem 7 If first order neutral differential inequality:

m

(n—1)! JEED; ™ (Y (12(x0)) <0,

[Y(x) +aY ()] +

where
J(x) = min{k(x), k(11 (x))}

has no eventually positive solution then every non zero solution of (1) is oscillatory.

Proof Let on contrary U(x) be an eventually positive solution of (2). From (2), we have

VO ) + VP (1(x) + T@EE) | U K) + I (1+dp)~"
n1(m2(x))<xp=<n2(x)

U@ma(ni(x))] <0.
Using (3), we get
VO (x) +aV® (1 (x)) + J(OL£EX) V(02 (x)) < 0. 4)

From Lemma 4, we have

e @V .

V(na(x)) >

Using above inequality, we get

uw

(n—1)! JOE@ @V (x)) < 0. (3)

VO (x) +aV® (i (x)) +

If we assume Y (x) = V=D (x), then first order neutral differential inequality

w
(n—1)!

(Y (x) + a¥ (91 ()] + J@E@ Y (n(x)) <0,

has an eventually positive solution which is a contradiction to the condition of theorem.
Applying Lemma 2, result follows. O
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Corollary 8 Let n be an even integer and there exists a constant K > 0 such that
[T a+dn'<k.
m ()C)<)Cp =x
If first order differential inequality:

(1 — a K (0)k(x)£(x)

Y'(x)+ =1

Y(x) =0,
has no eventually positive solution, then every bounded solution of (1) is oscillatory.

Proof Let U(x) be a bounded and non-oscillatory solution of (2). We may assume that U (x)
is eventually positive. Since U(x) > 0 is bounded, V(x) is also bounded and V(x) > 0
eventually. As n is even and V(x) is bounded, by using Lemma 3, we have g = 1 i.e.

DI VevO () >0, r=1,2,...,n— 1.
In particular V'(x) > 0. From (3), we have
Ux)>(1—-—aK)V(x).
Using above inequality in (2), we get
V() 4+ (1 — e Kk E@®)V (2 (x)) < 0. (6)

Using Lemma 4, we get

Von) = ot v o).
As V=D (x) is decreasing, we have
Von) z ot v,

Using above inequality in (6), we get

(1 — a k) (x0)k(x)£(x)
(n— 1!

v ) 4+ 2 VoD (x) < 0.

If we assume Y (x) = V=D (x), then first order differential inequality

1 —aK)n" L 0)k(x)£
Y,(x)+u( oy (k) Y () <0,
(n—1)!
has an eventually positive solution which is a contradiction to the condition of theorem.
Applying Lemma 2, result follows. O

Theorem 9 Letn be an even integer and '“T(x) < n2(x). We assume that there exist real valued
continuously differentiable functions V(x, y), ¢ (x, y) with domain D1 = {(x, y)|x > y >
xo > 0}, and continuously differentiable function p with the domain [xg, 00) satisfying the
Sollowing conditions:

(A1) \I{(x,x) = Ofor)g > xp and ¥V (x,y) > 0forx >y > xo;
(A2) ZW(x,y) =0, 5t ¥(x,y) <0;

(A3) BN 4 w(x, )2 = ¢(x,y), (x,y) € Dy
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Further, assume that

X—>00 \l"(x

(14 a)p?(x, )p(»)
limsup —— / W(x, »)oMJIMEY) — - dy =o00. (7)
. %0) [ 2M W (x, y)nf| 2(y>}

Then every bounded solution of (2) is oscillatory.

Proof Let U(x) be a bounded and non-oscillatory solution of (2). We may assume that U (x)
is an eventually positive. Since U(x) > 0 is bounded, V(x) is also bounded and V(x) > 0
eventually. As n is even and V(x) is bounded, by using Lemma 3, we have ¢ = 1 i.e.

DIV OVO @) =0, r=1,2,....n— L.

In particular, V'(x) > 0.
From (2), we have

VO (x) +aV™ (1 (x) + J(O)£X) (UG (x))
+a I1 (1 +dp) ' Unm) | <0.
n1(m2(x))<xp=<n2(x)

Using (3), we get

VO ) +aV® () + J )£V (12(x)) < 0. ®)
Define
y (=1
i) = p(x)T(f) ©
v(%52)
Differentiating with respect to x, we get
yn=D ym y (= 1)(X)V(1)
”(x)—p(mi(())w(x) L = +) (10)
V() v(n) o av(n)
Using Lemma 5, we obtain
VO (M) = b2 v )
= M v ). (1D
Using above inequality in (10), we get
2
y (=1 ym Mnt2 y (=1
P <0 (x)i( () LA mff)) - = (xix) pr)—— =8 (:)x)
V() ov(e) ¥ v(%52)
Using (9), we get
M x) V) M),
X () <2 e )Xl(X)-H)(X) (méx)) 200) xi (x). (12)
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Define another function

v
o) = plr) L), (13)
v(25)

Differentiating with respect to x, we get

veThm ) ()|:V(”)(m(x)) VD iy () VO (1242
+

)
1)(x)—/)() ( ;”) V('“T(X)) - 2V2<"'T(")) )

Using (11) and (13), we get

p(x) Vo) Mni T
+ 14
o 2w+ ) ) 2w 15 00). (14)

1
Xz( () <

Using (12) and (14), we get

(n) (n) (eY]
Y@ + a0 < po WY@ oV
v("—“) p(x)

M), P (x) 2 ,
2000 MW p()” 2() x2(0).

Using (8), we get

Py MR,
()xl(x) 2() X

P (x) W,
0(x) X2(X)—0l27() 2()

Multiplying by W (x, y) and integrating from 7 to x, we get

XV +axi @) < —p) T (0)EX) +

+a

/T W(x, oI DEy

< —/T lIl(x,y)xl(l’(y)dy —a/ \If(x,y)xz(l)(y)dy

) X n 2
+/ p (y)\y(x W x1(ydy — f/ ‘I’(X»y)xf(y)dy
T Pk

x (D M (¥ 2
+a/ : (y)‘lf(x, Mx2(y)dy —a—- (y)‘lf(x, N5 (y)dy
T PO 2 Jr p( )

()
2p(y)

()
2p(y)

=\v<x,T>xl(T)+fT {qb(x,y)xl(y)— wx,mf(s)} ds

+a¥(x, T)x2(T) + « /T [mx, »x2(y) — W(x, y)x%(y)] dy

Using inequality Py — Qy2 < P— , we get

/T W(x, )p(s) ()EG)dy
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(1 + ) (x, npW)
2MY (x, )2 (y)

<V, T)xi(T) +a¥(x, T)x2(T) +

x (14 a)p?(x, y)p(y)
W(x, J(y)E£ — d
/T [ e, MpWMIMEQY) ZM\D(x,y)n7_2(y):|

SV, D)xi(T) +aV¥(x, T)x2(T)
< W(x, x0)x1(T) + W (x, x0) x2(T),

which gives

( +a>¢2(x,y>p<y)} .
P} y < 00,
MY (x, y)n; ()

which contradicts the condition (7). Applying Lemma 2, result follows. O

1 X
m/T |:‘IJ(X’)’),0()’)J()’)£()7)—

Theorem 10 Let n be an odd integer and u(x) be an eventually positive bounded solution of
(1). Further, if there exists a constant K1 > 0 such that

max{  [[ a+dp'. [ a+dp'} <k

N (x)<xp=<x n(x)<xp=<x

and
/OO k(x)dx = oo, (15)
X0

then lim u(x) = 0.
X—>00

Proof Since u(x) is eventually positive, consequently U(x) and V(x) are also eventually

positive, therefore there exists 0 > xg such that V(x) > 0, for x > p. Let lim V(x) = L.
X—>00

Then L > 0. Claim L = 0, otherwise L > 0. As n is an odd integer and V (x) is bounded,

by using Lemma 3, we have ¢ = 0, (otherwise V(x) is unbounded) i.e.

D' VEVD @) >0, for r=0,1,2,...n—1.

In particular, V'(x) < 0 for x > o. Since V(x) is decreasing for x > o, we have L + ¢ >

V(x) > Lforall e > 0. Choose 0 < € < %,?IK‘) It is easy to see that

Ux) =V —a [] A+d) 'Um)

n1(x)<xp=<x

>L-a ] (+d)~'Vin)

ni(x)<xp=<x

>L—«a l_[ (1+dp)_1(L+€)
n1(x)<xp=<x
>L—aK|(L+¢)=P(L+¢)>PV(x), (16)
_ L—aK(L+e€)
where P = % > 0.
Therefore, from (2), we have

V(1) = —k()E@)U (2 (x))
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—Pk(x)£(x)V(n2(x))
—PKk(x)L. (7

IANIA

Integrating from p to x, we get

V(nfl)(x) _ V(nfl)(g) < —PK]L/ k(y)dy’
e

V=D (p)

X
k(y)dy <
/Q ndy < PKIL

Taking limit as x — oo, (15) contradicted. Hence lim V(x) = 0. Since U(x) < V(x), we
X—>00

have

lim U(x) =0.

X—00
Therefore, by applying Lemma 2, we get

lim u(x) =0.

X—>00
This completes the proof. O

Corollary 11 Condition (15) of Theorem 10 can be replaced by the following condition
[e.¢]
|y ks = . (18)
e
Proof Multiplying (17) by y"~! and integrating from o to x, we get

/ YV (ydy < _PKIL/ Y k(y)dy,
4 4

G(t) — G(o) < —PK/L / V' k()dy, (19)
o

where
Gx) =x"""V" V() = (n = Dx" VD) + (0 — D — 2)x" VI ()
= (=D =2)...32xV' (@) + (1= D —2)(n —3)...3.2V ().

Since (—1)"'V?(x) >0, r =0,1,2,...,(n — 1) for x > 0, G(x) > 0 for x > p. From
(19), we have

—G(o) = —PK1L/ Y k(y)dy.
o

Taking limit as x — oo, we get

’

- G(o)
n—1

k d <

/Q y Wy = PK L

which contradicts (18). Thus the proof is completed. O

In the next section, following the idea used in papers [13—16], we elucidate the frequency-
amplitude relationship.
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Frequency-Amplitude Formulation

According to the Lemma 1, problem (1) is equivalent to the following problem:
VO () + k()£ U (n2(x)) = 0, (20)

where V, £ and U are defined in Lemma 1.
Equation (20) is of the following form:

v 4 fU) =0, (20

where f(U) = k(x)£(x)U(n2(x)).

We assume that all the conditions of Theorem 7 hold. Therefore every non zero solution
of (1) is oscillatory. To find frequency- amplitude relationship, we consider the following
conditions:

VO0)=A,V0)=V"0) ==V D) =0,

where A is its initial amplitude.
According to He’s frequency-amplitude formulation, we use the following trial functions:

Vi(x) = Acoswix, Vo(x) = Acoswax, ..., V,(x) = Acosw,x,
where wi, wo, ..., w, are trial frequencies.
Ifnisevenie.n =2m, m =1,2,3, ..., then the residuals are given by:

Ri() = f(UD) — (=) 'wf cos wyx
Ro(x) = f(Uz) — (—=1)" " wf cos wox

Ry(x) = f(Up) — (—l)m_lwﬁ COS Wy X.
Ifnisoddien =2m—1,m=1,2,3,..., then the residuals are given by:

Ri(x) = f(U1) — (=" "wf sinw)x
Ry(x) = f(Ua) — (=) wh sinwyx

Ry(x) = f(Uy) — (=1 w! sin wyx.

According to classic procedure of He’s frequency-amplitude, the approximate frequency of
non linear oscillator (21) can be calculated by using above residuals.

Application

Example 12 Consider the following system

[u(x) 4+ au(x —27)]© + %u(x —m)=0, x#xp,

u® (xp) —u(x,) = u(x,), r=0,1,2,3,4,5, (22)
p=12,3....
Heren =6, ni(x) = x — 2w, ma(x) = x —m, x > xp9, @ > 0, k(x) = %, J(x) = %,
d, = %, Xp = pm.
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Let W(x, y) = (x — )%, p(y) = y.
Clearly, ¥ (x, x) = (x—x)2 = 0forx > xoand U (x, y) = ()c—y)2 > Oforx > y > xp.
Therefore (A1) holds.
\Il(x y)=2(x—y) >0, dyLIJ(x y)=—-2(x—y) <0, forx > y.
Therefore (A2) holds.

oW (x, y) Py 1

(A3) —=2 4 W(x,y) =2(x—y) 4+ (x—y)?>—
ay py) y
_ (x=y(=2y+x—y)
y
_ (x —y)(x = 3y)
y
= ¢(x, y).
We see that
f W, 1o (EG)dy
P
/ (x = y) <7>dy
Y= <xp=<y I+ p
2 2 1 " 2
o [ vrayeg / =Pyt [Pyt
X0 X2
_=x)P mx)’ -x)’ r-xg)’
6 18 36 60
We can easily show that
(1+a)¢?(x, y)p(y)
li v JOE dy =
mSup ) qj(x 9 / [ )W J (MEQY) — MG ) } o0

Thus all the conditions of Theorem 9 are fulfilled, therefore every bounded solution of (12)
is oscillatory.

Example 13 Consider the following system

[u(x) + aulx —47)]® + P u(x —27) =0, x # Xp,
u (xp) —u(x,) = %u(r)(x;), r=0,1,2,3,..,n—1, (23)
p=1273,...,

where 7 is any positive even integer.
Here 11 (x) = x — 47, no(x) = x — 27, x > x0, @ > 0, k(x) = e?*, d, = %, Xp = pm.

Let W(x,y) = (x — y)2, p(y) = e 2.
Clearly (A1), (A2) hold.

IW(x, ) Py _p2e®
(A3) 3y +‘P(x,y)p(y) =26 =0 - =y
=200=y&—-y+1D
= (x, ).
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Now, we can easily show that

1
lim sup ———
x—oo W(x,x0)

X 1 > ,
/ [wx,ymy)f(y)ﬂy)—( )7 (x W@)},
X0

MY (x, )2 (y)

Thus all the conditions of Theorem 9 are fulfilled, therefore every bounded solution of (13)
is oscillatory.

Example 14 Consider the following system

[u(x) + cu(x —2m)]9 + x2u(x —7) =0, x # Xp,

u®(xp) —u(x,) = uP(x,), r=0,1,2,34, (24)
p=123....
Heren =5, k(x) = x2, d, = %, ni(x) = x — 2w, na(x) = x — m. Clearly, there exits a

constant K| > 0 such that

o[ 12 1 (:25)] <

X—=2m<xp=x X—TT <Xp=<X

o0 o0
f k(y)dy = / Vdy = oo,
X0 X0

Thus all the conditions of Theorem 10 are fulfilled, therefore by using Theorem 10, we get

and

lim u(x) =0.
X—> 00
Conclusion

Our main emphasis is analyzing of higher-order neutral impulsive differential equations
using Riccati transformations and comparison theorems in the present work. Using these
strategies, every solution of the studied equation [i.e., problem (1.1)] oscillates under certain
assumptions. In addition to that, some sufficient conditions are obtained for bounded oscil-
latory solutions using the corresponding non-impulsive differential equation. Moreover, the
asymptotic behavior of the oscillatory solutions is also discussed.
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