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Abstract

In this paper, we propose a nonlinear fractional-order model in order to explain and understand
the outbreaks of foot-and-mouth disease. The proposed model rely on the Caputo operator.
We computed the basic reproduction number and demonstrated that it is an important met-
ric for extinction and persistence of the disease. Utilizing reported foot-and-mouth disease
data for Zimbabwe and the nonlinear least-squares curve fitting method we estimated the
model parameters. Meanwhile, we performed an optimal control study on the use of animal
vaccination and culling of infectious animals as disease control measures against foot-and-
mouth disease. Our findings showed combinations of optimal vaccination and culling rates
that could lead to the effective management of the disease.

Keywords Mathematical modelling - Fractional calculus - Epidemiological models -
Foot-and-mouth disease - Optimal control theory

Mathematics Subject Classification 92B05 - 93A30 - 93C15

Introduction

Mathematical models have proved to be useful tools for enhancing the understanding of
several phenomena in science and engineering [1-8]. One of the mathematical concept that
has been widely used to study science and engineering phenomena is arguably the concept
of differentiation [9]. Through this concept researchers are able to construct mathematical
formulas called differential equations, which are then used to infer the dynamics of any
chosen phenomena in science and engineering. These differential equations can either be
in integer form or non-integer form (fractional-order derivatives). Recently many scientists
have argued that due to complexities that characterize science and engineering phenomena
non-integer derivatives are more efficient to capture the dynamics of these events compared to
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integer-order derivatives [9]. One of the main reason being put forward by researchers is that
fractional-order models can effectively account for memory influences which are inherent in
science and engineering phenomena [9—11].

The main goal of this study is to develop and analyze a fractional-order foot-and-mouth
disease model. Foot-and-mouth disease (FMD), a highly contagious livestock disease that can
be transmitted directly and indirectly, remains a major challenge in many sub-Saharan Africa
countries such as Zimbabwe, Botswana and Zambia [12,13]. Owing to its economic conse-
quences understanding the spread and control of foot-and-mouth disease in these countries
has become increasingly important. Since the 2001 FMD outbreak in the United Kingdom
(UK), modeling the transmission dynamics of FMD has been an interesting topic for a num-
ber of scientists [12-21]. Mushayabasa et al. [13] proposed a non-autonomous model to
study the effects of seasonal variations on the dynamics of FMD. Their study demonstrated
that seasonal variations have a strong influence of FMD dynamics. Bravo de Rueda et al.
[16] formulated a dynamical model to quantify the transmission of foot-and-mouth disease
virus (FMDV) caused by an environment contaminated with secretions from infected calves.
Their work revealed that a contaminated environment contributes considerably to the trans-
mission of FMDV, hence they suggested that farmers need to make use of hygiene measures
in order to reduce indirect transmission of the virus. Tessema et al. [18] utilize a delay
ordinary differential equation model to characterize the effects of prophylactic vaccination,
reactive vaccination, prophylactic treatment and reactive culling on the spread of FMD. The
researchers noted that implementing a combination of strategies during an FMD outbreak
can play a crucial role in minimizing the spread of the disease in the community.

The aforementioned studies and those cited therein greatly improved the existing knowl-
edge on FMD transmission and control, however, majority of the existing models were based
on integer differentiation and we believe that integer differentials do not satisfactorily describe
memory and hereditary properties which are inherent in FMD dynamics. Therefore, there is
need for researchers to construct a fractional-order model to understand FMD transmission
dynamics. To the best of our knowledge, such a model is still lacking. In this paper, we pro-
pose a novel FMD model that makes use of Caputo fractional order derivative. The fractional
derivatives have several different kinds of definitions, among which the Riemann-Liouville
fractional derivative and the Caputo fractional derivative are two of the most important ones
in applications [22]. Since the Caputo operator makes use of local initial condition which
have known physical interpretations, it is preferred over the Riemann—Liouville operator
[23]. Furthermore the Caputo derivative is in case of homogeneous initial values, deemed
equivalent to both the Griinwald—Letnikov definition and Riemann-Liouville [24] hence for
brevity we only consider the application of the Caputo derivative.

This paper is organized as follows: In section “Preliminary Results”, we present basic
definitions of fractional calculus. In section “Model Formulation”, we proposed a novel FMD
model based on the Caputo fractional order derivative. In section “Dynamical Behavior of the
Model”, we studied the dynamical behavior of the proposed model. In particular, we computed
the basic reproduction number and anayzed the global stability of the model equilibrium
points. In section “Estimation of Model Parameters Using Real Data”, we estimated the model
parameters, utilizing FMD data for Zimbabwe. In section “Optimal Control Problem”, the
extended the proposed model to incorporate optimal control theory. In section “Concluding
Remarks”, we present main conclusions of this work and unravel areas of future research.
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Preliminary Results

We begin with some important definitions from theory of fractional calculus.

Definition 1 (See [25]). Suppose that @ > 0,f > a,a,a,t € R. The Caputo fractional
derivative is given by

C na _ 1 /t ”(g) -
ath(t)_F(n—a) ; (,_,;)aﬂ—ndf’ n—1<a,neN.

Definition 2 (See [25]). For a function f € L'([ty, T]) the Riemann-Liouville (RL) integral
of order @ > 0 and the origin 7y is defined as:

1 t
Jt‘;f(t) = ?(1) \/t;) (t - T)a_lf(r)d‘l'-’ vt € (t()a T]7 (1)

where L ([to, T]) denotes the set of Lebesgue integrable functions on [fy, T] and I"(x) is the
Euler gamma function.

Theorem 1 (See [26]). Leta > 0,n—1 < a < n € N. Suppose that £ (1), f'(t), ..., f*=D

(t) are continuous on [ty, 00) and the exponential order and that ,%Df‘ f(t) is piece-wise

continuous on [ty, o). Then

n—1
LiED f(0)) =52 F(s) — Y s 0 g,

k=0
where F(s) = L{f(1)}.

Theorem 2 (See [27]). Let C be the complex plane. For any « > 0 8 > 0, and A € C"*",
we have

L{tPVE, g(A1")) = 5% 7P (s* — A)7!,

for Rs > ||A|| é where Rs represents the real part of the complex number s, and Eq g is the
Mittag—Leffler function [28].

Theorem 3 (See [29]). Let x(-) be a continuous and differentiable function with x(t) € Ry.
Then, for any time instant t > ty, one has
t *
ICOD;" <x(t) —x*—x*In %) < <1 — xx(t)> ,CODf‘x(t), x*eR",  Vae(0,]).

Model Formulation

In this section, proposed is a fractional order foot-and-mouth disease model under the Caputo
operator. The model system consists of eight state variables, of which seven variables account
for cattle in different epidemiological stages of the disease, and these are susceptible animals
S(t), animals vaccinated with a low efficacy vaccine V (), animals vaccinated with a highly
effective vaccine U (), latently infected animals L(z), clinically infected animals / (¢), FMD
carriers (asymptomatically infected animals) A(¢), and recovered animals R(z). Therefore at
any time ¢ the total population of cattle N(¢) in aclosed farmis N(¢) = St)+ U (t)+V (t) +
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L(t)+ I1(t) + A(t) + R(t). Meanwhile, an additional compartment P (¢) that represents the
concentration of the FMDV in the environment is incorporated. Thus, the proposed framework
is summarized by the following system of equations:

WD S() =% — (BY1 + BIOA+ By P)S — (v* + n*)S +afV +a5U,
WDV () =ov*S — (1 —e)(BI1 + BIOA+ B P)V — (u¥ +af)V,

WwDrU@) = (1 —o)S — (1 —e)(BY1 + B{OA+ BSP)U — (u* + a5)U,
wDIL(t) = (BYT+ BYOA+BIP)S+ (1 —e)V + (1 —e)U) — (y* + )L,
EDYI(t) = y*L — (c* + ¢ + u)I,

EDIA() = fU1(t) — (U + YA,

CDER() = (1— [IP*1() + Y A1) — u*R(0),

fODf‘P(t) =n*T +kn“A —§%P.

(@)

The model is formulated under the following assumptions:

(i) All new animals are recruited into the farm at a constant rate I1 and they are assumed
to be susceptible to infection. Albeit, FMD is a highly contagious disease with severe
economic consequences, disease related mortality is often very low and more often
infected cattle generally clear the systemic infection within 8-15 days [30]. Based on
this assertion, we have ignored disease-related mortality rate in the proposed framework.
However, we have assumed that natural mortality rate occurs at a similar and constant
rate ;1 day~! in all epidemiological classes. Therefore, it is estimated that the average
lifespan of cattle is equivalent to 1/u days.

(i1) In the proposed model, it is assumed that there are animals from which live-virus can be
recovered 28 days post infection and defined as FMD carriers also known as persistently-
infected. Albeit, the role of such animal on FMD dynamics is still a matter of debate,
here we have considered that they are infectious and are also capable of shedding the
virus into the environment. This suggestion is based on the study of Parthiban et al. [30].
Thus, disease transmission is assumed to occur through direct means between uninfected
animals and infectious (both symptomatic and carriers) at arate §;. Moreover, clinically
infected animals and carriers are assumed to excrete the virus into the environment at
rates 1 and « n, respectively. Here, kis a modification factor meant to compare the infec-
tivity and virus excretion between clinically infected and FMD carriers. The pathogen
excreted into the environment is assumed to decay at a rate § day~!. In addition, it is
assumed that uninfected animals can be infected by the virus in the environment at rate
Ba-

(iii) Upon infection, animals progress to the latent/exposed stage where they incubate the
disease for 1/y days before they start to display clinical signs of the disease. As high-
lighted earlier, infected animals are assumed to clear the systemic infection after 1/¢
days which ranges between 8 and 15 days. Moreso, prior studies have shown that in
ruminants there is always a fraction say f from which live-virus can be recovered 28 days
post infection and this usually ranges between 15 and 50% of the recovered animals.
Furthermore, it has been estimated that it may take approximately 3.5 years for these
animals to completely clear the virus. Therefore, 1/¢¥ models the average duration an
FMD carriers takes to clear the virus. Animals recovered from the infection are usually
immune unless the host population is very large [31]. Based on this assertion, in this
study we have ignored the reinfection of recovered animals.

(iv) FMD has no cure, however, a couple of preventative and control measures that can be
used to restrict the spread of FMDV exists, and these are vaccination of susceptible
animals, slaughtering of clinically infected animals, movement restrictions as well as
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slaughtering of both susceptible and infected animals-the rational being to reduce ani-
mals density which leads to reduced animal contacts. Here, it is assumed that susceptible
animals are vaccinated at a constant rate v day~!. Furthermore, clinically infected ani-
mals are assumed to be detected and culled at a rate ¢ day ™. Since the proposed model
is considered to be for a farm in resource limited settings, we neglected culling of FMD
carriers since identification of these animals requires expensive tools which we believe
livestock keepers in such settings cannot afford. In addition, we neglected slaughtering
of animals with a view to reduce animal density based on the fact that in resource limited
settings there is lack of infrastructure and resources (human and finances) to carry out
the work as well as finances to compensate farmers who will lose their herds during
such disease control program.

(v) Nevertheless animal vaccination is arguably the best FMDV preventative strategy [32],
it is worth noting that the efficacy of the vaccine depends on a number of factors such
as the vaccine used and the source of procurement. In the proposed model we assumed
that a fraction o receive an ineffective vaccine and the remainder (1 — o) a highly
effective vaccine. The efficacy of ineffective and effective vaccines is modeled by €
and e, respectively, with 0 < €] < € < 1. Furthermore, animals vaccinated with an
ineffective and effective lose vaccine induced immunity at rates o1 and a2, respectively.
This assertion is based on the fact that most farmers may not afford the cost of high
quality vaccines.

Figure 1 presents the model flow diagram. In model system (2), recovered animals, R(t),
do not influence the dynamics of the disease, that is, all the otherequations in this model

a)(Bul + 4104 + AP, ) -1 .

Fig.1 Transmission diagram of foot-and-mouth disease
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do not depend on variable R(#), and without loss of generality this second last equation can
be ignored. Hence the dynamics of the disease can be explored from the following reduced
system

€ DIS() =N — (BYT + BLOA + BSP)S — (v + pu®)S + oV + a5 U,
wDi V() =o0v"S — (1 —e)(BY1 + BIOA+ BYP)V — (1 +af)V,
WU = (1 —o)v*S — (1 —e) (B 1 + BIOA + B PYU — (u* + a7)U,
WwDFL(t) = (BYT+BYOA+ LIPS+ (1 —e)V + (1 —e)U) — (y* +u*)L, ¢ (3)
EDUI() = yoL — (® +¢% + p)1,
CDEA) = 1) — (1 + Y AW),
WD P@) =01 +xkn*A—8"P.

Dynamical Behavior of the Model

This section is devoted on understanding the dynamical behavior of the proposed model (3)
aspects that will be considered are the biological feasibility of model solutions as well as the
local stability of the model steady states.

Biological Feasibility of Model of Solutions

According to Theorem 3.1 and Remark 3.2 of [33], the solution of system (3) is unique for
t > 0. We thus need to show that the solutions to (3) are non-negative for positive initial
conditions.

Theorem4 Let X(t) = (S(t), V(t), U(t), L(t), I(t), A(t), P(t))T be the unique solution of
system (3) for t > 0. Then the solution X (t) remains in RZF.

Proof
D! S|s—o =" +afv+asUpn =0,
0w Dl Viv=o = ov*S > 0,
wDiUly=0 = (1 —0)v*S >0,
WD LlL=0 = (BY 1+ BYOA+BIP)(S+ (1 —e)V + (1 —e)U) >0,
¢ D10 = y*L =0,
WDl Ala=o = f¢“I >0,
wDi Plp=o = n"I +kn*A > 0.
Thus, one can conclude that the results presented imply that the vector field given by the right
hand side of (3) on each coordinate plane is either tangent to the coordinate plane or points
to the interior of RZ_. Hence, the domain RZ_ is a positively invariant region. Moreover, if

the initial conditions of system (3) are non-negative then it follows that the corresponding
solutions of model (3) are non-negative. ]

Theorem5 Ler X(t) = (S@t), V(t), U(t), L(t), I(t), A(t), P(t))T be the unique of the
model (3) for t > 0. Then, the solution X (t) is bounded above, that is, X(t) € Q where Q
denotes the feasible region and is given by

Q= {(S(t), V), U@t), L(t), [(t), A1), P(t)) € RL’O <N <C, 0<P(@)< 6’}
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where

N(t) = S(t) + V(1) + U(t) + L(t) + 1(t) + A1),

C= max{]\?(O), la} and C :maX{P(O), M}
"

801

Proof For model (3) to be biologically meaningful all model solutions need to be positive.
Hence for biological relevance there is need to demonstrate that all solutions of model system
(3), which have been shown to be positive in Theorem 4 are bounded. Since all solutions of
model system (3) have been shown to be positively invariant (Theorem 4) then it follows that
the possible lower bound for these solutions is zero. Thus, in what follows we will concentrate
on the upper-bound for these solutions. Let ﬁ(t) =SO+Ve)+U@)+L@)+1()+A().
It follows that

€ DEN(1) = & DYS() +5, DV (1) +5, DXU () +5, DYL(1) +5, DX1(t) +5, DEA(r)
< T1% — N ().

Taking the Laplace transform leads to

o

SYLIN(1) —s*IN(0) < HT — A L(N(1)).

Combining like terms and arranging leads to

-1 a—1

+ N(0)

S+ o S 4 puo
sotf(l+ot) - Sotfl

—M*——— + N© :
sot_|_ﬂot+ ()S(X_l’_l/(/a

Applying the inverse Laplace transform leads to

L(N(@) < n¢

Ny < coHme 5! + N o) s + 2 UN©) s
- Sa‘i‘ﬂa Sa+ﬂa SO[_’_M(X

M°4% Eq g1 (—pt®) + N(0) Eq, 1 (—pt®)
o

I1 ~
Wﬂaia Ego+1 (—pt™) + N(0)Eq 1 (—pu1%)

IA

IA

IA

n* -
max {W N(O)}(MalaEa,a+l (—pot®) + Eq,1 (—pt®))

C_
ra -

’

where C = max { E—fj N (O)}. Thus, N (#) is bounded from above. We now proceed the
equation for the pathogen population. Thus from the last equation of system (3) we have
WDIP() =01 +kn*A =8P < (n* +kn*)C —8*P.
By following the similar approach as before, one can easily deduce that
0<P<C,
(" +kn*)C

80{
bounded above. O

where C = max{ , P(0)}. Hence, one can conclude that the solution X'(¢) is
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The Basic Reproduction Number

The basic reproduction number, often denoted, R is an integral metric for infectious disease
models. Through it one can determine the power of the infection to invade the community.
Moreover, model parameters (which more often represent transition between epidemiological
stages or factors, such as disease control measures) can be determined. This section is devoted
to the computation of Ry. However, before we compute R there is need to determine the
disease free equilibrium (DFE). The DFE is a steady state of model system (3) which signifies
the absence of the disease in that community, thatis, E = I = A = P = (. Using direct cal-
culations one can easily deduce that this steady state is equivalent to (SO, v0, 0% 0,0,0, 0),
where

% (u* + af) (u* +a3)
I (o) o (4 (1= o) +af) +af (u + ov)]’
M v*(u® + a3)

T () o (1 + (1= 0)v” + af) +af (u + ov)]
0 v (1 — o) (u* + erf)
PR (e 4 v%) +af (1 + (1= ) +a3) + a5 (1 + ov)]

Applying the next-generation method of van den Driessche and Watmough [34] results in

Ro = RIT 4 rind
_ <ﬁ?y“[s0+<1—el)V°+(1—ez)U°]><1+ fo¢* )
(4 1) + pn* +¢%) ne + g
+<ﬁ§’nay“[so+(1—el)v°+(1—ez)U°]><l+ fro® )
8 (y® + u*) (e + u® + ¢%) ne e

where Rglr and R%]nd are interpreted as the average number of new infections reproduced
via the direct and indirect routes respectively.

Global Stability of the Model Steady States

In this section, we will utilize Lyapunov functionals to investigate the globally (uniformly)
asymptotically stable of the steady states of model system (3).

Theorem 6 For system (3), whenever Ry < 1, the disease-free equilibrium point is globally
(uniformly) asymptotically stable.

Proof Consider the following Lyapunov functional:

W(t) = a1 L(t) + a2l (t) + a3A(t) +as P (1),
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where a1, az, a3 and a4 are positive constants and are defined as follows:

_ Brv® < fo¢* )
a; = 1+
r® + N + p* +¢%) R+

n Byn®v® ( fro® )
By + p) (e +pt ¢\ p Y )
_ B ( 69" )
(¢ 4+ p* + %) R+
Byn®v® fre® )
I ,
trr e T

_ B1OSY + Bikn”
IR
%3

s’

Based on the linearity property of FDEs we have

)

a4 =

fngW(t) = a fon‘L(t) + ay ,CUD;XI(t) + a3 t”ODf‘A(;) +ay ion‘P(t)
=a[(BYT+ BTOA+BIP) S+ (1 —€eDV + (1 —e)U) — (y*+ n*)L]

+ax[y*L — (¢* 4+ ¢% + u*)I]

Fas[fo*I(t) — (u* + ) A(1)]

+aa[n“l +kn*A — 8% P].

Simplifying one gets
WDIW@) =la1(S+ (1 =€)V + (1 —e)U) — 1B} 1 + BTOA + 5 P,

< [a1(8"+ (1 =)V + (1 = QU®) = LIIBYT + BIOA + B P]
= [Ro — N[BT + BYOA + B3 P]. )

Hence, if Ry < 1, we have fo D¢ W (t) < 0. Furthermore, let Q be the largest invariant subset
of the set

= {(S(t), V@), U@), L(t), A@t), [(1)|D*W (1) = O}.

We now claim that @ = {£°}. In fact, when Rg < 1, it follows from (4) that X = {(S(r), V (¢),
U@), L(t), A@), I®)|S(t) = SO, V() = VO, E(t) =0, A(t) = 0, I(r) = 0}, which leads
to Q = {9 If Rg < 1,and X = {(S(2), V1), U(t), L(t), A@r), I(|S¢) = SO, V(1) =
VO U@ = 0,L@t) = 0,A(r) = 0, 1(t) = 0} from the first three equations of system
(3) we have S(t) = 8%, V(t) = V9, and U(t) = U". Again, we have Q = {£95. Noting
that Q is invariant, therefore by the Lasalle’s Invariance Principle [35], the DFE is globally
(uniformly) asymptotically stable whenever Rg < 1. O

In what follows, we investigate the global (uniformly) asymptotic stability of the non-trivial
equilibrium of model system (3). We assume that this equilibrium point exists whenever
Ro > 1 and let it be denoted by £* = (S*, U*, V*, L*, I*, A*, P*). Note that due to the
complexity of model system (3) we did not compute £*.

Theorem 7 Assume that Ry > 1, then it follows that the endemic equilibrium of system (3)
is globally asymptotically stable.
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Proof By closely following Theorem 3 we propose the following Lyapunov functional
H(t) = (S(t) —8*—1In S(t)) + (V(t) —V*—In V(t)) + (U(t) —U*—1In U(t))
+<L(t) —L*—1In L(t)) + w11*<1(t) —I*—In 1(;))

+w2A*(A(t) —A*—In A(t)) + w3P*<P(t) — P*—1n P(t)).

It follows that the fractional derivative of H (¢) along the solutions of system (3) leads to

*

c o S c o V* c o U* c o
¢ DYH(1) < (1 - S(t)) ¢ DES(1) + (1 - vm) ¢ DV (1) + (1 - %) ¢ DIU (1)

L* c o ]* c o

A* c o
+w2(1 - m) l()Dl A(Z)

P* c o
+w3<1 — %> l()Dl P([)

Thus

S*
¢ DYH(1) < (1 - S(f))(n“ — (BE1 + BYOA + BSP)S — (v + u)S +afV + aSU)

+(1 - VV(Z)><av“S — (L= e)(BYT + FUOA+ PPV — (1 +o)V)

U*
+(l - U(z))((l —on®S — (1 —e) (B + B{OA + By P)U

*

L
—(M"‘+OZ§)U)+<1—m)((ﬂ?IJrﬁf‘@AJrﬁS‘P)(SHI—61)V+(1—ez)U)

*

I(t)

—(VO‘+M°‘)L)+w1(1 - )(V”‘L—(CO‘+¢“+M")1)

A* o o o
+w2<l—A(t))(f¢ 1) — (U + ¥*)A)

P*
+ 1— “I +kn*A —8%P).
w3< P(t)>(n K7 )

At the endemic equilibrium of model system (3) we have the following identities:

e = (BYT* + BEOA* + BSPF)S* + (v* + pu*)S* — a¥V* —a§U*,
oY S* = (1 — ) (BT* + BYOA* + BSPHV* + (u + o)V,

(1 —o)*s* = —-e)BII* + BTOA" + BIPHU* + (u* +a3)U",

(y% 4+ u*)L* = BYI* + BYOA* + BIPH)(S* + (1 —e)V* + (1 — e2)U™),

(€ + Q% + pu*)I* = y*L*,

(u® 4+ ) A* = fo*I*,

SWP* — nOtI* +KUO(A*.
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Moreover, setting:

s AY, PH(S* + (A —eDV* + (1 —e)U™)

yL*
@ AN PO (I — )V + (= e)U)
2 = f¢1* )
@ AN PO A U — )V (1= e)U)
T g2 (1%, A%) '

where g1 (I, A, P) = {1+ BFOA+BTP,and go(1, A) = n*I +«“nA. After some tedious
algebraic simplifications we have

S S* SV* S*V sU* S*U
ot = (2- 5 - ) v - )t - )

s* S S*V  SV* S*U  SU*
—————
(¢)] ™ @
S*V* o SyE s*  U*  SU*
Olv* 3 - Otu* 3 o~
i ( Y s*v) i ( s U S*U)

(e)] e))
+g1(I*, A", PHY(S*  + (1 —e)DV* + (1 —e)U™)
( p P*gr (1, A) g1, A) )

P*  Pgy(I*, A*)  gr(I*, A%)

@
+g1(1*,A*,P*)S*
(4 S* LI* IA* A SL* g(I,A, P) gl(I,A,P))

S L*I I*A  A*  S*L gi(I*, A*, P*) | g1 (I*, A*, P¥)

©))

s S _sv LI* [A* A VL* g, A P)
S S*V  L*I I*A A* V*L g (I*, A*, P%)

mmAm)

g1(1>!<’14>i<7 P*)

+e1 (1%, A%, PHY(1 — e)U*

G_ﬁ_ﬂi_ﬂilﬁ_i_mf&@ﬂm
S S*U L*I I*A A* U*L g1(I*, A*, P*)

g1, A, P)
qi(I*, A*, P¥) )’

For all the terms in the brackets, (1), (2), (3), one can easily verify that whenever S(¢) = S*,
Vi) = V¥, U@) = U* L(t) = L* I(t) = I*, At) = A* and P(t) = P*, then
1 Di H (1) = 0. Moreover, since the arithmetic mean is greater than or equal to the geometric
mean, once can verify that terms in brackets labeled (1) are less or equal to zero, for example
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s s [S@) s*
<t =2 ()-—22,
st S st S

and it follows that;

Define ®(x) =1 —x + Inx, for x > 0. It follows that ®(x) < 0, with the equality satisfied
if and only if x = 1. Using this relation we have

P P ) e A (PR A)
P*  Pg(I*, A*)  g(I*,A*) \ Pga(I*, A%)

o PPl A\ P (L A)
Pgy(I*, A¥) P* (1%, A%)’

- P P &, A) g1, A)
<In|—)]———-1In +

P* p* ga2(I*, A¥) ga(I*, A%)
<0.

Furthermore;

4 S*  SL* gi(I, A, P) g1I, A, P) LI* 1A* A
S S*L g1(I*, A*, P*)  g1(I*, A*, P*) L¥I I*A A*

S* LI* IA* SL* g\(I,A, P)

=0 =)+ + @ + @ A0k el
S L*1 I*A S*L g1(I*, A*, P*)

g1, A, P) A ( A*gi(I, A, P) )

(1%, A%, P*)y A+ \ Ag (I*, A*, P¥)

A A g1, A, P) g1I, A, P)
<m(2)- 4 s s g (ST
A* A* g1 (I*, A*, P¥) g1(I*, A*, P*)

<0

Based on the above analysis we conclude that, if Ry > 1 we have ;0 D H(t) <0.ByTheorem
5.3.1in [36], solutions limit to M, the largest invariant subset of {fo D{ H (t) = 0}. Therefore,
for all (S(¢), E(¢), I(¢), A(t), P(t)) > 0 provided that S*, V*, U*, L*, I*, A*, P* are non-
negative, it follows by the Lasalle’s Invariance Principle [35], that the endemic equilibrium
point is globally asymptotically stable whenever Ro > 1. O

Estimation of Model Parameters Using Real Data

The main goal of this section is to utilize the least squares method and the Nelder—-Mead
algorithm [37] to estimate some of the model parameter. Other model parameters will be
draw from literature. In addition, we will also make use of observed FMD data for Zimbabwe
(January 2011 to June 2011) presented in Table 1. It is worth noting that FMD data for many
endemic countries remains scarce, nevertheless this data set will enable us to estimated model
parameters.

Utilizing FMD data presented in Table 1, we performed a fitting process using the least
squares method and Nelder—Mead algorithm [37]. Estimated parameter values are presented
in Table 2 and others are drawn from literature. The cumulative new monthly infections
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Table 1 FMD cases observe in Month

Zimbabwe, January—June, 2011 January February March  April May June

Cases 356 680 266 128 97 76

predicted by our model, C(¢), are given by the solution (6) of the following equation:
wDIC@) = ¢y L), (%)

where ¢ represents the proportion of reported FMD cases. Thus, the estimation of confirmed
cumulative cases for FMD over a defined time frame 7,1 < t < f; (where fy and T marks
the beginning and end of the time interval, respectively) from the model output requires to
compute:

1 t
Tley L) = o5 / t — 0 'Cy“L(v)ldr, Vi€ (1, T]. (6)
to

The following initial conditions were determined upon fitting the data, S(0) = 10,000,
V(0) = U(0) = L(0) =0, I(0) = 375, A(0) = 0 and P(0) = 2.0 x 10°.

Figure 2 shows the FMD cumulative cases fit for the four different estimated values of
o, that is., @ = 0.9335; 0.9340; 0.9345; 0.9350 are in colors red, blue, black and purple,
respectively. It can thus be deduced that the cumulative number of FMD cases are more for
lower values of o implying that cumulative cases are directly proportional to the strength of
memory effects. The root mean square errors for the FMD cumulative fits (RMSEC) are
67.04; 57.92; 54.93; and 58.53, respectively. It can be observed that the least RMSEC
lies between o = 0.9340 and 0.9350. Therefore, based on the proposed model together
with the data utilized, the best fractional order for the proposed model is between o =
0.9340 and 0.9350.

A graphical illustration in Fig. 3 shows the value of the root-mean-square error computa-
tions (RMSEC) concerning the derivative order. The values of the parameters at which these
errors have been obtained are presented in Table 2. From Fig. 3 we can note that decreasing the
derivative order «, the error of estimation decreases until « = 0.934455. Thereafter, decreas-
ing the derivative order will increase the error. Hence we can conclude that o« = 0.934455
is the appropriate derivative order for this data set. Figure 4 shows the model fit with the
derivative order « set to 0.934455.

T T T
«» 1500 - =
D ®
(2]
3+

(&)

(5]

=

=
[ J

£ 1000 | -
g
=] ® Observed FMD cases

(&) Model fit with o = 0.9335
a Model fit with o = 0.9340
= Model fit with o = 0.9345
i 500fF Model fit with o = 0.9350 |

L L L L
1 2 3 4 5 6

Time (in months)

Fig.2 Fitting of FMD cumulative cases for the Caputo version of the proposed model (2) with different values
of . Continuous trend lines represents o = 0.9335; 0.9340; 0.9345; 0.9350 are in colors red, blue, black
and purple, respectively. The observed data is illustrated in circles (color figure online)
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Table 2 Model parameters and their interpretations

Symbol Definition

Baseline value

Units

Source

o Fractional order (or
memory strength)

y Rate of progression
from latent to
infectious

n Environmental
decontamination
rate

s Environmental
pathogen decay rate

B Indirect disease
transmission rate

¢! Average infectious
period

Bi Direct disease
transmission rate

nw Natural mortality rate

I1 Recruitment rate

6 Modification
parameter for the
transmission rate of
carrier cattle

f Proportion of
infectious which
becomes carrier
cattle

K Modification
parameter for
environmental
contamination rate
by carriers

¢ Proportion of FMD
cases reported

oy, Q) Rate of loss of
vaccine-induced
immunity

o Proportion of animals
vaccinated with an
infective vaccine

v Constant vaccination
rate

c Constant culling rate
rate

0.934455

0.25

3.0 x 105

0.07

5.5 x 10710

6.15x 107

0.001
100
0.1

0.45

0.2

0.65

0.011, 0.0056

0.5

0.006

0.001

unit-less

day™ 1

pathogen animal~! month~!

day™ 1

Imonth™!

pathogen™
days
month~!

day™ 1

Animals day*'

unit-less

unit-less

unit-less

unit-less

day™ 1

unit-less

Fitting

[13]

Fitting

[19]
Fitting
[13]
Fitting
[19]

[19]
Fitting

[38]

Fitting

Fitting

[13]

[19]

[19]

[19]
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Alpha vs RMSEC

55.35
55.3 8
s5.25 [\ 1
55.2 [ \ .

55.15 | \\ b

RMSEC

55.1 | N ya
55.05 | e -
55 | N P .

54.95 - N g

o " " " s "
0.9343 0.93435 0.9344 0.93445 0.9345 0.93455 0.9346

Fig. 3 The root-mean-square error computations (RMSEC) of the model estimation for different derivative
orders. The minimum error of estimation is obtained for oo = 0.934455

1800 T T T T
Observed FMD Cases

1600 . Model fit with o = 0.93445

1400

1200

1000

800

FMD Cumulative Cases

200 1 1 1 1 1 1
1 1.5 2 2.5 3 3.5 4 4.5 5 5.5 6

Time (in months)

Fig.4 A times series plot showing FMD cumulative cases fit for « = 0.934455

Comparative Analysis of the Efficiency of the Classical Model Versus the Caputo
Fractional-Order Model

In order to compare the efficiency of the Caputo derivative and the classical model (the integer
derivative) on prediction of new FMD cases, we estimated new FMD cases using both the
Caputo and the classical model and then computed the root sum squared of the deviations as
follows:

6
RSS = Z(Real data — Estimated cases)?. (7)
i=1

Table 3 shows some important insights on the predictive powers of the Caputo fractional-
order model in relation to the classical. We can note that the root sum squared for the Caputo
fractional-order model is less than that of the classical order model. This imply that the
Caputo fractional-order model is more accurate compared to the classical order model. To
compute the efficiency rate of the Caputo fractional-order model, we closely follows that
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Table 3 Comparison of the real data with the classical (integer model) and the Caputo fractional-order deriva-
tive model

Real data Predicted cases (classical) Predicted cases (Caputo)
356 356 356
1036 928 1015
1302 1323 1322
1430 1489 1482
1527 1543 1558
1603 1557 1586
RSS 17,958 4795

approach in [39], that is, (%) x 100% = 73.6%. Hence, one can conclude that the

efficiency rate of the Caputo fractional-order model is relatively high.

Optimal Control Problem

In this section, we intend to investigate some suitable time dependent strategies to attain
effective disease management.

Fractional Optimal Control of the Foot-and-Mouth Disease Model

In this section, we utilize optimal control theory to determine the impact of vaccination and
culling on controlling the spread of FMD for both epidemic and endemic scenario. Thus, the
vaccination parameter v and culling parameter c, initially modeled as constants in (3) are
now regarded as functions of time and are now known as controls. They are now represented
as functions of time and will be assigned reasonable upper and lower bounds. Precisely, the
control function v(¢) measures the rate at which susceptible animals are vaccinated during
each time period and the control ¢(¢) measures the rate at with infectious animals are detected
and destroyed during each time period.

Using the same variable and parameter names as in (3), the system of differential equations
describing our model with controls is

wDiS(t) =% = (BY I+ BTOA+ B P)S — (v(1) + u*)S +af V +af

WD V() =ov(t)S — (1 —e)(BY 1 + BYOA+ B P)V — (u* +a)V,
DU = (1 —o)w()S — (1 — e)(BY] + BIOA + BSPIU — (u* +a§)U.
EDL1) = (BYT + BROA + BEPY(S + (1 — eV + (I — e)U) — (¥ + u)L. } (8)
D) = oL — (c(t) + ¢ + ),
WwDiA@) = foUI() — (u* + Y AQ),
wDiP(t) =n"I +kn*A—3P.

The control set is defined as
Q. = {(U(Z), c(1)) ’0 <v() <vmax, 0=<c() =< Cmax}~

In developing response plans to control the spread of FMD in the community, animal man-
agers seek optimal responses that can minimize the numbers of infectious infectious animals
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over a finite time interval [0, T'], while also minimizing the efforts of vaccination and culling.
Thus, cost functional in this study is defined by

(v0re0) = [ (104520 + o)
v(t),c() | = 1(t)+7v (t)-l-?c (t)) dr. )
0

As we observe, in (9) the control efforts are assumed to be nonlinear-quadratic, since a
quadratic structure in the control has mathematical advantages such as: if the control set is
a compact and convex it follows that the Hamiltonian attains its minimum over the control
set at a unique point. Furthermore the coefficients A; (i = 1, 2) are weight constants. The
weights being constant over the prescribed time frame, are a measure of the relative costs of
the interventions over a finite time horizon. The optimal control problem hence becomes that
we seek optimal functions, (v*(¢), ¢*(¢)), such that

JW* (@), c* (1) = mén J((t), c(t)) (10)

subject to the state equations in system (8) with initial conditions. By utilizing the Pontryagin’s
Maximum Principle [40] we have the following Hamiltonian

Al , Ay 5

H@)=1@)+ 71} (1) + 7c (1)
+Ag[TT* — (5‘1"1 + ,B‘f‘@A + ﬂgP)S — (@) + u*S + a‘l"V + agU]
+rvlov(®)S — (1 —e)(BYT + BYOA+ B PV — (u* 4+ af)V]
+ruld —o)v(®)S — (1 —e)(BYI + BYOA + B P)U — (u* +af)U]
FALLBYT 4 BTOA+BIPY( S+ (1 —eDV + (1 —e)U) — (y* + p¥)L]
FAYOL — (c(t) + ¢% + uHIy E — (u* + (@) + ") ]+ ralfd*1(2)
— (U YDA+ rp[n®l +kn*A — 8% P],

where As, Ay, Ay, Ar, A1, A4, and Ap, represent the adjoint functions associated with the
sates S, V, U, L, I, A and P, respectively.

In addition, one can demonstrate that given an optimal control pair (v*, ¢*) and solutions
(S,V,U,L,I,A, P), of the corresponding states system (8) there exist adjoint functions
As(), Ay (t), Ay (), Ap(t), A1(t), Aa(t) and X p(¢) satisfying

¢ DIAs(T —1) = (u* +vE)As(T — 1) + (BYI(T — 1) + BYOAT — 1)
+B5 P(T —1))(As(T — 1) — Ap(T — 1))
—ov(T —OAy(T — 1) — (1 — o) )u(T — DHay (T — 1),
¢ DIAv(T —1) = —afhs + (W +af)hy + (1 — ) (BT + B{OA + BS P)(hy — AL).
CDIA(T — 1) = —a§hs(T — 1) + (u* + a$)Ay (T — 1) + (1 — ) (BYI(T — 1)
+BYOAT — 1) + B P(T — 1) (Ay(T — 1) = Ap(T — 1)),
EDIAL(T —1) = (¥ 4+ pur (T — 1) —y*ap (T — 1),
§DIA(T —1) = =14 BYS(T —1)(As(T — 1) — Ap(T — 1))
+BY V(T —t)(1 — e)(Ay (T — 1) — AL (T — 1))
+B7U(T —)(1 — )by — AL)
+(* +c) + M)A (T — 1) — n*Ap(T — 1),
£ DIAA(T —1) = BYS(T —)(hs(T — 1) — AL (T — 1))
+BY V(T —t)(1 —e) Ay (T — 1) — AL(T — 1))
+BIU(T — )1 —e)Ay(T —t) = AL (T — 1)) + (c(T — 1)
+u® + YT — 1) —kndp(T — 1),
¢ DIap(T —1) = BES(T —1)(hs(T —1) — A (T — 1))
+BSV(T —t)(1 — e)) Ay (T — 1) — Ap(T — 1))
+B5U(T — )(1 — )y (T —1) = AL(T — 1)) + 8Ap(T — 1),
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Fig. 5 Optimal control results demonstrating the impact of Strategy A (optimal vaccination alone) on mini-
mizing the spread of the disease in the community. We set o = 0.934455,0 < v(¢) < 0.09

with transversality conditions A;(T) = O for j = §,V,U, L, I, A, P. Furthermore, the
optimal controls are characterized by the optimality conditions:

v(t) = min {Umax, max (

. e
c(t) = min {cmax, max [ —,0 ) ¢.
As

Sths —oiy — (1 —0)ry) 0)
o)

Numerical Results and Discussion

In this section, we present some numerical results to explore the role of time depen-
dent intervention strategies on minimizing the spread of FMD. An optimization algorithm,
forward-backward sweep method [41,42] has been developed using the Runge—Kutta fourth-
order scheme to characterize the numerical solutions of the fractional optimal control problem
(FOCP). For detailed information on steps carried out to numerically solve the FOCP, we refer
the reader to [43]. Initial population considered are as follows S(0) = 10,000, V(0) = 0,
U(0) = 0, L(0) = 300, 1(0) = 356, A(0) = 0, and P(0) = 2.0 x 10°. Model parameters
used are in Table 2, and additional model parameters not in Table 2 are in Table 4.

Prior studies have opined that more often the cost of vaccination is usually higher than that
of culling of symptomatic animals [44], hence in our simulations we set A| > A». Precisely,
we set A; = 10? and 10 respectively. Moreover, the simulations presented are based on:
Strategy A (Time dependent vaccination alone, that is, there is no animal culling at all) and
Strategy B (combination of vaccination and culling). Strategy A has been proposed based
on the fact that prior studies have argued that animal culling is not a preferred intervention
strategy in many countries where animal infections are endemic [45], since farmers may not
receive compensation as most of these nations are developing countries.

As we can observe, the number of exposed, infectious and carriers decrease in the presence
of time dependent intervention strategy than in the absence of the same. In particular, we have
noted that in the presence of time dependent vaccination alone approximately 3 253 infections
will be recorded compared to 4636 when there is no time dependent vaccination, over a period
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Table 4 Effects of @ on cumulative infections and costs

o Cumulative Cumulative Cumulative infections Total cost J
infections infections averted
observed with- observed with
out  optimal optimal  con-
control trol
0.8 8.9542 x 10% 2.5240 x 10* 6.4301 x 10% 2.00940 x 103
0.9 7.7607 x 10 2.1216 x 10° 5.6391 x 10° 2.0436 x 10°
1.0 8.76215 x 102 2.6558 x 102 6.10 x 102 2.5609 x 103

of 200 days. Thus, the time dependent vaccination has likelihood of averting approximately
1383 infections, over a period of 200 days and the associated cost is approximately J =
$7106.60.

With combined controls (Fig. 6), we can note that the population of exposed, infectious
and carriers decrease significantly for both time dependent and non-dependent controls. As
we can observe, with optimal vaccination and culling the numbers of exposed, infectious
and carriers will be reduced to levels close to zero, suggesting that combined time dependent
vaccination and culling has the potential to eradicate the disease whenever there is an outbreak.
Furthermore, we have also observed that, over a 200 day period, 3595 infections will be
recorded in the absence of time dependent controls and approximately 974 infections in the
presence of optimal vaccination and culling, suggesting that combined optimal control may
avert approximately 2621 infections. The associated cost in this case will be approximately
J = 2146.90. In addition, in Fig. 6d we can observe that with combined controls, the control
profile for v(¢) stays at its maximum for a relatively short period (approximately 50 days),
before it gradually drops to its minimum, than under strategy A. From these results we can
conclude that with combined controls, optimal vaccination may need to be maintained at
its maximum intensity for approximately 50 days, thereafter the intensity can be reduced
gradually and after 150 days it may be ceased. However, optimal culling may need to be
maintained at maximum intensity for approximately 180 days and can be gradually reduced
thereafter, until the final time horizon.

Simulation results in Fig. 7 show that the memory property of fractional derivatives,
the order of « has an effect on the estimated number of infections and the associated cost.
For « = 0.8, we can note that both the vaccination and the culling controls may need
to be maintained at their maximum intensity for effective disease management. Detailed
information on the impact of « on the spread and control of FMD is presented in Table 4.

We can observe from Table 4, that cumulative infections with and without combined
optimal controls decreases as « — 1. This can be attributed to the fact that when the
derivative order « is reduced from 1, the memory effect of the system increases, and therefore
the infections grows slowly, as we can observe from all illustrations in Fig. 7, for « = 0.8,
the population levels for all the subgroups will not converge to the disease-free equilibrium.
However, for « = 0.9 and 1.0, all the population levels will converge to the disease-free
equilibrium, over a 200 day time horizon.
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Fig. 6 Optimal control results demonstrating the impact of Strategy B (optimal vaccination and culling)
on minimizing the spread of the disease in the community. We set « = 0.934455, 0 < v(¢r) < 0.09 and
0<c(t) <0.1
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Fig. 7 Optimal control solutions showing the effects of « on the dynamics of the disease under strategy B.
Note that the trend lines presented here, represents the dynamics of the disease in the presence of optimal
control, there are no trend lines without optimal control. We set 0 < v(r) < 0.09 and 0 < ¢(¢) < 0.1
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Concluding Remarks

In this paper, we have proposed and analyzed a fractional-order foot-and-mouth disease
(FMD) model. The proposed mathematical modeling framework incorporates relevant
biological and ecological factors, vaccination effects, vaccine failure, direct and indirect
transmission of the disease. In addition, the framework incorporates virus shedding by FMD
carriers. The motivation to consider a fractional order is based on the fact that fractional order
systems possess memory which is one of the main features of epidemiological infections.
Model parameters of the proposed framework were estimated using the FMD data for Zim-
babwe, January—June 2011. Moreover, we extended the basic framework to understand the
implications of optimal vaccination and culling.

Our analytical results show that the disease-free equilibrium of the proposed model is
globally asymptotically stable whenever the reproduction number is less than unity. However,
when the basic reproduction number is greater than unity the model admits an endemic
equilibrium which is also globally asymptotically stable. Making use of FMD dataset for
Zimbabwe (January 2011-June 2011) and the least squares method we estimated some of
the model parameters while some were drawn from literature. On fitting the model to data, we
observed that a value of o = 0.934455 gives a better fit. Further, we perform a comparative
analysis on the efficiency of the Caputo fractional-order model and the classical (integer-
order) model, to estimate new FMD cases. We noted that the Caputo fractional-order model
is 73.6% accurate compared to the classical model. Although, fractional-order models are
known to be more accurate than classical ones, it is worth noting that the efficiency rate varies
based on the size of the dataset and uncertainties in model parameters.

Meanwhile, we performed an optimal control study on the use of animal vaccination and
culling of infectious animals as disease control measures against foot-and-mouth disease.
We proposed two control strategies, Strategy A and B, which we believe are feasible for
developing countries where the disease is endemic. Strategy A involves optimal vaccination
alone and Strategy B is based on combining animal vaccination and culling of clinically
infected animals. As one can observe, strategy A excludes culling of clinically animals,
thus this strategy was proposed based on the fact that prior studies have argued that animal
culling is not a preferred intervention strategy in many countries where animal infections
are endemic [45], since farmers may not receive compensation as most of these nations
are developing countries. Under strategy B, optimal vaccination is combined with optimal
culling of infectious animals. It is also worth noting that culling of uninfected animals has
also not been included in the proposed model since prior studies have also argued that this
strategy is not preferred by farmers in developing nations. Our optimal control simulations
considered a 200-day time period. Simulation results for strategy A showed that in the
presence of optimal vaccination the cuamulative number of infections decreases but the disease
may not be eradicated. However, when optimal vaccination is combined with optimal culling,
we observed that the disease may be eradicated after approximately 150-days. Further, we
explored the effects of the memory property of fractional derivatives, the order of « on the
cumulative infections and the associated cost. We noted that for « < 1, the cumulative
infections will be high and as « — 1 they will decrease. In particular, we have noted that
for o = 0.8, combined optimal vaccination and culling may lead to effective management of
the disease if both controls are maintained at their maximum intensities for a relatively long
duration compared to ¢ = 0.9. Moreover, we also observed that for « = 0.8, the disease
may not be eradicate during a 200 day period.
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Last but not least, our model can be enhanced to capture other important features such as
seasonal effects and animal movements. Furthermore, some of the numerical computations
were performed using the Runge—Kutta method of fourth order. However, other efficient
methods like the homotopy perturbation technique [3], the optimal variation iteration method
[47], the computational economical methods such as the one proposed in [46] and many more
other reliable methods such as the one suggested by [4], may also be applied to the presented
optimal control problem to possibly get better results.
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