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Abstract

It is shown, similarly as the solution of the Riccati equation can be given via quotients of two
linear independent solutions of the second order ordinary differential equation, the solution of
the Riccati-Abel differential equation is presented by three linear independent solutions of the
third order ordinary differential equation. The method is extended to the class of generalized
Riccati-type equations governed by the characteristic polynomials of the associated higher
order ordinary differential equations. An explicit functional dependence between solutions
of the higher degree Riccati equations with the linear independent solutions of the associated
ordinary differential equations established.

Keywords Trigonometry - Polynomial - Euler formula - Riccati—-Abel equation - Ordinary
differential equation

Introduction

Consider the first order differential equation

du _ p 1.1

a6 (u), (1.1)
where the function P (u) is a polynomial. If the function P (u) is restricted by a second order
polynomial then the Eq. (1.1) is the Riccati equation [1]. For a given second order ordinary
differential equation one may put in correspondence the Riccati equation. The relevance
of the ordinary Riccati equation to the second order ordinary differential equation can be
specified by the following features.

1. The corresponding Riccati equation is governed by the quadratic polynomial which is the
characteristic polynomial of the associated second order ordinary differential equation.

2. The solution of the Riccati equation is formed from the linear independent solutions of
the associated differential equation [2].
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The aim of the present work is to derive the Riccati-type equation possessing with the
similar properties as the ordinary Riccati equation.

The higher order Riccati equation associated with the higher order ordinary differential
equation has to be the first order differential equation governed with the same characteristic
polynomial. Consider n- order ordinary differential equation

d
P|— ) ¥(¢p) =0, 1.2
( 7 ¢> () (1.2)
with n-degree characteristic polynomial P (X). The task is to derive the Ricati-type equation
of the form

o — p 13
(M)d¢— (u), (1.3)
induced by the polynomials P («) and ® (1) with deg(® (1)) < deg(F (u)). Furthermore, we
shall establish a link between set of linear independent solutions of the differential equation
(1.2) and the solutions of the corresponding Riccati-type equations.

The Riccati equations of the type (1.3) with polynomials ®(u, ¢), P(u, ¢) recently had
been studied from various points of view (see, for example [3,4] and references therein). The
works have been devoted to construct appropriate solutions of the Riccati-type equations
with different dependence of the coefficients on the parameter of differentiation.

The main purpose of the present paper is to establish a link between higher order lin-
ear differential equations and the first order nonlinear differential equations. The paper is
presented by the following sections. In order to give a main idea, in “Ordinary Differential
Equation of Second Order and Its Associated Riccati Equation” section, we recall the inter-
connections between second order ordinary differential equation and its associated Riccati
equation. In “Riccati-Abel Equations Associated with Third Order Ordinary Differential
Equation” section, it is suggested a method to construct a link between the solution of the
Riccati—Abel equation [5] and the third order ordinary linear differential equation. In “Higher
Order Riccati-Type Equation Governed by n-Degree Polynomial” section, the system of
Riccati-type equations are reduced to the system of algebraic equations. In “Solutions of the
Riccati-Type Equations in Terms of the General Trigonometric Functions” section, the linear
independent solutions of the higher order ordinary differential equations are identified with
the functions of the generalized trigonometry. The solutions of the Riccati-type equations
are expressed via the generalized trigonometric functions.

Ordinary Differential Equation of Second Order and Its Associated
Riccati Equation

Consider the ordinary differential equation of second order
@ v d U+a¥=0 (2.1)
—V —a— aV¥ =0, .
e tag -~ "

where a1, a; € C. The second order differential equation can be cast in the following “two-

component” form [6]
i W) 0 1 A
dp \W2 )]\ —az a1 )\ W2 )’
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after identifying the components as

31 v
(%) = (arag ) 22

Let x1, x2 € C be roots of the characteristic polynomial
P(x)= x2 - aix + ar.

In terms of the roots x.x; one may easily form the set of the linear independent solutions of
the differential equation (2.1):

Vi (¢) = Crexp(x1¢), Wa(p) = C2exp(x20). (2.3)

However, the problem is to find solutions of the Eq. (2.1) as functions of the coefficients. For
that aim, consider a companion matrix of the polynomial P (x) defined by the (2 x 2) matrix

E= (0 _a2> . 2.4)

1 ay
Since the matrix E obeys the quadratic equation
P(E)=E*—aE+al =0, 2.5)
the following expansion of exp(E¢) holds true

exp(E¢) = g1(¢; a1, a2) E + go(¢; ar, az). (2.6)

In a diagonal form this matrix equation is separated into two equations

exp(x2¢) = x2 g1(¢; ar, a2) + go(¢; a1, a2),

exp(x19) = x1 g1(¢; a1, a2) + go(P; a1, a2), 2.7
which admits explicit expressions for the “trig”-functions [7]. Apparently, go and g; are two
linearly independent solutions of the second order differential equation (2.1). As it has been

proved in [8], the functions gp and g; explicitly depend of the coefficients aj, a. These
functions obey the system of evolution equations generated by companion matrix E:

d (g _(0-a)(go
i (0)= (Vo) (5), e

The pair of solutions Wy, W, and the pair go, g1 in [6] and [9] had been introduced within
the framework of the concept “binormality”. The scalar product of these vectors forms the
Courant-Snyder invariant. Form a ratio of two equations from (2.7) as follows

x2 g1(¢; ai, a2) + go(¢; a1, az)

P =) = @ aran) T g0 ar.az)’ 9)
Let g1(¢; a1, az) # 0, then,
exp((x1 — x2)¢) = 2 —. (2.10)
where
_ _80(¢; a1, az) @11
gi(@:ar,ar)’ '

@ Springer



47 Page4of16 Int. J. Appl. Comput. Math (2021) 7:47

Differential equation for this function is derived from the system of equations (2.8),

2y tay = 2 @.12)
u-—au+ay=—. .
1 2= )
This is the Riccati equation associated with differential equation (2.1) and governed by the
characteristic polynomial P (x):

du
— = P(u). 2.13
a9 (u) (2.13)
Direct integration of Eq. (2.12) leads one to the inverse function ¢ (1) of the solution,
dx
— = — | de. 2.14
/ x2 — arx +ap / ¢ ( )
On making use of the formula
— 1 1
B s — - : (2.15)
X< —ayx +ap X — X1 X — X2

the integral (2.14) is easily calculated

u dx 1 u— x| w— x|
/ L <log ~ log ) = $) — p(w). (2.16)
u— X w— X

w X2 —aix+a  mp

where m1y = x; — x2. By inverting the logarithm function, we recover the exponential
function from (2.10),
u— X

exp(mi2¢) = ) 2.17)

where the function u(¢) is defined as the quotient of trigonometric functions go, g1.
If ¢ = ¢o where u(¢pg) = 0, then

exp(m 12¢h0) = % 2.18)

As soon as the point ¢ = ¢y is determined, one may calculate the function u(¢) from the
algebraic equation (2.17). Since a; = x| + x2, the formula (2.18) is read as

a; = myp coth(mia¢o/2). (2.19)

Consequently, the function u is presented as follows

1 1
(@, do) = Fmiz coth(mizdo/2) — Fmua coth(m126/2). (2.20)

The formulae (2.19) and (2.20) imply the following link between solution of the Riccati
equation and first coefficient of the characteristic polynomial [10]

1 1
u(¢. ¢o) = sa1(¢o) — sa1($). (2.21)

This formula expresses one of the most important features of the associated Riccati equation:
the formula provides us with a law of evolution of the first coefficient of the characteristic
polynomial

ai(¢) = ai(¢o) — 2u(d, do). (2.22)

Under this translation the next coefficients of the polynomial are calculated on making use
of the Pascal matrix [11,12].
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Riccati-Abel Equations Associated with Third Order Ordinary
Differential Equation

Let us start with Riccati-Abel differential equation of the form [13]

d
u3—a1u2+a2u—a3=—u, ay,az,a3 € C. 3.1)
d¢
The integral
/” dx (32)
w X3 —ax®?+axx —a3 '
is calculated by applying the expansion
1 _(3—x) 1 (1 —x3) 1 (2 —x1) 1
X3 —ax?2 + arx — a3 V. x—x V  x—x V.  x—x3
3.3)
where
V= (x1 —x2)(x2 — x3)(x3 — x1), 34
means the determinant of the Vandermonde matrix
1 11
Wix1, x2, x3] := | x1 x2 X3
xf x3 x3
The distinct constants x1, x2, x3 € C are roots of the cubic polynomial
P(x) =x3 —a1x2+a2x —as. 3.5)

After integration the differential equation (3.1) is reduced to the following algebraic equation

(X3—X2)logu—)n +(X1—X3)10gu—Xz+(X2—X1)10 u

— X3
2 —=¢W) —o(w).
w — X3

\% w — x| %4 w— X2 )%
(3.6)
By inverting the logarithms we come to the exponential function of the form
(1 = x0)™2 (u — 2)™ (u — x3)" = exp(Vh). (3.7)
where
mij = (x; —x;), i,j=1,2,3, withmy +m3> +m3 =0. 3.8)

Thus, the problem of solution of differential equation (3.1) is reduced to the problem of
solution of the algebraic equation (3.7). Notice, the values m; ;,i, j = 1, 2, 3 are elements
of the cofactor matrix corresponding to the elements on the third line of the Vandermonde’s
matrix W[xy, x2, x3]. In our notations these quantities are given by

AY = xy —x3, AP = x3 — x4, A§3) =Xx1 — X2 (3.9
According to the properties of the cofactor matrix we have two identities [14]

AP 4 0A%0 4540 =0, FAP 4340 4340 = v. (3.10)
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In addition, let us recall the following useful matrix identity

X2X3 X3X1 X1X2 A(13) Aiz) Ail) 1 —a; a
—(x2 +x3) —(x3 +x1) —(x1 +x2) A?) A;z) Agl) =V|0 I —a
3) 4@ 4,
1 1 1 AY) AT A 00 1
(3.11)
The differential form of the algebraic equation (3.7) is
3) (3) 3)
AP A A _
- + du=Vdé. (3.12)
U — x| U—Xxp u— X3

The use of the identities (3.10), (3.11)leads us to the Riccati-Abel differential equation of
the form

d
%u@) = P(u). (3.13)
Now, let us use elements of the cofactor matrix corresponding to the elements on the
second line of the Vandermonde matrix. For these elements the following identities hold
true

AP + AP + AP = v, AP +234P + 347 = 0. (3.14)
This case corresponds to the Riccati-type equation of the following form
d
q>(u)%u@) = Pu), (3.15)
where
O(u)=u—ay. (3.16)

Next, let us establish a relationship between linear independent solutions of third order
ordinary differential equation
d3\l/ dzlll+ d\l! v =0 (3.17)
—V —a— a—V —az3¥ =0, .
d¢3 Ydg? 246 3
and the Riccati—Abel equation (3.13) and the Riccati-type equation (3.15).
Following the algorithm developed in the previous section, firstly, let us define the com-
panion matrix of the cubic characteristic polynomial

00 a3
E=110-a |. (3.18)
01 a
Due to equation
P(E)=0, (3.19)

the following expansion of the exponential function holds true

exp(Ed1 + E>$2) = g0(b1, ¢2) + E g1(d1, 2) + E* g2(b1, ¢2). (3.20)

In this expansion the function go(¢1, ¢2) is the cosine-type function whereas the functions
gk(p1, ¢2), k = 1, 2 are referred to the sine-type functions. It is seen, the general trigono-
metrical functions of third order depend on the pair of parameters. It should be emphasized,
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the second parameter of evolution ¢» plays a crucial role in solution of the problem of con-
nection between third order ordinary differential equation and the Riccati—-Abel equations.
The formulae of differentiation are defined as the evolution equations generated by degrees
of the companion matrix along these parameters:

9 (80 00 a3 80
. g1 |=110-a g (3.21)
82 01 a 82
P 20 0 a3 aszag g0
% g1 =10—-aaz— alag g1 |- (3.22)
) I ay —ax+aj 82

In the diagonal form the matrix equation (3.20) is decomposed into three equations
exp(xkd1 + X7 2) = go(d1, ¢2) + xk g1(D1, ¢2) + 3 g2(¢1, $2), k = 1,2,3, (3.23)

where the values x1, x3, x3 € C are eigenvalues of the matrix E. Raise to power A,((i), k =
1,2,3;i = 2,3, both sides of this equation and form the following product

3 3 )
[T expA (e +x7¢2) = [T (s0br. ¢2) + xi 11, 62) + 37 821, $2) .
k=1 k=1
(3.24)

Notice, in this equation the terms A,E’), k = 1,2,3;i = 2,3 mean the elements of the
cofactor matrix corresponding to the elements of the Vandermonde’s matrix W[x1, x2, x3]
and, respectively, they obey the identities (3.10) and (3.14). The use of these identities in
(3.24) allows to reduce the products into the following compact forms

3
[Texp(Ad G + i) = exp(V). (3.29)
k=1

3
[TexpA Gar + xi2)) = exp(Vepy). (3.26)
k=1

From these formulas it follows that the former, e.g. (3.25), is free of the variable ¢, and the
latter, e.g. (3.26), does not depend of the variable ¢,, respectively. This observation prompts
us to choose the variable ¢, ¢> in a such way that the following constrains will be satisfied:

82(¢1, 92) =0 — ¢1 = P1(¢2), (3.27)
for the former product, and
82(d1, ¢2) =0 — ¢ = ¢a(d), (3.28)

for the latter one, correspondingly.
Define the function u(¢;) by

_ 80(¢1(92). $2)

= . 3.29
) = 1), 9 429

In these terms the formula (3.24) for i = 3 is read
exp(Vgo) = (u — x)"? (u — x2)" B (u — x3)"™!, (3.30)
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where mijj = (x,- —XA,‘), i,j = ], 2, 3.
The differential equation corresponding to the algebraic equation (3.30) is the Riccati—
Abel equation

d
?mu(¢2) =u’ — ayu® + aru — a3. (3.31)

Next, redefine the function u(¢1, ¢;) as a function of the variable ¢, then,

_ 80(¢1, 2(¢1))

u(py) = . (3.32)
VT @ da91)
Correspondingly, for i = 2 Eq. (3.24) takes the form
exp(Ver1) = (u —x1)"™ (u — x2)"" (u — x3)"2, (3.33)

where r;; = (x? —xf), i,j=1,23.
The differential equation corresponding to the algebraic equation (3.33), as above it has
been proved, is the Riccati-type equation of the form

(u—al)d%lu(m) =3 —ayu® + apu — a3 (3.34)

Notice, namely the variable ¢ is the parameter of differentiation of the differential equation
(3.17), meanwhile the variable ¢, is the auxiliary parameter of the method.

Higher Order Riccati-Type Equation Governed by n-Degree Polynomial

Let P(x) be a n degree polynomial over field C,

n
P(x)=x"+) (—Dfgx"*, (4.1)
k=1
where the coefficients a; € C, and the polynomial possesses with n distinct roots x; €
C, k=1,...,n.If Cisafield and xy, ..., x,, are algebraically independent over C, the
polynomial
n
P(x) =[] —x0. (4.2)
k=1

isreferred to as generic polynomial over C of degree n. The polynomial P (x) defines structure
of the higher order Riccati equation of the type

du

7 P(u). 4.3)
Integral form of this equation is
" odx
/v Pa) bu — Pu- 4.4
The integral is calculated on making use of the expansion
n
D AT —x,) T = P‘(/u), (4.5)

m=1
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where A,(("_l) is the element of the cofactor matrix corresponding to the element x;/ ~! of the
Vandermonde matrix

X1 X2 Xn
. 2 2 2
W[-xlvxZa "'axn—la-xn] = x] x2 e xn ) (4'6)
n—1 _n—1 n—1
Xl )C2 Xn .

and V is the determinant, V = Det(W).
The result of the integration is given by the algebraic equation with respect to solution

u(@),

exp(Ve) = [ —x™ . @.7)

k=1

Inversely, by differentiating both sides of this equation one may recover the n-order Riccati
equation (4.3). In fact,

n n—1
(n—1 (n—1)
Vexp(Ve) dep =du Y Al (u — x,)" -1 [T @—x™ (4.8)
m=1 k=1,k#m
" " (n—1)
=du Y AL —x) T [T -t “9)
m=1 k=1
Owing the identities
n n
kA =0k=12,...n-2 > "'A" V=V, @10
=1 =1
formula (4.9) is reduced to the following differential form [14]
n
Vdg=du Y AWV —xn)". 4.11)
m=1

Transform the sum in the right-hand side of this equation by using (4.8), then,

. 14
=1y — ¢ )1 =
mZZI AP D —x,) ' = = 4.12)

Substituting this formula into (4.11) we arrive at the n-order Riccati equation (4.3).

Following to prescriptions of the “Riccati—-Abel Equations Associated with Third Order
Ordinary Differential Equation” section we will extend the algebraic formula (4.8) and its
differential form given by the generalized Riccati equation (4.3) by including into consider-
ation all cofactors of the Vandemonde’s matrix. For the aim, firstly, let us extend the identity
given by formula (3.11). On the set of roots x;, k = 1, ..., n of the polynomial P (x) define
the trimmed polynomials as follows.

Define n trimmed polynomials by

n
To=[Jow—x) =xf 7 460" 24 b k=12, 0. (413)
ik
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Then, the identity (3.11) is extended as follows [8]:

1) 2 -1 (n=1) 4 (n=2) (0)
S I A% . A(1 R A%O)
B0, 62, b | [ AL AT L A

RUNNCIVOR | P B
11 .1 A(” ‘>A<" 2)... ALY
1 —a;... a, (="
0 1 ...ap_ (=D
=V |........ . (4.14)
0 0 ... —a]
0 0 ... 1

We claim that the differential form of algebraic equation

(n—p)
exp(Vo) = H(u — xp) (4.15)
is given by the higher order Riccati equation of the type (compare with [16])
o2 — pa) (4.16)
u)— = P(u), .
d¢

where ®(u) is (n — p — 1) degree polynomial of the form

n—p—1
Q) =u""""" 4 " a1 4.17)
k=1

This claim it follows from observation that the differential form of Eq. (4.15) is

n (n P)

Vdgp = Z _Xk . (4.18)

Then, on making use of each line of the matrix formula (4.14) the following set of equations
are obtained

n—p
(an + Z(_l)kakunpk> % u = P(u) p= 2 — 1. (419)
k=1

Solutions of the Riccati-Type Equations in Terms of the General
Trigonometric Functions

Consider n-order ordinary differential equation with characteristic polynomial P (x) defined
in (4.1),

d
P <d¢> W(g) = 0. (5.1)

Seeking the set of fundamental solutions explicitly depending of the coefficients of the
polynomial P(x) we will arrive at the set of the functions of the generalized trigonometry
[13]. Following the prescriptions of “Ordinary Differential Equation of Second Order and
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its Associated Riccati Equation”, “Riccati-Abel Equations Associated with Third Order
Ordinary Differential Equation” sections, firstly, let us define the companion matrix of the
characteristic polynomial P(x) by (n x n) matrix with entries consisting of coefficients of
the polynomial

0 0...0 (=D)tlg,

E=|10...0 as (5.2)
0 ... 0 —ap
0 0 ...1 ai

—_

Next, consider an expansion of the exponential function with respect to matrix E as

n—1 n—1
exp (Z Ek¢k> = E'gi(¢). with ¢ := (1. 2..... bu-1). (5.3)

k=1 i=0

The formulae of differentiation for g-functions are obtained by using the following set of
equations [15]

d n—1 . . n—1 . n—1 kdgk
— ex E*¢r | = E' ex E*¢r | = Efr—=— [=1,2,...,n—1.
dgy p(; ) P2 ,;0 dg

k=1
In these equations on making equal expressions at (1, E, E2, ..., E"_l), we get
d 1/ .
Jg b= [E ]i g1 k=1....n—1,i=1.2...n. (5.4)
Letxx, k =1, ..., nbe aset of eigenvalues of the matrix E. Let A be a diagonal matrix

of the eigenvalues of E. In diagonal form the Eq. (5.3) is given by n equations

n—1 n—1
exp (Z A"@) =) Ngi@). (5.5)
i=0

k=1

This linear system of equations can be exploited to define the trigonometric function through
the exponentials exp(x,l(qbl), k=1,...,n,1=1,2,...,n— 1.

Notice, the general trigonometric functions with n-degree characteristic polynomial
depend of (n — 1) parameter. If we restrict ourselves only with the parameter ¢ = ¢y,
then from the formulae of differentiation

%gi,lz[E]{gj,l, i=1,2,...,m;
it follows that the functions g;_1(¢), i = 1,2, ..., n, are linear independent solutions of
the differential equation (5.1).

We claim that the extension of the set of parameters is indispensable in order to obtain
an interconnection between solutions of higher order ordinary differential equation with its
associated Riccati-type equation.

In order to recover the system of Riccati-type equations on making use of the general-
ized trigonometry we shall repeat the same procedure as it has been done in “Riccati—Abel
Equations Associated with Third Order Ordinary Differential Equation” section. Firstly, let
us construct algebraic equations.
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A%’_P)

Raise to power , p=1,...,n — 2 both sides of the equations

n—1 n—1
exp (Z(xmﬂ‘d)k) =) Gw)ei@), m=12...n—1 ¢:=($1,¢2..... ¢ 1),

k=1 i=0

and form the following product

n n—1 n n—1 . Aﬁ':lip)
[Tew (AE,’."” > (xm>"¢k> =11 ( (xmrgi(qb)) . (5.6)
m=1 k=1 m=1 \i=0
Due to the identities
Y xial =ve; ;. (5.7)
k=1

the summation in the exponential function in (5.6) is reduced to the desired item

exp(Von—p).
Consequently, the formula (5.6) is simplified as follows

A,(,,’;_p)

n n—1
exp(Ven—p) = [ ] ( > ) gi(@) : (5.8)

m=1 i=0

This freedom allows us to choose the following set of constraints
(@1, 02, .. 1) =0, k=2,3,...,n— 1L (5.9
By setting these conditions into the right- hand side of (5.8) we get
n
A(nfp)
xp(Von—p) = [ [ (80@n—p #) + Xm 81(@Bn—p, $))™ (5.10)
m=1

where ¢ (¢, ,) means the set of the other (n — 2) parameters - the functions of the unique
parameter ¢, ,. These functions implicitly are defined by the system of constraints (5.9).
Let g1 # 0. Then, by introducing the function

8o(®)
u(ppn—p) = — ; (5.11)
T sie)
and by taking into account the identity >, _, Af: ) = 0, we get
" (n—p)
exp(Ven—p) = [ [ @@ —xa)™ (5.12)

m=1

which is nothing else then the algebraic equation (4.15) corresponding to the Riccati-type
equation (4.16). Thus, the function u(¢) is the solution of the algebraic equation (5.12).
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Under the constraints gx = 0, k = 2, ..., n — 1 the system of differential equations (5.4)
is reduced to the following set of equations [13]

20 (=) la,g
81 (—1)”61ln—1g1
0 —1)n=
& | _| D" a2 . (5.13)
0¢n—1 -
8n—-2 —ag8i
8n—1 8o +aigi
These equations we separate into two parts:
9 _1\n+l
gO) _ <( D' g1 ) (5.14)
0n—1 \ 81 (=D"an-181
and
(= 1)n_lan—2gl
82 (—U”fian—sgl
el - D" a,_
— ( 1) an—481 ) (515)
On—1 | 8n—2 cee
8n—1 —azg8i
8o +aigi
The parameters ¢, k = 1,...,n — 1 are not independent variables, they are connected by
the constraints (5.9). These equations determine the parameters ¢1, . . ., ¢,—2 as functions of
unique variable ¢, in a implicit way. These conditions admit to define the derivatives of
ok, k =1,...,n — 2 with respect to ¢,_; on making use of derivatives of the g-functions.

Differentiating constraints (5.9) with respect to ¢,—; we arrive at the system of equations
which determines the desired derivatives:

-2
d B — g do;
- O 0 k=23 n—1 (5.16)
d¢n—l a¢n—1 i=1 8¢j d¢n—]
In the matrix form this system is written as
(=D la,_rg d1g2 d2g2 0382 ... Op-382 Op-28&2 ol
(=D 2a,_3g 0183 02g3 0383 ... Op—383 Op-283 s
(=" 3a,_4g1 _| O1ga 02ga 0384 ... On-384 On-2g4 s
—az81 018n—3 028n—3 038n—3 --- 0n—38n—3 On—28n-3 ¢,/1_3
go +aig1 018n—1 028n—1 938n—1 - -+ On—38n—1 On—28n—1 ¢;,_2
5.17)

where ¢ means d¢y /d,—1. By setting
gk =80, gkr1=g1, k=2,...,n =2,
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the system is read as

(=" ay g g8 0 ...0 0 ¢y
(—1)”‘§an73g1 0 g1 g...00 b5
. !
( ]) an—481 _ 0 0 81 - 0 0 ¢3 ) (5.18)
—axg81 00 0 ...¢81 g #,_3
go +ai81 00 0...0 g b_s
By inverting the triangle matrix we get
# Uow u? . @)™ )3 (=D)"an—
®, 01 uu* ... || D lays
/ 2
3 _ 0 0 1 u u ’ (5.19)
o, 000.. 1 u —a
o, 000.. 0 1 —u+a
where
u=-5 (5.20)
81

From the matrix equation (5.19) the following polynomials for the derivatives are obtained

d¢1 n—2

-3 n—4
=u"" " —au" " Fau" "+ Fay_a,
d¢n—1 "
dé¢ n—3 n—4 n—>5
=u —au + axu + - +ay_3,
d¢n—l "
do,—
Pn—3 = u2 —au + ap,
dd)n—l
doy—
P2 _ (5.21)
dd)nfl

On making use of these formulas we are able to recover all equations presented in (4.19):

d
W —au" Pt a4t an)— u= Pu),
d¢i
d
@3 —au" ™ f a7+ ap3)— u= Pu),
den
(uz—alu—f-az) u= P,
d¢n—3
(u—ay) u= Pu),
dop—2
W= P (5.22)
dop—1
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Conclusions

We have established that the Riccati-type equation associated with n-order ordinary differ-
ential equation

d
Pl— ) V=0,
d¢
with characteristic polynomial
n
Px)=x"+ Z(—l)kakx"_k,
k=1

is the first order non-linear differential equation

cI>(u)dl = Pu),
d¢

where ®(x) is (n — 2)- degree polynomial of the form

n—2
D(x) ="+ Z(—l)kakx"_z_k.
k=1

Seeking solutions of n-th order Riccati equation the certain relationship of these solutions

with generalized trigonometric functions has been found. It was shown, in order to obtain
the desired relationship one has to extend the set of variables of differentiation up till (n — 1)
parameters. The auxiliary parameters are defined implicitly by the system of constraints for
the trigonometric functions. The Riccati-type equations are formulated with respect to all set
of auxiliary parameters resulting the system of equations of the triangular form.
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