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Abstract

In continuation of the paper (Pathak and Singh in Int J Wavelets Multiresolut Inf Process
16(4):1850027, 2018). A general construction of biorthogonal wavelets on Sobolev space
over local fields of positive characteristic H* (K) is given. Some results are discussed. Finally,
we obtain Riesz bases for H* (K) in form of wavelet under some assumption on the wavelets
and scaling functions where scaling functions depend on levels.

Keywords Wavelets - Multiresolution analysis - Local fields - Sobolev space - Biorthogonal
wavelets - Riesz basis

Introduction

The theory of wavelet on local field and related groups has been developed by Benedetto and
Benedetto [1,2]. Albeverio and Kozyrev [3-5] and their collaborators gave multiresolution
analysis and wavelets on the p — adic field Q,. MRA on a local field is defined by Jiang et
al. [6] and the corresponding orthonormal wavelets are constructed.

These concepts have been extended by Behra and Jahan [7]. Recently, Pathak and Singh
modified the classical definition of multiresolution analysis and constructed orthonormal
wavelets in Sobolev space over local fields of positive characteristic H*(K) see [8—12].

The theory of biorthogonal wavelets are discussed by Cohen et al. [13], Chui and Wang
[14] and others. The idea of biorthogonal wavelets on local field are discussed by Behra and
Jahan [15].

In [16], biorthogonal wavelets are constructed in H*(IR). In this paper we generalize the
concept of biothogonal wavelets to Sobolev space over K.

This article is divided as follows. Section 2 contains the general notations and definitions.
Also in this section, we give some basic concepts of theory of distributions over local fields
and defined Sobolev space. In Sect. 3 Riesz basis in H*(K) is given. Section 4 contains
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multiresolution point of view in Sobolev space. In Sect. 5, it is proved that wavelets associated
with dual MRAs generate Riesz bases for H* (K).

Notation and Definitions

In this section, we recall some notations and definitions of local fields and distribution over
local fields which will be used throughout the paper. The following list of notation and
definitions are given below :

e Throughout this paper K denotes the local field of positive characteristic.

e dx is the normalized Haar measure for K.

e |« is the valuation of @ € K. If ¢ # O(«x € K), then d(ax) is also a Haar measure.
Let d(ax) = |aldx. Let |0] = 0. The valuation or absolute value has the following
properties:

(i) |x| > 0 and |x| = 0 if and only if x = 0;
(i) [xy| = [x|lyl;
(iiD) |x + y| < max(|x|, |y].

The condition (iii) is called the ultrametric inequality or non-Archimedean property. It
follows that [x 4+ y| = max(|x|, |y]) if |x| # |y|.

e We will use following notations for the numbers, Z = set of integers; N =
set of natural numbers; Ny =1{0,1,2,3,...}.

e Let s be a prime element in K.

e Fork € Z, " = {x e K: |x| < ¢~*} is a compact subgroup of K*. 0 = D) is called
ring of integres in K.

o IB¥| =¢*and |D| = 1.

e x be a fixed character on K* that is trivial on ID but is non trivial on ¢~!. For y € K,
Xy(x) = x(yx), x e K.

e The “natural”order on the sequence is denoted by {w(k) € K}?2, and is described as
follows.
D/B = GF(q) =1,q = p*, pisaprime, s € Nand 2 : D — 7 the canonical
homomorphism of I onto 7. T = GF(gq) is a vector space over GF(p) C 7. We
consider a set {1 = ¢, €1, ..., -1} C D* = D\'B in such a way that {.Q(sk)}‘;c;é) is a
basis of GF(g) over GF(p).
Fork,0 <k <q,k=ao+a1p+---+as_1ps_], 0<ai<p,i=0,1,...,5s—1,
we define

w(k) = (ag +arer + - +as_1ec—)w " (0 <k <q).
Fork =byo+big+---+bq", 0<b; <gq, k>0, we set
wk) = wbo) + 7 ' wb) + -+ 7 wby).

e Note that for k, 7 > 0, w(k + 1) # w(k) + w(l). However, it is true that for all r, [ >
0, w(rql) =7 lw(r), andforr,l > 0,0 <t < ql, w(rql +1) = w(rql) + w(t) =
77 wr) + w(@).

e For k € Ny, we denote xy ) by x.

e G(K) is the space of all finite linear combinations of characteristic function of balls of
K. Also 6(K) is dense in L”(K), 1 < p < oo.

e G/(K) is the space of distributions.
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° f (¢) is the Fourier transform of f € &(K) and is defined by

fo) = fK FEOEEdx, ¢ €K,

and the inverse transform by

F) = /K FOxe()de. x e K.

e Let s € R, we denote Sobolev space over local fields by H*(K) is the space of all
functions in &’(K) such that

P20 f(©) € LXK), where 7°(¢) = (max(1, []))°.

e The inner product in H*(K) is denoted by

(Fo8) = (. &) = /K 550 F(©8Q)dz.

e The space G(K) is also dense in H* (K).

For more details refer to [6,8,17,18].

Riesz Basis in H* (K)

In this section we give definitions related to Riesz basis and deduce certain results.

Definition 1 Two families of functions {y; : k € Ny} and {&k 1k € No} in H*(K) are said
to be biorthogonal if

(Wi, Yir) = 8y forevery k, k' € No.

A collection {y : k € Ny} of functions in H*(K) is said to be linearly independent if for
any lz—sequence {ar : k € Ny} of coefficients such that if ZkeNo aryr = 0 in H*(K),
then, ay = O for all k € Ny. It can be easily shown that biorthogonal families are linearly
independent.

Lemma1 Let {yx : k € No} be a collection of functions in H* (K). Suppose there is a
collection {yry, : k € No} in H*(K) which is biorthogonal to {{ry, : k € No}. Then {yrx : k €
No} is linearly independent.

Proof Let {ay : k € No} be an /2-sequence satisfying ZkeNO aryy = 01in H*(K). Then for
each k’ € Ny, we have

0=(0,yw) = <Z @Yk, 1/7k> =Y @Y Yu) = ay.

keNg keNg

Therefore, {1 : k € Np} is linearly independent. O

Definition 2 A sequence of functions {gx : k € Ny} is called a Riesz basis of Sobolev space
(H X)), II.115s @) if

1. {gk : k € Np} is linearly independent, and
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2. there exist constants A; and A, with 0 < A; < A, < oo such that
ARGy < Y 1. g sl < A3kl G, forevery h e HS(K). (1)
keNy
If above sequence satisfies the condition in item 2 of Definition 2 then it is called frame of

H?’ (K) and the numbers A; and A are called frame bounds.

Remark 1 A sequence of functions {gx}ren, is called a Riesz basis of Sobolev space
(H*(K), |I.llgs@)). If for any 2 € H*(K) , there is a sequence {cx : k € Np} such that
h = ZkeNo ck gk which converges in H*(K) and

2
A el = | D as <A} Jal’ 2

keNp keNy H* (K) keNy

where the constants A; and A, satisfy 0 < A; < Ay < 0o and independent of /. The right
hand ineqaulity in (1) and (2) is known as the pre-Riesz condition for {gx}xeny -

It can be easly shown that the above two definitions of Riesz bases are euivalent to each
other.

Lemma2 Let {¢pV)};cz € H(K). If {pjx = q%¢<f'>(7ff - —w(k)) : k € No} satisfies the
Riesz condition, we have

2
A al? < | ) aa <B; Y |af 3)

1eNy 1eNy H (K) 1eNy

where, 0 < Aj < B < 0o and are independent of {c;}icn,. Let

o =D P ETTCHwENEY ¢ +wk)l. @
keNy
Then
Ajfag(j)fBj ae. [ eK. (5)
Moreover,
69 (/) < VB9 T3, ©)
Proof See [12]. O

Multiresolution Point of View in H*(K)

Here we discuss certain results associated to multiresolution analysis in H* (K).

Theorem 1 Let ¢, ¢\) € H*(K) and j € 7, then the distribution (ﬁj,k = q%ﬁ(j)(n_jx—
w(k)); k € Noand ¢ = q%qﬁ(j)(n’jx — w(k)) are biorthogonal in H* (K) if and only if

Z P+ wE)D (¢ + w(k))(z(j)(é‘ +w(k) =1 ae. @)

keNg
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Moreover, we also have
lim ¢V (/)¢ (wig) <72 (). (®)
Jj—o00

Proof For k € Ny and from the biorthogonality of ¢; x and ¢~> j.k» we have

o = {26V - —wi). g 26V )

= /K P 060D @) (©)de.

Splitting the integral and using the fact that x; (w(l)) = 1 VI, k € Np, we have
8k0 = /D S oP @ @ +wh)Y (€ +w?)D (¢ + wD)Fk(§)de. ©
=0

Since {xx(-)};2, is a complete basis over I, then from (9) we get required result (7). ]

Theorem 2 Let ¢V, ¢, € H*(K), for every j € Z. Assume that two families djk =
q%¢(j)(n’jx — w(k)) and q;,-,k = q%i)(j)(rr’jx — w(k)); k € Ny, satisfies pre-Riesz
condition. We condiser the projection map P;

Pj: HY(K) > H'(K),  Pif =Y (f ¢ju)m @bk

keNp
If tim ¢V (xi0)¢W (ic) = 75(C) ace. then
J—>+o0
jETw(PJf, g)H:(K) = <.f7g>HJ(K) for every f, g € HY(K) (10)
Moreover; for every f € H*(K),
j—>—00

Proof For all j € Z, we have

(Pif @ = ) q’ fK P2 (IO fr T 9D @) e (©)dg

keNy

/K PO OV (@) ke (¢)de

(€ + wO)D (& +wd)x (€ + w(l))d;}
X7 (I OV () (§)d¢.

Since f, g € 6(K), so the Z,eNO contains only finite non-zero terms and i (w(l)) = 1 for
k,l € Ny, then we get
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(Pif, &) msx) = Zq’/K (fD {Z?S(n‘j(z

keNg 1eNy

FwO)Fa I € +w?)D (@ + w(z»} Xk (;)dc)
x P (I OV () ke (¢)d.

By the convergence theorem of Fourier series on D, we obtain

(Pif, 8 ms) = /K POFODEIONY 7

1eNy
C+a 7 w?)EE + 77wV (/¢ + w(l))}d¢

= /K P20 FOROSD i) (i pyde

+ [ X rer e Tum o

leN
PDIO)Z(E + 1wl (1l ¢ + w(l)))de (12)
=L+ DL (say). (13)

Now by using Lemma 2 and Cauchy—Schwarz inequality, we get

] < /KW<;>|f(c>||<?3<f>(nfz>| S5
k=1
(€ + 7 wk) 8¢ + 7 w16V (/¢ + w(l))|de

< |/ B;jB; /K PLOIFOIY 71@ +a T wk)Ig@ + 7 w(l))lde

k=1
oo
< VBiB; ),
k=1

Again since § € G(K) therefore 3 / such that support of §(¢) is B, i.e., if j > I then for
any such/ € N, 3(¢ + 7 /w(l)) = 0. This shows that lim || =0.
J—>00

PIC+a Il wk)E+ 1 wk))

1210V40

L2(K) L2(K)

By using the Hypothesis of the theorem, we see that

lim (P, /. ¢)ms ) = fK PO F(©3@)de

Jj—+oo

Now, let f € H*(K). Since we know that G(K) is dense in H* (K) so there exists o (¢) such
that

s N Vv
I/ = ol <e where a(@) = (P72OAE) . and h(@) € SE).  (14)
Therefore,

NP (f —)llrsk) <& = 1P fllas@) <&+ IIPjollusx)- (15)
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So, we only need to show that lim ||chr||%{.\.(K) = 0. Now, by using (12) and (14), we
Jj——00

have
I1Pjollas@ = sup [(Pio. @) mwal < Bj | Y o d7DI2.
llgll=1 keN ’
Therefore,

PO (i)

2 2
||Pj<7||Hs(K) < Bj

.

PEC T whE + 7 wd)$D e + wiy) § de.

2,

1eNy

By Cauchy—-Schwarz inequality, we get

. s 3
1Po i) < BF D (/ 37‘(;“)Ih(§)|2|¢(’)(n’§)lzd§>
leNg VWK
1

x (/ P3¢+ T wI)IhE + 7 w) 21V (i + w<l)>}|2d;> .
K

Since h € & (K), so there exists a characteristic funtion ¢, (¢ — ¢o) of the set {o + ‘13", where r
is some integers. Now & can be written as l;(;‘) = q%(pr ¢ =¢o). Ifc+mTwk) € ¢o+P,
then |7 ~/w(k)| < ¢, hence |w(k)| < ¢~"/. Then summation index [ is bounded by
g~". So using this, we get

1
: A 2. . 2
I1Pjoll3sm) < Bia ™ ( /K ﬁS(C)Ih(é)lzlrb“)(nf;“)lzd;)
<Bjq"/ / P16V (nl o) Pde
Lo+P"
=Bf-q”/ 4 P 019V (0)Pde.
7= o+ Pt

Therefore there exists j such that
||Pj0||HS(K) < €.
Hence,
‘lim ||ij||H~“(]K) =0 a.e.
j—o>—00
O

Now, for every j € Z, we consider that {¢; x}reN, and {d;j,k}keNo are Riesz bases of its
closed linear span V; and Vj. For wavelets, we will have V; C V;;; and \7j C Vj+1.
Suppose {¢; i }keN, and {q; ik }keN, are biorthogonal. Then, Theorem 2 follows that the maps
Pj.y — P; are projections onto W;(W; = V; 1 N \7]4). This leads to a dual multiresolution
analyses of H*(K),

Vi C Vg, Vi C Vi
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Correspondingly, since ¢(j) eV; C Vj+];¢~)(f) € \7,- C \7,-+1, we have

) ( +1). () ( +1)
o) = Z R ]/+1,1<’ 9 = Z hY ]J+1 ). (16)
keNy keNo
Taking Fourier transform of the Eq. (16), we get
$0@) =mi V@IV ey: 39 @) = mY T @)U o). (1)

Theorem 3 Let m(j)(g‘) and m(])(g“) given by (17) satisfy

g—1
Zm(])(g +nw(r))m((}])(§ +rw(r)) =1 a.e.

Proof Proof is simple, hence omitted. O
The functions ¢/, /) € H*(K) are biorthogonal if they satisfy
Sko = @V (@ —w(k), 9V () e oy- (18)
Above equation in terms of Fourier transform is equivalent to
DY@+ wk)SV (@ + wk)D (& + wk) = 1. (19)
keNy

We solve it for (/3(” € Vy, that is,
$V0) =Y a9V (x —wik)
keNy
SO

600 = 3 0 @80

keNy
=aP @) (), where a” (@) =Y a7 (©).
kENo
Substituting these values in (19), we get
—1
aD@) =Y 7@ +w)Ne? ¢ +wk)l*| . (20)

keNp

There are many ways to choose ¢/ and #) in order to obtain such a result.

Biorthogonality of Wavelets

Let {V;}jez and {V};cz be dual MRAs with scaling function ¢ and ") respec-
tively. Following [8], there exist integral periodic functions m(()j + ~(/ 1 Such that
$D@) = mf P we)gU D (rg) and ¢V () = méf*l)(nq)is(f*“(n;). Assume that
there exist integral periodic functions m, and m,, 1 <r < g — 1, such that

MMy @) =1, 1)

and m
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where M (¢) = [my] (r¢ +mw(ra)I] o and MD @) = iyl (r¢ +aw ()T, o,
Jj € Z.Now for 1 <r < g — 1, we define the associated wavelets w(’ ) and 1/},9 ) as follows:
“(./)(ﬂj;) — m(./+1)(ﬂj+1§)¢;(j+1)(nj+1§) and
I gy = D @ U (),

Assume that there is M > 0 such that

supsup [m\ () < M, supsup [ () < M; re{l,2,3,....,q—1}. (22)
JEZeR jeZceR

In this section, our main aim is to show that the wavelets associated with dual MRAs are
biorthogonal and they form Riesz bases for H (K).

For every j and 1 < r < g — 1, we define linear and continuous operators P; and Q;
from H*(K) into itself as

Pif = Z (f. b)) Hs () D)k

kGNQ

and

Qif =D Af- Uik ms@Vr k-

keNy

The same can be defined for P; and Q;.
It can be easly shown that

Piy1— Pj=0Qj, (23)

and

f= ZZ Yt —ZZ Y @4

r=1 jeZ keNy r=1 jeZ keNy
in Sobolev space.
Theorem 4 (Main Theorem) Let ¢ and ¢ be scaling functions for dual MRAs and w(J )
and lﬁ(] )1 <r < q — 1, be associated wavelets satisfying the matrix condition 21. Then

the collections (Y jx : 1 <r <q—1,j € Z, k € No} and{&,,j,k l<r<qg-1,j¢€
Z, k € No} are biorthogonal. In addition, if

30) M 50 M
V(@) < ——— — V0 = — —
Y27+ D2 Y=o+ ¢z
sup sup I (¢)] = M¢l, and supsup [m” (0] = M), (26)
JjeZtek j€ZteK
for some constant M > 0, ¢ > 0 and for a.e. { € K, then {wr(’j;yk 1l <r<q-1,j¢

Z,k € No} and {1/}511),( 1 <r<gq-1,je€Z,k € Nyg} form Riesz bases for H* (K).

Proof We start by proving {y, ; x : k € No} and {1/~/r, j.k - k € No} are biorthogonal to each
other. For this, we have
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3 9@ € 4+ wn I € + wlen i ¢ +wik))

kENO

=Y P @@ +wk)m @@ + wk)N$ @ + wk))

keNy

< D¢ + wd))PUHD(C + w(k))
-1

= Z Z P I+ wigk +r)ymYTY

r=0 keNy
(7 (¢ +wigk + )N’ T (¢ +wigk +1)))

im0 (¢ + wigh + rNPUHD (s + wigh +r)

DoV T e+ mw ) + w0 T g+ ww(r)

r=0 keNy

+wk)PUHD (e + mw(r) + wk)

x m”*”(n; +rwr)md TV e + rw(r)

= Zm(””(nq +rw( )it D g + ww(r)
r=0
=1.

Therefore, by Theorem 1, {wr(j/) « - k € No} is biorthogonal to {lp(j ) ke No}.

Now let w(j ) k € V;, therefore wr ik € Viy1 C Vjfor j' > j. Hence it will be enough
to show that w i , ” is orthogonal to every element of V.. Let f € V.. Hence, there exists

an [2-sequence {ck] )} such that f = ZkeNO c,({j/)fj)j/,k in H®(K). Therefore

(W/i/)/ o @) H ()
=q/ / P @3 @ R 1 O T ) T §)d
=q" f @l D i Uy
(T G U ) e (e )
= f P I @)U )i D GroymG T
(0T O
f 3 P €+ w4 wm)$U D e + wmid D

neNy

(@ + wm)) x m§ V@@ + wm) T ©)de

-/ $ S 557+ wan + 0BTV + wian + 1)

t=0 neNy
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U (c + wign +0)) x mY TV + wign + 1))
my/’ +”(n(; +w(gn + 0)xw )3k (C)de
/ Z 39 T g+ wn) + mw ()l Y
t=0 neNy
(¢ +wn) + 7w®)PU D (e + wn) + rw(r))

!’ *"(n; +rw@)ml e + mw)xe ) xe@)de

/D Zm” e+ rwem§ D (e + ) | T @ @)z
=0.

Hence,

WD Py = <w5/{},km Yoo >¢,-/,k> =3 W) i s =0,
keNy HS (K) keNo

Since (¢ jxk:1<r=<q-—1,j eZ,keNo}and{tﬂ,J,k 1<r<qg-1,j€Z,keNpy}
are biorthogonal to each other, therefore both the collections are linearly independent by
Lemma 1. We only need to verify the frame condition for these two collections to form Riesz
bases for H* (K).

To show the frame condition, we have to show that there exist constants Cy, C», C 1 and
C such that for every f € H*(K),

qg—1
CHllf g = Do Y D W s < Call F s - @7
r=1 jeZ keNy
and
Cill f s ) < ZZ S Dl < Callf I3 - (28)
r=1 jeZ keNy

To show the existence of upper bounds in (27) and (28), we have

SV omal =Y |/ SOF©Oq D @ O e

keNp keNy

*JZ/ Yo P+ wd) @+ wd)
keNy [ENQ
2

x g 39 it + wl)(rie)de

2

/ X e wo) fe s wg S Gle 4 w(ty)| dg

1eNy
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= Kp S P T f@ +x I w@) P g+ w )P

1eNp

) | Y0 7@+ a wm) P (el g+ wim)) P | .
meNy
S E— M T hence we have, 1/},(j)(;') <
73 IO+
A . So, for all § € (0, 1) such that (1 — §) > 5 and for all j € Z,

P3G ie)14e) T
the series ), oy, 7= + 7T w(m)) A,(")(ﬂjé' + w(m))|*1=Y is uniformly bounded.

Hence there exists C > 0 such that

We have assumed that (i(j)(é' ) <

S W) el < C/Kﬁ“‘”)(znf(;)ﬁz 9, (el ©)Pdg
JEZ

JEZ keNy

~ —j ~ (k+j
< Cllf s (sup sup Y a9 (ko) ?
jEZl<|;‘|§qk€Z

< Call f s -

For the above inequality, notice that

0
NS — 7oy 2 (k]
sup sup > PP I (ke ?
JEL1<IE1Sq 1 oy

o0
A~ i A(=k+7j -
—sup sup Y7 IOlT ek
j621<|§|§’]k=0
25
N }

<sup sup PRI | — ,
jeZl<|c|§qk§0 y2(@=io)(l + |7T7k+1§|)%+8

o
1
= M? sup
1<|5|5‘/k2:(:) 1+ qk—1|§|)8(1+25)
8(142¢)

e}

B4
- 1_q—8(1+28)

Q.
Also,
o0
A~ —j ~(k+j
sup sup PP I (ko) P
JEL1<C|=q
25
|: M|7Z'k+1§| j|

o0
A58 —J
<sup sup PO | ———
jeZl<\z|5q,; PEie) (1 + [xk+ gyt

o)
< M25 Zq—k
k=1

=M%P@G-1"" <.

Similarly, we can show that the upper bound in (28) exists.
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Since upper bounds in (27) and (28) exist, we can easily show that the lower bounds in

(27) and (28) also exist. m]
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