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Abstract
Approximate analytic solutions of time–space fractional heat and wave equations are
described. A new algorithm of Residual power series technique is introduced to obtain
approximate solutions of such problems. The solution was obtained without reducing frac-
tional differential equations to time fractional or space fractional differential equations. Some
interesting results are presented to verify the efficiency and reliability of the developed algo-
rithm.

Keywords Residual power series method · Fractional derivative · Heat equation · Wave
equation · Approximate solutions

Introduction

The Fractional differential equations (FDEs) are now increasingly attractive in many fields
[1–14]. The FDEs introduce a new non-integer derivative which depends on the history of the
previous time. The differential equation with fractional derivative operator has successfully
been fitted to experimental data [15]. Because of the rapid progress in various fields of
science and engineering, researchers have directed the modern techniques in classical and
fractional differential equations to obtain approximate solutions formany linear and nonlinear
differential equations [16–24]. One of these techniques is the Residual power series (RPS)
technique, which is easy to use and the accuracy of the results obtained. Residual power series
(RPS) technique is a useful tool for generating the solution of FDEs [25–32]. The authors
in [33] have found the approximate solutions of space–time fractional differential equations
by (RPS) method. They reduce fractional differential equations to time fractional or space
fractional differential equations.

In this paper, we will use a new algorithm of the RPS method for solving a time–space
fractional heat equation:

Dβ
t u(x, t) � Dγ

x u(x, t), 0 < β ≤ 1, 1 < γ ≤ 2, (1)
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with nonhomogeneous initial conditions

u(x, 0) � f00(x), x > 0, (2)

u(0, t) � w00(t), ux (0, t) � w01(t), t > 0 (3)

and a time–space fractional wave equation:

Dβ
t u(x, t) � Dγ

x u(x, t), 1 < β ≤ 2, 1 < γ ≤ 2, (4)

with nonhomogeneous initial conditions

u(x, 0) � f00(x), ut (x, 0) � f01(x), x > 0, (5)

u(0, t) � w00(t), ux (0, t) � w01(t), t > 0. (6)

Preliminaries

In order to consider the solutions to the time–space fractional problems, the fractional order
derivatives and integral of Riemann–Liouville and, Caputo are presented [34–37].

Definition 2.1 The fractional integral operator of Riemann–Liouville of a function f (x) is
denoted as

Jβ
a f (x) � 1

Γ (β)

x∫

a

(x − ζ )α−1 f (ζ ) dζ , β > 0, x > 0.

Definition 2.2 The fractional derivative operator ofCaputo sense of a function f (x) is denoted
as

Dβ f (x) � I n−βDn f (x)

� 1

Γ (n − β)

x∫

0

(x − ζ )n−β+1 f (n)(ζ )dζ , n − 1 < β ≤ n, x > 0.

For some examples of Caputo derivatives we have:Dβ A � 0, where A is constant

Dβτ n �
{
0, (n ≤ β − 1),

Γ (n+1)
Γ (n−β+1)τ

n−β, (n > β − 1).

Dβ
t e

μ τ � μn τ n−βE1,n−β+1(μτ ), where Eα,β (μτ ) is Mittag–Leffler function [34].

Dγ
x (sin x) �

∞∑
k�0

(−1)k+1x2k−γ+1

Γ (2k − γ + 2)
, 0 < γ ≤ 1,

and

Dγ
x (sin x) �

∞∑
k�0

(−1)k+1x2k−γ+3

Γ (2k − γ + 4)
, 1 < γ ≤ 2.
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Definition 2.3 Thekh-truncated seriesukh(x, t) of theRPSmethod [32, 33] take the following
form:

ukh(x, t) �
i−1∑
n�0

an(x)

n !
+

k∑
n�1

h∑
m�0

fnm(x)
tnβ+m

Γ (n β + m + 1)
, t > 0, n − 1 < β ≤ n, (7)

and

ukh(x, t) �
i−1∑
n�0

bn(t)

n !
+

k∑
n�1

h∑
m�0

wnm(t)
xnγ+m

Γ (n γ + m + 1)
, x > 0, n − 1 < γ ≤ n (8)

Solution of Time–Space Heat Like Equation

In this section, we suggest a new algorithm of RPS technique to get approximate solutions
of time–space heat like equation with nonhomogeneous initial conditions.

Example 3.1 Consider the following time–space heat like equation

Dβ
t u(x, t) � Dγ

x u(x, t), 0 < β ≤ 1, 1 < γ ≤ 2, (9)

with nonhomogeneous initial conditions

u(x, 0) � f00(x) � sin x, x > 0, (10)

u(0, t) � w00(t) � 0, ux (0, t) � w01(t) � e−t , t > 0. (11)

By using Eqs. (9) and (10), the k0-truncated series uk0(x, t) take the following form:

uk0(x, t) � f00(x) +
k∑

n�1

fn0(x)
tnβ

Γ (nβ + 1)
, t > 0, 0 < β ≤ 1. (12)

By using Eqs. (9) and (11), the kh-truncated series ukh(x, t) take the following form:

ukh(x, t) � w00(t) + x w01(t) +
k∑

n�1

h∑
m�0

wnm(t)
xnγ+m

Γ (nγ + m + 1)
, x > 0, 1 < γ ≤ 2.

(13)

We employed the new RPS technique to solve Problem (9)–(11) by using the new term

(14)

u (x, t) � 1

2
( f00(x) + w00(t) + x w01(t) )

+
1

2

( ∞∑
n�1

fi0(x)
tn β

Γ (n β + 1)
+

∞∑
n�1

1∑
m�0

wnm(t)
xnγ+m

Γ (n γ + m + 1)

)
.

Let ukh(x, t) is the kh-truncated series of u(x, t), then

(15)

ukh(x, t) � 1

2
( f00(x) + w00(t) + x w01(t) )

+
1

2

(
k∑

n�1

fi0(x)
tn β

Γ (n β + 1)
+

k∑
n�1

h∑
m�0

wnm(t)
xnγ+m

Γ (n γ + m + 1)

)
.
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By using Eq. (15) the approximate solution u00(x, t) of RPS method is

u00(x, t) � 1

2
( f00(x) + w00(t) + x w01(t) ). (16)

The kh residual function Reskh(x, t) is define as

Reskh(x, t) � Dβ
t ukh − Dγ

x u(x, t)kh . (17)

To get the required coefficients wi j (t), i � 1, 2, 3,…, k, and j � 1, 2, 3,…, k, substitute
Eq. (15) into Eq. (17), and solve the following equation

D(k−1)γ
x Dh

x Reskl(0, t) � 0. (18)

To determine w10(t), substituting k � 1 and h � 0 into Eq. (17) then:

Res10(x, t) � Dβ
t u10 − Dγ

x u10(x, t), (19)

where

u10(x, t) � 1

2
( f00(x) + w00(t) + x w01(t) ) +

1

2

(
f10(x)

tβ

Γ (β + 1)
+ w10(t)

xγ

Γ (γ + 1)

)
.

(20)

Using Eq. (18) when k � 1and h � 0, we get

w10(t) � f10(0) − Dγ
x f10(0)

tβ

Γ (β + 1)
. (21)

To determine w20(t), substituting k � 2 and h � 0 into Eq. (17) then

Resu20 � Dβ
t u20 − Dγ

x u20, (22)

where

u20(x, t) � 1

2
( f00(x) + w00(t) + w01(t) x) +

1

2

(
f10(x)

tβ

Γ (β + 1)
+ w10(t)

xγ

Γ (γ + 1)

)
.

(23)

Using Eq. (18) when k � 1 and h � 1, we get

w20(t) � Dγ
x f10(0) + Dγ

x f20(0)
tβ

Γ (β + 1)
− Dγ

x (D
γ
x f20(0))

t2β

Γ (2β + 1)
. (24)

To determine w11(t), substituting k � 1 and h � 1 into Eq. (17) then

Resu11 � Dβ
t u11 − Dγ

x u11, (25)

where

u11(x, t) � 1

2
( f00(x) + w00(t) + w01(t) x) +

1

2

(
f10(x)

tβ

Γ (β + 1)
+ w11(t)

xγ+1

Γ (γ + 2)

)
.

(26)

Using Eq. (18) when k � 1and h � 1, we get

w11(t) � Dβ
t (e

−t ) + Dx f10(0) − Dx (D
γ
x f10(0))

tβ

Γ (β + 1)
. (27)

To determine w21(t), substituting k � 2 and h � 1 into Eq. (17) then:

Resu21 � Dβ
t u21 − Dγ

x u21(x, t), (28)
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where

u21(x, t) � 1

2

(
sin x + x e−t ) + 1

2

(
f20(x)

t 2β

Γ (2β + 1)
+ w21(t)

x2γ+1

Γ (2γ + 2)

)
. (29)

Using Eq. (18) when k � 2 and h � 1 we get

w21(t) � Dβ
t (w11(t)) + Dγ

x (Dx f10(0)) + (Dγ
x (Dx f20(0) − Dγ

x (Dx (D
γ
x f10(0)))

tβ

Γ (β + 1)

− Dγ
x (Dx (D

γ
x f20(0)))

t2β

Γ (2β + 1)
, (30)

and so on. We will get f10(x), f20(x), . . . , fk0(x) from the next step by using Eq. (12).
To get the required coefficients fi j (x)(t), i � 1, 2, 3,…, k, and j � 1, 2, 3,…, k, substitute

Eq. (12) into Eq. (7), and solve the following equation

D(k−1)β
t Resuk0(x, 0) � 0. (31)

To determine f10(x), substituting k � 1 into Eq. (17) then:

Resu10 � Dβ
t u10 − Dγ

x u10(x, t), (32)

where

u10(x, t) � f00(x) + f10(x)
tβ

Γ (1 + β)
. (33)

Using Eq. (31) when k � 1, we get

f10(x) �
∞∑
k�0

(−1)k+1x2k−γ+3

Γ (2k − γ + 4)
. (34)

To determine f20(x), substituting k � 2 into Eq. (17) then

Resu20 � Dβ
t u20 − Dγ

x u20, (35)

where

u20(x, t) � f00(x) + f10
tβ

Γ (1 + β)
+ f20

t2β

Γ (1 + 2β)
. (36)

Using Eq. (31) when k � 2, we get

f20(x) �
∞∑
k�0

(−1)k+2x2k−2γ+5

Γ (2k − 2γ + 6)
. (37)

And so on. By substitute the coefficients f10(x), f20(x), . . . , fk0(x) into Eqs. (21), (24),
(27), and (30), then w10(t) � 0,w20(t) � 0,w30(t) � 0,,…, wk0(t) � 0,w11(t) �∑∞

k�0
(−1)k+1tk−β+1

Γ (k−β+2) , w21(t) � ∑∞
k�0

(−1)k+2tk−2β+2

Γ (k−2β+3) , w31(t) � ∑∞
k�0

(−1)k+3tk−3β+3

Γ (k−3β+4) , . . . ,

and so on.
So, we get the new RPS solution:

u(x, t) � 1

2

(
sin x + x e−t )

+
1

2

( ∞∑
k�0

(−1)k+1x2k−γ+3

Γ (2k − γ + 4)

tβ

Γ (β + 1)
+

∞∑
k�0

(−1)k+2x2k−2γ+5

Γ (2k − 2γ + 6)

t2 β

Γ (2β + 1)
+ · · ·

)
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Table 1 The comparison results
of the residual errors for Example
3.1 at β � 1, γ � 2

t x ADM [38] V I M [38] Present method

0.2 0.25 1.58552E − 05 1.58552E − 05 7.92762E − 06

0.5 3.07247E − 05 3.07247E − 05 1.53645E − 05

0.75 4.36838E − 05 4.36838E − 05 2.19262E − 05

1 5.39269E − 05 5.39269E − 05 2.80813E − 05

0.4 0.25 2.44117E − 04 2.44117E − 04 1.22058E − 04

0.5 4.73055E − 04 4.73055E − 04 2.36529E − 04

0.75 6.72582E − 04 6.72582E − 04 3.36360E − 04

1 8.30290E − 04 8.30290E − 04 4.16060E − 04

0.6 0.25 1.19042E − 03 1.19042E − 03 5.95209E − 04

0.5 2.30682E − 03 2.30682E − 03 1.15341E − 03

0.75 3.27980E − 03 3.27980E − 03 1.63996E − 03

1 4.04885E − 03 4.04885E − 03 2.02518E − 03

+
1

2

( ∞∑
k�0

(−1)k+1tk−β+1

Γ (k − β + 2)

xγ+1

Γ (γ + 2)
+

∞∑
k�0

(−1)k+2tk−2β+2

Γ (k − 2β + 3)

x2γ+1

Γ (2γ + 2)
− · · ·

)
.

we can write the last solution as:

u(x, t) � 1

2

(
sin x + x e−t )

+
1

2

(
−x3−γ E2,4−γ (−x2)

tβ

Γ (β + 1)
+ x5−2γ E2,6−2γ (−x2)

t2β

Γ (2β + 1)
+ · · ·

)

+
1

2

(
−t1−βE1,2−β (−t)

xγ+1

Γ (γ + 2)
+ t2−2βE1,3−2β (−t)

x2γ+1

Γ (2γ + 2)
− · · ·

)
.

In a closed form, we can get the solution of Problem (9)–(11) as

u(x, t) � 1

2

(
sin x + x e−t ) + 1

2

( ∞∑
k�1

(−1)k xk (2−γ )+1E2,k (2−γ )+1(−x2)
t kβ

Γ (kβ + 1)

)

+
1

2

( ∞∑
k�1

(−1)k tk (1−β)E1,k(1−β)+1(−t)

)
, (38)

As β → 1 and γ → 2, we have a classical exact solution u(x, t) � sin x e−t .

Table 1 provide the numerical results for the convergence of the new developed algorithm
of RPS method. Figure 1 provides an excellent approximation with the exact solution. Fig-
ures 2, 3, and 4 are the geometric behavior of the solutions. We can get a higher accuracy by
getting more components (Table 2).

Solution of Time–SpaceWave Like Equation

In this section, we suggest a new algorithm of RPS technique to get approximate solutions
of time–space wave like equation with nonhomogeneous initial conditions.

Example 4.1 Consider the following time–space wave like equation

123



Int. J. Appl. Comput. Math (2020) 6 :62 Page 7 of 13 62

Fig. 1 a Exact solution (classical case) b RPS solution u31(x, t) for Example 3.1 (β � 1, γ � 2)

Fig. 2 The RPS solution u31(x, t) for Example 3.1 a β � 1, γ � 1.5 b β � 1, γ � 1.75

Fig. 3 The RPS solution u31(x, t) for Example 3.1 a β � 0.5, γ � 2 b β � 0.75, γ � 2
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Fig. 4 The RPS solution u31(x, t) for Example 3.1 a β � 0.5, γ � 1.5 b β � 0.75, γ � 1.75

Table 2 The numerical values of the approximate solutions u31 for Example 3.1

t x Exact β � 1,
γ � 2

β � 0.75,
γ � 1.75

β � 0.5,
γ � 1.5

β � 1,
γ � 1.5

β � 0.5,
γ � 2

0.2 0.25 0.202557 0.202549 0.202164 0.203215 0.213228 0.179462

0.5 0.392520 0.392505 0.383411 0.378135 0.399 0.350659

0.75 0.558079 0.558057 0.537541 0.523130 0.549742 0.505713

1 0.688938 0.688910 0.657770 0.634707 0.659998 0.637505

0.4 0.25 0.165840 0.165718 0.171092 0.176943 0.186916 0.144436

0.5 0.321369 0.321132 0.318731 0.320356 0.343242 0.280795

0.75 0.456916 0.456580 0.439525 0.430766 0.465639 0.401398

1 0.564055 0.563639 0.528234 0.505758 0.550792 0.499337

0.6 0.25 0.135778 0.135183 0.146345 0.156428 0.164388 0.114382

0.5 0.263114 0.261961 0.267914 0.276280 0.295556 0.221271

0.75 0.374091 0.372451 0.363529 0.361502 0.394056 0.313571

1 0.461809 0.459784 0.429234 0.410330 0.458438 0.384961

Dβ
t u � Dγ

x u, 1 < β ≤ 2, 1 < γ ≤ 2 x > 0 t > 0, (39)

with nonhomogeneous initial conditions

u(x, 0) � f00(x) � 0, ut (x, 0) � f01(x) � cos x, (40)

u(0, t) � w00(x) � sin t, ux (0, t) � w01(x) � 0. (41)

According to RPS method, the solution of Eqs. (39), (40) and (41) can be define as

(42)

u(x, t) � 1

2
(sin t + t cos x)

+
1

2

(
k∑

n�1

1∑
m�0

fnm(t)
tnβ+m

Γ (nβ + m + 1)
+

k∑
n�1

1∑
m�0

wnm(t)
xnγ+m

Γ (nβ + m + 1)

)
.
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The kh-truncated series of the RPS method, denoted by ukh(x, t)), is defined as

(43)

ukh(x, t) � 1

2
(sin t + t cos x)

+
1

2

(
k∑

n�1

h∑
m�0

fnm(t)
tnβ+m

Γ (nβ + m + 1)
+

k∑
n�1

h∑
m�0

wnm(t)
xnγ+m

Γ (nγ + m + 1)

)
.

ByApplying themethod which found in Sect. 3, we can get unknown coefficientswkh(t),
and fkh(x) where k � 1, 2, 3, . . . and h � 0, 1 as follows:

f10(x) � 0, f20(x) � 0, f30(x) � 0, . . . , fk0(x) � 0,

f11(x) �
∞∑
k�0

(−1)k+1x2k−γ+2

Γ (2k − γ + 3)
, f21(x) �

∞∑
k�0

(−1)k+2x2k−2γ+4

Γ (2k − 2γ + 5)
,

w10(t) �
∞∑
k�0

(−1)k+1t2k−β+3

Γ (2k − β + 4)
, w20(t) �

∞∑
k�0

(−1)k+2t2k−2β+5

Γ (2k − 2β + 6)
,

w11(t) � 0, w21(t) � 0, w31(t) � 0, . . . , wk0(t) � 0.

So, we have the new RPS solution of problem (39)–(41) as follows:

u(x, t) �1

2
(sin t + t cos x)

+
1

2

( ∞∑
k�0

(−1)k+1x2k−γ+2

Γ (2k − γ + 3)

t β+1

Γ (β + 2)
+

∞∑
k�0

(−1)k+2x2k−2γ+4

Γ (2k − 2γ + 5)

t2 β+1

Γ (2β + 2)
+ · · ·

)

1

2

( ∞∑
k�0

(−1)k+1t2k−β+3

Γ (2k − β + 4)

x γ

Γ (γ + 1)
+

∞∑
k�0

(−1)k+2t2k−2β+5

Γ (2k − 2β + 6)

x2γ

Γ (2 γ + 1)
+ · · ·

)
.

we can rewrite the last solution in the form

u(x, t) � 1

2
(t cos x + sin t)

+
1

2

(
−x2−γ E2,3−γ (−x2)

t β+1

Γ (β + 2)
+ x4−2γ E2,5−2γ (−x2)

t2 β+1

Γ (2β + 2)
+ · · ·

)

+
1

2

(
−t3−βE2,4−β (−t2)

xγ

Γ (γ + 1)
+ t5−2βE2,6−2β (−t2)

x2γ

Γ (2 γ + 1)
+ · · ·

)
.

(44)

In a closed form, we get the solution of problem (39)–(41) as

u(x, t) �1

2
(t cos x + sin t) +

1

2

( ∞∑
k�1

(−1)k xk(2−γ )E2,k(2−γ )+1(−x2)
tkβ+1

Γ (kβ + 2)

)

+
1

2

∞∑
k�1

(−1)k tk(2−β)+1E2,k(2−β)+2(−t2)
xkγ

Γ (kβ + 1)
.

As β → 2 and γ → 2, we have a classical exact solution in the form u(x, t) � cos x sin t .
Figure 5 provides an excellent approximation with the exact solution. Figures 6, 7, and 8

are the geometric behavior of the solutions. We can get a higher accuracy by getting more
components (Table 3).
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Fig. 5 a Exact solution (classical case) b The RPS solution u31(x, t) for Example 4.1 (β � 2, γ � 2

Fig. 6 The RPS solution u31(x, t) for Example 4.1 a β � 2, γ � 1.5 b β � 2, γ � 1.75

Fig. 7 The RPS solution u31(x, t) for Example 4.1 a β � 1.5, γ � 2 b β � 1.75, γ � 2
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Fig. 8 The RPS solution u31(x, t) for Example 4.1 a β � 1.5, γ � 1.5 b β � 1.75, γ � 1.75

Table 3 The numerical values of the approximate solutions u31 for Example 4.1

t x Exact β � 2,
γ � 2

β � 1.75,
γ � 1.75

β � 1.5,
γ � 1.5

β � 2,
γ � 1.5

β � 1.5,
γ � 2

0.2 0.25 0.192493 0.192493 0.191994 0.191618 0.186771 0.192605

0.5 0.174349 0.174349 0.175354 0.176401 0.162163 0.1806

0.75 0.145364 0.145364 0.150356 0.154601 0.129877 0.161271

1 0.107341 0.107339 0.118653 0.127534 0.0927352 0.135596

0.4 0.25 0.377312 0.377312 0.374152 0.371493 0.367734 0.371333

0.5 0.341747 0.341747 0.337952 0.335090 0.318377 0.345747

0.75 0.284933 0.284933 0.284877 0.285730 0.254154 0.304530

1 0.210404 0.210399 0.218492 0.226342 0.180554 0.249737

0.6 0.25 0.547089 0.547089 0.540281 0.534831 0.537266 0.529633

0.5 0.49552 0.49552 0.483075 0.472763 0.462888 0.490317

0.75 0.413143 0.413142 0.401384 0.392534 0.367433 0.427000

1 0.305078 0.305071 0.300599 0.298723 0.258737 0.342869

Conclusions

A new algorithm of RPS method successfully been used to give new approximate solutions
for time–space fractional heat equation and time–space fractional wave equation. The frac-
tional equations are solved by nonhomogeneous initial conditionswithout reducing fractional
differential equations to time fractional or space fractional differential equations. The behav-
ior of the solution seems to be extremely interesting. The natural frequency of the solutions
varies with the change of fractional derivatives. Finally, it is noted that the new algorithm of
RPS method is a very effective technique for solving time–space fractional problems.
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