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Abstract

A systematic description of actions of the divided differences operators on power and expo-
nential functions is given. The results of actions of these operators on entire functions are
presented by the matrices whose elements are functions of coefficients of a characteristic
(pivot) polynomial. Effective algorithms of calculation of the matrices are constructed using
the properties of the companion matrix of the pivoting polynomial. Degeneration of the roots
of the pivot polynomial reduces the n-order divided differences operator to n — 1 order oper-
ator of differentiation. The exponential type invariant functions with respect to higher order
derivatives are constructed.

Keywords Vandermonde matrix - Divided differences - Trigonometry - Pascal matrix -
Polynomial - Invariant functions

Introduction

The divided differences method is used as a numerical procedure for interpolating polyno-
mials given a set of points [1]. In the textbooks the divided differences are used as an origin
of the differential and integral calculus [2].

An important feature of the divided differences operators is that the result of action of these
operators on analytical functions is expressed by the complete homogeneous symmetric forms
of nodes. In turn, the complete homogeneous symmetric forms are unambiguously expressed
via coefficients of the characteristic polynomial. If the nodes of the divided differences
operators are cumulated near the one of them, e.g., the roots of the characteristic polynomial
are degenerated, then the divided differences of the power functions are presented by the
Pascal triangle-form matrix. In that case one may define exponential-type invariant functions.

The most prominent examples correspond to divided differences of the power and
exponential functions. Divided differences of the power functions are just the generalized
Chebyshev functions [3]. An action of the divided differences operators on exponential func-
tion straightforward leads one to the system of generalized trigonometric functions [4].

In this paper we develop a matrix approach to the divided difference calculus. In contrast
to other approaches, the present method mostly requires the characteristic polynomial, the
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Vandermonde [5] and the Pascal matrices [6]. The paper is organized as follows. In “Divided
Differences and Their Pivot Polynomials” section, the definitions and main properties of the
divided differences operators are done and a notion of the pivot polynomial is introduced.
The results of actions of the divided differences on the polynomials are formulated in a
matrix representation. In “Complete System of Divided Differences Operators” section, the
complete system of divided differences operators is introduced. In “Degenerated Divided
Difference Operators and Their Invariant Functions” section, a set of the functions invariant
with respect to the degenerated divided differences operators is constructed. The paper ends
with concluding remarks in the section “Conclusion”.

Divided Differences and Their Pivot Polynomials
Terminology and Notations

Through the text we shall use the upper index as the degree of a variable. Another types of
the upper indices are included inside brackets.

Operation of divided differences ( thereafter, DD ) has different equivalent definitions.
Usually, it is started with the zeroth DD of the function f(x) with respect to x;, which is
value of f(x) at the point. We shall use an alternative start definition of DD operation:

S — fx2)

X1 — X2

Dy(1) f(x) = ey

This formula corresponds to the second order DD- operation on the function f(x).
In order to extend this definition to the case of n > 2 order we shall use remarkable proper-

ties of the Vandermonde matrix [7]. Consider the following set of x points [x1, x2, X3, ..., X ]
and corresponding values of a function f(x) at these points. On the given n data points
(X, yk), k=1, ..., n, where yy = f(x), define n-dimensional column- vectors
vi =KXk T k=01, 01, )
and
f =01 y2, 930y Yuet, Wl 3)

and define the Vandermonde matrix

xi’*] xf72 e x12 xp 1
xé’_] xg_z ‘e x% xy 1
VM(x;n) = xgl_l xg’_z e x% x3 1 1. “4)
n—1 n—2 2
X, X, R S I |

In terms of the vectors v; the Vandermonde matrix (4) is defined in the following compact
form

VM (x;n) = [Vy—1, Va—2, .- -, V1, Vol 5
with determinant

V(xin) = Det(VM(x;n)) = l_[(xi — Xk). (©)

i>k
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In a consistent manner define the matrix W M (f; x; n) by replacing the first column of the
Vandermonde matrix v~ by the vector f,

WM(f;xin) =If, Vo, Va3, ..., V1), Vol. (N
Denote determinants of this matrix by W ( f; x; n). Let us notice that
Wk xsn) = Vxn) fork=n—1, ®)
and,

W(xk;x;n)zo, fork <n—1. 9)

Definition 1 The n-th order DD- operator acting on the function f(x) is defined by the
following ratio

W(f;x;n)
D =" 10
n J(X) Vo (10)
From (7)—(8) immediately it follows that
D, x*=1, fork=n—1, (11)
D,x*=0, fork <n-—1. (12)

Pivot Polynomial and Its Companion Matrix

Let x1, x2,...,x, € R be a set of nodes on which the DD-operation of n-order is defined.
Define a polynomial of the form

PX)=X"—a; X" " +@aX" 2+ -+ (—=D"ay, (13)

the roots of which constitutes the set of nodes of the DD-operator. This is the pivot polynomial
associated with the DD-operators.

In the theory of polynomials an important part takes the notion of the companion matrix
E which explicitly is presented as follows

00 - 0 0 (=Dlg,

0 - 0 0 (=" 2a,_y
01 - 0 0 (=D)"3a,

—_

. : (14)
00 - 10 —a
0 0 - 0 1 a
It is convenient to present this matrix via the following n-dimensional column- vectors
(Wi)ij =68i j=it1, i, j=1,..,m
and
b = (-1 ay, ..., —ar, ar]”. (15)
Then,

E = Wi, W2, ..., Wa_1, b (16)
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In addition, with the companion matrix E one may generate (n — 2) vectors by
b = Eb® k=1,2,3,..,n—2. (17)

On the basis of the vectors wy and b the powers of the companion matrix E can be presented
simply by

EP =|Wp, ., Wy1, BV D p =23 n—1. (18)

Divided Differences of Power Functions

The result of action of the DD-operator on a power function is expressed via complete homo-
geneous symmetric forms of the roots of the pivot polynomial P(X) . According to Vieta’s
theorem the complete homogeneous symmetric form can be presented by the coefficients
of the polynomial. This means, the results of actions of DD-operators are unambiguously
expressed via the coefficients of the pivot polynomial P (X).

Example 1
2 2 3 3
X7 — X X7 — X
Dy()x? =12 =g, D3(1) = 2 =4} —ay, (19)
X] — X2 X1 — X2

where aj, a; are coefficients of the pivot polynomial

P(X)=X?>—a1X +as. (20)
3 3 3
Dy’ = X7 (x2 — x3) + x3(x3 — x1) + x3(x] — x2) — 21
(x2 —x3)(x3 — x1)(x1 — x2)
4 4 4
Dy(1) = Xy (2 —x3) +x5(x3 — x1) + x3(x1 — x2) —d—a,
(x2 = x3)(x3 — x1)(x1 — x2)
D3(1)x5 =a3 —2a1a> + a?,
D3(l)x6 = 2aia3z — 3a%a2 + a% + a?, (22)
where ay, ay, az are coefficients of the cubic polynomial
PX)=X—a1 X’ +wX +a3. (23)

It is now almost natural to elaborate general algorithm of calculations of DD-operations
on power functions which is associated with the upper-triangular matrices.
Consider the following n- degree polynomial

n—1
FaZ)=1+Y (-D'azt, 7'=0, 24)
k=1

where Z is the nilpotent matrix

S
Lo
)
=)
=)

ZE (25)

S o
S o
S o
o o
o o

—_
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Proposition 2.1 The results of action of the DD-operators on the power function are given
by the last column of the matrix inverse to the matrix F(a; Z.).

Example 2 Explicit form of the polynomial F(a; Z) is specified by the following upper-
triangular matrix

1 —a1 a —a3 a4
0 1 —aj ap —a3
Fa,Z)=10 0 1 —a; ay |. (26)
0 0 0 1 —ay
0 0 0 0 1
The matrix inverse to this matrix is
1la —a+ a12 ay —2ayay + a% —ay + 2a1a3 — 3a%a2 + a% + a‘l‘
0 1 ap —ag—i—a% a3—2a1a2+af
F'@z)y=10 0 1 a —ay +a}
0 0 0 1 ai
0 0 0 0 1

€2

It is seen, entries of this matrix contain the table of actions of the DD-operators on the power
function. A complete information is contained on the last column, or, on the first line of the
matrix. In fact, compare the entries of this matrix with following table.

Example 3
annfl = b 1
Dyx" =by = ap
Dyx™tl = by = —ay +a?
Dyx"t? = by = a3 — 2a1az + a; . (28)
D,x"t3 = b5 = —a4 +2a1a3 — 3a%a2 + a% + a‘f
Dpx"h = by iy = leii(_l)j+lajbi—j~

The matrix form of the table of results is presented as follows. If the power functions are
arranged as coefficients the following polynomial

F()Cn_l; Z) — xn—ll +x(l’l—1)+lZ 4. +x(n—l)+kzk 4. +x2(n—l)Zn—1’ (29)

then, the general table of results of action of DD-operator on power function can be cast into
the following matrix equation

D, F(x""YZ) = (F(a; Z))7". (30)

This representation is quite general, unique remark is that the coefficients used in the right
hand side has to correspond to the pivoting polynomial.

Example 4
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Here the coefficients belong the pivot polynomial P(X) = X% — a1 X + ax;

2 .3 4 -1

x- x> X 1 —a a
D3| O x2 B3)l=10 1 —aj s
0 0 «x? 0 0 1

with coefficients of the pivot polynomial P(X) = X S_ai X+ wmX + a3

3 —1

x2oxt X % 1 —a ap —a3
0 x3 x* X 0 1 —a;  ap

Dafg 0 3 ] o o |- ' @1
0 0 0 x° 0 0 0 1

with coefficients of the third order pivot polynomial
P(X) =X —a1X’ + @ X* — a3X + as.

The elements of the inverse matrix F~!(a; Z) are calculated according to the following
recursive algorithm.
Algorithm 2.1
i—1

b=y (=) ajbi_j, bi=1, by=a. (32)
j=1

This algorithm is a consequence of the following lemma.
Lemma 2.1 Consider the power function f(x; k) = X"k k =1,2, ..., at the roots Xj, j=

1,2, ..., nof the pivot polynomial P(X). The power function f(x; k) at these points can be
reduced to the m = n — 1 degree polynomial of the form

)" = RO () = by ® )™ + by ® eyt
+b1 P ) +be®, j=1,2,...,n, (33)

where coefficients bl.(k) are calculated according to algorithm
i—1 .
b® =3 "(E*"Nla;, k> 1. (34)
j=1
where E is the companion matrix of the pivot polynomial P (X).

Remark 1 Eventually, this formula can be written also in the more transparent form

by 00 -0 0 (=) la \*{ D" e
blill: 1 0 - 0 0 (=1)'"2a,, (—1)"_§an71
by . _1y-3 (=D"ap—
R e
bn_'z(k) 00 - 10 —ar —a
by ® 0O 0 - 0 1 aj a
In particularly, if f)x) = x", k = 0, then
by, = (=D ay. (36)
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Example 5 As an example let us consider a presentation of the power function f(x) =
x*, k > 3 at roots of the cubic polynomial

X} =a1X? - X +as. (37)

The algorithm of calculation of the coefficients of the polynomial

) =R ) = W) + 01O 0, =123, (38)
is read as
(k)
by 0 0 a3 k as
PO l=(1 0 -a —a |. (39)
po 0 1 aj ap
2

This algorithm provides one with all coefficients of the polynomial R. In addition, this
algorithm can be formulated in an alternative way by taking into account a peculiar structure of
the matrix EX. From formulas (18) and (35) it follows that the information on the coefficients
by can be directly extracted from corresponding column- vectors of the companion matrix
EP.

Complete System of Divided Differences Operators

Definitions

Now, let us explore another kinds of the DD-operators. In Section 2 the matrix WM (f; x; n)
has been obtained from the Vandermonde matrix V M (x; n) by replacing the first column

with the vector f. However, besides of this possibility one may build the set of matrices by
replacing other columns of the Vandermonde matrix with the vector f.

Example 6
o xl o fal xp o x f)
WM | fx2) xo1 |, WMa=|x3 fC)l |, WMz=|2x3 x2f(x2)
f3) w1 Xy f) 1 x5 x3 f(x3)
(40)
By defining determinants of these matrices
Wy = Det(WMy), k=1,2,3, (41)
one may introduce three kinds of the divided differences operators,
1
D3 (k) f(x) = ————=-Det(WM(f; x:3)),k=1,2,3. (42)
Vi(x;3)
Algorithm 3.1 The general scheme can be specified as follows:
Wai(f;xsn) = IE, Va2, Va3, ..., V1, Vol.
Waa(fix5n) = Va1, £, Va3, ..., Vi, Vol
Wy (fsx5n) = Va1, Va2, ooy Vg 1, £, Vk—1, .., V1L, Vo (43)
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Correspondingly, the complete set of DD- operators are defined as
DetWM,(f;:n)
V(x;n)

In accordance with the notations introduced in Section 2, it is taken as WM = WM, and
Dy = Dy (1).

Di(p) = L k=1,2,...,m;p=1,2,...,n. (44)

The power function f (x) = x* is one of basic functions of the divided difference calculus.

For that function the following important relationship holds true.

Theorem 3.1 The link of determinants of the matrices WM ; (xk; x;n),j =1,...,n with
the determinant of the Vandermonde matrix V M (x; n) is given by the formula

Det WM, (X" x;n) = V(in) bym®, m=1,2,...,nk=1,2,..., (45)

where bp(j), p =0,1,....n — 1 are the coefficients of the polynomials R% (x)), ] =
1,...,n.

Proof The power function f(x) = X"k k= 1,2,3,..., is included into the matrices
WMp(x"‘H‘; x;n),p = 1,2,...,n only at the roots of the polynomial P(X), hence, in
accordance with Lemma 2.1, the functions f(x;) = (x j)"+k can be replaced by the polyno-

mial Rr(lk_)1 (x). Define a column-vector rr(lk_)1 with n components as follows
k k k k
r = [RY (1), RY (x2), RY, () 17, (46)
and introduce this vector into the matrix WM, (x’”'k; x; n) instead of the vector f. In this we

get the matrix of the form
WR(f5xm) = |02, vED g v Oy, (47)

Expand the determinant of the matrix W R (f; x; n) to the sum of determinants according
to the well-known rule [7]:

n—1
DetWR(x"1™: x;n) = Z bpm Det WM, (x"1*; x; n). (48)

m=0

Any term of the sum, apart of the term containing factor b, _ () vanishes (the case of two
equal columns).

The rest non-trivial determinant is equal to the determinant of the n-order Vandermonde
matrix multiplied by the factor b, (28 e.g.,

Det WMk(xk; x;n)=V(x;n) bn_l(k). 49)

[m}

Example 7 Consider action of the operators D3(k), k = 1, 2, 3 on function f (x)

1 fG) xl X Sl
D3(1) = —— | f(x2) x 1|, D3(2)= - Xy f2) 1],
VED\ T x 1 VEI 2 ot
! X2 xy f(x)
D) = yor5) x5 x fx) |- (50)

X3 x3 f(x3)

@ Springer



Int. J. Appl. Comput. Math (2019) 5:132 Page9of14 132

It is seen, this system of equations are substantially equivalent to those defining according
the Cramer’s rule for the system of algebraic equations

2

xp x|l D3(1) f(x) Fx)
x22 x 1 D32Q)fx) | =\ f(x) |. (&2
x; a3l D3(3) f(x) f(x3)

In the general case, one gets a system of n linear equations for n unknowns D, (k), k =
1, ..., n. Then, by applying the Cramer’s rule, one will obtain exactly the definition of the
DD-operators acting on the function f (x). Furthermore, for the entire function f(x) and the
companion matrix E of n-degree polynomial P (X) the following expansion holds true

f(E)y=1F,+EF,_1+E*Fys+---+E"'F, (52)

where the components Fy, kK = 0, ...n—1 are solutions of n linear algebraic system of equation
with Vandermonde matrix. The explicit form of the solution of such a system allows one to
conclude that

Fr=Dy(k)f(x),k=1,...,n. (53)
The manipulation ends up with the identity
F(E) =1 Dy(n) f(x) + E Dy(n = D) f(x) + E* Dy(n =2) f (x)
+-+ E"ID, (D) f (). (54)
By taking advantage from this identity the following table of formulas can be constructed

for the divided differences of the power functions

Example8 (n = 2)
(00 @)= (V7)==
(D) @)= (o o) =2
(o) @t et) = £t

D3(3) 0
Dy2) | Q) (x x> %) =1
Ds(1) 0
D3(3) 0 a3 (a1a3—as)

D3(2) ® (x2 x3 x4) =10 —a (a3—aa) | = E32
D3(1) I a (4] —a)

D3(3)
D3(2) (xk xk+l xk"'z) = E3*
D5 (1)

a3
—apy | = E3
ai

- O O

Generalization to n-th order is done simply by use the induction method, this yields

[D,(n), Dpy(n — 1), ..., Dy(D)]7 [x%, x*T1, .. Xk = E k. (55)
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Representation of the Generalized Trigonometric Functions Via DD-Operators

Consider n-order ordinary differential equation with characteristic polynomial P (X) defined
as

d
Pl— )@ =0. 56
( 7 ¢> (@) (56)
This equation possesses with n fundamental solutions gx(¢), k =0, 1,2, ...,n — 1 which
let us define as the set of functions with initial data go(0) = 1, gx(0) =0,k =1,...,n—1.

As it has been proved in [8] this set of functions satisfies to the system of first order
differential equations

n
d
E Erjgj-1 = %gk—l» (57
Jj=1

where E is the companion matrix of the polynomial P (X). The set of functions g (¢), k =
0,1,2,...,n—1 constitutes the basis of the generalized trigonometry investigated in various
works (see, for example, [13] and references therein.)

Since P(E) = 0, one may define the matrix functions of the exponentials

n—1

exp(E¢) = Y Efg, E°=1. (58)
k=0

By inverting this matrix equation we get explicit formulae for the g-functions. For instance,

21(¢) = exp(x1¢) — eXP(thﬁ)’
X1 — X2
X2 exp(x1¢) — x1 exp(x2¢)

X1 — X2

go(9) = (59)

where x1, x2 are roots of the second degree polynomial
P(X)=X*—aiX +a.

It is seen, on making use of the complete set of DD-operators these formulas can be written
in a more compact form

D>(1) exp(x¢p) = g1(¢), D2(2) exp(xp) = go(@).

In general, by inverting the system of equations (58) and by taking into account the definitions
of the complete set of DD-operators, we get

Dy (k) exp(x¢) = gn—i(¢p), k=1,2,3,....n. (60)
Degenerated Divided Difference Operators and Their Invariant
Functions
At the limit, when distances between nodes are tending to zero, the DD-operators transform

to the derivatives of corresponding order [10]. It is evident that the second order DD-operator
will transformed to the first order derivative. Let us denote this operator by Dx.
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Table 1 Table of actions of > 3 4 5 6 7 3
. X X X X X X X X

DD-operators on power function

X

Dxy C) Clx C3x? Cjx® cixt xS x5 ]y

Dx3 0 €Y Cix  cix? i okt X cfxS
Dxy 0 0 €Y Clx 2?2 i cfxt dxd
Dxs 0 0 0 ) clx kP a3 cgxt
Dxg 0 0 0 0 €2 clx CIxr i

An action of second order degenerated DD-operator on the power function gives the
expected result

Dox | mgye = kx* L (61)

Since the result of action on the power function of n-order DD-operator is equal to the
symmetric polynomial [9], an action of the degenerate DD-operation is obtained simply
by equating the roots of the characteristic polynomial to the argument of the function. For
example,

uk(v —w) + vk(w —u)+ wk(u — )
u—v)(v—w)(w—u)

Yo Wiy = G (62)
iH+j=k—2

DX3xk =

General formula is expressed as
D)Cn )Ck _ C]]((*ﬂ+1xk7ﬂ+l. (63)

It is instructive to display this formula in the tabular form.

The upper-triangle matrix inside the Tabl1 1 can be easily recognized as the Pascal matrix
[11,12]. On making use of the exponential representation of the Pascal matrix the Table 1
can be cast in the form

/ 01 00 0O0 O
Dy 0020000
sz 0003 000
Dxi ®(1xx2x3x5x6):MF:expx88883(5)8
gf 000000 6

6 000 0O0O0O0

(64)

The exponential function f(x) = exp(x) is an invariant with respect to operation of
differentiation,e.g.,

Dx; exp(x) = exp(x). (65)

In a similar way, it can be found functions invariant under action of degenerated DD.
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Example 9 For third order we get pair of exponential-like functions invariant under third
order degenerated DD operation. That are

Oty
e X) = —— —_— _— cee,
! cd " et cdcict
3 5 7
3) X X X
(:‘2 (X)=X+71+173+ﬁ+ (66)
G GG GGG
Correspondingly, for the four order operators there exist three invariant functions
3 6 9
(4) X X X
ep M =1+S+ 55+ w0306 T
3 GG G3C5C
4 7 10
X X
& =xt S b g T
Gy GG GG Cy,
5 8 11
X X X
)y =x2+ =+ e (67)

+
2 25 20508
CS CSCS CSCSCII

For n-order operators can be constructed (n — 1) this kind of invariant functions. The
general formula of invariant functions is

00 r=k
— — — —1 —D(n—1),—
SUOEELED DR L [ (S TR TR §
k=1 r=1

(68)

These functions are closely related with n-order hyperbolic functions. By higher order
hyperbolic functions we understand a fundamental set of solutions of the differential equation

A7
dx”"

Letus start with the case n = 3. Under action of the differentiation the functions ¢ recursively
are transformed one into the other

=nle” k=1,...,n— L.

d d
4 oo 4
dx dx
Thus, if the first of these functions is defined, then the others can be obtained by successive
differentiation of the first one. Another example supports this important rule. Letn = 5, then

653) = 6;3).

d
Ee?) = 6‘54). (69)

These relations serve as a clue to describe all possible properties of the set of invariant
functions. In fact, first of all we establish the following formulae of differentiation

e 0 4 0 O el

d | es 10 0 3 0 ey

axles| ™o 00 2f]e | (70)
e 1 0 0 O e

This system of differential equations totally help us to present the other properties of the
invariant functions. From this seminal equation it follows general solution which clarifies
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the nature of the invariant functions. An operator form of the general solution is given by the
exponential matrix of the form [13]

1 1
exp(Ex) = Iey + Ee; + EE263 + §E3e4. (71)

where E is the companion matrix of the polynomial
X4 =41

In this polynomial equation the first coefficient is trivial, that means

Det(exp(Ex)) =1, (72)
e.g.,
1 _, 1 3
Det I€1+E€1+5E e3+§E ey | =1. (73)

This identity is the analogy of trigonometric identity for cosine-sine functions. For third order
invariant functions we get

2 2
)2 —2()? = 1. (74)
Summation formula for the invariant function are obtained from the identity
exp(Ex) exp(Ey) = exp(E(x + ). (75)

From formulae of differentiation it is seen, that the operator % is worked out a cyclic
permutation.

Thus, in general the invariant functions form a fundamental set of solutions of the differ-
ential equation

lie(kﬂ) — ok+D) (76)
Kldxkom o
These functions belong to the class of higher order hyperbolic functions. There exist an
extensive literature on the subject, and bibliographies have been given by H.Kaufman [14].
the most recent investigations on the subject one may meet in [8].

Conclusion

The points we have touched in this paper show that the method of expression of the results of
actions of divided differences operators via coefficients of the polynomials allow to elaborate
quite general formulism appropriate for all orders of the calculus. According to this formal-
ism any order of the differential calculus can be considered as a ground level, including,
also, the calculus of the definite integrals. In addition, we have shown that the definitions
of the divided differences operators intimately are related with the concept of the difference
between n > 2 variables [15]. Indeed, the statement that the generalized difference between
n power functions defined at the points x;, k = 1, ..., n is proportional to the generalized
difference between the very n variables. The factor of proportionality is a multi-dimensional
polynomial of the coefficients of the pivoting polynomial what provides regularity of the
divided differences operators under the process of cumulating the roots of the pivoting poly-
nomial near the one of them.
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