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Abstract

In this article, we study the existence of solutions for two initial value problems of the func-
tional integro-differential equation with nonlocal infinite-point and integral conditions. We
study the continuous dependence of the solution. As some examples illustrate the importance
of the results.
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Introduction

It is well-known that a lot of problems investigated in engineering, mechanics, mathematical
physics, vehicular traffic theory [1,14], [2, pp. 157-167], queuing theory and also several
real world problems can be described with help of various functional differential (integral)
equations. The theory of functional differential (integral) equations is highly developed and
constitutes a significant and important branch of nonlinear analysis. There have been pub-
lished, up to now, numerous research papers; see [3-8,10,12,13,15-17].

In this paper, we are interested with the initial value problem (IVP) for the functional
integro-differential equation

dx !
I = g(t, x(1), /(.) f(s,x(s)ds), a.e te(0,T], (1)
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with the nonlocal condition
m m
x(0)+ Y pix(t)=x0. »_p;j>0. 7;€(0.TI. )
j=1 j=1

The existence of at least and unique solution x € C[0, T'], under certain conditions, will be
proved. The continuous dependence of the solution on the nonlocal-data p;, on xo and on
the functional f, will be studied.

As applications, the IVP of Eq. (1) with integral condition

T
x(0) —|—/ x(s)dh(s) = xo, h:[0,T] — R increasing function 3)
0

will be studied. Also, if Zj’;l pj isconvergent, the IVP of Eq. (1) with infinite-point condition

x(0) + Y pjx(z)) = xo, “

Jj=1

will be studied.

Integral Representation

Consider the IVP (1)—(2) with the assumptions:

1. g : [0,T] x R x R — R satisfies Caratheodory-condition. There exist a function
c1 € L'[0, T]and a positive constant b; > 0, such that

18, o, B)| = c1(t) + bilal + bi1lBI.

2. f :[0,1] x R — R satisfies Caratheodory-condition. There exist a function ¢y €
L'[0, T] and a positive constant b > 0, such that

[/, B)| = ca(t) + b2l Bl.

t t N
sup / c1(s)ds < My, sup / / c2(0)dOds < M.
t€[0,11 JO te[0,11J0 JO

4 (1 EXy py) (0T + 30162T7) < 1.

Definition 2.1 By a solution of the IVP (1)—(2) we mean a function x € C[0, T'] that satisfies
(D-(2).

Lemma 2.1 The solution of IVP (1)—(2) if it exist, then it can be represented by the integral-
equation

x(t) = E xo—Zp,-/O’gm,x(s),/O (6. x(0)d6)ds

Jj=1

t N
+/ g(s,x(S),/ f(9,X(9))d9> ds, (&)
0 0

where E = (1 + 377, pi)
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Proof Let x be a solution of IVP (1)—(2). Integrating both sides of (1) we obtain

t

x() =x(0) +/ g (s,x(s), /s f(@,x(@))d@) ds. (6)
0 0

Using the nonlocal condition (2), we get

ijx<rj)=x<0)2p,+2pjf0 '/g(s,x(sxfo f(e,x(e»de) ds,
j=1 j=1 j=1

since, 2111'1:1 pjx(tj) = xo — x(0), we have

xo—x(0)=x(0>2p,-+2p,-fojg(s,x(s),/o f(e,xw))de) ds,
j=1 j=1

then

1
1+ p)

Using (6) and (7), we obtain

x(0) = xo—Zp,»/O’g@,x(s),/O F@.x@)do)ds | . (T)

Jj=1

1

x() = ——=m——

xo—ij/O ' g(s,X(s),/O f(0,x(0))do)ds
j=1

t Ky
+/ g(s,x(S),/ f(6,x(0))do)ds.
0 0

Existence of Solution

Theorem 3.1 Let the assumptions 1-4 be satisfied. Then the IVP (1)—(2) has at least one
solution x € C[0, T].

Proof Let the operator F associated with the integral-equation (5) by
" 7j s
Fx()=E|xo— Y p; f g(s. x(s), / £(0.x(0))d0)ds
; 0 0
j=1

t s
+ / g(s, x(s), / £(6.x(0))d6)ds.
0 0

Elxol+(I+E X7 pj)(Mi+bi Ma)
1=((+E Y1) p) (i T+3b102T))”
is nonempty, closed, bounded and convex subset of C[0, T']. Then we have, for x € Q,

it clear that Q,

Let O, = {x e R: ||x|| <r}, where r =

|Fx(0)] < E IXO|+ij/0] |g(s,x<s>,/0 £(6.x(6))d6)\ds

j=1

t s
+/0 Ig(s,X(S),/O f(0,x(0))do)|ds
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<E |xo|+2p,-/0"<c1(s>+b1|x(s)|+b1f0 | (6. x(6))d6)ds
j=1
t s
+ f (e1(s) + bilx(s)| + by f £(6.x(0)d6)ds
0 0

m Tj s

< E | |xo| + E pj(My +b1Tr + by / / [c2(6) 4 ba|x(0)|dOds)
N 0 0
Jj=1

tops
+My+b1Tr + by / / (c2(0) + b2|x(0)|)dbds
0 JO

m
1
< Elxol+EY_ pj(My+biTr+biM+ Eblszzr)
j=1

1
+My+b1Tr +b1 My + §b1b2T2r

m
1
= Elxo|l + |1+ EZPJ (Ml +b1Tr +b M, + Eblszzr) =r.
=1

Then F : Q, — Q, and the class of functions { Fx} is uniformly bounded in Q,.
Now, let ¢y, € (0,1)s.t|tp — t1]| < 6, then

n N
|Fx<r2>—Fx(n>|=‘/0 g(s,x<s>,/0 £(0, x(©0))d0)ds

f K
—/ g(s,x(s),f £(0,x(0))d0)ds
0 0

5]
< /
1

1% N
Sf (61(S)+b1|x(S)|+b1fO [f(0,x(0)do|)ds
1

g(s,x(s),/s f(@,x(@))d@)‘ds
0

5] 153 K
< / c1(s)ds + (tp — t1)bir + by / / c2(0)dOds
n 1 0

+%b1b2r (122 — 112) .

Then the class of functions { Fx} is equi-continuous in Q.
Let x, € QO x, — x(n — o00), then from Assumptions 1-2, we obtain

g(t, x,(t), yn(t)) — g(t,x(), y()) and f(t, x,(t)) — f(t,x(t)) asn — o0o. Also

lim Fx,(t) = lim [E [XO _ ij /‘fj g(s, x,(s), /s f(s,xn(e))de)dS]
n—oo n—00 /:] 0 0

1 . N
+/ g<s,xn(S),/ f(e,xn(Q))d9>dS} ®)
0 0
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Using assumptions 1-2 and Lebesgue Dominated convergence Theorem [11], from (8) we
obtain

lim Fx,(t) = |:E |:x0 _ ij /F/‘ lim g(s, x,(s), /S f, xn(@))d@)d5i|
n—o00 j:1 0 n—o00 0

t N
+/ lim g(s,xn(s),f f(@,x,,(@))d@)ds] = Fx(1).
0 n—oo 0

Then Fx, — Fx asn — oo. Therefore F is continuous.

tlg%x(t)zE xo—ij/O Jg(s,x(s),/o f(@,x(@))d@) ds | € C[0, T].

j=1

Then by Schauder fixed point Theorem [9] there exist at least one solution x € C[0, T'] of
the integral-equation (5).
To complete the proof, differentiation (5) we obtain

dx _dlp i [ " £0, x(0)d0)d
E_E{ [xo—;pjfo g(s,x(s),/(; [0, x(0)) )S:I

t . s
-I-/ g(s,x(s),/ f(@,x(@))d@)ds}
0 0

a tg(s,x(s),/s f(e,x(e))d9>ds
0

- dt 0
=8 (t,X(t), /t f(9,x(9))d9) )
0

Also, from the integral-equation (5), we get
x(zj) = E[xo — ;pj/o g(s,x(s),/o f(e,x(e))dg)ds]
+f jg(s,x(s),/‘ £(6, x(6))d6 )ds
0 0

x(0) = E[xo — ij/o " e(s, x(5), /0 £ @, x(©)d6)ds]. ©)
j=1

and

j=1 j=1 j=1 0
+ij/ jg(s,x(s),/ f(0,x(0))d9) ds, (10)
o o 0
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from (9) and (10) we have

m

x(0) + Y pjx(r))

j=1

> b /Orj g <s,x(s), /OS f(9,x(0))d9) ds

m
=E(l+) _ pj)|x—
j=1 j=1

+Zm/ jg(s,x(s),/' f(9,x(9))d9) ds.
j=t 70 0

Then
m
x(0) + ijx(rj) = Xxg.
j=1
Therefor there exist at least one solution x € C[0, T'] of the IVP (1)-(2). ]

Nonlocal Integral Condition

Let x € C[0, T] be the solution of the IVP (1)~(2). Let p; = h(t;) —h(tj_1), h is increasing
function, 7; € (tj_1,1;),0 =1 < t; < f2,... < t,, = 1 then, as m — oo the nonlocal-
condition (2) will be

x(0) + Y " h(t)) = h(tj-1)x(tj) = xo.
j=1

And

m T
x(0) + lim Zh(r,-)—h(tj,l)x(r,-):x(0)+/ x(s)dh(s) = xo.
}’I’l—)Osz1 0

Theorem 4.1 Let the assumptions 1-4 be satisfied. Then the IVP of (1)—(3) has at least one
solution x € C[0, T].

Proof As m — oo, the solution of the IVP (1)—(2) will be
x(t) = lim ——— | x0 — p-/ g <s, x(s),/ 1@, x(@))d@) ds
m—>00]+23n:1p/ 12:‘: / 0 0

t K
+/ g(s,x(s),/ £(6,x(0))d6)ds
0 0

1

= m xo—mli_{noon_]:Pj/(; g(S»X(S)s/(; f(@,x(@))d&)ds(h(tj)

t N
_h(tjfl))]‘i‘/o g(S,X(S),/O f(0,x(0))do)ds
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1
T 1+ h(T) - h(0)|: / / (s x(s), [ f@, X(G))d0>dv dh(z)]
+/tg<s,x(s),/ f(9,x(9))d9> ds
0 0

Infinite-Point Boundary Condition

Theorem 5.1 Let the assumptions 1-4 be satisfied. Then the IVP of (1)—~(4) has at least one
solution x € C[0, T].

Proof Let the assumptions of Theorem 3.1 be satisfied. Let S,,, S, = ZT:] p;j be conver-
gent sequence, then

1 " Tj s
Xm (1) = m xo—gpj/(; 8(57X(5)7/0 f(@,x(@))d@)ds

t s
+/ 8 <S,xm(S),/ .f(9,xm(9))d9> ds. an
0 0

Take the limit to (11), as m — o0, we have

. . 1 " T s
im0 = lim [HZ’LP/ [xo - ;P.i fo g (s,x(s), fo f(e,x(e))de) ds}
t K
+/0 8<S,Xm(5)7/0 f(e,xm(H))dO) ds]
1
:mleoow[ Zp,f (v (), f JAC x(e))de) }

t

+ lim g(s,xm(s),/ f(6,x,,,(9))d9> ds. (12)
0

m— 00 0

Now |p;x(zj)| < |pjlllx|l, therefore by comparison test Z;’il pjx(zj)is convergent. Also

‘ / Y g, x(s), f " 0, x(0))d0)ds
0 0

s/o'<c1<s>+b1|x<s>|
+ by /.S f(6,x(0))dO0)ds
0
< /0 " (e1(s) + b lx ()] + by /0 (c2(s) + balx()))dO)ds

1
< My + byllx|| + b1 M2 + Eblbzllxll <M,

then |p; fotjg(s,x(s),fos fO,x©)d0)ds| < |pjl - M and by the comparison test

Z;’;l pj fof'f (s, x(s), [y f(6,x(0))d6)ds is convergent.
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Now, |g| < |c1(s) + billx|| + by Ma + b1by||x||, using assumptions 1-2 and Lebesgue
Dominated convergence Theorem [11], from (12) we obtain

1 o0 ‘L’j s
x(t) = m XO_;P,/'/O g(S,x(S),/O f(0,x(0))do)ds

t s
+f g(s,x(s),/ f(0,x(0))do)ds. (13)
0 0

The Theorem proved. O

Uniqueness of the Solution

Let g and f satisfy the following assumptions
5. g:10,T] x R x R — Ris measurable in ¢ for any «, B € R and satisfies the lipschitz

condition
g, o, B) — g(t, u, v)| < bila —ul + b1l —vl, (14
6. f:[0, T]xR — Rismeasurableint forany o € R and satisfies the lipschitz condition

t t s
sup / |£(5,0,0)lds < L1, sup f / 18(6, 0)|dbds < L.
t€(0,7]J0 t€[0,7]1J0 JO

Theorem 6.1 Let the assumptions 5-7 be satisfied. Then the solution of the IVP (1)—(2) is
unique.

Proof From assumption 5 we have g is measurable in ¢ for any x, y € R and satisfies the
lipschitz condition, then it is continuous in o, 8 € RVt € [0, T'], and

lg(z, @, B)| < bila| + b1]B] + | f(2,0,0)].

Then condition 1 is satisfied. Also by the same way we can show that assumption 2 satisfied
by Assumption 6. Now, from Theorem 3.1 the solution of the IVP (1)—(2) exists.
Let x, y be two the solution of (1)—(2), then

X)) = y(0)] = |E xo—ij/O]g<s,x(s>,fo f(9,x(9))d9> ds
j=1

t Ky
+/ g(&X(s),/ f(9,x(0))d9> ds
0 0

E xo—zpj/ojg(ﬂy(s)»/(; f(e,y(e))cw) ds
j=1

t K
—/0 g<s,y(s),f0 f(e,y(e))d9> ds|

< EZPJ/O g (s,x<s),/o f(e,x(e))d@)
j=1
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—g (s, y(s), /0 fa@, y(9))d9) ‘ ds

+f lg <S,X(S),/Sf(0,x(9))d9)
0 0

—g (s,y(s),/o‘ f(@,y(@))d@) \ds

Eijfo : <b1||X—y||+b1/0 (6. x(0))
j=1

t

—f(0,y(0))d0)ds +/0 (brllx = yll

IA

+b1/0 If(G,X(Q))—f(Q,y(G))Id9> ds

m m
1
<biTlx = yIE Y pj+ 5bibaT?Ix = ¥IE Y p
j=1 j=1

1
+biT|x — y|l + Eblszznx —yll

m
1
= |1+ EX_pj | tiT + SbibaT?)lx =yl
j=1

Hence

m
1
1- 1+E;pj (b1T+§b1b2T2) lx =yl <0.
iz

Since (1 +E ZT:] pj) (b1T + %blszZ) < 1, then x(t) = y(t) and the solution of the
IVP (1)—(2) is unique. ]
Continuous Dependence

Continuous Dependence on xp

Definition 7.1 The solution x € C[0, 1] of the IVP (1)—(2) continuously depends on x, if
Ve >0, 3 8(e) st |xo—x5l<8=|lx —x¥|| <e,

where x* is the solution of the IVP

* t
r =g(t,X*(t),/ f(s,x*(s))ds), a.e te(0,T], (16)
0
with the nonlocal condition
m m
xO)+ Y pix*(x)=x5 Y p;j>0 7,€TL (17)
j=1 j=1

Theorem 7.1 Let the assumptions of Theorem 6.1 be satisfied. Then the solution of the IVP
(1)-(2) continuously depends on x.

@ Springer



108 Page 10 of 15 Int. J. Appl. Comput. Math (2019) 5:108

Proof Let x, x* be two solutions of the IVP (1)—(2) and (16)—(17) respectively. Then

lx(@) —x*()| = |E XO—ZPj/(;] g(s,x(s),/O (O, x(0))do)ds

j=1

t N
+/ g(SJC(S),/ f(&x(@))d@) ds
0 0

—E| x5 - pj /Otj g <s,x*(s), /0 f(9,x*(9))d9> ds
j=1

t s
—/ g(s,x*(s),/ f(@,x*(@))d@) ds|
0 0

< Elxo — x§| + Eim;p,- /0 g (s, X (s), fo f<9,x*(9>>d9>
—g (s,x(s>, /0 f(e,x(e»de) ds +/Ot g (s,x(sx [0 f(e,x(e))de))
g (s, X (s), /0 e, x*@)d@) ds,

<

m 7
Elxo — xg| + Eij/O (billx — x|
j=1

s t
s /0 118, x*(©) — £, x(0)]d6)ds + /O (byllx — x*]

+ b1 /0 |f (6, x(©)) — (0, x(6))|d0)ds

m m
1
< Elxo — x5| + 61T llx — x*|| E E pj+§b1sz2||x—X*llE E pj
j=1 j=1

1
+b1T|x — x*|| + 5T2b1b2||x — x|

m

1
SES+[1+E)Y pj|(iT + 5b]szz)nx — x|

j=1
Hence
. ES
lx — x| < =e.
[l - (1 +EY pj) (biT + %b]szz)]
Then the solution of the IVP (1)—(2) continuously depends on xg. O

Continuous Dependence on the Nonlocal Data p;

Definition 7.2 The solution x € C[0, 1] of the IVP (1)—(2) continuously depends on the
nonlocal data pj, if

Ve >0, 3 8(e) s.t ij—p;f|<5:||X—X*||<f»
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where x* is the solution of the IVP

*

dt

t
=g(t,x*(t),/ f(s,x*(s)ds), a.e te€(0,1), (18)
0

with the nonlocal condition

x(0)+2px (tj)=x0. Y p;>0, 7;€(0,1). (19)

Jj=1

Theorem 7.2 Let the assumptions of Theorem 6.1 be satisfied. Then the solution of the IVP
(1)—=(2) continuously depends on the nonlocal data p|.

Proof Let x, x* be two the solutions of the IVP (1)—(2) and (18)—(19) respectively. Then

lx(®) —x* ()| = |E | xo — Zl’j/o J 8 (S,X(S), /OA f(@,x(@))d@) ds
j=1
t s m T
+/ g(s,x(s),f f(9,x(6))d0> ds — E* XO—ZP;‘/. g(s, x*(s),
0 0 =

N t s
/ f(@,x*(@))d@)ds] —/ g <s,x*(s),/ f(s,x*(&))d@) ds‘
0 0 0

m T; K
< EE*mé|xo| + |E*ij/ ' g<s,x*(s),/ f(9,x*(9))d0> ds
0 0

j=1
m

- Eijffj g (s,x*(s), /S f(9,x*(6))d9) ds
j=1 0 0
+E ijf/jg<s,x*(s),/‘ f(9,x*(9))d9> ds
j=1 70 0
—ij/ "g<s,x(s),/ f(9,x(9))d9> s ||
=t 70 0

1
+b5T|x — x*|| + 5szlbznx — x|

* 1 2 -
< EE*ms|xol +md | (1T + SbiboT lx*| + TLy + b1T L, Z

+E| ijfjg(s,x*(s),/ f(9,x*(9))d9> ds
j=1 0 0
- p fr/ g (s,x*(s),/s f(9,x*(9))d0) ds
j=1 0 0
+ij/ jg(&x*(s),/ f(e,x*(e))de> ds
j=1 0 0
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—ZPJ’/'18<S’X(S),/ f(9,x(9))d9>ds |
=t 70 0

1
+ b1 Tlx — x*|| + 5szlbznx —x*|

1 1 -
< EE*mé|xo| +m8 | (b1T + SbibyT* ) x| + TLi + b1 T?La | Y p}
2 2 i

1 1
+E [ma [<b1 T + 5blszz) 151+ T Ly + by T2L2]

m
1
+§jm(mnu—xw+5T%wﬁx—xw)
j=1

1
+MTM—xW+§T%wﬁx—ﬁH

1 1
< EE*m8|xo| + m$ [(blT + iblszz) Ix*|| +TLy + EbszLz]

m m
1
E+Y pi|+[1+E) p) (b1T+§T2b1b2)||x—x*||.
=1 i

Hence
flx —x*|l
EE*mixo| +m [(b1T + LbibaT?) |x*| + TLy + 161 72L5) (E Dy p;f>
: 5

|- (1 +EY", p,-) (biT + 1T2b1by)

=€,

where E* = (1 + Z’;’zl p;f)’l. Then the solution of the IVP (1)—(2) continuously depends
on the nonlocal data p;. O

Continuous Dependence on the Functional f

Definition 7.3 The solution x € C[0, T] of the IVP (1)-(2) continuously depends on the
functional f, if

Ve >0, 3 8(e) st |f—f"l<d=|lx—x"|| <e,

where x* is the solution of the IVP

* t
e g (z,x*(t),/ f*(s,x*(s))ds) , ae te(0,7T], (20)
0
with the nonlocal condition
m m
x(0)+ Y pix*(x)=x0. Y pj>0, ;€T 1)
j=1 j=1

Theorem 7.3 Let the assumptions of Theorem 6.1 be satisfied. Then the solution of the IVP
(1)—(2) continuously depends on the functional f.
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Proof Let x, x* be two solutions of the IVP (1)—(2) and (20)—(21) respectively. Then

Ix(t) — x* (1) < |, |E |:x0 _ ij/o ' (s,x(s),/o f(o,x(e))d9> ds:|
j=1

t s
+/ g(S,X(S),/ f(@,x(@))d@) ds
0 0
—E |:x0 - ZP/' /rj g (S,X*(S),/S f*(G,X*(G))d0> ds:|
=t 0 0
t s
—f g(s,x*(s),/ f*(e,x*(e))d9> ds
0 0

m 7
£ |
j=1

—g <s,x*(s),/s f*(e,x*(a))d9>
0

g5 x(5), /0 £0. x(0)d0)

ds

t s s
+/0 \g(s,x(sxfo f<0,x<0))d9>—g(s,x*(s>,[0 f*(e,x*w))de) as.
< EZ”’/O ’ <b1||x—x*|| +b1/0 |f*<9,x*<9)>—f(e,xw))\do) ds
Jj=1

t N
+[0 (b1IIX*X*H +b1/0 If(G,X(G))*f*(9,x*(9))|d0> ds

m
x—x*HEij

j=1

m m
1 1
* . - 2 . - 2
<bhT|x—x"|E E pj+2blT SE Elpj-i-zblsz
j=

j=1

1 1
+ Eblrzs + b T?|x — x*| + EblszZHX — x|

m m
1 1
< (1 +E2pj) E;;1T25+ (1 +Eij) (b1T+ §b1b2T2> lx — x*|.
j=1

j=1
Hence
(1 +EY, p,-) 1pi T2
lx —x*|| < =e.
L= (14 EX p)) (01T + bibaT?)

Then the solution of the IVP (1)—(2) continuously depends on the functional f. ]
Examples
Example 8.1 Consider the nonlinear integro-differential equation

dx 4 —  In(1+x(1)

— =t -~ @ 7

dt ¢ T 4+13

t 1 4
+f L sinGs +3)+ 222 4 ge 1,11, 22)
0 9 elx(s)]
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with infinite point boundary condition

— 1 —1
NCEDI=R (J )—xo. (23)

=17
Set
g(t, x (1), /Ot fs.x(s)ds) = tte™ + ln(iiigt))
+/0t é (sin(3s +3)+ w> dt.
Then

<tte!

1 1 (14 s*cosx(s)
+Z <|X|+Z/O §|<COS(3S+3)+W>d[|>,

4 4
[f(s,x(s)] < §|COS(3S +3)| + §IX(S)|-

t
’g(l,x(f), /0 f (s, x(s))ds)

and also

The assumptions 1-4 of Theorem 3.1 are satisfied with ¢(f) = et e L0, 1],
Zoo ]

e2(t) = Yleosr +3) € L0, 11, b1 = 4, by = 4, (1+%) (b1 + Sb1ba) =

2521

x2
(1 + & ) (; + %) < 1, and the series: Z - is convergent. Therefore, by applying
to Theorem 3.1, the given IVP (22)—(23) has a solutlon x € [0, 1].

Example 8.2 Consider the nonlinear integro-differential equation

dx 5 2 .x(t)
—=r+4+tr+l1+
dt Vt+9
+/t1 in?(3s +3) + —28) ) g te 1] 24)
— [ sin —_— , a. , 1,
o 4 ’ 21+ x(5)) “e
with infinite point boundary condition
00 ) .
1 jo+j—1
x(0) + X <7> = X0. (25)
;]4 i
Set
. (r)/f( (s)ds) = 65 42 4 14 -
g(t, x s, x(s))ds) =
V49

L., sx(s)
+Z/O (Sln (35 +3)+ m) dt
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Then

t

’g(t,x(t),/ f(s, x(s))ds) §t5—|—t2—|—1+%|x|
0
1 ("3 .2 sx(s)
+§/0 1 (sm (3S+3)+m>‘dt’
and also 3 ;
f (s, x(6Dl = 5 |(sin®(3s + 3))| + gl

The assumptions 1-4 of Theorem 3.1 are satisfied with c1(¢) = P +124+1 e L0, 1],
S

e (t) = 3|sin’(Bs +3)| € L'[0, 11, by = §.bp = 3, (1 + HZT) (b1 + 3b1b2) =
=

74
(1 + 1 %0 ) (% + %) < 1, and the series: Z;’i 1 ]% is convergent Therefore, by applying
+5 /)

to Theorem 3.1, the given IVP (24)—(25) has a solution x € [0, 1].
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