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Abstract

In this study, we propose and analyze a new mathematical model formulated by partial
differential equations in order to better understand the mechanisms and dynamics of hepatitis
B virus (HBV) infection in vivo. The proposed model incorporates the intracellular HBV
DNA-containing capsids, spatial diffusion in both capsids and viruses, and adaptive immune
response exerted by cytotoxic T lymphocytes and antibodies. Further, the infection process
is modeled by a general incidence function that includes many cases existing in the literature.
We first show the global existence, uniqueness, positivity and boundedness of solutions. The
global stability and instability of equilibria are established by means of Lyapunov’s direct
and indirect methods. Finally, numerical simulations are presented to illustrate the dynamical
behaviors of the model and to support the theoretical results.

Keywords Adaptive immunity - Diffusion - Delays - General incidence rate -
Global stability

Introduction

Recently, modeling the dynamics of HBV infection with capsids has attracted interest of
many researchers. In 2015, Manna and Chakrabarty [1] improved the model of Murray et al.
[2] by proposing two models. The first model was formulated by four ordinary differential
equations (ODEs) and the second one by delay differential equations (DDEs) in order to
describe the time delay between the process of infection of cells and the production of new
virions. In 2017, they extended the second DDE model by considering another delay in the
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production of matured capsids [3]. Guo et al. [4] considered a third delay in the production
of matured viruses and they proposed PDE model with general incidence rate and spatial
diffusion only in the viruses. The spatial mobility of both capsids and viruses is considered in
[5,6]. In 2018, Manna [7] extended the model presented in [5] by taking into account the role
of cytotoxic T lymphocyte (CTL) immune response in HBV infection. Another model with
CTL immune response and nonlinear incidence was proposed by Xu and Geng [8]. This last
model is a generalization of both ODE and DDE models with bilinear incidence introduced
in [9].

For HBV infection, immune responses of the host individual acts as a significant defense
mechanism against the infection progression by diminishing the viral load and clearing the
infected hepatocytes [10,11]. Generally, the effective immune response against HBV infec-
tion in an infected host individual comprises of the combination of innate and adaptive
immunity of the host [12]. Innate immunity actually takes part in very early stage of the
infection process to regulate the infection spread and activates adaptive immune response
[12]. The adaptive immunity consists of a complex web of effector cells, namely, antibody B
cells and CTLs [12]. As a consequence of adaptive immune response, the reinfection process
slows down due to the neutralization of free virus particles by B cells and clearance of infected
hepatocytes by CTLs through cytolytic and non-cytolytic mechanisms [12]. Therefore, incor-
poration of adaptive immunity in the modeling approach and their analysis seems to be very
important in order to get valuable insights of the complex dynamical behaviors of the HBV
infection process. But the above mentioned models for HBV infection and their analysis did
not incorporate the effect of the adaptive immunity in the modeling approach. Also to the
best of our knowledge, there does not exist any work in literature which incorporates both
capsid and adaptive immunity for the modeling of HBV infection process in vivo.

The above discussions provide us strong motivation to study an HBV infection model
incorporating both capsid and adaptive immunity. Thus, we propose the following reaction-
diffusion system for HBV infection in vivo:

H
aa—[ =s—puHx,t) — f(H(x,t), [(x,1), V(x,t)V(x,1),
al
vl e M f(Hx, t =), I(x,t —11), V(x, t —1))V(x,t —11)
—0l(x,t) — pl(x,t)Z(x,1),
oD _
e dpAD +ae 21 (x,t — 1) — (B+8)D(x, 1),
vV
i dy AV 4+ Be BB D(x,t —13) —cV(x, 1) — pV(x,)W(x, 1),
% =qV(x,nHDW(x,t) —oW(x,1),
0Z
5 = gl (x,)Z(x,t) —0Z(x,1), (1)

where H(x,t), I(x,t), D(x,t), V(x,t), W(x,t) and Z(x, t) denote the densities of unin-
fected hepatocytes, infected hepatocytes, HBV DNA-containing capsids, virions, antibodies
and CTL cells at position x and time ¢, respectively. Uninfected hepatocytes are produced at
rate s, die at rate uH and become infected by the virions at rate f(H, I, V)V. The param-
eter § is the death rate of infected hepatocytes and capsids. However, o and ¢ are the death
rates of CTL cells and antibodies, respectively. The parameters a, § and c¢ are, respectively,
the production rate of capsids from infected hepatocytes, the rate at which the capsids are
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transmitted to blood in order to get converted into virions, and the clearance rate of virions.
Infected hepatocytes are killed by CTL cells at rate pIZ while virions are neutralized by
antibodies at rate pV W. Antibodies develop in response to virions at rate gV W, and CTL
cells expand in response to viral antigens derived from infected hepatocytes at rate g/ Z.
Further, the first delay parameter 7; denotes the time needed for infected hepatocytes to pro-
duce capsids after viral entry and the factor e~*!™! accounts for the probability of surviving
from time t — 71 to time ¢, where « is the death rate for infected but not yet virus-producing
cells. The second delay parameter 1, represents the time spent in the production of matured
intracellular HBV DNA-containing capsids which in turn contributes to the production of
virions. The probability of survival of immature capsids is given by e~%2%2 and the average
life time of an immature capsid is given by é The third delay parameter 73 denotes the time
necessary for the newly produced capsids to become virions and the factor e™*3% accounts
for the probability of surviving from time ¢ — 73 to time ¢, where ai is the average life time
of an immature virion. Finally, A is the Laplacian operator, and dp and dy are the diffusion
coefficients of capsids and virions, respectively.

As it has been considered in [13,14], we assume that the general incidence function
f(H, I,V) is continuously differentiable in the interior of ]Ri_ and satisfies the following
assumptions:

(A1) f(O,1,V)=0,forall/ >0andV > 0;

(A2) f(H,I,V)isastrictly monotone increasing function with respect to H, for any fixed
I>0and V > 0;

(A3) f(H,I,V) is a monotone decreasing function with respect to / and V, i.e,
S(H,I,V)<O0and 2L (H,1,V) <Oforall H>0,1>0andV > 0.

The above assumptions are biologically reasonable and consistent with the reality. For more
details on the biological meanings of these three assumptions, we refer the reader to the works
[15,16]. In addition, the general incidence function f(H, I, V) includes many forms such
as the bilinear incidence which was used recently in [7], the saturation incidence presented
in [17], the standard incidence function used in [18], the Beddington-DeAngelis functional
response proposed in [19,20] and used in [21], the Crowley-Martin functional response
introduced in [22] and used in [23], and the Hattaf-Yousfi functional response [24] which
was recently used in [25,26].
The reaction-diffusion system (1) is subjected to the following initial conditions

H(x,0) =¢1(x,0) 20, I(x,0) = ¢2(x,0) 20, D(x,0) = ¢3(x,0) > 0,
V(x,0) =¢a(x,0) >0, W(x,0) =¢s5(x,0) >0, and Z(x,0) =

¢6(x,0) >0, V(x,0) € Qx[-7,0], (@)
and the following zero-flux boundary conditions
oD A%
— =0, — =0, on 92 x (0, +00), 3)
av av

Bl
where T = max{t, 12, 13}, 2 is a bounded domain in R” with smooth boundary 92, and —
v

denotes the outward normal derivative on d2. Biologically speaking, the zero-flux boundary
conditions mean that the capsids and virions do not have any movement across the boundary
0%2.

The main purpose of this study is to investigate about the global dynamical behaviors of
the proposed generalized delayed reaction-diffusion model of HBV infection. We organize
the rest of this paper as follows. In “Well-posedness and equilibria” section, we establish
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the well-posedness of the model and the threshold parameters for the existence of equilibria.
“Stability analysis” section is devoted for the stability analysis of five equilibria. In “Numer-
ical simulations” section, we present some numerical simulations to support the analytical
results and to further illustrate the dynamical behaviors of the model. Finally, some biological
and mathematical conclusions are given in the last section.

Well-Posedness and Equilibria

In this section, we prove the existence, uniqueness, non-negativity and boundedness of solu-
tions of the proposed problem (1)—(3) as they represent the densities of hepatocytes, capsids,
virions, antibodies and CTL cells. Furthermore, we define five threshold parameters for the
existence of equilibria.

Let X = C(R2,R% be the Banach space of continuous functions from € to R®, and
C = C([—r, 0], X) be the Banach space of continuous functions from [—7, 0] to X’ equipped
with the usual supremum norm. For convenience, we identify an element ¢ € C as a function
from Q x [—1, 0] to R® defined by ¢(x, 0) = ¢(0)(x). For any continuous function w(.) :
[—7,b) — X for b > 0, we define w; € C by w;(0) = w(t +0),0 € [—1,0].

Theorem 1 For any given initial condition ¢ € C satisfying (2), there exists a unique solu-
tion of the problem (1)—(3) defined on [0, +00) and this solution remains non-negative and
bounded for all t > 0.

Proof For any ¢ = (¢1,2.¢3,¢4.¢5.¢6)" € C and x € Q, we define F =
(Fy, F2, I3, Fy, Fs, Fg) : C — X by

Fir(@)(x) =5 — uo1(x,0) — f(d1(x,0), p2(x, 0), pa(x, 0))pa(x, 0),

B (@) (x) = e M7 f(¢1(x, —11), 2 (x, —71), Palx, —T1))pa(x, —T1)

_8¢2(-x7 O) - p¢2(x» 0)¢6(-xs 0)7

F3(9)(x) = ae” " ¢p(x, —12) — (B + 8)¢3(x, 0),

Fy(p)(x) = Be BB ¢3(x, —13) — ca(x, 0) — ppa(x, 0)¢ps(x, 0),

F5(9)(x) = qG¢a(x, 0)ps5(x,0) — 5s(x, 0),

Fo(¢)(x) = qp2(x, 0)e(x, 0) — o ¢s(x, 0).
Then the system (1)—(3) can be rewritten as the following abstract functional differential
equation:

o' (t) = Aw+ F(w;), t >0,

w(0) =¢ e, “4)
where w = (H,I,D,V.W.2)", ¢ = (¢1,¢2.¢3.¢4.05,¢6)" and Aw =
0,0,dpAD,dyAV,0,0)7. Obviously, we observe that F is locally Lipschitz in C. It fol-
lows from [27-31] that there exists a unique local solution of system (4) on [0, T}, ), Where
Tinax 1s the maximal existence time for solution of (4).

Clearly, 0 = (0,0, 0,0, 0, 0) is a lower-solution of the problem (1)—(3) and hence, we

have H(x,t) >0, I(x,1) >0, D(x,1) >0, V(x,t) >0, W(x,t) > 0and Z(x, ) > 0.
Now, it remains to prove the boundedness of solutions. For this purpose, let us assume

Tx,t) =e “""H(x,t —11)+1(x,1)+ BZ(x, 1).
q
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Thus, we have
oT o
g?zsfm”—uém”HuJ—wQ—SMLQ—ELZQJ)
q
<s—yT(x,1),

where y = min{u, §, o} and it is obvious that 0 < ¢~*!™! < 1. Hence, we obtain
T(x,t) < max {i, max{e "¢ (x, —71) + ¢2(x, 0) + E%(x, 0)}}.
Y xeQ q

This shows that H, I and Z are bounded. Now, using the bound for / and the system (1)—(3),
we notice that D satisfies the following system:

oD

v dpAD < aMje ™ — (B +68)D,
oD
— =0,
ov

D(x,0) = ¢3(x,0) = 0,

where M| = max {%, max, gle “ o1 (x, —11) + ¢2(x,0) + 5(]56()6, O)}].

Let 5(r) be a solution to the following ODE:

dD -
—o = aMieT@® — (4 5)D,

D(0) = max ¢3(x. 0).
xe2

Thus, we have 5(t) < max {”M/‘;% max g ¢3(x, O)} for all t € [0, T;;4x). Now using

the comparison principle [32], we can conclude that D(x, t) < D(t). Therefore, we obtain

aMje *?%2
B+3é

Now, using the bound for D and the system (1)—(3), we observe that V satisfies the following

system:

D(x,1) < maX{ ,malid)s(x,O)}, Vo (x,1) € Q % [0, Thnax)-
xe

A% ~
o dy AV < BMpe B —cV — pVW,
A%
o,
av

V(x,0) = ¢4(x,0) >0,
where M> = max {"Ml‘;%;m, max g ¢3(x, 0)}. Let V(t) and VT/(I) be the solution of the
following system of ODEs:

dv o
T BMpe= 4B —cV — pVW,
AW e~
v =qVW —-0oW,

V(0) = max ¢4(x, 0),
xe

W (0) = max ¢5(x, 0).
xe
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Let us assume 7 (1) = V(t) + gW(t). Then, we obtain

ar, .
EL o My — oV — By
dt q

< BMpe " — yTi(1),
where y; = min{c, }. Hence, we have
BMe=ms

T)(t) = max {
Y1

, max {¢4<x,o> + éqss(x,O)” = M;.
xeQ q
Again using the comparison principle [32], we conclude that V (x, 1) + gW(x, t) < M3 for

all (x,1) € Q x [0, Tjuayx). This implies that V and W are bounded.

The above analysis confirms the boundedness of H (x, t), I (x, 1), D(x,t),V(x,t), W(x, t)
and Z(x, t) on Q x [0, Tpuax) and further from the standard theory of semi-linear parabolic
PDEs we have T4, = 400 [33]. This completes the proof. ]

Now, we discuss about all the biologically feasible spatially homogeneous equilib-
ria for our proposed model (1). Any spatially homogeneous equilibrium point E =

P N P

(H,1,D,V,W, Z) of the model (1) satisfies the following system of algebraic equations:

s—pH— f(H,T,V)V =0,
e~ F(H, T, V)V =81 — pIZ =0,
ae~ 2] — (B+8)D =0,
Be BBD —cV — VW =0,
GVW —5W =0,

qTZ —0Z=0. Q)

Clearly from the above system of equations (5), we can notice that Ey = (Hp, 0, 0, 0, 0, 0)

represents a unique infection-free equilibrium for the model (1) with Hy = ;% and it exists
always. The basic reproduction number of the model (1) is given by

ap s
Ry= — 2.,0,0) e ini—en—a3ns 6

o= e (300) ©
and it represents the average number of freshly infected hepatocytes from one infected hep-

atocyte when the infection sets off.
Let us first consider W = 0 and Z = 0 and then we have the following equation

f (ﬁ’ s — /’LHe—alrl a,B(s - MH) e—alrl—azm—agrg)

8 T s (B+)
— CS(ﬂ +9) ea11|+azrz+a3r3
ap ’
: A: S—/Lﬁ —a1T] 172 — aﬂ(‘?*ﬂﬁ) —QT]—02 T2 —Q3T3 : T
with [ = ——e and V “ e ¢ . Since I represents the number

of infected hepatocytes, we need to have T > ( and this condition leads to H < i Now, we
define a function G on the closed interval [0, s/u] as follows

Gi(H)=f (H, we—w', %e‘“”““m‘“m)
_Mealnﬂxzrz-ﬁ—wn
ap '
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Then, we have

G (0) — _08(/2; 8) eot111+0t212+0!3f3 <0,

3 8
G5y = LD gnmseenrann gy ),

and

ﬂ — ﬁefalfl g — Cl,B/,L efalflfa2127a3f3ﬂ

OH & ol cS(B+9) vV’

It can be easily observed that Gi(s/u) > 1 if Ry > 1. From the hypotheses (A2)—(A3)

on the general incidence function f(H, I, V), we obtain G’] (H) > 0 and this implies
that G is a strictly increasing function of H. Therefore, for Ry > 1 we have a unique

Gi(H) =

immune-free equilibrium Ey = (Hy, I1, D1, V1,0, 0), where Hy € (0, s/p), IT1 = (s(s;#llzn’
_ a(s—pHp) _ aB(s—uwHp)

D1 = sisenmior a0d Vi = Gy i foyre o
Now, let us assume that W # 0 and Z = 0, and in this case, we find V = % Then, from

the first two equations of the system (5), we obtain

s —uH 5 G .
f(H, ITRA SM e T %) = %(s — uH).

Again, since W represents the number of antibody immune cells, we need to have A=)
: W — apq(s—pH) -0 T —2T—03T3 _ C : . : T s
ie., W~ = S ¢ 5 > (. This criterion leads to H < m
*rc‘sé‘z,taq)g 1Tt n+a3T 1 et ys consider

s—uH o q

G2(H) = f <H, TTRE i :> T s~ uH).
1) q o

Then, we have G,(0) = —%‘N’r < 0 and G’Z(H) = g—}; — %e‘“m%—f + %‘Z. Now, using the

hypotheses (A2)—(A3) on the general incidence function f(H, I, V), we have G,(H) > 0
and this implies that G is also a strictly increasing function of H. Now, we define antibody
immune response reproduction number as

Vi, @)

which denotes the average number of antibody immune cells activated by virus in case of
successful HBV infection and CTL immune response is yet to be established [34]. Here, ¢
is the activation rate of antibody immune response, % represents the average life span of
antibody immune cells and V] denotes the number of viruses at the immune-free equilibrium
Eq. B y

Note that when R; > 1, then V| > % and Hy < & — SBFI0 joiti+mrn+ests gpd we

n apig
have
G2 (i . Mealrl+azfz+a3‘f}> — f (i _ Memrlﬂxznﬂzns
w apuq ® aprq
Meazrﬁam’ g) _ weamwwwm > f(H, I, V1)
aBq q ap
_Meam-&-aznﬂmm =0
ap .
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Therefore, the model (1) admits a unique infection equilibrium with only antibody immune
response E; = (Ha, I, D2, V5, W2, 0), where Hy € (O, ﬁ _ BT “1’1”‘2”*"‘3“)

apuq
I == ;SLHZ —an p, = /;112 e Y, = % and Wy = a?;{éi—aﬁtpliz)efotlrlfazfz*oaw — %’

provided Ry > 1.

Now, we consider the case when W =0and Z # 0, and then we find 7= %, D=
ao — v _ _apo — .
ql(ﬁfa)e @2 and V = IED @05 From the first equation of the system (5), we
obtain

f (ﬁ,S’ o ) R
q <q apo

From the second equation of the system (5), we get 7 = pq—a(s — ,uﬁ e 41T — % and this

leads to H < ﬁ — %e"‘l” since Z denotes the number of CTL cells. Let us denote

G3(H) = f <H, %, %e—azrz—a:;tz) _ %@ _ MH)ea2T2+“3r3.

Then, we obtain G3(0) = — “4FED 2mFes™ < 0and G (H) = fy + CLafte) romtons,
Then using the hypothesis (A2) on the general incidence function f(H, I, V), we conclude
that G5 is a strictly increasing function of H as G5(H) > 0. Now, we define CTL immune
response reproduction number as

R=2p, ®)
(o2

which represents the average number of CTL immune cells activated by infected hepatocytes
in case of successful HBV infection and antibody immune response is yet to be established
[34]. Here, ¢ is the activation rate of CTL immune response, % represents the average life span
of CTL immune cells and /; denotes the number of infected hepatocytes at the immune-free

equilibrium Ej.

Note that when Ry > 1, then I} > % and H) < ﬁ - S—Ze"””, and we have
Gy <1 _ 81) _ s (i %9 am 7 ﬂ--)
nooqun wooqun q cq(B+36)
_68(/3 + 8) ea111+a212+a3r3 - f(H17 11’ Vl)
ap
_6‘8(/3 +9) ea1r1+a2r2+a3t3 —0.
ap
Therefore, the model (1) admits a unique infection equilibrium with only CTL immune
response E3 = (H3, I3, D3, V3,0, Z3), where H3 € (O, ﬁ 2; “'T') I3 = 2%, D3y =
e R Vs = cq(ngé) —mn—0T gpd 7y = L6-1H) p“H3) —and prov1ded R2 > lA

Now, we consider W # 0 and 7 # 0, and then we have I = q V=
ao
q(B+8)

and D =

»:AQ

e~“2%2_ From the first equation of the system (5), we get

f(ﬁg ):%(s—p,ﬁ).

»Qz\ Q
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From the second equation of the system (5), we obtain Z= We’“m — % and this

leads to H < i — %e”‘l’l as we need to have Z > 0. Let us define

o

G4(H) = f (H, z :) — L5 — ).
9 9/ ©

Then, we have G4(0) = —% <O0and Gj(H) = —|— '”L > 0 using the hypothesis (A7).
Here, we define competitive CTL immune response reproductlon number as
q
Ry = —1, ©
o

which represents the average number of CTL immune cells activated by infected hepatocytes
when the antibody immune response has already been established [34]. So if R3 > 1, then
we have I, > %, H, < i — S%e“"' and

Gs (i _ (Sieam> =f (i — Siealfl g E) _ aauaeam
J— nooqu q q quo

5
=G, <5 — —Ue“m) >~ Gy (Hy) = 0.
nooqu

Therefore, there exists a unique Hs € (0, /i 2; "‘1’1) such that G4(Hs) = 0. Now, we

define competitive antibody immune response reproduction number as
Ry = Z V3, (10)

which denotes the average number of antibody immune cells activated by viruses when CTL
immune response has already been established [34]. From the fourth equation of the system
(5), we obtain Wy = %e—m—“m — £ =L(Ry— ).

Therefore, the model (1) admits a unique infection equilibrium with both the anti-

body and CTL immune responses (i.e., in presence of adaptive immune responses) E4 =

s S0 _ _ ao —
(Hy, 14, Dy, V4, Wy, Z4), where Hy € (0, © g “”1) Iy = 5, Dy = gige wn,
Vo=2,Wy=£(Ry—1)and Zy = Q0=i) p=erm _ 3 provided Ry > 1 and Ry > 1.

Summarizing the above discussions, we get the following theorem.

Theorem2 [f Ry < 1, the model (1) has a unique infection-free equilibrium Ey =
(Hp, 0,0,0,0,0) with Hy = ﬁ If Ry > 1, the model (1) has additional four equilibria
along with the equilibrium Ey. For Ry > 1,
(i) there always exists a unique immune-free equilibrium E1 = (Hy, I1, D1, V1,0, 0),
where Hy € (0,s/n) and Iy, Dy, Vi > 0O;
(ii) there exists a unique infection equilibrium with only antibody immune response
= (Ha, I, Dy, Vo, W5, 0), where Hy € (O, i — % "‘1T1+°‘2’2+°‘3T3> and
I, Dy, Vo, Wo > 0 when Ry > 1;
(iii) there exists a unique infection equilibrium with only CTL immune response Ez =
(Hs3, I, D3, V3,0, Z3), where H3 € (O, ﬁ — S—Ze"‘m) and I3, D3, V3, Z3 > 0 when
R2 > 1,'
(iv) there exists a unique infection equilibrium with adaptive immune response Eq =
(Hy, Iy, D4, Va, Wa, Z4), where Hy € (0 “—”eam) and I, Dy, Va, Wa, Zg > 0

nooqu
when Ry > 1, Ry > 1, R3 > 1l and Ry > 1.
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Stability Analysis

In this section, we investigate the stability properties of all five possible equilibria of the
delayed spatiotemporal system (1)—(3). We study the stability properties through the lin-
earization technique and constructing Lyapunov functions. Now, we will present some useful
notations before proceeding further. Let 0 = A1 < Ay < --- < A, < --- be the eigenvalues
of the operator —A on 2 in presence of the homogeneous Neumann boundary conditions
and F(A;) be the eigenfunction space corresponding to the eigenvalue %; in C 1(). Let
{gij : j=1,2,...,dim F(A;)} denotes an orthonormal basis of F(%;), X = [CL(2)]° and
Xij ={dyij:d e R®}. Then we have

dim F(%;)

[e.¢]
X=PX and X, = P Xy
i=1 j=I

Let Ex = (Hy, Iy, Dy, Vi, Wy, Z,) be an arbitrary spatially homogeneous equilibrium of
the system (1)—(3) and assume the following perturbations about the components of the
equilibrium E:
Ui(x, 1) = H(x, 1) — Hy, Ua(x,t) = I1(x,1) — Iy, Us(x,1) = D(x,1) — Dy,
U, 1) = V(. 1) = V. Us(x. 1) = Wx, 1) = Wi, Us(x.1) = Z(x. 1) — Zs.

Linearizing the model (1) about E,, we obtain the following linearized system:

aa—i/:DAU+31U(x,t)+32U(x,t—r1)+33U(x,t—7:2)+J4U(x,t—r3),
where
__M_g%v* _%V* 0 _%V*_f(H*»I%V*) 0 0
0 —8— pZ, 0 0 0 —pl,
41 = 0 0 —B-35 0 0 0
0 0 0 —c— pW, —pVs o |
0 0 0 w. GV, —5 0
0 qZy 0 0 0 gl —o
0 0 0 0 0 0
ey, eemdly 0 e 3L+ f(H L. V)) 0 0
. 0 0 0 0 0 0
V2 = 0 0 0 0 0 ol
0 0 0 0 0 0
) 0 0 0 0 0
ro 0 00 0 0 0 0 0 0 0 0
0 0 00 0 0 0 0 0 0 0 0
. |0 @™ 0 0 0 0| . |0 0 0 0 0 0
B=1o 0 00 0 0'*T]0 0 Be®ws 0 0 0]
0 0 00 0 0 0 0 0 0 0 0
K 0 00 0 0 0 0 0 0 0 0
D = diag(0, 0, dp, dy,0,0) and U = (U, U, U3, Us, Us, Ug)T .

Note that the partial derivatives g—,{;, g—{ and % in the matrices J; and J, are evaluated at the

equilibrium E,. We define LU = DAU + 31U (x,t) + 52U (x, t — 1) + J3U (x, t — 12) +
JaU (x, t—13). Now, X| isinvariant under the operator £ foreachi > 1, & isaneigenvalue of £

@ Springer



Int. J. Appl. Comput. Math (2019) 5:65 Page 110f29 65

if and only if it is a root of the equation det(—A; D+J 1 +Joe 1 +J3e 62+ Je 67 —£lg) =
0 for some i > 1 and in this case, there exists an eigenvector in X.

Theorem 3 The infection-free equilibrium Eq is globally asymptotically stable if Ry < 1
and it becomes unstable if Ry > 1.

Proof Let us define a Lyapunov function L () as follows:

/H(x,t) Mdn-f-ealnl(x 1)

Ho J(,0,0)

n éeaITI‘FO‘ZrZD(x’ N+ weamﬂxzn-&—asn Vix, 1)
a ap

Lo(t) = / {H(x,t) — Hy —
Q

4 5(/3+5)p a1t1+ot2r2+agrgw(x t)+ 4 otlrlZ(x t)
aBq q

t

13
+ JHx, 0, I(x, 8), V(x, 0)V(x, )d¢ +3€0“”/ I(x, $)dg
-1

-1
+8(/3 +6)
a

t
e“1f1+“2f2f D(x, ;)d;}dx
1—13

where Hy = /% We denote ¥ (x,t) = ¢ and Y (x,t — 1;) = Y, fori = 1,2,3 and
v e {H,I,D,V,W,Z} for the sake of notational simplicity. Taking the derivative of Lg
with respect to time ¢ along the solution trajectories of the system (1)—(3), we obtain

@ :/ 1— f(HO’O 0) _|_ alflﬂ + éea111+azfza£+
dt Q f(H,0,0) a  a ot

8(.3 +9) ettty 7 7 v + M OflflJr"‘ZTZJFO””8W
ap ot apq ot
P T 0Z
o
s(B+9
LB+
a

+ +(f(H I V)V f(Hfl»Il’laVT])VT1)+860”T1(I_IT2)

eOlITH-OlZTZ(D _ Dﬁ)} dx

~ CfHL 0.0
_/Q=<1 f(H,0,0)>(S uH — f(H,I,V)V)

8
+ e (e f(Hyy, Iy, Vo) Ve, — 81 — pIZ) + = T2 (dp AD+
a
b b
ae—azrzlm _ (,3 + S)D) + (IB;‘ )ealr1+a2r2+a3r3 (dvAV
a

- 5B +8)p _ -
+ Be Dy, — v — pvw) + LB EIP ;~)pe0‘1fl+“2f2+“3f3 GVW —5W)
: T

+ ge“m @IZ—062)+ (f(H.1,V)V — f(Hy, L, Ve,)Vi))

§ 1)
+5€0{1‘L’1 (I _ I‘Q) + (,8 + )ea1T1+a2T2(D _ D‘r—g)} dx
a 3

_ _ E _ f(Hp, 0,0) cs(B+9) a1 T+ T +a3 T3
‘/Q{“H(’(l Ho><1 f<H,o,0))+ ag Y
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f(H,0,0) apq R

+§ea1r1+a2r2/ dDADdx+we“1fl+“2’2+“3T3/ dy AVdx.
a Q ap Q

Now, using the zero-flux boundary conditions (3) and the divergence theorem, we obtain

oD ;A%
ADdx = —dx =0 and AVdx = —dx =0.
Q aq dv Q aq Ov

Thus, we eventually have

@ = / uwHo [ 1 — i 1-— J(Ho,0,0) + cd( +9) ettt ntany
dt Q Ho f(H,0,0) ap
(MR _ 1) M e Tt ntany paeamZ}dx
< / W Ho <1 _ ﬁ) (1 [/ (Hy.0, 0)> PR pe—
“Ja Hy f(H,0,0) aB
(Rp— 1) — M ettty Po etz by
apq q

Further, from the hypothesis (A») on the general incidence function we know that f(H, I, V)
is a strictly increasing function with respect to H and this eventually gives rise to the following

inequality:

H Hy,0,0

LB\ (_ fHo.0.0) <0

Hy f(H,0,0)
Hence, we have 40 < 0if Ry < 1 and % = 0 holds if and only if H = Hy =
1 =0,D=0,V=0,W=0and Z = O Th1s indicates that the singleton set {Eq}
{(3 0,0,0,0,0)}is the largest invariant setin {(H, I, D, V, W, Z) € ]R6 |dL° = 0}. There-
fore it follows from LaSalle invariance principle [35] that the infection- free equilibrium Eg
is globally asymptotically stable whenever Ry < 1.

Now, it remains to investigate the stability property of the infection-free equilibrium Eq

when Ry > 1. Through some simple computations, we arrive at the following characteristic
equation at the infection-free equilibrium Eq:

s

=

(E 4+ )E+3)E+)E>+ (c+ B +28+ ridp + Midy)E2 + {(B + 6 + Aidp)
(c+d8+Aridy) +8(c+ Aidy)}s +6(B+ 8 + Aidp)(c + Aidy)

—aB f(Hy, 0, O)e—(lxlT1+azfz+a373)—§(fl +Tz+T3)] —0. (11)
Easily from the above Eq. (11), we can observe that § = —u(< 0), § = —o(< 0) and
& = —o (< 0) represent three roots of the characteristic equation (11). The remaining roots

of the Eq. (11) are obtained by solving the equation g; (§) = 0, where

gi(€) = 3+ (c+ B 428 + hidp + Aidy)E> +{(B + 8 + Midp)(c + 8 + hidy)

+38(c+Aridy)}E +38(B+ 6 + Aidp)(c + Aidy)
—aB f(Hy,O0, 0)6*(051t1+a212+a3f3)*é(f1+rz+r3).

Now, since A1 = 0, we have g1(0) = c8(B+8)—apB f(Hy, 0, 0)e~(1Titemn+a3n) — ~5(f4
8)(1 — Rp) and for Ry > 1, we obtain g1(0) < 0. Also, we have limg_, ~ gi(§) = +00.
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Therefore, there exists a real positive root £* of g1(§) = 0 and this in turn implies that the
infection-free equilibrium Ej is unstable whenever Ry > 1. This completes the proof. O

Before presenting the remaining analytical results, we introduce the function G(u) =
u — 1 —Inu for u > 0. Note that G(«) = 0 if and only if u = 1. Further, we introduce the
following hypothesis:

H, 1,V H,I;,V; Vv
(1—f( )><f( ! ')——)§OforallH,I,V>0, (Ag)
F(H, L, Vi) fHLV) Y
where [; and V; denote the infected hepatocyte and virus components of the equilibrium E;
fori =1,2,3,4.

Theorem 4 Let us assume that the hypothesis (A4) and the inequality Ry > 1 hold. Then
the immune-free equilibrium E1 is globally asymptotically stable if Ry < 1 and Ry < 1. It
becomes unstable if R > 1 or Ry > 1.

Proof Let us define a Lyapunov function L(¢) as follows:

ACD £ (Hy, I, V) I(x, t))
Li(t) = H(x,t) — Hy — e dn + e LG
1o /Q: o= /H Faoavp MO < I

+ éealfl+‘12f2DlG D(X, t) + 8(ﬁ + 8) e()l]f1+0t2r2+a37:3 VIG V()C, t)
a D, ap Vi

+5(,8 +f)pea|t|+a2r2+a3r3w(x’t)+ Eea]r]Z(x,[)-l—f(H],Il, ViV
apq q

/t G(f(H(X,é“),I(X,C)aV(X,K))V(X,é“)

=1 f(Hlvllv Vl)V]

t
[ () D i [ (2 e
-1 Il a 1—13 Dl

where Hp, I1, D1 and V] denote the uninfected hepatocyte, infected hepatocyte, capsid and
virus components of the immune-free equilibrium E, respectively. Taking the derivative of
Ly with respect to time ¢ along the solution trajectories of the system (1)—(3), we obtain

LLl :/ 1_M 8£+ea171 1—1—1 al+§ealrl+a212
dt Q fH L,V ) ot 1)at a

(1 _ &) 3D | 3B HD) oyritarntasn (1 N ) av
ot ot

)dé‘ + 8e®1T

+ BB DP oy +armsasry W 4 Ppm 92 f(Hy, I, VW
aBq a  q ot b
( SHALVV - f(Hy Ty, Vo) Ve f(Hey T, vn)vn>
f(Hy, I, V)WV f(H, I, V)V f(H,I,V)V
+ 811 e%1M! L—Iﬂ+1n]£ +MDleam+azn
I I I a

D D D
— — B 4= ) ldx
Dy Dy D

_ _SHyL 1L V) B B o I
_/Q{<l f(H,Il,V1)>(S i f(H’[’VWHe”(l 1)
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5 D
(=T f(Hyy, Iy, V) Ve — 81 — plZ) + —1T1Heen (1 - 31)
a

S(B+8 1%
(dpAD +ae™ %[, — (B +8)D) + L;r)e“”ﬁ“zfﬁam (1 — 7‘)
a
(B + 8)5ea111+a212+a313
apq

GVW —5W)+ LT (q1Z —6Z) + F(Hy, Iy, VDV (
q

(dy AV 4 Be™ BB D —cV — FVW) +
f(H, I, V)V
S(H, I, Vv
_f(H‘L'la I'L’]a V‘L'l)v‘L'l In f(H'L’ls ]'L’]» V‘L’])Vl’] > +8116a111 <L _ [Q

I

S(H I Vi fH, V)V It
+ lnﬁ + leeamﬂmz D Dy +1n Dy dx
1 a D D D

_ f {,LHI (1 _ ﬁ) (1 _ M) _speme (G (M)
Q Hy F(H, I, V) f(H, I, V})
fH. L V) Iy, Dy DuVi f(Hey, Iy, V) 1 Ve
+G< f(H,I1,V) )+G< nD >+G< DV )+G< F(H I, VDIV, ))
+8I T <_1+M_1 f(H, 1, V)V ) 8(B+38)p
F(H, I, V) fH, I, V)W aB

LTI THT Y, Yy 3(B+9d)po LNTIHRTAATI Y L Tl 7
aBq

EEQITIZ}d et 2} SdD 0{1‘[1+(¥2‘L’2/ (1 Dl)ADd + 8(ﬂ+8)dv
q Q D ap

ea1T1+a2r2+a3T3/ (1 _ &) AVdx
Q v
:/ {MHl (1 B ﬁ) (1 _ f(HL I V1)> spen <G(f(H17[17 V1)>

Q Hj f(H, I, V) f(H, I, V)

f(H, 11, Vl) Irle Dr3 Vl f(Hn ’ ITI’ Vr])llvﬂ
+G< FH, T, V) >+G< D >+G< DyV )+G< FCHY 1, VDTV ))
fH,1,V) f(H, I1,V)) Vv 8(B+8)pc
ronen (1~ ) -5
e F(H, Ty, Vi) apq

fH,I,V) WV
ea|t1+a2r2+a3r3(Rl —DHW + K{',OZITI(R2 _ I)Z} dx + ddp 1T
q a

/ <1 - ﬂ) ADdx 4 JBEIW airtarntasny / (1 - 1) AVdx.
Q D ap @ v

Now, again using the zero-flux boundary conditions (3) and the divergence theorem, we

obtain
D VD 2
/ (1 ——‘) ADdx = —D1/ IVDI” ,
o D

and

1% vV|?
/ 1— L Ade:—Vlfudx
Q Vv o V?
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This leads to
Ly :/ {qu (1_£> (1_ f(Hl,h,Vl)> spen (G(f(m,h,vl)>
dt Q Hj Sf(H, I, V) f(H, 11, V1)
f(HthVl) Irle Dr3Vl f(H‘Elvl‘EI!V‘L'])IlV‘[I
+G< FOHL T, V) >+G< D )+G< DV )+G< FCHY, 1, VDTV ))

Lspen (1_ f(H,I,V))<f(H,I1,V1) V>+8(ﬂ+5)170

fH. VD)) FHLV) V) apq
ea1t1+a2r2+a3f3(R 1)W+ am(Rz 1)Z}d 5dD 1 Y1 TN
q
/ ||VD||2 BV gintanran [ IVVIE
ap Q V2 ’

Further, from the hypothesis (A;) on the general incidence function we know that f(H, I, V)
is astrictly increasing function with respect to H and this eventually givesrise to the following

inequality:
H H, I,V
(1_7>(1_f( 1, 1 1)) -
H, f(H, I, V1)
Hence, using the hypothesis (A4) we obtain Tzl < 0if Ry <1and R, < 1. Also, we
have % = O holds if and only if H = H|, I = I}, D = D,V = Vi, W = 0 and

Z = 0. This indicates that the singleton set {E} = {(Hj, I1, D1, V1,0, 0)} is the largest
invariant set in {(H, I, D,V,W,Z) € RS |dLl = 0}. Therefore, it follows from LaSalle
invariance principle [35] that the immune- free equilibrium E; is globally asymptotically
stable whenever Ry < 1 and Ry < 1.

Now, it remains to investigate the stability property of the immune-free equilibrium E
when any one of R| and R, becomes greater than unity. Through some simple computations,
we arrive at the following characteristic equation at the immune-free equilibrium E:

E+G —qVD)E+o —qlphi(§) =0, (12)
where
§+IL+%V1 %Vl 0 V1+f(H1 I, V1)
b ) = ,%Vle*(aw%)n E4+6— %Vle*('l]‘*’f)fl 0 (df Vl + f(Hy I, Vl)) e~ (16T
' —ge—(@tHm £+ B+8+rdp 0
0 0 —/567(&3+5)U E+c+ rdy

From the above Eq. (12), we can easily notice that &, = gV; — ¢ and & = gI| — o represent
two roots of the characteristic equation (12). So, if R = %Vl > 1 then we have & > 0 and
if Ry = %I 1 > 1 then we have & > 0. This indicates that if any one of R and R is greater
than unity then there exists a real positive root of the characteristic equation (12). Therefore,
the immune-free equilibrium E is unstable whenever Ry > 1 or Ry > 1. This completes
the proof. O

Theorem 5 Let us assume that the hypothesis (A4) and the inequalities Ry > 1 and Ry > 1
hold. Then the infection equilibrium with only antibody immune response E is globally
asymptotically stable if Rz < 1 and it becomes unstable if Rz > 1.

Proof Let us define a Lyapunov function L, (¢) as follows:

H(x,1)
Ly (1) :/ :H(x,t)—Hz—f Mdn+e“1“12@<l(x”))
Q

Hy fm, I, V2) 163
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+ éealfl‘l‘azszzG D(x’ t) + 8(13 + 8) eot|r1+a2t2+a3r3 VzG V(x, t)
a D> ap Vs

+5(,3+5)p a1T1+a2fz+a313W G Wix, 1) —}-BeamZ(x 1)
apq W, q ’

! f(H(x,é“),I(x,{),V(x,C))V(xJ))
Hy. I, V) V- G d
+ 7 I, Va) Z/HI < f(Hy, I, Vo)V; ¢

-I-Sealn]z/.t G(I(Xa§)>dé_+5(/3+8)ea111+a212D2
1—1 I a

2
t
/ (G(D(x’g)>d§}dx
1—13 D2

where H», I, D>, V> and W, denote the uninfected hepatocyte, infected hepatocyte, capsid,
virus and antibody components of the infection equilibrium with only antibody immune
response E», respectively. Taking the derivative of L, with respect to time ¢ along the solution
trajectories of the system (1)—(3), we obtain

dly :/ | S, B, V2) + ity 1_ or +§ea1r1+azrz
dt Q f(H, I, V2) a ' a

(1 D2> ab + 3B +5)eam+a2r2+a3r3 (1 V2> v

D ) ot ap V) ot
4 3(B+8)p etttz & W 4+ £ p T 2 9z + f(Ha, I, V) V>
aBq w ) ot q t e

(f(HJ,V)V _ JHey Iy, V) Vy ]nf(HrlyIrlsVn)Vrl)
f(Hy, I, V)V S(Hy, I, V)V fH, I, V)V

+ 8Ipe*™ (IL Irz + In IQ) + Lﬂ +9) D2e°‘1Tl+Olzrz
a

2

(2—%+ln%>=dx
Dy Dy D
H f(Hy, I, Va) ot ( (f(Hz, I, V2)>
- H(1— ) (1= L2222 ) sp e (g (L2222 72)
/g{“ 2( Hz)( F(H, I, v2)> 2 FH, Iy, V)

+G f(HvIZ’V2) +G I‘EzDZ +G D‘L’3V2 +G f(HTI’I‘ElvVTI)IzVT]
Sf(H, 1, V) LD DoV f(Hy, Iy, V)TV,

+ (£, 1, vy LELL VIV B H0) aymitarmatastsy _ gyt
YT f(H I, V) ap
a(ﬂ + 8)pW2 (){1'[1+(:(2T2+(¥3T2v _|_ 81 eotltl f(H ]2, Vz) + p]zealrlz
ap f(H, I, V)V

_ Eealflz dx + Mlealfl+dzfz / 1 — 2 ADdx + §(B +d)dy

q a Q D ap
ea1f1+a212+a3f3/ (1 _ ﬁ) AVdx

Q %
H H>, I, V- H>, I, V-
:/ {MHz <1 B 7) (1 [, I, 2)) _ sppem <G<f( 2, b, 2))
Q Hy f(H, I, V) f(H, I, V)
S(H, I, V) I, Dy Dy, V) S(Hyy, Iy, Ve ) Vy

G| —7-"—"-— G G| —= G

- ( FOHI.V) )+ ( no )T\ ) T T, ooy,
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e (1_ FH,1,V) )(f(H,Iz, V) v

- —) + P2 gt (py — 1)2} dx
f(H, I, V2) fH, LV) V2 q

_ddpDy am+aztz/ ”VDHZ dy ~ JPFOdVV2 a1r1+azrz+azr3/ vanzdx
a ap '

Further, from the hypothesis (A7) on the general incidence function we know that f(H, I, V)
is a strictly increasing function with respect to H and this eventually gives rise to the following

inequality:
(1= 1) (1- Lty
H, f(H, I, V)

Hence, using the hypothesis (A4) we obtain dt2 < 0if R3 < 1. Also, we have dde =
holds if and only if H = Hy, I = I, D = D,V = Vo, W = Wy and Z = 0. This
indicates that the singleton set {E>} = {(Ha, 2, D2, V2, W, 0)} is the largest invariant set
in {(H,I,D,V,W,Z) € RS |sz 0}. Therefore, it follows from LaSalle invariance
principle [35] that the infectlon equilibrium with only antibody immune response E; is
globally asymptotically stable whenever R3 < 1.

Now, it remains to investigate the stability property of the infection equilibrium with only
antibody immune response E> when R3 becomes greater than unity. Through some simple
computations, we arrive at the following characteristic equation at the equilibrium Ej:

(6 +0 —ql)hi(§) =0, (13)
where
hi (&)
v, iy, 0 Uy, + f(Hy. . V- 0
§+/‘+a 2 ()l 2 57 Va+ f(Hy, I, V2)
f L Ve~ @tdn g 45— Vze (a1 +6)7 0 — (% Va+ f(Ha, I, Vz)) e~ (1+H)T 0
= 0 —af‘"”f)fz E4+B+5+hdp 0 0
0 0 —pe @3t £+t pW+ didy P
0 0 0 —qW, E+5 -GV

From the above Eq. (13), we can easily notice that § = gI, — o represents a root of the
characteristic equation (13). So, if R3 = glz > 1 then we have & > 0. This indicates that
if Rz is greater than unity then there exists a real positive root of the characteristic equation
(13). Therefore, the infection equilibrium with only antibody immune response E» is unstable
whenever Rz > 1. This completes the proof. O

Theorem 6 Let us assume that the hypothesis (A4) and the inequalities Ry > 1 and Ry > 1
hold. Then the infection equilibrium with only CTL immune response E3 is globally asymp-
totically stable if Ry < 1 and it becomes unstable if Ry > 1.

Proof Let us define a Lyapunov function L3(¢) as follows:

H&xD f(Hs, I3, V3) I(x,1)
L = H(x,t) — H; — ————d AN LG ——=
3() /Q[ (1) ’ /;13 f(n, 13, V3) nheh ( I )

+(8 + PZ3)ea|t|+oczrzD3G (D(;a t)) T
3

a
w 0t1f1+0t2T2+0mf3V G <V(x t)>
ap V3
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+(8+pz3)(ﬁ+5)17 e TIFOTFAT (o t)-l- P itz G<Z(x t)>
apq 3
f(H(x,8),1(x,8), V(x, O)Vix, O)d;‘—i—
f(H3, I3, V3) V3
I(x, O)d{ + 0+ pZ3)(B +5)ealfl+am
13 a

t
+f(H3,13,V3)V3/ G(
1—11

t
(6 + pZ3)e™' ™ I3 / G (
—1

! D(XJ)) }
D G| ————)d¢ ¢ dx,
3[—1’3 ( D3 ; *

where H3, I3, D3, V3 and Z3 denote the uninfected hepatocyte, infected hepatocyte, capsid,
virus and CTL cell components of the infection equilibrium with only CTL immune response
E3, respectively. Taking the derivative of L3 with respect to time ¢ along the solution trajec-
tories of the system (1)—(3), we obtain

& — / 1 — M + @it (] — é ﬂ + (8 +pZ3)ea1‘E]+az‘L’2
dt Q f(H I3, V3) at a

1— & + 6+ pZ3)(/3 +9) 041r1+0t2f2+a2f3 1— E ﬂ

D) ot ap V] ot

+ G+ pZ3)(B+ 8)p e1Titaan o3ty 7 W + Beam <1 _ Z3> 8£
Z ) ot

aBq ot z
H,I,V)V He, I, V)V,
+f(H3,13,V3)V3< f( s L ) _f( T1» 1T1 T|) T
f(H3, I3, V3)V3 f(H3, I3, V3)V3

Hyy, I I 1 I
+ 1 LHa I V”)V”> + (8 + pZ3) e ™ <— -~ 2+ l)

f(H,I,V)V V&) I3 1
+ b+ pZ3)(B+9) D38a1r1+a2r2 D D DT% dx
a Dg D3

H f(H3, I, V3)> wir
- Hy(1— ) (1= L3530 (54 pzy) e
/Q{“ 3( H3>< FOH. Iy, vy) ) ~ O PAIRe
<G<f(H3,I3,V3))+G<f(H, 13,‘/3)>+G<1r2D3>+G<Dr3‘/3>
f(H, Iz, V3) f(H,I,V) D DsV

f(H'l,’]’I'L’p VTI)I3VI1>> o1T ( f(H,I, V) )
G I} ZN)Re"' (] — —¥—8
< F(Hs, Iy vty ) T O pEIhe FH, I3, V3)

<f<H, L.V V ) L CHPZIBHOT v
FHLV) V3 ap

o $ Z3)d D
(V _ g) W}dx i 6+ pZ3) Dea1r1+a212/ <l 3) ADdx
q a Q D

+(5 + pZ3)(B + 8)dy 1T T +esTs f (1
ap Q

H f(Hz3, I3, V3)
= H (1) (1= L2323 54 pzay ™
/Q{M 3( H3)< f(H713,V3)> O+ pZs)lse
f(Hz, I3, V3) f(H, I3, V3) I, D3 Dy, V3
<G<f(H,13,V3>)+G<f(H,I,V)>+G<131)>+G<03V>

f(H‘Elerler])I3Vr1>) a7 < f(H,I, V))
4G + G+ pZy et (1 LT
< f(Hs, Iy, V3)I V3 O+ pZa)he f(H, I, V3)

V3
— — | AVdx
%4
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<f(H7 [37 V3) _ 1) (8 + PZ3)(ﬂ + 8)5560“'[14,-0(212-‘-013{3 (R4 _
fH,LV) V3 apq
G4 pZdDDs gy, [ IVDIP 6+ pZ3)(B+ D)dy Vs
a o D2 ap

Ivvi?
o V?
Further, from the hypothesis (A;) on the general incidence function we know that f(H, I, V)
is a strictly increasing function with respect to H and this eventually gives rise to the following

1) W} dx

Q1T+ 2+a3 T3

dx.

e

inequality:
H H3, I3,V
(1_7>(1_.f( 3. 13, 3)) <0
Hj f(H, I3, V3)
Hence, using the hypothesis (A4) we obtain % < 0if R4 < 1. Also, we have % =0

holds if and only if H = H3, I = I, D = D3,V = V3, W = 0 and Z = Z3. This
indicates that the singleton set {E3} = {(H3, I3, D3, V3,0, Z3)} is the largest invariant set
in{(H,I,D,V,W,Z) e Rf_|% = 0}. Therefore, it follows from LaSalle invariance
principle [35] that the infection equilibrium with only CTL immune response E3 is globally
asymptotically stable whenever R4 < 1.

Now, it remains to investigate the stability property of the infection equilibrium with
only CTL immune response E3 when R4 becomes greater than unity. Through some simple
computations, we arrive at the following characteristic equation at the equilibrium Es3:

E+0—gV3)hi(§) =0, (14)
where
hi &)
Eut Vs v 0 WV + F(H, I3, V3) 0
— A yyem @t g 454 pzy — Ayt 0 —(Hva+ s 13, ve) ) e@ton ppy
= 0 —ae~(eatim £+ p+8+hidp 0 0
0 0 —Be~ (@ HE)T E+c+dy 0
0 —qZ3 0 0 E+o—ql3

From the above Eq. (14), we can easily notice that £ = gV3 — & represents a root of the
characteristic equation (14). So, if R4 = %V3 > 1 then we have & > 0. This indicates that
if R4 is greater than unity then there exists a real positive root of the characteristic equation
(14). Therefore, the infection equilibrium with only CTL immune response E3 is unstable
whenever R4 > 1. This completes the proof. O

Theorem 7 Let us assume that the hypothesis (A4) holds. Then the infection equilibrium with
adaptive immune response E4 is globally asymptotically stable whenever it exists (that is,
when Ry > 1, Ry > 1, R, > 1, R3 > land Ry > 1).

Proof Let us define a Lyapunov function L4 () as follows:

HOO' f(Hy, 14, Vi) I(x, t)>
Li(t) = H(x,1) — Hy — e —dn + """ LG
4(0) fg { (=t /1-14 f(n, Iy, Vy) e ( L

) V4
+( +p 4)e
a

antenpp G (D(x, t)) T 6+ pZy)(B+9)

D4 aﬁ
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XTI T2 +3 T3 VuG <V(x, t)) T S+ pZy)(B+8)p

Vs apq
ea1r1+a2r2+ot3t3 W4G <W()C, t)) + Beoﬂt] Z4G (Z(}C, t))
Wy q Zy

! f(H(x,i)J(x,{),V(x,g“))V(x,C)>
Hy. s, Vi)V, G d
+ 7 (H, I, V) “/t_n ( F(Ha. I3 Vo) Vs ¢

! I(x, s+ pZ s
+ (8 + pZgy)e*'™ 14/ G (@) dec + Meamﬂmz
1—1 4 a

! D(x,§)> }
D G| ——==)dectd
4[—‘[3 < D4 ; *

where Ha, 14, D4, Va, W4 and Z4 denote the corresponding components of the infection
equilibrium with adaptive immune response Ej4, respectively. Taking the derivative of L4
with respect to time ¢ along the solution trajectories of the system (1)—(3), we obtain

dLs _ /' p o S Ha o VO OH | oy () 14 L G+P20) antam
dt Q f(H, 14, Va) at at a
1— & @ + @+ pZi)(B + 8)601f|+0l2f2+a3f3 1 — E Vv
D ) ot ap v ) ot
+ @+ pZ4)(,3 + 5)p 01111+04212+0tm 1— % aiw + Beam 1 — é
aBq W ) ot q VA
0Z H,I,V)V H; , I, V)V
Z V4)v4< f( W f(Hyy Iy, Vi) Ve,
ot f(Hy, 14, V4)Vy f(Hy, 14, Va) Vs

PEMPACGLAREE Vfl)v”) + (8 + pZa) g™ (i ey, Iﬁ)

fH, I,V)V Iy Iy 1
+ (84 pZs)(B +9) Dget1T1Tn 2 _ D, +In Dy, dx
a Dy Dy D

H f(Ha, 4, V4)> ot
= Hy(1— — ) (1= ) — (8 + pZy) [ge™™
/g{“ 4( H4>< FOH I vy ) O PAIne
(G f(Hy, 14, Vy) e f(H, I4, Vy) +G<Ir2D4 +G<Dr3V4
f(H, I, Vy) f(H,I,V) 14D DyV
f(HflaITIaVrl)I4VT|)> oT ( f(H71! V) )
+G + @+ pZy e |1 — ————

( F(Ha Lo, Vi) Vs @+ pZols F(H. I, Va)
fH 13, V)V 6+ PZa)dpDs 41 ey, [ IVDIP
JWH I V) VAL, O+ pZadpDs IvVDj~
FH V) VW a o D2

B+ PZOB+O Vs oinvantarn [ IVVIP
Cl,B Q V2

dx

dx.

Hence, using the hypotheses (A;) and (A4) we obtain dr4 < 0. Also, we have dj‘t“ =0
holds if and only if H = Hy, I = I4, D = D4,V = V4, W = Wy and Z = Z4. This
indicates that the singleton set {E4} = {(Ha, l4, D4, V4, Wy, Z4)} is the largest invariant
setin{(H,1,D,V,W,Z) e RS |‘H‘4 = 0}. Therefore, it follows from LaSalle invariance
principle [35] that the infection equlhbnum with adaptive immune response E4 is globally
asymptotically stable whenever it exists, that is, when Rp > 1, Ry > 1, R, > 1, R3 > 1 and
R4 > 1. This completes the proof. O
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Numerical Simulations

In this section, we present a particular example for our generalized model by incorporating a
specific functional response term in place of the general incidence function f(H, I, V) and
provide several numerical illustrations of it in order to corroborate the obtained theoretical
results. For this purpose, we consider the incidence function f(H, I, V) = If—fv [36,37].
Then the generalized model (1) gets transformed into the following delayed reaction-diffusion

system:

aH kH(x, )V (x,t

W ey - K@DV
ot H(x,t)+ V(x,1)

al kH(x,t —1)V(x,t —

M _ g KHCEZVOLT 0D p 0 b1 0 Z (0 ),

ot Hx,t—1)+Vx,t—1)

aD

5 =dpAD +ae™ R (x. 1 = 1) = (B +8)D(x. 1),

v - N

i dyAV + Be 8B D(x,t —13) —cV(x,t) — pV(x, )W (x, 1),

W -
B qVx,H)W(x,t) —oW(x,1),

3z

o ql(x,0)Z(x,1) —oZ(x,1), (15)

subjected to the non-negative initial conditions (2) and the zero-flux boundary conditions (3).

We can easily observe that the considered specific form of incidence function indeed
satisfies the hypotheses (A1)—(A3). The infection-free equilibrium for the model (15) is
given by Ey = (i, 0,0,0,0,0) and the basic reproduction number is given by Ry =

%e‘“m_“ﬂz_‘””. When Ry > 1, we can obtain remaining four equilibria numer-

ically for suitable parameter values and also we can numerically compute other reproduction
numbers, such as R, Ry, R3 and R4. Therefore, we can directly apply the theoretical results
obtained earlier for this specific model (15). For the simplicity of numerical illustrations
of the obtained theoretical results, we consider one-dimensional bounded spatial domain
2 = [0, 50]. For all numerical simulations, we consider the spatial step size as Ax = 1,
temporal step size as At = 0.1 and diffusion coefficients as dp = dy = 0.1. All the
numerical results have been obtained for the time delays 71 = 1, 7 = 2 and 13 = 5.
All other hypothetical parameter values for each situation are mentioned in the caption
of the corresponding figure. Figure 1 validates the result demonstrated in Theorem 3 and
shows that the solution trajectories approach towards the infection-free equilibrium Ey =
(1000, 0, 0, 0, 0, 0). We observe that the solution trajectories tend towards the immune-free
equilibrium E; = (12.17, 184.53,293.94, 52.41, 0, 0) in Fig. 2, which is actually the situa-
tion shown in Theorem 4. Then Fig. 3 supports the statement of Theorem 5 and demonstrates
that the corresponding solution trajectories eventually approach the infection equilibrium with
only antibody immune response E> = (998.33,0.31, 0.496, 0.017, 54.54, 0). Further, The-
orem 6 is supported by the Fig. 4 where the solution trajectories tend towards the infection
equilibrium with only CTL immune response E3 = (992.89, 0.25, 0.398, 0.071, 0, 1.14).
Finally, the last figure (i.e., Fig. 5) exhibits the asymptotic stability of the infection equilib-
rium with adaptive immune response E4 = (998.33, 0.25, 0.398, 0.017, 4.13, 0.065), which
is actually the case exhibited by Theorem 7.
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Conclusion

In this paper, we have proposed and investigated a reaction-diffusion HBV infection model
with capsids, three delays, adaptive immunity and general incidence rate that includes
the classical bilinear incidence rate, the Beddington-DeAngelis functional response, the
Crowley-Martin functional response and the Hattaf-Yousfi functional response. We have
derived five threshold parameters in order to fully characterize the dynamical behaviors
of model. These parameters are the basic reproduction number Ry, the antibody immune
response reproduction number Ry, the CTL immune response reproduction number R;, the
competitive CTL immune response reproduction number R3, and the competitive antibody
immune response reproduction number R4. More concretely, when Ry < 1, the infection-
free equilibrium is globally asymptotically stable which biologically indicates that the HBV
is cleared and the infection dies out. When Ry > 1, the infection-free equilibrium becomes
unstable and four infection steady states are appeared which are: (1) the immune-free equi-
librium is globally asymptotically stable if Ry < 1 and R; < 1 and it becomes unstable
if Rf > 1 or Ry > 1; (2) the infection equilibrium with only antibody immune response
exists if Ry > 1, it is globally asymptotically stable if R3 < 1 and becomes unstable if
R3 > 1; (3) the infection equilibrium with only CTL immune response exists if R, > 1, itis
globally asymptotically stable if R4 < 1 and becomes unstable if R4 > 1; (4) the infection
equilibrium with both antibody and CTL immune responses is globally asymptotically stable
whenever it exists. It follows from these results that the activation of one or both arms of
adaptive immunity is unable to eradicate the virus from the liver. In addition, the proposed
model and the results obtained in this paper extend and improve the ODE, DDE and PDE
models and the corresponding results presented in [1,3-9].

Recently, there has been growing interest among researchers to model biological phe-
nomena in fractional calculus setup as these models can eventually predict more realistic
information about the complex dynamical behaviors [38,39]. Therefore, an immediate future
direction will be to study our model in fractional calculus setup. Another interesting relevant
future study will be to adopt off-line nonlinear model predictive control (NMPC) approach in
our present model [40]. Further, we want to study the effect of discretization on the dynamical
behavior of our model as in [41-43]. We will carry out these interesting research prospects
in our subsequent future studies.

Acknowledgements The authors convey their gratitude to the learned reviewer for his/her valuable suggestions
and comments.
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