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Abstract

Gegenbauer (Ultraspherical) wavelets operational matrices play an important role for numeric
solution of differential equations. In this study, operational matrices of rth integration of
Gegenbauer wavelets are presented and general procedures of these matrices are correspond-
ingly given first time. The proposed method is based on the approximation by the truncated
Gegenbauer wavelet series. Algebraic equation system has been obtained by using the Cheby-
shev collocation points and solved. Proposed method has been applied to the Generalized
Kuramoto—Sivashinsky equation using quasilinearization technique. Numerical examples
showed that the method proposed in this study demonstrates the applicability and the accu-
racy of the Gegenbauer wavelet collocation method.

Keywords Gegenbauer wavelets - Collocation method - Kuramoto—Sivashinsky equation -
Quasilinearization technique

Introduction

Wavelets, known as very well-localized functions, a powerful and recognized tool used in
image processing, quantum mechanics, signal processing, computer science and many more
other areas. Wavelets are greatly useful for solving differential, fractional differential [1-3],
integral, integro-differential and fractional Volterra integro-differential [4—6] equations and
give accurate solutions. The wavelet technique allows the development of extremely fast algo-
rithms when it is compared with the algorithms ordinarily used. Gu and Jiang [7] derived
the Haar wavelets operational matrix of integration. Burgers and sine—-Gordon equations in
[8], nonlinear PDEs of fractional order in [9], Fisher’s equation in [10], Fitz Hugh-Nagumo
equation in [11], Convection—diffusion equations in [12], film-pore diffusion model in [13],
nonlinear parabolic equations in [14] nonlinear boundary value problems in [15], general-
ized Burgers-Huxley equation in [ 16] and magnetohydrodynamic flow equations in [17] were
solved by Haar wavelet method. In the literature, special attention has been given to the appli-
cations of Legendre wavelets [18, 19]. The Legendre and Chebyshev wavelets operational
matrixes of integration and product operation matrix have been introduced in [20, 21] and
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in [22-24] respectively. These matrices can be used to solve problems such as identification,
analysis and optimal control. Fredholm integral equations of the first kind in [25], fractional
differential equations in [26], nonlinear fractional integrodifferential equations in [27], one
dimensional heat equation in [28], Bratu’s problem in [29] and water quality assessment
model problem in [30] were solved by Chebyshev wavelet method. Celik [31-33] solved
differential equations, generalized Burgers-Huxley equation and Free vibration problems of
non-uniform Euler-Bernoulli beam by Chebyshev wavelet collocation method. Gegenbauer
wavelets have been introduced to solve numerically the Abel’s integral equation in [34].
Fractional-order differential equations in [35-37], Lane-Emden type differential equations
in [38, 39] and various 2nth-order initial and boundary value problems in [40, 41] were solved
by Gegenbauer wavelets.

Operational matrices of rth integration of Gegenbauer wavelets have been presented first
time in this study. Proposed method has been applied to the nonlinear partial differential
equation called as generalized Kuramoto—Sivashinsky (GKS) equation

8u+ 8u+ 82u+ 83u+ 84u_0 )
o ax T ¥axz Voxd =

where «, B and y are nonzero real constants. It is noteworthy that the GKS equation retains
the fundamental elements of any nonlinear process that involves wave evolution: the simplest
possible nonlinearity uu,, instability and energy production u,,, stability and energy dissipa-
tion Uy and dispersion u,y. In the context of thin-film flows, the terms u,, Uyyy and Uyyry
are due to the interfacial kinematics associated with inertia, viscosity and surface tension,
respectively, with the corresponding parameters «, § and y all positive and measuring the
relative importance of these effects [42].
We consider nonlinear partial differential equations of the form

i, t) = Fu,u',u”,...,u")

The quasilinearizations of these equations give a set of recurrence linear differential equa-
tions

,
it (6, 1) = Flus s a4 30 () =) FyoGus, s ou) @)
i

Buy)
u'(x,t) = % and uo(x, t) is taken as a function satisfying initial/boundary conditions
[43].

The method is based on the approximation by the truncated Gegenbauer wavelets series. By
using the Chebyshev collocation points, algebraic equation system has been obtained. Solving
this algebraic equation system, the coefficients of the Gegenbauer wavelet series can be found.
Hence, we have the implicit form of the approximate solution of nonlinear partial differential
equations. This method is applied to the three generalized Kuramoto—Sivashinsky (GKS)
equations using quasilinearization technique. Calculations demonstrated that the accuracy of
the Gegenbauer wavelet collocation method is quite high even in the case of a small number
of grid points.

where Fugi)(us, we,ul, .. u§’)) (F(us, u,ul, ..., uﬁ”)), u(x,t) = 3”5)5”),
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Gegenbauer (Ultraspherical) Polynomials

Gegenbauer polynomials [44], or ultra-spherical harmonics polynomials of order m € Z* are
defined as C,i; (x) for A > —% on the interval [—1, 1] and given by the following recurrence
formulae,

Cix) =1, CH(x)=2xrx,

(m+1)Ch 1 (x) = 2(m + M)xChh(x) — (m +20 — DCE_1(x), m=1,2,3,...

These polynomials are also given by the generating function

Z Cr (o™, (3)

(1 —2xt +t2)f\

The following relations of Gegenbauer polynomials can be derive by using generating func-
tion.

%(c,&,(x)) =22CH (x), m=>1. 4)
(m +1)Ch(x) = A(CE (x) — CL (), m > 2. Q)

d
—(Ch o (x) = Cp_ () = 2A(C)H (x) — CMH(x0)) = 20m + 1)C) (x) ©)

dx

By integration of the Eq. (6) from — 1 to x, the following relation can be obtained

X

1
[ Gttt = 5 (€9 = G i) = Cha =D+ iy (D), m= 1.
|

The equation given as:

L2V
MC“H(}C), m> 1 )

PV Y _
/(l —x°)T2C,(x)dx = o+ 28 Cm-

can be obtained from the Rodrigues formula. Gegenbauer polynomials satisfy the following
relations

Ch (1) = (=" (m+21) Cr (1) = (m+2X)

m! IT(2)) m! I"(2A)
Gegenbauer polynomials are orthogonal on [— 1, 1] with respect to the weight function
wx)=(1— xz)}‘_% as

A _
/(1 — 2 ICA () CHx)dx = {g’m’ Z ;Z

where

721722 M (m+2))
£n1<m+/\)(r(/\))2 A 70

Ly, =12, =0 (®)
T, A=0m=0

is the normalizing factor.
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Gegenbauer polynomials are generalized forms of the Legendre and Chebyshev polyno-
mials. For A =0,A =1,and A = %, we can get first kind Chebyshev polynomials as:

Ck
To(x) = %}%# (m=>1),

second kind Chebyshev polynomials as:
Un(x) = C,,(x)

and Legendre polynomial as:
1
Lin(x) = Cyi (x)

respectively.

Gegenbauer (Ultraspherical) Wavelet Method

Wavelets consist of a family of functions coming from dilation and translation of a single
function named the mother wavelet. If a as a dilation parameter and b as translation parameter
vary continuously, the following family of continuous wavelets may be obtained [45].

x—b
Vab(x) = |a|1/2w<7), a,beR, a0 ©)
Gegenbauer wavelets are written as

l/fnm(x) = 1;0 (k5 n,m, X).

wherek =0,1,2,..., n=1,2,...,2% mis degree of Gegenbauer polynomials, % is the
known ultraspherical parameter and x € [0, 1). They are defined by:

“ck(zk+1 —2n+1), Sl <x<

Vam(x) = 1 J/LE, " * = 2 (10)

0, otherwise

where C,ﬁ (2% x —2n+1) are Gegenbauer polynomials of degree m which are orthogonal with

respect to the weight function w,(x) = w*x —2n+ 1) = (1 — 2**1x —2n + 1)2))‘_7
on[—1, 1].
A function f(x) € L%)[O, 1] may be expanded as:

f) = Z Z FumVram(x) (11

n=1m=0

where

Jam = (f ), Yam(x)) 12)
(., .) denotes the inner product with weight function w, (x) in Eq. (12).
Truncated form of Eq. (11) can be written as:
2k M1

FEOEY D" fumPam(x) = CT¥(x) (13)

n=1 m=0
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where C and W(x) are 2*M x 1 columns vectors given by:

CY =10, fits oo FiM=1s 205 -+ FoM—1s s fokgs -+ Fotpg—1)

W) = (Y10, Y11y« oo s VIM—15 Y205 -+ os WOM—1s -+ s Wakgs - -+ Yk pg_1 17 (14)

The integration of the v,,,,(x) given in Eq. (10) can be shown as
X
pon) = [ Gans)ds (1)
0

Form =0,m =1and m >1, p,,(x) can be obtained as

0, 0§x<”2;k1

-1 [L* _
Pno() =} o) + 5= | Tr i), 5 <x < &
0

2, 2"7 <x<l
0, 0=<x<2t

_ A2+ [ LY -1 (L} 1
pm(x) =g — 2(()\4.1)) ??¢110(”)+ oD ?%WnZ(u)v 112k <x <z

2k

n

2,<§)c<1

0, 0<x <2t

ok
Ch_[(=D)=CL (-1 L ot L
(W) ﬁ‘ﬂno(“) = G Tnlwnmfl(u)

Pnm(X) = -1 /L —1
+(A+m) Zl‘:l Yaum+1(u), 2 <x < &
m

2k 2k
(C;‘;“(1>—c,?,+,<—1>—c,*,,7,(1>+c,tfl<—1>) L} 0

20h+m) EWnO(u)a 3 <x<l

where u = 2K1x — 2n + 1. The integration of the W(x) can be represented as

X

/‘I’(S)ds = [P10> Plls s PIM—15 P20s + -+ P2M—1» -+ s Pokgy -+ -» Pakpr—1)! = P1W1(x)
0

(16)

where

‘Ill(x): [1/f10,1/f117~-~»¢1M» wZOa"'s‘(/sza""‘(/[2"07"'71)02kM]T

— A -
1 o 0 e 0 0 0
A2+ [ LG 2t L
SR8 0 FEmyz 0 - 0 0 0
CH=1)—Ci(~1) Ly o1 [Lh - L
L= (W o omyz Y @myo 0 0 0

Clyp(=D=C (=1 Ly —2-! Lo 271 Ly,
_( 204+M—1) oy 0 0 0 T aM-D) Iz 0 G+M=D 7, | |
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B 2 0---07
0 0---0
CH1)—C5(—D—CHD+CH-1) L} 0 0
2(A+2) f;
F{ = : D
Ch_ (D)=Ch_ [ (=D=C}_(D+C;_5(=1) L} 0
20+ M—2) i, 0--
Ch(D=Ch(=1)—C;_,(D+Ch,_,(=1) L} 0 0
20+M—1) o, e
Li F{ Fp --- F1 F
0 L F --- F1 F
1
Py = k1 : : o :
0 0 0 --- L Fq
0 0 0o --- 0 Ly

The second integrations of the ¥ (x) can be represented as

X X

X X]
//(S)dsdxl = /Pl‘l’l(xl)dxl = Pl/‘l’l(xl)dxl = PP, ¥, (x) # P}¥(x)
00 0 0

The rth integrations of the W (x) can be represented as

X X| X2

Xr—1
/ / / e / (s)dsdx,—1dx,_p---dx) =P1Py-- - PrWi(x) # Pi\Il(x)
0 0 0 0

where

1 2t Ly 0 0 0 0 0
a2 LY 2ot Ly
T 204D fi: 0 Dy Ly 0 0 0 0
CHED=Ci=D | [ L o1 [ 1 [1h
Ly = ( ! 2()‘+z; ) TZ (R 0 [(ERVZ I 0 0 0

ChiarsD-Chr a0 [ 1 0 0 P L I S Y 7
20+ M+r—2) L;‘/mfz OaM+r=24 1%, OaM+r=2\ L% )

2 0---0
0 0---0
CA)—CH(=D=Cr+C}(=D | [L} 0...0
20+M—T1) 2
: S0
Fr = x _ 1\ x _ )
Ch_((D=Chy_[(=D)=Cly_3(D+Ch_5(—1) L} 0 0
20+M—1) 27 e
L L _1\_(C* A _ A
Crrer 1 D=Chpyr  ED=Cly 3(WHC, 3D L 0 0
2+ M+r—2) L s e
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L, F. F. --- F. F;
| 0 L, F. --- F F;
Py = 2k+1 : . :
0 0 0 --- Ly F;
0 0 0O --- 0 L,

and

W (X) = (Y105 Wil -+ oy VIMar—15 Y205« > WoMar—1s ++ o Yk -+ » ok pgar_11. (17)

The matrices Ly and F; have the dimension (M +r — 1) x (M + r). Hence P, has the
dimension 2X(M +r — 1) x 2X(M +r).

Gegenbauer Wavelet Collocation Method for the (GKS) Equation

Consider Eq. (1) with initial and boundary conditions
u(x,0) = f(x), u,1)=g1(0), u(l,r)=g2), ux(0,1)=g3(t), uxx(0,7)=ga(t)

It is assumed that ) (x, r) can be expanded in terms of truncated Gegenbauer wavelet series
as

kK M—1
P00 =Y" " famYam(x) = CT(). (18)
n=1 m=0

where “” and “” means differentiation with respect to ¢ and x.
By integrating Eq. (18) with respect to ¢ from 7, to ¢ and four times with respect to x from
0 to x, following equations are obtained

uBx, 1) = uP(x, 1) + ¢ — 1) CTW(x) (19)
U, 1) = ux, 1) +u®©0, 1) — u®, t,) + ¢ — 1,)CTP ¥ (x) (20)
uP(x, 1) = u®(x, 1) +u®(0, 1) — u?(0, t5) +x@(0, 1) — u(0, 1))

+(t — 1,)CTP Py W (x) 1)
we(x, 1) =ty (x, t5) + 15 (0, 1) — 1 (0, 1) + x(u@(0, 1) — u®(0, t,))

2
+ %(u@)(o, 1) — u®(0, 1)) + (t — 1,)CTP P2 P3 W3 (x) (22)
x2
u(x, 1) = u(x, ty) +u0, 1) — u(0, t;) +x (w0, 1) — uy (0, 1,)) + 7(u(2>(0, 1) — u®(0, 1,))
3
+ %(u@(o, 1) — u®(0, 1,)) + (t — 1,)CTP1P2P3P4W4(x) (23)

From the initial and boundary conditions

u(x,0) = f(x), w©,1)=gi(r), u(l,1)=gxr), ux(0,1)=g3(2), uxx(0,7)=g4(r)
(24)
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we have the following equation as:

1
g(u‘”(o, 1) —u®(0, 1)) = —(g1(t) — g1(1,)) + (2(1) — g2(ts)) — (g3(1) — g3(15))
1
= 5 (8a() = gat)) = (1 = 1,)CTPIP P3Py (1) (25)

If Egs. (24, 25) are substituted into Egs. (19-23), the following equations are obtained.

u®e, 1) = (¢ — 1)CTW(x) +uP(x, 1,) (26)
u®(x, 1) = u®x, 1) + (t — 1,)CT[P1W1(x) — 6P1P2P3P4W4(1)] — 6(g1 (1) — g1(15))
+6(g2(1) — g2(t5)) — 6(g3(1) — g3(ts)) — 3(ga(t) — ga(ts)) 27

Ux(X, 1) = Uy (X, £5) + (1 — 1,)CT[P1P2W5(x) — 6xP1P2P3PyW4(1)] + ga(r) — galty)

1
+6x (—(gl(l) — g1(t:)) + (g2(t) — g2(25)) — (g3(t) — g3(85)) — 5(84(1) - g4(ts))>

(28)
x(x, 1) = ux(x, ;) + (¢ — t;)CT[P1P2P3W3(x) — 3x*P1P2P3PaW4(1)] — 3x%(g1() — g1(1))
2
+3x%(g2(t) — g2(ts)) + (1 — 3x%)(g3(t) — g3(1,)) + (x - %)(gm) — ga(ts))
(29)

u(x, 1) = u(x, ts) + (t — t;)CT[P1P2P3P4W4(x) — x’P1 Py P3P W4(1)]
+ (1= x)(g1(t) — g1(t:)) + X7 (g2(t) — g2 (1))

1
+(x = xM)(g3(1) — ga(ty) + (x* — x3>§(g4<z> — ga(ty)) (30)

ur(x, 1) = CT[P1P2P3P4W4(x) — X P1P2P3Py W4 (1)]

1
(1= x)gl () + 2785 (0) + (x = xD)gy(0) + (7 — %)~ gh(r) 31
Nonlinear Eq. (1) is converted into a sequence of linear differential equations by quasi-

linearization technique. First approximate solution satisfying initial/boundary conditions is
taken as

WO(x, 1) = f)+ (1 = x)g1(t) — g1(t)) +x(2(t) — ga(ty)
+(x — x7)(g3(t) — ga(t) + (x% — x3>%(g4(r> — ga(t)) (32)
and
e, (e, ) = w o, ul (e, ) +ul (e, D w0 — ul e, Dl (e ) (33)

can be obtained by quasilinearization technique. Hence converted problem is obtained as

ult e, 0+ u ™ o, 0 Ful o, 0 Wl (0 el e, 1)
1+1 I+1 1 1
+ AU, D)+ yult (e ) —u(x, DUl (x, 1) =0 34)

where [ is index of quasilinearization technique and / =0, 1, 2, ...

@ Springer



Int. J. Appl. Comput. Math (2018) 4111 Page90of19 111

Replacing Eqs. (26-31) into the Eq. (34), we have the following equation.

1—tg

T, ) (L +ul(x, z))P1P2P3P4\II4(x) +u' (x, HP1PRP3W3(x) + aP P2 W (x)
1 —1
AP (x) + 8(x) — (% +x3ul (v, 1)+ 3x2ul (x, 1) + 6oux + 6ﬁ)P1P2P3P4\Iﬂ4(1)

=0l (e, 0l (x, 1) — ul (e, Dulx, 1) — ul (x, D (x, 1) — au@(x, 1) — Bu® (x, 1) — Su(x, 1)
— 81(1) — xg3(t) — %gi(t) -x° (gé(t) — 811 — g3(1) — %gi(»)
- (x3u;(x, 1)+ 3x2ul(x, 1) + 6ax + 6/3)(g2(t) — (1))
+ ((x3 — Db (e, 1) +3x%u (x, 1) + 6ax + 6,3>(g1(t) —gity)
+ ((x3 — 0l (e, 1)+ (Bx? = D (x, 1) + 6o + 6ﬂ)(g3(l) — g3(t))
(

+ (3 = Dl (x, 1)+ Bx? — 2x)ul(x, 1) + 6ax — 20 + 6,3) (%g4(t) - %g4(zs)> (35)

The collocation points can be taken as 2k+ly i —2n+1=cos % or

M+1)—i
= o1 M) i=12....M, n=12..2 (6

1
Xpni = —|2n — 1 +cos
M+1)

Substituting the collocation points x — x,,; and time variable t — 4 into (35), a discretized
form of the vectors (xpj), ¥1(xpj) and Wy (xpi) can be obtained. Hence form Eq. (35), we
obtain algebraic equation system whose matrix notation is

cTu=8 (37

where U is a 28 M x 25 M matrix. C and B are 2 M x 1 vectors. Hence, by solving algebraic
equation system (37), we can find the coefficients of the Gegenbauer wavelet series that
satisfied differential equation and given initial and boundary conditions.

Error Analysis

Theorem 1 Let f(x) € sz[O, 1] with bounded second order derivative |f”(x)| < N, can
be expanded as an infinite sum of Gegenbauer wavelets, and the series converges uniformly
to f(x) [34]. That is

f(x):Zanman(x)s VA > _%-

n=1m=0

Theorem2 Let f(x) € L2 [0, 1] with bounded second order derivative ‘f”(x)’ < N, then
we have the following accuracy estimation [34]:

! 2% M-1 2 o 00
1
2
/ {fm—z > fmmmm} ondx <N Y N
0

n=1 m=0 n=2k+1 m=M
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u(x,1)

Fig. 1 Approximate solution of Example 1 for §r =0.01

Table 3 Absolute error of Example 1 with Gegenbauer wavelets collocation method for various values of ¢

X

c=0.1

¢=0.01

¢=0.001

0.01507684
0.05848889
0.12500000
0.20658796
0.29341204
0.37500000
0.44151111
0.48492316
0.51507684
0.55848889
0.62500000
0.70658796
0.79341204
0.87500000
0.94151111
0.98492316

2.4993341e—12
1.3639934e—10
1.2436310e—9
5.1759201e—9
1.3475519e—8
2.5280230e—8
3.7133320e—8
4.5406010e—8
5.1139519e—8
5.8993770e—8
6.8938700e—8
7.4917600e—8
7.0018120e—8
5.2327940e—8
2.8093070e—8
7.8064701e—9

9.0594199e—14
3.2187586e—12
3.0460967e—11
1.2735946e—10
3.3730974e—10
6.4892980e—10
9.8397024e—10
1.2361596e—9
1.4226904e—9
1.7003199e—9
2.1177997e—-9
2.5288700e—9
2.6597502e—9
2.2532900e—9
1.3508560e—9
4.0413994e—10

4.9737992e—14
7.1054274e—14
4.4941828e—13
1.3598012e—12
3.8999914e—12
7.0308204e—12
1.0990320e—11
1.3800516e—11
1.5740298e—11
1.8970603e—11
2.3390179e—11
2.810995%—11
2.9360070e—11
2.4680036e—11
1.4901969e—11
4.4140247e—12

Numerical Results

Example 1 Consider generalized Kuramoto—Sivashinsky Eq. (1) withae = y = 1 and 8 =4.

Analytic solution is given in [46, 47] as:

u(x, 1) =2c+9+ 15<tanh(ct - %) — tanh?(ct — %) — tanh®(ct — %))
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Table 4 Comparisons of the maximal absolute error of Example 1 for various values of ¢

c Present Method Method in [48] Method in [47] Method in [46]
0.1 7.4917600e—08 6.8e—05 7.7e—07 2.6e—04
0.01 2.6597502e—09 6.2e—07 1.8e—06 3.2e—05
0.001 2.9360070e—11 9.2e—09 1.6e—06 3.2e—05

Table 5 Absolute error of Example 2 with Gegenbauer wavelets collocation method for various collocation
points

X M =4, k=0 X M=4k=1 X M=4k=2

0.09549150 2.9354396e—7 0.04774575 2.0281300e—9 0.02387288 4.1450000e—11
0.34549150 3.7211226e—5 0.17274575 1.0908598e—7 0.08637288 2.641830e—9
0.65450850 3.7502062e—5 0.32725425 8.4619394e—7 0.16362712 1.5980410e—8
0.90450850 2.4764269e—6 0.45225425 2.1113651e—6 0.22612712 4.0483570e—8
0.54774575 3.5793555e—6 0.27387288 7.0787060e—8
0.67274575 5.4805196e—6 0.33637288 1.2715851e-7
0.82725425 5.8101975e—6 0.41362712 2.2564562e—7
0.95225425 2.5247867e—6 0.47612712 3.2826200e—7
0.52387288 4.1854614e—7
0.58637288 5.4450088e—7
0.66362712 6.8993780e—7
0.72612712 7.7449934e—7
0.77387288 8.0216595e—7
0.83637288 7.6478157e—7
0.91362712 5.5035677e—7
0.97612712 1.9107950e—7

The required initial and boundary conditions can be obtained from the exact solution. This
nonlinear differential equation is converted into a sequence of linear differential equation
generated by quasilinearization technique in (34). Replacing initial boundary conditions into
the Eq. (35) and solving algebraic equation system in Eq. (37), we have coefficients CT
of the Chebyshev wavelet series. By substituting the Gegenbauer wavelet coefficients into
Eq. (30), we have the implicit form of the approximate solution satisfied differential equation
and whose boundary conditions. Table 1 shows the absolute errors in Chebyshev and equal
collocation points forc =11 =0,t =2, M =4,k =1,M =8,k =1. We can see that if M or k
increase; approximate results are converged to the exact solution and Chebyshev collocation
points give better results from equal collocation points. Table 2 shows the absolute errors in
collocation points for c =1, M =8, k =1, t =2, §t=(ts4+1 —t5) =0.02 and various values of
A. Graphical presentation of the approximate solution is given in Fig. 1 for A =0,c =1, M
=16,k =1, t =2 and §t =0.01. Table 3 shows the absolute errors in collocation points for
M =8,k =1,t=1, 5t =0.05 and various values of c. Comparisons of the maximal absolute
error of present method [46—48] are given in the Table 4. As can be seen in Table 4, it is clear
that the results obtained by the presented method are superior respect to [46—48].
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Table 7 Comparisons of the

. t Present Method Method in [48]
maximal absolute error of
Example 2 for various values of 1, 2.1419919¢—7 2.44e—6
3 7.9603120e—8 2.69e—6
5 5.6990440e—8 1.55e—6
7 9.8184860e—8 1.68e—7
9 5.4814700e—8 4.49¢—7
10 3.0481850e—8 3.35e—7

Table 8 Absolute error of Example 3 with Gegenbauer wavelets collocation method for various collocation
points

X M=4,k=0 X M=4k=1 X M=4k=2
0.09549150 1.70e—13 0.04774575 8.10e—15 0.02387288 4.00e—14
0.34549150 2.50e—13 0.17274575 3.00e—14 0.08637288 0
0.65450850 2.90e—13 0.32725425 1.20e—13 0.16362712 1.20e—13
0.90450850 6.00e—14 0.45225425 1.50e—13 0.22612712 8.00e—14
0.54774575 1.00e—14 0.27387288 1.00e—14
0.67274575 1.30e—13 0.33637288 1.30e—13
0.82725425 0 0.41362712 1.10e—13
0.95225425 7.00e—14 0.47612712 0

0.52387288 0
0.58637288 7.00e—14
0.66362712 0
0.72612712 8.00e—14

0.77387288 1.40e—13
0.83637288 1.90e—13
0.91362712 7.00e—14
0.97612712 1.20e—13

Example 2 Consider generalized Kuramoto—Sivashinsky Eq. (1) withe =1 8 =0and y =
0.5. Analytic solution is given in [47] as:

0.1 60 5 S
uCr.1) = ==+ 1o K(=38K%y + @) tanh(0.11 + Kx) + 120y K tanh’ (0.1 + K x)

1

where K = %(%) * The required initial and boundary conditions can be obtained from

the exact solution. Table 5 shows the absolute errors in collocation points for A =0, =2 M
=4,k =0,M =4,k =1 and M =4, k =2. Table 6 shows the absolute errors in collocation
points for M =8,k =1,t =2, §t =0.02 and various values of A. Comparisons of the maximal
absolute error of present method and [48] are given in the Table 7 for M =8, k =0 and §t =
0.01. As can be seen in Table 7, it is clear that the results obtained by the presented method
are superior respect to [48].
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Table 9 Absolute error of Example 3 with Gegenbauer wavelets collocation method for various values of A

X A=-0.49 A=0 a=05 a=1 A=2 A=10

0.01507684  3.96557787e—15 1.500e—13  5.000e—14  7.000e—14  4.600e—13  1.690e—14
0.05848889  2.21211938e—14  4.000e—14  1.100e—13  2.320e—14  5.000e—13  4.100e—13
0.12500000  3.26405569e—14  6.000e—14  3.200e—13  9.000e—14  2.900e—13  4.700e—13
0.20658796  3.05623582e—14  2.000e—14  2.290e—14  6.000e—14  6.000e—14  1.800e—13
0.29341204  1.33226763e—14 O 9.000e—14 0 5.000e—14  9.000e—14
0.37500000  3.32026073e—14  6.000e—14  2.300e—14  1.600e—13  2.000e—13  2.300e—14
0.44151111  1.09981468e—14  6.000e—14  1.000e—14  1.380e—14  4.100e—13  1.200e—13
0.48492316  2.62741218e—14  5.000e—14  1.400e—13  5.000e—14  2.100e—13  1.700e—13
0.51507684  1.69586567e—14  6.000e—14  1.200e—13 O 1.400e—13  4.300e—13
0.55848889  5.06261699¢e—14  1.500e—13  9.000e—14  2.170e—14  1.500e—13  2.170e—14
0.62500000  6.32827124e—14  1.280e—14  7.000e—14  1.100e—13  3.100e—13  1.700e—13
0.70658796  8.03801470e—14  2.300e—13  2.800e—13  1.500e—13  7.000e—14  3.500e—13
0.79341204  5.81756865e—14  1.800e—13  1.200e—13  3.200e—14  2.000e—13  4.400e—13
0.87500000  8.48973670e—15  1.200e—13  7.000e—14  1.940e—14  5.000e—14  3.500e—13
094151111  8.88178420e—16  7.000e—14  4.000e—14  9.100e—15  2.200e—13  9.000e—14
0.98492316  3.81916720e—14 3.000e—14  1.700e—13  2.000e—14  2.100e—13  9.000e—14

Table 10 Comparisons of the maximal absolute error of Example 3 for various values of

t Present Method Method in [48] Method in [46]
0.2 1.06e—12 4.41e—10 2.38e—07

0.4 9.93e—13 2.38e—10 2.38e—07

0.6 8.10e—13 6.36e—10 2.38e—07

0.8 7.20e—13 1.05e—09 1.19e—07

1 5.70e—13 5.95e—10 2.38e—07

3 5.80e—13 3.01e—09 -

5 7.30e—13 3.05e—09 -

10 3.10e—13 6.88e—10 -

Example 3 Consider generalized Kuramoto—Sivashinsky Eq. (1) witha =1 8 = % and y

=1. Analytic solution is given in [46] as:

(x, 1) %8 D (3tanh(9) — 3 tanh?(9) + tanh*(6))
u(x,t) = ——+ ———(3tan — 3tan an
4TVAT  4TVAT

where 6 =0.11+ zlﬁx. The required initial and boundary conditions can be obtained from
the exact solution. Table 8 shows the absolute errors in collocation points for A =0, t =2, M
=4,k =0,M =4,k =1and M =4, k =2. Table 9 shows the absolute errors in collocation
points for M =8,k =1, =2, §t =0.02 and various values of A. Comparisons of the maximal
absolute error of present method and [46, 48] are given in the Table 10 for M =8, k =0 and
6t =0.01. As can be seen in Table 10, it is clear that the results obtained by the presented
method are superior respect to [46, 48].
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Conclusion

Gegenbauer wavelet collocation method is proposed to obtain approximate solution of gener-
alized Kuramoto—Sivashinsky equation. The method has been applied to the three nonlinear
differential equations by using quasilinearization technique. Approximate and exact solutions
of examples are correspondingly compared. For all examples, comparisons of the maximal
absolute errors given in Tables 4,7 and 10 show that the results obtained by the proposed
method are better than the represented in [46—48]. As can be seen from all tables, the present
method is highly efficient and accurate. All of the calculations have been made by Maple
program with 15 digits. These calculations demonstrated that the accuracy of the Gegenbauer
wavelet collocation method is quite high even in the case of a small number of grid points.
Application of proposed method is very simple because there are no complex integrals or
methodology. Moreover, the this method is reliable, simple, fast, minimal computation costs,
flexible, and convenient alternative method.
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