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Abstract Recently, operational techniques have drawn the attention of several researchers
in the study of generating relations and summation formulae. In the present paper, here,
we introduce a new sequence of functions involving the product of the generalized k-Bessel
function. By using the operational techniques, some generating relations and finite summation
formulae of the sequence presented here are also established.
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Introduction and Preliminaries

Bessel functions, first defined by the mathematician Daniel Bernoulli and then generalized
by Friedrich Bessel, are important special functions and these are widely used in physics and
engineering such as Electromagnetic waves, Heat conduction, rotational flows, signal pro-
cessing, Diffusion problems Dynamics of floating bodies, etc. Therefore, these are of interest
to engineers and physicists as well as mathematicians. In this paper, we aim to introduce a new
sequence of functions involving the product of the generalized k-Bessel function to establish
the generating relations and summation formulae by using the operational techniques.
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Recently, Romero et al. [8] (see, also [1]) introduced the k-Bessel function of the first kind
for A, y,v e C,k € Rand R(A) > 0, R(v) > 0 as follows:

). Y.k (=" Z\"
Tew @)= Zrk(xnﬂurl) (n1)? ( ) M

where (y ).« and Iy (y) are k-Pochhemmer symbol and k-gamma function. These are intro-
duced by Diaz and Pariguan [3] and defined as:

P b (keR;y € C\{0) 0
k=
T v+ =D (1eN;y €0,
They gave the relation with the classical Euler’s gamma function(see [2,8]) as:
et (Y
iy =k (%), 3)

when k = 1, (2) reduces to the classical Pochhammer symbol and Euler’s gamma function,
respectively (see [6]).
In terms of the k-Pochhamer symbol (), « defined by (2), we introduce more generalized
form of k-Bessel function a)}::" b. - (2) as follows:
+2
i D" s (5)7

4
=T (v +an+ %) (n})? «@

wkvbc(z)

where A, y,v,¢,b € Cand R(X) > 0, R(v) > 0.
A new sequence of function [V,l(y")”"“”v"b”c”a) &0k, ...k, s)] is introduced

in this paper as:

V(Vi;)‘«i;l’«i,\}i;biscﬁa) &0,k ks, 5)
D RAY )

5
s H O e [ @] (19 {s l'[w,h e [P <s>]} :
ag,s o d .
where Tg =¢(°(+&ED),D = I o and s are constants, kq, ..., k, are finite and non-
negative integer, p, (§) isapolynomialin& of degree k; (wherei =1, ..., r)and wZ‘,ﬁ’b,c(E)

is a generalized k-Bessel function, which is defined in (4). T;’S is based on the work of Mittal
[4], Patil and Thakare [5], Srivastava and Singh [9].
For our investigation the following operational techniques are required:

_ (Bt —1/o
exp (117°) (€1 ©) = 67 (1 - 071) (% >f(f (1=o&2)™7). ©
oxp (177°) (%77 F ©) = §* (1 +00 ) £ (g 1 +0n)'). ™

(17)" €y = ¢ 5 (:1) (17) " (1) @), ®)
m=0

(1+&ED)Y(1 40 +&ED)(1+20 +£ED)(1+30 +£D)...(1+ (m —1)o +ED)EF!

—om (é) £h-1, ©)
g m
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(l—on+ =(1-on7 Y (O‘ _’3> ™ (10)

o m!
m=0

Generating Relations

In this section, we stablish here some generating relation involving the product of generalized
k-Bessel function by employing the operational techniques.

Theorem 1 Let A;, yi, vi, bi,ci € C; a, u; € R; o and s are constant; such that R(L) >
0, R(w) >0, N(x) +s5 > 0,0 > 0, then we have the following formula:

o0

Z Vn()/i»)\illlis‘)i»bixcﬁa) E o ki, k) S_U"tn
n=0 (11)
-y _
={l—-0on)" ( )l_lwp., vi,bi,ci [pk (é’:)] ,u, vi,bici [ Dk; (5(1—01‘) I/U)]'
i=1 i=1
where py, (&) is a polynomial in & of degree k;. ki (i =1, ..., r) are finite and non-negative
integers.

Proof To prove the result in Eq. (11), we start from new equation of function given in Eq. (5),
from this equation we have:

o0
Z Vn()’i,)»i:ﬂi,vi,bi,cz';a) E o, kiy .. k)"
n=0 (12)
=& l_[a) b Pk ()] expG ) igal_[“)u, e [~ PR (g)]],
employing the operational technique given in Eq. (6), the above Eq. (12) reduces to:
o
P N RN T
n=0 ) ) (13)
= (-0t~ (55 Hw%li [ Viohi _ 1= geop)-1/o
o 7 Mi’viahi,ci pk’ (S)] a)l/«isvisbisci [ pkl (S( U%— t) )] ’
i=1 i=1
after replacing ¢ by t£~° in Eq. (13), we have the desired result (11). m}

Theorem 2 Let A;, yi, vi, bi,c;i € C; a, u; € R; o and s are constant; such that R(L) >
0,N(W) >0, R(x) +s5 > 0,0 > 0, then we have the following formula:

oo

Z ‘/”(Via)hi§liisvi,hisci§a*0'”) (o, ky, ... ky,s)EOM"

n=0 . . (14)

—1 (e i A i A
= (1 + Ut) ]+( 7 ) l_la);:,',vi,bi,c‘i [pki (g)] wl}:i,vi.bi,c‘i [_pki (é (1 + al)l/ﬂ)] °
i=1 i=1

where py, (&) is a polynomial in & of degree k;. ki (i =1, ..., r) are finite and non-negative
integers.
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Proof Again from Eq. (5), we have:

oo
Zs—an Vn(l/ie)\[ZH[,Visbi»CHO‘*U”) Ero k.. ky,s) "
n=0 (15)

r

= é‘_ 1_[“);]3, vl, bj,c; Pk (5)] exXp (tT; S) :g“—”" a)/}fi:)‘\)iivbivci [_Pk,- (%‘)]} ’

i=1

applying the operational technique given in Eq. (7), the above Eq. (15) reduces to

o

Zsfan Vn(yi,/\i:m,vzubi,cl-;a—an) E o ki, .k, 5) 1"

=0

! (16)

—a+owa‘11 iébghk@ﬂ W [ (E A +0n7)],

i=1 i=1

which is desired. O

Theorem 3 Let A;, yi, vi, bi,ci € C; a, u; € R; o and s are constant; such that R(L) >
0, R() > 0,N(x) +s5 > 0,0 > 0, then we have the following formula:

o
> <’" +”) VTR (g0 o Ry Ky s) €O

n
m=0

.

ass) [1_ @b [ @] (17)
| RGN R GO )

x V,,(yi’ki;”i’vi’bi’ci;a) (5 A—ot) Vo 0 ki, .. ky, s) .

=1 —-o0ot)"

where py, (&) is a polynomial in & of degree k;. k;(i =1, ..., r) are finite and non-negative
integers.

Proof To obtained the result (17), we can write Eq. (5) as:

n V(Vl JAis Vi bisci o) (S o, kl ok S)

(18)

multiplying both sides of the above Eq. (18) by exp (t (Tg”)), we have

o (¢ (7)) i(Té”)" [Sa Tolina o @ﬂ]}

i=1
v b (19)
VR ok ke s)

= nlexp (tT%f”s> gr = -
i i
1_[,':1 a)l}»/'-ixvi-bisci [Pk,- (?’:)]
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> 1" m+n Vihi
Z g ( ) ;,: l_[w,u«l vi,bi,ci —Pk; (S)]
- (20)
o VTR VEPLCED) (e o ey )
" Vi
l_[i:1 a)[.l.i,\),',hi,cl- [pkl (5)]

employing the operational technique (6), the above Eq. (20) can be written as:

O ym m+n " Viok
z : o,S§ o (R
m! (T">E ) § ! lwﬂi,vi,biﬁi [—Pk,- (S)]
i=

m=0

ats (Vishis i svisbicisa) - o1/ .
= nlg® (1—G§”t)_( sy Vi i — (5( o&1) ,U,k_]l,/.a..,kr,s)
1_[[:1 wl):li,,vlithci [pk,- (%’ (1 — ggat) )]

21
now using Eq. (19) in the above Eq. (21), we have:
i " (m‘—}—' " o Vi ": VPN (6 kL Ky )
! [1_ @b [pa ] o

() VAR (6 () — o£0 )TV Lo Ky, ke s)
r Vishi —1/o ’
l_[i=l w/L,‘,Ui,bi,Ci I:_pki (S (1 - O'gdl) )]

therefore, we can write the above Eq. (22) as:

=£%(1-0&%)

w o
) (m +n> y b ) e o gk sy = (1 — ag0r) T

n
m=0

[T, @i o e @] VTR (6 (1= o670) 7 ok, k)
X

[T @i pe (60 =0t ™)

)

(23)

replacing ¢ by t£ 77 in above Eq. (23), this gives the required result (17). O

Finite Summation Formulas

Theorem 4 Let );, yi, vi,bi,ci € C; a, u; € R; o and s are constant; such that R(L) >
0, R(w) > 0, N(ax) +s5 > 0,0 > 0, then we have the following formula:

7)\; i ',b',";
v}’l(yl BB a) (S;kalv"'»krvs)

n
1 o i iy Visbiycis0 (24
=3 (08°)" (f) VRGO o gy k)
m:()m. (o2

where py, (&) is a polynomial in & of degree k;. ki (i =1, ...,r) are finite and non-negative
integers.
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Proof The Eq. (5) can be written as:

V(sz il visbicisa) (E o, kls o ’kr’ S)

s ,V; o e [Pk )] (Tg”) [ £ 11‘[ Wl =k (5)]],

now applying the operational technique (8), we have:

oo
i Ais i s VisbiCis n
v iokispiovibicize) &0,k o ke, s) = S 1_[ " b o Pki (&)]5 E <m>

m=0
X (T;,S)"‘m { : wZi;’,kvii,b[,q [~ s, (g)]] (T;,l)m (£

i=1

(25)

A )
- ;E ’ l_[wl}:li’ Vlz bj,ci [Pk (S) S Z 0(7! m)
’ i=1

m'(n m)‘

X [(s—i—SD)(s—i-a+‘;‘D)(s+2a—|—$D)...(s+(n—m—1)0+$D)] 26)

x l_[w,i’, e ©)] €

x [(1 +ED)(1+0 +£D)(1+20 +£D)...(L+(m— Do +£D)] (%),
using the result given in Eq. (9), the above Eq. (26) reduces to the following form:

n

(Vi shis i vishiseisa) o Vishi 1 on
Vn (s’a’kl"” r’T)_l_[w,U« RUNIN pk (g)]ZOm‘(n—m)’g

n—m—1 r 27
i i o
X 1_[ (S +i0 +§D) { wl):i,vi,hi,c,‘ [_pk,- (&-)]} om <;)
i=0 i=1 m
Putting @ = 0 and replacing n by n — m in (26), we get:
Vn(ytm)u T viubi,ci;0) (S’ o, k], o, kr, S)
1 r
Vishi
= —— 12w vibe lPu )
(n — m)‘ o1 Hi»Viibici [ ] (28)
o\ - Yiohi
(TE' ) wu,-,v,-,b,-,c,- [_pki (E)]
i=1
1 .8 n—m r ]/,’,}x,’
= m (TE ’ ) a)ﬂi,vi.bi,ci [_pki (S)]
! e
l (29)

_ Vn(zihxi;m’w’bi’ci;o) &0, ky, ... ke, s)
- r
yl i
H,’:] D} vi by e [P 6]
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the above Eq. (29) gives:

n—m—1
( m)' 1_[ (S +io +$D) {nw#t vi,bici [ Pki (g)]

i=1

(30)
1 )"L 1 1 b 1 0
_é_.a(m n)v(y Ha v B )(Sak],...,kr,s)
[T, @i o e ©]
i=1 Misviibici Pk
from the Egs. (27) and (30), we have the desired result. ]

Theorem 5 Let A;, y;, vi, bi,c;i € C; a, u; € R; o and s are constant; such that R(L) >
0, R(w) >0, N(x) +s5 > 0,0 > 0, then we have the following formula:

it visbici
Vn(Vt i iy visbicisa) (f;U,kls-u,kr,S)

n
— Z 7' (O’Sa)m (Ol _ é) Vn(Ztr»n)\z»Mz,Vubz,Cnﬁ) (S;O’! kl! ...,kr,S).
m: o m

m=0

3D

where py, (§) is a polynomial in & of degree k;. k;(i =1, ..., r) are finite and non-negative
integers.

Proof Begins from Eq. (5), which can be written as:

00
Z Vn(Vi»)\i;NisVi»biaCiw‘) E 0,k Ky, 5) 1"
n=0 (32)

=& ]"[wﬂ, e [k ©]exp (1757) :s“ W [ ©)]

i=1

applying the operational technique given in Eq. (6), the Eq. (32) reduced to:

oo

i hiii vinbici;
Do VTR (o ke ) 0"
n=0

( USU ( + )l_[wﬂz vi.bi.ci [pk (é;:)] l_[ ﬂl );t bj.ci (33)
i=1
[ (1 - os%)“/“)] ,
applying the result (10); the Eq. (33) gives:

oo

ishis i Visbi,cis
R TN SR SR TL
n=0

==y DY (o= 0) Tl b )
m=0 m ' i=1
x ol [pe (g0 - oé’r)‘””)]

= Z;) (o{ — g) (O'Sgt)mg: -B 1_[ v, b » [Pkl (5)] exp (thﬂ' y)

i=1
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o

=

—
S

x { /)f,',,)\\ji,bi,c,- [_pk,' (S)]]
. BN (g7 o\
- Z Z o — 0>m UTE B E“’Zntf»bm [pr; )] <TE )
x {%‘ﬁ 1_[ [Jf,'y,};i,bi,ci [_Pk,- (S)]}
SN~ ([, BY (oEme e
=1X_: (O[_;> m'(n—m)‘ 1_[ U,b ,Ci pk (5)] (TE )

x { Tl o [P (5)]] . (34)

i=1

g

Now equating the coefficient of 1" , we get:

- At viLbicit
Vn(yh i3l sVisbiciser) (%-, o, klv ...,kr,S)

d BY _OED" o)
= 2_: ((x - cr)m ms / “’Zf,w,bi,cz- [Pk,- (S)] (TE )

i=1 (35)
{fﬂ [Tl e [-pe (5)]} ,

employing the result (5) in Eq. (35), we have the desired formula (31). ]

Concluding Remarks

1. If we choose b = ¢ = 1 then generalized k-Bessel function reduced to the following
form:

72 n
a A o (=D"(nk (7) (Vw2
i@ =(3) ;rkumwn (n1)? =(5) (3> (0

where A, y, u, € Cand R(A) > 0, N () > 0. All the results in Section 2 reduced to
involving the product of J, k(,yu)’(k) ().

2. If we choose b = — 1, ¢ = 1 then generalized k-Bessel function reduced to the k-Wright
function [7] associated with the following relation:

22 "
o= (F B - e (3) e

where A, y, u, € Cand R(A) > 0, R(w) > 0. All the results in Section 2 reduced to the
involving the product of W/, | (_Tzz)

In this way, with the help of our main sequence formula, some generating relations
and finite summation formula of the sequence are also established in the present paper.
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A new sequence of functions is important due to presence of generalized k-Bessel func-

,’:’A (z). On account of the most general nature of the generalized k-Bessel function

tion vbe

A . . . .
w}; o b o (2) alarge number of sequences, generating relations and summation formulae involv-

ing simpler functions can be easily obtained as their special cases by assigning the values to
the parameters.
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