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Abstract This paper presents a new approximate method based on operational matrices
of fractional integrations and differentiations for fractional Navier—Stokes equation in polar
coordinate system using Legendre scaling functions as a basis. Convergence analysis as well
as error analysis of the proposed methods is given. Numerical stability of the method is
shown. Numerical examples are given to show the effectiveness of the proposed method.
Results are compared with existing analytical methods to show the accuracy of the proposed
method.
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Introduction

The Navier—Stokes equation (NSE) is fundamental equation of the computational fluid

dynamics. It relates pressure and external forces acting on a fluid to the response of the
fluid flow. The NSE and continuity equations are given by

5 i
a—?+(g-v)g:—;vp+vv2g, (1a)
Vu =0, (Ib)

where u is the velocity, v is the kinematics viscosity, p is the pressure, p is density and ¢ is
the time variable.

We transfer all motion in polar coordinates (r, 0, z) where z axis coincides with the axis
of cylinder. Taking u, = up = 0 and u; = u(r, t), the NSE in polar coordinate reduces to
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following form

du ap %u  1du
= — 4+ ——, 2
ot paz+v<8r2+rar> @

Recently El-Shahed and Salem [6] and Odibat and Momani [21] have generalised the
classical NSE by replacing first order time derivative to fractional order time derivative o,
where 0 < « < 1. In the present paper we shall consider the unsteady flow of a viscous fluid
in a tube in which the velocity field is a function of only one space coordinate and time as
one of the dependent variable. So our aim is to study numerically the following generalised
form of FNSE [6,21], namely

3%u(r, 1) by u(r,t)  19u(r,t)
oulrnit) v :
ot ar? roor

), O0<ac<l, 3)

subject to the initial and boundary conditions:

u(r,0) =g(r), u,1)=g1(@), u(l,r)=g(@t) forO<rt<I1,
where P = — sgz , r is spatial domain.

There exist several analytical methods to solve fractional Navier—Stokes equations. In [21],
Odibat and Momani solve Eq. (3) using Adomian decomposition method (ADM). Some
other analytical approaches are modified Laplace decomposition method [15], homotopy
analysis method [25], homotopy perturbation method [9], homotopy perturbation transform
method [2]. In [16], Chaurasia and Kumar used Mittag—Leffler and Bessel functions to obtain
analytical solution of FNSE in circular cylinder.

In this paper we are using numerical approach based on operational matrices of fractional
integration and differentiation. There exist a vast literature for theory and applications of
fractional differential equations in areas such as hydrology [1,13,18,27,28], physics [7,8,
12,19,23,32,35] and finance [10,24,26]. For construction of operational matrices and their
applications to solve fraction differential equations see [14,17,31,33,34]. In this method we
first get finite dimensional approximate solution taking finite dimensional basis in r—t plane,
which in turn leads to a system of linear algebraic equations whose solution is obtained using
Sylvester’s approach. This in turn gives us the approximate solution of the FNSE.

In general for the existence and uniqueness of the solution for the fractional Navier—Stokes
equation (FNSE) there does not exist any analytical methods. Stability and convergence are
not shown for the methods given above. In this paper we give a new stable numerical approach
along with error and convergence analysis for FNSE. Due to the complexity and non-local
nature of the fractional order derivatives, it is not encouraged to search for a strong solution.
In this paper, we solve this issue by giving solution in the sense of association in the same
lines as developed by Colombeau, see [3,4,22]. This gives satisfactory concept of solution.
With some additional condition on approximating sequence, we obtain the strong solution.

The present paper is organised as follows. In second section, we describe basic prelim-
inaries. In third section, we construct operational matrices of fractional differentiation and
integration using Legendre scaling functions as basis. In fourth section, we describe the algo-
rithm for the construction of approximate solutions. In fifth section, we give the error analysis
of the proposed method. In sixth section, we describe the convergence of the method. In sev-
enth section, we discuss the stability of our method based on maximum absolute error and
root mean square error. In eighth section, we present numerical experiments and discussions
to show the effectiveness of the proposed method.
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Preliminaries

There are several definitions of fractional order derivatives and integrals. These are not
necessarily equivalent. In this paper, the fractional order differentiations and integrations are
in well-known Caputo and Riemann-Liouville sense respectively [5,20].

The Legendre scaling functions {¢; (#)} in one dimension are defined by

{J@+DE@—D,%N§1<L
0,

otherwise,

@i (1) =

where P; () is Legendre polynomials of order i on the interval [—1, 1], given explicitly by
the following formula;

e, R
P;(r)—;( D o @

Using one dimensional Legendre scaling functions, we construct two dimensional Leg-
endre scaling function ¢;, ;,,

Girir (X, 1) = ¢y (X)@iy (1), i1,i2 € Ng, No=1{0,1,2,...}.

An explicit expression of two dimensional Legendre scaling functions are given as

i (. 1) = Qi+ D/ Qin + DPy2x —1)P,2t —1), for0<x <1, 0<t<1.
1,025 0, otherwise.

From the above formula it is clear that two dimensional Legendre scaling functions are
orthogonal;

I, iy =jiandiy = j,

11
f/¢i1,i2(x,t)¢j1,j2(xa[)dx‘h = {0, otherwise.
00

and (¢, i,) form a complete orthonormal basis.
So, a function f(x,t) € L2([0, 1] x [0, 1]), can be approximated as

ny np
~ T
FOOZD Y i nginn, ) =CTx, 1), )
i1=0i=0
T.
where C = [c0,0, .-+, C0nas s Cnpyds oo o5 Cnpnal s

G, 1) = [h0,0(x, 1), oy G0y (6, 1), ey By 106, 1)y Py (1, D1
The coefficients ¢;, ;, in the Fourier expansions of f(x, t) are given by the formula,

1

1
Ciy i =//f(x,t)%,iz(x,t)dxdt. (6)
0

0

Using matrix notation Eq. (5) can be written as,
fx, 0= @)Ch0), @
where ¢(x) = [go(x),....¢u (I, ¢(1) = [do(®).....p2()]" and C =

Citiz) uy +1) x4 1)°
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Operational Matrices

Theorem 3.1 Let ¢(x) = [¢o(x), p1(x), ..., $n(x)17, be Legendre scaling vector and con-
sider oo > 0, then

1% (x) = 1Y (x), ®)

where I = (w(i, j)), is (n + 1) x (n + 1) operational matrix of fractional integral of
order a and its (i, j)th entry is given by

o, j) = Qi+ DY?2j+ 12

i J . .
ikt i+ +D!
) ,;g( b =G =D @ +k+1+ DIl +k+1)

0<i,j<n.

Proof Pl. see [29]. m]

Theorem 3.2 Let ¢ (x) = [¢po(x), p1(x), ..., pu(x)]T, be Legendre scaling vector and con-
sider B > 0, then

D ¢;(x) = DP g (x), ©)
where D) = (n(i, 7)), is (n+1) x (n+1) operational matrix of Caputo fractional derivative
of order B and its (i, j)th entry is given by

nG, j) = Qi+ D"2Qj+ D" Y (=1
k=[p11=0
» @+ +D!
(i =G = DI,k +1+1 =BT k+1—p)

Proof Pl. see [30]. ]

Method of Solution

In this section for any approximation we take ny = n, = n, and describe the algorithm for
the construction of approximate solution of the Eq. (3). If D{u = w, then

u = I (w) + ug(r). (10)
From Egs. (3) and (10) we get
w=P+v (Df (I (w) + uo(r)) + %D, (1% (w) + uo(r))> , (1)
Egs. (3) and (11) are equivalent. Equation (11) can be written as
rw =rP +v (rD? (I*(w) + uo(r)) + D} (I* (w) + uo(r))), (12)
Let
G(r) = v (rD? + D}) (uo(r)). (13)
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From Egs. (12) and (13) we can write,
rw=rP +v (rD7 (I*(w)) + D} (I w))) + G(r), (14)
Approximating
w(r, 1) = wy(r,1) = ¢" (NCH(0), (15)

where C is a square matrix to be found.
Using Eq. (15) and operational matrices for the operators D21 and D] I¥ in Eq. (14), we
obtain,

r¢" (NCH() = r P4 <r¢T(r> (02 19w + ") (D) C1§“’¢(t>)+G<r>,

(16)
where I,(a) is an operational matrix of fractional integration of order « and Dr(l), D,(Z) are an
operational matrix of fractional differentiation of order 1 and 2 respectively.

Further approximating the following approximations
G(r) = Gu(r) = ¢T(NAP(D), (17
h(r) =rP Z h,(r) = ¢T (r)Bo (1), (18)
re' (r) = ¢" (NE, (19)
where the matrix A, B and E are known matrices and can be calculated using Eq. (6).
From Egs. (16)-(19) we get,
¢ (NECH(1) = ¢ (I B(1) +v¢" (NEDD) CI (1)
+¢" (DM CLP0) + 6T (VAP (D), (20)
Now Eq. (20) can be written as,
LC+CM+N=0, 2y
where L = v((Dﬁz))T) + inverse(E)(Dr(l))T, M = —inverse(l,(a)) and N = inverse

(E)(A + B)inverse(l,(a)).
Equation (21) is a Sylvester equation which can be solved easily to get the matrix C.
Using the value of C in Eq. (15), we can find w and further using value of w in Eq. (10)
we can obtain an approximate solution for time fractional Navier—Stokes equation.

Error Analysis

Theorem 5.1 Let % e L%([0, 1] x [0, 11), and W be its approximation obtained
3a+4f(x,t)
8x281"+2

2 K2 - 1 N 2
< — = n
2 o \ess36) P\ T2

1
2

by using (n + 1)2, 2-dimensional Legendre scaling vectors. Assuming <K, we

have the following upper bound for error

‘ aaf(x7t) _ <8afn(x7t)>

ar ar

where,
1 1
I fx, D)l = //If(x,t)lzdxdt
0 0
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and F, (2) is the Poly Gamma function defined by,

o0
1
F, = (—1)"H! - -
@ =0 m,{; (z + k)nt! (22)
Proof Let % = D ie0 Xireo Ciyin®i, i, (x, ). Truncating it to level n, we get
<%> = Z:;Ill=0 Z?z:O Cil,izqﬁ,‘lh (-x, t), thU.S,
Ffx,t) (3 fulx, 1) © X
oy - ;t"‘ = Z Z Cil,i2¢,-1_,-2(x,t), (23)
i1=n+1i=n+1
11
3 f e, ) (0 fale, 0| // “fen (8 L@\
_ _ B i
oy oro 12 97% pye
0 0
00 [e9)
=2 X e (24)
ir=n+1iy=n+1
Similar process as in [11] and using our condition, we get,
2 9K?
‘Cil,i2| < 25)

64(2i1 — 3)*(2ip — 3)*°
so from Egs. (24) and (25),

‘ 8af(x7t) _ <aafn(x7t)>

ar ar

2 K2 1 2
o (65536) <F3 (7 +”)) : (26)

Convergence Analysis

Definition 6.1 A sequence of functions u,, is said to be a solution in the sense of association
of L(u) = f,u(0, x) = up(x), where L is a linear fractional differential operator involving
fractional derivatives and integrations with respect to x and ¢; if lim,— o (L(u,,) — fu, @) =
0, for all C*° function ¢ having compact support in (0, 1) x (0, 1).

Tl_leorem 6.1 Ifthe constructed approximations {w,}, where w, (r,t) = dT(NCo @), satisfy
||L(w,,) —h, — G, HLZ < K, Vn; then, wy is a solution in the sense of association, where

L(w)=rw—v (rD%(If‘(w)) + Dr1 (It"‘(u)))),
Proof Observe that w,(r, 1) = ¢7 (r)Co (1) satisfy
(L(wn) — hy — Gy, ¢ij) =0, for0<i, j<n. 27)

Let V,, =span {¢;(r)¢;(t) :i =0,1,...,n.j=0,1,...,n}.
Then by linearity,

(L(wp) —hy — Gy, ¥) =0, forallyr € V. (28)
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Since (qb,-l i ,-2) form a complete orthonormal basis for the Hilbert space L2 ([0, 1] x [0, 17),
we can get ¥, € V), such that

l¥n(r. ) =¥ (r, D)2 — 0. (29)

Our assumption, .
|L(wn) = hy — Gul ;2 < K, (30)

in Eq. (28), We can write
(Z(wn) —hp — G, ¥ (r, t)> = (Zf(wn) —hn — G, (Y(r, 1) —Yn(r, 1) + Yu(r, 1)),
= (Zf(wn) —hy — Gy, Y (r, t)>
+ (Lwn) = hy = Gu, W (r, 1) = Y (r, 1)) . (31)
Now using Eq. (28), in (31), we get
(Lwn) = hy = G, W ()| < |Lwn) — hn — G| 2 1W (o 8) = Y (r D12, (32)

from Eqgs. (29), (30) and (32), it follows that lim,_, » <l_,(w,,) —hp — Gy, Y (r, t)) =0.
So w, is a solution in the sense of association. ]

Corollary 6.1 In addition to statement of the Theorem 6.1, if L(wy,) converges to L(w) in
L? norm then w forms a strong solution.

Proof By the Theorem 6.1, w, forms a solution in the sense of association so
lim /[_,(wn)(p =0, = / Lw)p =0, = f L(w)L(w) =0,Yp € L,
n—oQ

= L(w) = 0. So w forms a strong solution. m]

Numerical Stability

The accuracy of proposed method is demonstrated by calculating absolute error, average
deviation o also known as root mean square error (RMS). They are calculated using the
following equations

Au(ri, 1)) = |ue(ri, 1)) — ug(ri, 1)) (33)
and
| NN 1/2
O(N+1)2 = ﬁZZ[Me(riatj)_ua(ri’tj)]z > (34)
N+ D™= j=0

where u,(r;, t;) is the exact value of output function at point (r;, ¢;) and u,(r;, t;) is the
approximate value of output function at the same point.

From now wards, considering /(r) as input function. Adding random noise term in input
function we demonstrate the stability of the proposed method.

In all examples, the exact and input function with noise are denoted by h(r) and h%(r),
respectively, where h®(r) is obtained by adding anoise § to 4 (r) such that o (r) = h(r;)+586;,
wherer; =ih,i =1,2,..., N, Nh = 1; and 6; is the uniform random variable with values
in [—1, 1] such that

max_|h®(r;) — h(r)| < 8. (35)
1<i<N
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Table 1 Noise reduction H (r, t)

for N = 10 at different values of @Y s=o0t 5 =0.001 § = 0.0001

8 (0, 0) 0.0000 0.00000 0.000000
(0.1,0.1) 0.0046 0.00046 0.000046
(0.2,0.2) 0.0052 0.00052 0.000052
(0.3,0.3) 0.0049 0.00049 0.000049
0.4,0.4) 0.0041 0.00041 0.000041
(0.5,0.5) 0.0032 0.00032 0.000032
(0.6, 0.6) 0.0022 0.00022 0.000022
(0.7,0.7) 0.0012 0.00012 0.000012
(0.8,0.8) 0.00002 0.000002 0.0000002
(0.9,0.9) —0.00007 —0.000007 —0.0000007
(1.0, 1.0) —0.0018 —0.00018 —0.000018

¥ 10°

H(r.t)

P 07, 0.2

Fig. 1 Noise reduction H(r, t) for N = 10 and § = 0.0001

Reconstructed output function ug (r, t)(with § noise) and ug (r, t) (without noise) are obtained
with and without noise term in the input function /(r) and using Egs. (10) and (15) these are
given by

uh(r, ) = ¢ (NC I P t) + g(r), (36)
ud(r, 1) = T (r)CI (1) + g (r), (37)

where C® and C are known matrices and they are obtained from the following equations:
LC]*+C°M+N® =0and LC +CM + N = 0, where L, M, N are same as in Eq. (21)

and
N°® = inverse(E)(A + BY)inverse(1®), (38)
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r 0
0 t
Fig. 2 Approximate solution for « = 0.5, Example 1
2
1
r 0
. t
Fig. 3 Approximate solution for « = 1, Example 1
we approximate 4% (r) as
Ro(r) = h(r) + 86; = ¢T () B ¢ (1). (39)
From Egs. (36) and (37)
ul(rt) —ul(r, 1) 7 (r) (C° = C) 19 (1). (40)
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abhsolute error

Fig. 4 Absolute error for « = 1, Example 1

%1073
6 ~

absolute error

r 0 o ’ t

Fig. 5 Absolute error for « = 0.9, Example 1

Let
Ht) =ud(r,t) —ul(r,0) = ¢7 () (C° = C) I ¢ (1), (41)

then H (r, t) reflects the noise reduction capability of the method. Its values at various points
and its graph are shown in Table 1 and Fig. 1.
In Table 1, we list the noise reduction.
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Ey) ) alpha=0.7
———alpha=0.8

e, + alpha=09

ur,1)

1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1
r

Fig. 6 The behaviour of solution for different values of « at t = 1, Example 1

05 T T T T T T T T T

alpha=0.7
04 ———alpha=0.8 |]
N&-. # alpha=09

_35 1 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

t

Fig. 7 The behaviour of solution for different values of « atr = 1, Example 1

In eighth section, two examples are solved with and without noise to illustrate the stability
of the proposed method. In all the two examples, we add the noise § = oy y2, for two
different values of N = 10, 20. For different values of N we calculate maximum absolute
error and root mean square errors denoted by E; and E, respectively for input functions
without noise term and these respective errors are denoted by E} and E7 for input function
with noise respectively. In Table 3, we have listed the different values of Ey, E», E} and E3
for N = 10, 20. From the table it is clear that the there is a very small change in errors when
we add noise term in input function showing the stability of our method.
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absolute error difference
-

i 0 g 0.2

t

Fig. 8 Difference of absolute errors with and without noise, Example 1

In Figs. 8 and 14 the difference of absolute errors with and without noise are plotted for
Examples 1 and 2 respectively and it is observed that it is very small so our method is stable.

Numerical Results and Discussion

Example 1 Consider the following time-fractional Navier—Stokes equation [9,15,16,21,25];

%u(r, t u(r,t)  10u(rt
Putrt) _ p Fuln) 10wt =y, (42)
arv ar? r or
with initial-boundary conditions u(r, 0) = 1 — r2,
P-4 P-4
u@0,t) =14+ ——1%, u(l,t) = ———1%
(@+1) (@+1)

and exact solution u(r, 1) = 1 —r2 + %t“. For simplicity taking P = 1. Figures 2 and 3,

show the approximate solution of Eq. (42),for different values of « = 0.5 and 1 respectively.
Figures 4 and 5 show the absolute error graph of Eq. (42), for « = 1 and 0.9 respectively.

Figures 6 and 7 show the behaviour of approximate solution of Eq. (42), for different
values of « = 0.7, 0.8, 0.9 and 1 for fix value of r = 1 and r = 1 respectively. From Figs. 6
and 7, it is clear that solution varies continuously for different values of « and approaches
monotonically to integer order NSE continuously as o« — 1 (Fig. 8).

In Table 2, we compare results obtain by our numerical algorithm and existing analytical
methods [9,16,25].

Example 2 Consider the following time-fractional Navier—Stokes equation;

%u(r,t)  %u(r,t) 10u(rt)
- Z , 0 <1, 43
ot ar? + r or =*= 43)
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Table 2 Comparison of results for example 1 for different values of o

(T, 1) a=1

a =09

Present method  Methods in [9,15,16,21,25]

Present method

Methods in [9,15,16,21,25]

(0,0) 1.0000
(0.1,0.1)  0.6900
(0.2,0.2)  0.3600
(0.3,0.3) 0.0100
(0.4, 0.4) —0.3600
(0.5, 0.5) —0.7500
(0.6, 0.6) —1.1600
(0.7,0.7) —1.5900
(0.8, 0.8) —2.0400
(0.9, 0.9) —2.5100
(1.0, 1.0) —3.0000

1.0000
0.6900
0.3600
0.0100
—0.3600
—0.7500
—1.1600
—1.5900
—2.0400
—2.5100
—3.0000

0.9950

0.5970

0.2275
—0.1457
—0.5274
—-0.9214
—1.3298
—1.7528
—2.1916
—2.6472
-3.1197

1.0000

0.5973

0.2272
—0.1455
—0.5274
—0.9216
—1.3296
—1.7528
—2.1917
—2.6471
-3.1193

Fig. 9 Approximate solution for @ = 0.5, Example 2

with initial-boundary conditions as u(r, 0) = r2, u(0,1) = 4t,u(1,¢) = 1 + 4¢ and exact

solution u(r, t) = r2 4+ 4¢, fora = 1.

Figures 9 and 10 show the approximate solution of Eq. (43) for different values of @« = 0.5
and 1 respectively. Figure 11 shows the absolute error graph of Eq. (43), for o = 1.

Figures 12 and 13 show the behaviour of approximate solution of Eq. (43), for different
values of @ = 0.7, 0.8, 0.9 and 1 for fix value of # = 1 and r = 1 respectively. From Figs. 12
and 13, it is clear that solution varies continuously for different values of & and approaches
monotonically to integer order NSE continuously as « — 1 (Fig. 14).
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r 0 0

Fig. 10 Approximate solution for & = 1, Example 2

¥ 10

absolute error

Fig. 11 Absolute error for « = 1, Example 2
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58 T T T T T T T T T
alpha=0.7

56 ——— alpha=0.8 T
+ alpha=0.9

541

52

5

4.8

u(r.1)

46

4.4

42,

b i

38 Il 1 1 1 1 1 1 1 1

55 T T T T T T T T T
alpha=0.7
5F ———alpha=0.8 o
+  alpha=0.9 S
45 [ /,‘, -

4

35

3

u(l )

0.5 1 1 1 1 1 1 1 1 1
Fig. 13 The behaviour of solution for different values of « at r = 1, Example 2

In Table 3, we list the errors Ey, E2, E} and E7 to show the stability of our method.

Conclusions and Future Work
The approximate solutions can be obtained by solving some algebraic equations, so it is very

handy for computational purposes. There are few numerical methods to solve FNSE but none
of them show the stability and convergence of method. In our method stability with respect to

@ Springer



3720

Int. J. Appl. Comput. Math (2017) 3:3705-3722

absolute error difference

r 0 0

Fig. 14 Difference of absolute errors with and without noise, Example 2

Table 3 Absolute and RMS errors with and without noise

Errors without noise

Errors with noise § = o

Example no. N (N+1)2
Eq E) ET E;
1 10 1.2190 x 107° 1.1646 x 1078 1.2368 x 1070 1.1793 x 108
20 1.2190 x 10~° 4.5210 x 1072 1.2368 x 107° 4.5628 x 1072
2 10 3.5650 x 1070 9.5151 x 1078 3.5650 x 1070 9.4388 x 1078
20 3.5650 x 100 3.4209 x 108 3.5650 x 100 3.4151 x 1078

the data is restored and accuracy is good even for high noise levels in the data. Convergence
and error analysis are also given. From numerical examples we show that solution varies
continuously for different values of «. For « = 1 solution for standard NSE is obtained. For
future work we can use different orthonormal polynomials to achieve better accuracy.

Acknowledgements The author is very grateful to the referees for their constructive comments and sugges-
tions for the improvement of the paper.
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