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Abstract This article introduces a delayed HIV model arising out of incorporating the intra-
cellular delay. It has been assumed that intracellular delay t is constant and some of the
infected T cell actually dies out due to infection and only a portion of infected T cell which
remain alive a time lag of 7 after infection will produce newly HIV particles. The mathe-
matical analysis on the present model suggests that infection free equilibrium is still always
possible. The endemic equilibrium point exists if number of virus particle produced is greater
than ¢%27 and 83 < &3, where 8, and 83 are the mortality rate of infected T cell and virus
respectively. The local stability analysis and Hopf Bifurcation analysis have been carried out
on the proposed model and same supported by numerical simulation. The proposed model
exhibit some interesting dynamical behaviour of the HIV infection.
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Introduction

The emergent of AIDS is considered to be one of the most dangerous disease in the history
of mankind. This unique disease targets the immune system of the human thereby decreasing
the potential of human to fight for the other disease and eventually result in death. In the
study of the AIDS, the most important component of the body of human is immune system
composed of CD4™ T cell, is a type of lymphocytes or simply white blood cells [20]. On
the other hand, Human Immunodeficiency Virus or HIV is class of virus which invades
the immune system or simply it infects the healthy T Cell. These T Cells are commonly
regarded as helper T cells as these cells inhibit the key factors for the production of other
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cell populations in the immune system. For a normal and healthy person, the nominal CD4+
T Cell count varies around 1000 mm 3. When it decreases to a value around 200 mm ™3, the
person is regarded as having AIDS [22]. Healthy T cells inside the body usually die and again
grow due to its internal mechanism and therefore it is possible that the may infection may
lead to hampering of the mechanism which controls the development of new T Cell thereby
decreasing its overall count. The sharp decline in the T cell count is not clearly explained.
There are also other peculiar features of HIV infections such as the time lag of approximately
10years lag between the instant of infection and onset of AIDS and this time lag is not clearly
explained as yet. All this properties of infection is because of the importance of the CD4 "
T Cell count in immune regulation. Although, there are many intermediate process through
which, a healthy person can exhibits AIDS, but broadly there are three main stages of HIV
infection, viz. primary infection stage or acute symptom phase, chronic infection phase or
latency phase and finally AIDS. A perfect mathematical model should be able to explain all
the three phase characteristics of HIV dynamics. The literatures of mathematical model in
HIV are abundant but a very few have been able to model all the three phases of the HIV
dynamics.

The mathematical model can be of great use in these kind of situation which requires a lot
of investments to carry out in-vivo analysis. There has been some remarkable studies of HIV
model using mathematical models and the governing models have been able to explain a lot
of properties of virus dynamic inside human [1,2,5,9,11,18,19,21,24,26,28]. The pioneer
review work by Perelson et al. [22] is worth mentioning. They have given a very good account
of different mathematical model and their worthiness to understand virus dynamics in details.
Their works also explain some of the drug therapy model of HIV dynamics which are most
prominent one [29,30]. However, they have not given any history of delayed mathematical
model which are available in literature. It is well established in literature that delay can
have very pronounced effects on stability of mathematical model [12,27]. There are in fact
quite a number of delayed HIV model which gives good insight for the understanding of
the Virus dynamics. Li et al. [13] have proposed a FDE model incorporating delay as the
time between instant of infection and infected T cell starts producing virus and they have
shown that delay can sometimes do not have any impact on the asymptotic stability of
infected equilibrium state. Similarly, other authors have also proposed their DDE of HIV
infection [1,6,7,15,17,25]. Some of the authors have taken intracellular delay into account
and studies their dynamical behaviour [14,16,23].

The proposed mathematical model incorporates the intracellular delay into account and
studies the its implication on the long term dynamics of HIV infection. The model assume a
simple logistic proliferation of healthy T cell and assumes that death of the infected T cell
follows exponential distribution. It has been shown that the intracellular delay and other key
parameter in the model can leads to variety of rich dynamics of HIV model which other
model lacks.

The Proposed Model

Letu1, up and u3 denotes the number of healthy T cells, infected T cells and HIV particle in the
system. The basic growth dynamics of healthy CD4™ T cells in humans can be approximately
assumed to follow the logistic type growth model. If Q represents the rate at which new CD4™"
T cells are created by the body and at the same time it can also proliferate to give new T
cell, then overall growth rate can be modelled by Q + au; ( — “71) where K represents the
maximum level of T cell at which proliferation shut off and « being proliferation rate of T
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cell. Also, it is more logical to think of natural death rate §; of T cell and may be assumed to
be constant so that overall dynamics in absence of HIV can be described as

W sy + oy (1—5)

dt K
In the presence of HIV, CD4™ T cell is assumed to follow law of mass-action type interaction
and therefore interaction between virus and T cell is given by Suu3, B being rate of infection.
Keeping this in mind, the T cell dynamics can now be written as:

du1 ui
— = Q — S1u1 + au (1 — ?) — Bujus

dt

For infected T cell, the argument is as follows. It is assumed that there is a delay due to
intracellular delay t which is the time span between the instant of interaction between the
healthy T cell and virus; and emergence of infected T cell as a result of interaction. During
this time lag, some of the T cell will actually die out and only those T cell which remains
alive after this time from the instant of infection will take part in the dynamics of the infected
T cell. In this time span, it is assumed that number of infected T cell follows exponential
distribution i.e if §; is the natural death rate of infected T cell then the total number of infected
T cell at time ’¢’ is the sum of all the infected cell at previous time [3,10,23] i.e.

us (1) = / Be 2Ty (t = TYuz (t — T)dT
0

In order to write the above equation in differential form, change the variable by using the
linear transformation ¢t — 7' = ¢, then the above relation takes the form,

t
ur(t) = / Be 2P uy (¢)us (¢) do
-t

For the dynamics of the virus, it is assumed that the after infection, the helper T cell produce
N copies of virus which will infect other helper T cells. The death rate of healthy T cell is
equal to e 5T Buy(t — T)uz(t — T) and total number of virus produced with this death is
Ne 52T By (t — THuz(t — T). The natural mortality rate §3 of virus is also assumed and it is
constant. The balanced equation for virus dynamics can be thus modelled by the following
law,

dus —8,T

ar = Npfe ui(t — uz(t —t) — S3uz — Puus
Hence, the proposed model for HIV infection in terms of rate law is assumed to be governed
by the equation:

d

% = Q —du; +au; (1 - %) — Buyus

d

% = Buruz — e 2T u (t — Dus(t — 1) — Sz

dus st

WZN,BG uy(t — Dus(t — ) — S3u3 — Pujusz nH

where N > 1, t € (0,00), §; € [0,00), O, , B, K € Ry = (0, 00). The initial conditions
for the above system is defined by
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u1(9) = ¢1(0)
uz () = 3(0)
0
u20) = [ Be™Puy (¢)us (¢)de 2)

—T

0 € [—1,0], ¢;(0) € C([—t,0]), the set of all continuous functions defined on interval
[—7, 0]. The model being a biological model, the conditions ¢; (8) > 0, ¢; (0) > 0,i = 1,3
are further imposed so that the model system (1) is biologically feasible.

Some Preliminary Results

Theorem 1 All solutions of the system (1) remain positive for all time t > 0 if initial history
u1(0), u2(0) and uz(0) are positive.

Proof As Q > 0, the fist equation of (1) gives

d
bz s +au (1- 2 ) = puins, 3)
Therefore, separating variable u| and integrating the inequality gives
u1(t)2u1(0)exp{—81t+a<l —%)t—ﬂu_gt} )

which proves that u(¢) remains positive as long as u1(0) is positive and thus proving its
positively invariant properties.

For proving positively invariant of #3, consider the interval [0, 7] in which using the positivity
of ¢1(0) and ¢3(6),

ui(t = Dus(t = 7) = ¢1(0)¢3(6) = 0. ®)
Hence, in [0, 7], third equation of (1) gives
d
% > —83u3 — fuius. (6)
Therefore, separating variable u3 of Eq. (6) and then integration yields
uz(t) = u3(0) exp {— (83 + Pu1) 1} (7N

Similarly, in [z, 27] and using positivity of #3(¢) on [0, 7] and third equation of (1) again
gives differential inequality (6) which on separating variable u3 and then integration yields

u3(t) = u3(t) exp {— (83 + Buy) 1} ®)

Continuing in this way, the above technique can be easily generalised to any finite interval
[0, ¢] and this proves that u3(¢) remains positive for all # > 0.
Now, to prove positivity of u#2(¢), consider the relation of u»,

T
us(t) = / Be 2wy (t = T)us (t — T)dT. 9)
0
Since the quantities f, e 2Ty (t —T)and us3 (r — T) are all positive for T € [0, 7], the
integrand is the integral (9) is positive and hence by property of definite integral, integral will

also remain positive for all time ¢. Therefore positivity of © and u3 proved earlier gives the
positivity of u» (). Hence, all solutions of (1) is positively invariant. O
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Lemma 1 For the differential inequality
d
2 tay <b, 30) = . (10)
dt
the solution satisfies
b —at —at
y(0) = (1 —e") 4 yoe

and therefore

b
lim sup y(t) < —. (11)

t—+00 a
Proof Note that for the first order equation

dy

=b
dt-i—ay

the integrating factor is e?'. Therefore multiplying both sides of differential inequality (10)
gives the exact differential

d
Z(e‘”y) < be", y(0) = yo. (12)

On integrating both sides within [0, 7],

y®e =y < g(e“’ -D 13)

which on some manipulation gives the required inequality. Again taking the limit t — oo,
the final form of solution can be obtained. m}

Theorem 2 [f the solutions of the system (1) are positively invariant, then all the solution
are also ultimately bounded in the domain

20+ £
2

2
Y= ‘(ul,uz,us) urll < =, lluy +uz|l <
20

u3 20+ 2
l”‘””ﬁ’fT]

Proof Let 2 = K(a — 81) + VK2 (¢ — 81) 2 + 4K Q which is always positive for all
values of the parameters. On solving for u; from equation

0 — S1uy + auy (1—%):0 (14)

Uy = %, and for this value the first equation of (1) gives,

du

u
=0 = dun +au (1-2) - purs

K
— _Buyus (15)

Therefore positivity of 1 and u3 in Eq. (15) implies that maximum value of u; that can be

achieved is %, since the rate % < 0 and so,

2
lim sup wu(t) < —. (16)
2a

f—>—+00
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Again, on adding first two equations,
d uj —ooT
) = 0 = b+ (1= 2) = BT ui (= Dust = 1)
dt K
2
< Q+?—31u1 — Soup
22
< Q+5—8(u1 + uz)

where § = min{d;, 8>} and therefore applying Eq. (11) of Lemma 1 gives,

2/2
lim sup (ur(1) + ua(r)) < 272 (17)
—>+00 1)
Similarly,
d 3
o (u1 +ur + %) = Q0+ oau; (1 - %) —S1uy — Sun — N3M3 — %ulm
<0+ £ s 8 5
— — 81y — S — —u
=< 2 LUy — 02Uz — U3
<0+ 2 5 (1 + w2+ 2)
= 3 uyp T+ uz N
where §* = min{81, 82, 83} and this again, on applying Eq. (11) of Lemma 1 gives
2/2
lim sup (u1 +up + B) < u (18)
t—+00 N o*

Combining Eqs. (16)—(18), it is established that the solution of the system is ultimately
bounded in the domain X. O

Mathematical Analysis

Then, the system (1) permits two equilibrium points:

1. aunique disease free equilibrium point E (i1, 0, 0), where always exists and

_ 2
U = —
2a

2. and a unique endemic equilibrium point E; (it1, it2, i3) which exits if

QB(Ne=®7 — 1)

N > %7 and 83 <
20

and the values of the coordinates of this equilibrium point are

_ 836521’
uy = 75 (N —e52f)
o — 8 ad3e®T (0] (Ne"szf — l)
Uz = — +
B B2K (N — e%7) 83

_ =0T
iy = FU=-e™) (1-e )ftlﬁ3

p)
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Local Stability of Eg

To study the stability behaviour of the disease free equilibrium point, first it is required to
have linearised system around (i1, 0, 0) which is

duy 5 2 B8R
— =\0—01— = Jur— —u
dt 1 1 o 3

d Qe07 Q
12 = —ﬂeilm(t —17)+ LIQ — Shup

dr 2a 20
du NBQe %27 2

Therefore, corresponding transcendental characteristic equation is given by

Q B2 (1 — Ne 70-+%))
Ctmw(r—a+di+ )| 85+ S +ir)=0.

The two eigenvalues can be readily obtained as —8, and o — 8; — % which are always
negative since 2 = K (o — &) + VK2 (@ — 81) 2 + 42K Q > K(a — §1) ie. o < 81 + 2.
So stability can be achieved if the equation
2 (1 — NeTT0+%)
L B2 )
200

permits only roots having negative real parts. The following theorem gives the sufficient
condition for disease free equilibrium point to be locally stable.

83 +A1=0 (20)

Theorem 3 [f§3 > %, then disease free equilibrium point (11, 0, 0) is always locally
stable for all values of delay parameter .

Proof Assume that equilibrium point (i1, 0, 0) of system (1) is stable at t = 0, which means
that Eq. (20) at 7 = 0 have all roots having negative real part i.e.
(N-1) g8
PP ieiel
2a

A —83<0

which gives §3 > % Now assume that t is continuously varied in positive direction

so that there exists a value of 7* at which one pair of purely imaginary eigenvalue emerges
say A = %ip, p > 0. Therefore, substituting A = +ip, p > 0 in Eq. (20),

2 2Ne %7 cost QNe %7gint
5y 4 P2 P@Ne RTcostp) | (P2Ne sintp N
2a 200 2a

The above equation leads to the following system of equation in sin tp and cos 7p.

BR2Ne 2" costp AR

=—+34
200 200 +os
BR2Ne 2% sintp _
20 -f
On eliminating sin tp and cos tp, the p is given by the equation
2Ne57\? 22
P = (PN (51 B2 1)
20 2
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Form Eq. (21), it can be deduced easily that p> < 0 always if 83 > % and this proves
the theorem. O

Basic Reproduction Number Ry and Stability Conditions

For the proposed model (1), the basic reproduction number can be defined by
QB(Ne™®7 — 1)
Ry=—F
2a83
With the above definition of basic reproduction number, the following theorem concerning

the stability of infection free equilibrium point £y and existence of disease equilibrium point
can be stated.

Theorem 4 If Ry < 1, then disease free equilibrium point Eq is always locally stable for
all values of delay parameter and if Ry > 1, then endemic equilibrium points exists.

=81 _
Proof 1tis very clear from the definition and proof of Theorem (3) that if QMNZ(;*B;I) <1,
-8t _
then all conditions of theorem remains valid. Moreover, the condition mN;ﬂi&zl) > 1is

the one of the conditions for existence of positive equilibrium point. The other condition for
existence follows since for Ry > 1, N > &bt O

The basic reproduction number Ry gives also the global stability conditions which is clear
from the following conditions

Theorem S If Ry < 1, then disease free equilibrium point Eq is always globally stable for
all values of delay parameter. On the contrary if Ry > 1, then Eq is unstable and in this
case, endemic equilibrium points exists.

Proof Consider the following Lyapunov function
St 0

L (), ua(t), uf) = %ué(O)—i—ﬂ @@

where u’l (@) =u1(6 +1t)and u’3(9) = u3(0 +1) for 8 = [—t, 0]. Then the time differential
of above function gives,

ST

L/ (uh wa(0), ) = =i (0) + Bun (Ous(6) = pun (¢ = Dhus(t = 1)

eézr 836521
:ﬂ(l -5 )Ml(t)ua(t)— N

2T\ 83527
Sﬂ(l - )g%(t)— u3

N N
Nefﬁzt

3

(Ro— Dus

Thus if Ry < 1, L (u, uz(1), u%) < 0, and hence Ey is globally asymptotically stable.
Moreover, if Ry > 1 then from the fact that Ry = u1/u1, E1 will exists and Eg will be
unstable in this case. O
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Local Stability of E1 and Hopf Bifurcation Analysis

The characteristic equation of the Jacobian matrix at the endemic equilibrium point
(@1, iy, u3) is

B+ arl+ak+az+e e 0 (b1A2 +byh+b3) =0 (22)

where the coefficients are given by the following:
. 20 _
ay =—o+ 81 + 8 + 83+ ,B—i-? + Bis

2wt -
z (82 + 83 + Buy) + 8162 + 8382 + 81683

+ By (—a + 81 + 82) + (62 + 83) (Biiz — @)

a) =

K K
by = —Npiu,

2a8i; 20’ 3 y .
as :52( Skl + piy —afuy + Bo1uy —a53+5183+,353u3)

~ 20[ﬂ1
by = NBu | —a + 61 + 62 + X

~ 20!121
by = NB&u1 o — 81 —

K

To begin the bifurcation analysis of the system, first it is assume that t = 0 in Eq. (22) in such
a way that it gives all root of Eq. (22) having negative real part. At this point, the theorem
by Routh—Hurwitz can be applied to get the desired conditions for roots of Eq. (22) having
negative real part and hence, the stability of algebraic polynomial of Eq. (22). On applying
the Routh-Hurwitz theorem, the following conditions are obtained

ar+b1 >0,a3+b3 >0, (a1 +b1)(ax+by) — (a3 +b3) >0 (23)

As the delay parameter 7 is continuously increased from 7 = 0, some of the roots with
negative real part in left half complex plane shift to right half complex plane. This way the
endemic equilibrium point will become unstable. The condition for Hopf Bifurcation is that
the equation should permits at least one root with positive part as the bifurcation parameters
are continuously varied. This is possible if the roots of equation also permits the root with
zero real parts by By Rouche’s Theorem. Therefore assume that A = iw at some value of
parameter T say 7.,. Putting this in Eq. (22), the following equation in w is obtained.

Bt totta=0 t=uw’ (24)

c] = alz —2ay — b%efz‘sﬂ”
¢ = a% —2aja3 — b%efz‘sﬂ"‘ + 2bbye 22T

3 = a% - b%e_zszt“’

For Hopf bifurcation to take place, the Eq. (24) should have at least one real root. Since the
delay 7., is present explicitly in Eq. (24), this makes almost impossible to calculate the value
of critical value t., of the parameter in usual way. In 2002, Beretta et al. [4] proposed a
geometric switch criteria for the calculation of critical value of delay parameter in such kind
of delay dependent parameter system. Without any loss of generality, the following theorems
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and lemma are given on which this technique are based. Since the delay are explicitly occurs in
the system as one of the parameter, it is assumed that the characteristic equation of system (1)
is

d(A,T) =R, 1)+ SA, 1)e " =0 (25)

with
R, 1) =23 +ana? + apk +anz (26)
S, 7) = anA? + anh + ax 27)

where coefficients are given by

ay =ap, a2 =az, a3 =das,

-5t -9t —&T
axy =e 2Thy, ap =e ?Thy, apy =e¢ b3

It should be noted that the coefficients g;; in above defined functions R and § are functions
of delay parameter t. Now, for the given system (1), the positive equilibrium point exists if

1 2 1
0<7<mini{—In & ,H—N (28)
& 26 4+ 2a83 &

In order to ascertain the stability switch criteria, the function R and S define above must
fulfil some conditions which are listed below
Lemma 2 Assume t € [0, 1) with t,, = min {é In (%) , l'js—zN} and R and S satisfy
the following conditions:

A =0isnotazeroof ®(A, 1), i.e. R(0,7)+ S0, 1) #0,
IfA =iw, then ®(iw,7) = R(iw, 1) + S(iw, T) # 0,

. limsup H 16;((/,\\3

. F(w, 1) = |R(iw, T)|* — |S(iw, T)|* has at most finite number of real zeros for any T,
. All positive roots w(t) of F(w, t) = 0 is continuously differentiable functions of t if it
exists.

DAl > oo, RN A 20} < 1 for any 7,

LA W~

Proof Observe that

RO ) =23 +anr? +aph +ais
S(h, T) =ax 3 4 anh + ax

1. Hence R(0,7)+ S(0,7) = aj3+ax = a3 +e %27b3 # 0, therefore A = 0 is obviously
not a zero of @ (A, 7).

2. Secondly it can be easily verified that R(iw, 7) + S(iw, T) # 0.

S(h,7) a A +ani+arn

R(,7) Btair2tapitars

tim sup {| 455 + 2] > 00,95 = 0 < 1.

4. Now a usual calculation yields that

3. Since, — 0 as |A| — oo, hence

Flw,t) = o® + (alzl — a%l — 2012) »?

+ (a%z — a%z —2ana3 + 2(121(123) w2 + (ll%S — ll%S) (29)

@ Springer



Int. J. Appl. Comput. Math (2017) 3:2303-2322 2313

which being a purely algebraic polynomial has at most six zeros i.e. F'(w, t) has finite
number of zeros for all t.

5. As, the coefficients a;; in F(w, T) are all continuous functions of t, therefore all zeros
(1) of F(w, t) are continuously differentiable functions of t. ]

For the assumptions of the theorem regarding the stability switch, define the interval I as
follows,

I ={t:F(w,t)=0and w > 0} N [10, Tp,).
Further, let

6(t) + 2nm

Sp(t)=r1 o)

(30)
where, w(7) is a positive root of F(w, ) = 0 and 6(7) € [0, 2] is solution of equations

anw (anw2 - a13) + (alzw - w3) (6123 - 6121602)

sinf(t) =
) a3,0* + a3, w? — 2az1a230° + a§3
3 2 2
a»w (ajppw — w’) + (a13 —ajjo az3 — a1
c0s0(7) = — 22 ( 12 ) ( 13 11 ) ( 23 21 ) 31)

2 2 2
as,0* + a3,w? — 2a31a30° + a3,

The following theorem can now be stated which gives a way to find the critical value of ©

for which Hopf bifurcation [8,12] occurs in the system.

Theorem 6 Assume that the w () is a positive zero of the function F(w, t) for T € I and
there exists a T, € I such that for some values ofn =0,1,2, ...,

Sp(ter) = 0;

then a purely simple conjugate pair of imaginary roots £w(t.r) of characteristic Eq. (22)
exists at T = T, which transverse the imaginary axis from left to right or right to left
according as x(t¢r) > 0 or x(t¢er) < 0 where

. dRe . , . ds,(t)
X (Ter) = sign = sign {F,, (& (ter), Ter) } sign § ——=
dr A=iw(ter) T=T¢r
Proof For proof, the reader may consult Berreta et al. [4]. O

In the following section, the existence of Hopf bifurcation and critical value of bifurcation
parameter 7., is explored through numerical calculation. The other nonlinear properties of
the system such as multi periodic oscillations and chaotic attractors are also explored.

Computer Simulations
For the numerical computations of the system, the following set of parameters which can be
found in literatures [6,22,28] have taken for bifurcation analysis of the system.

=095 B=11x10"3 6§ =003, & =0.03, & =3.0,

N =60, K =1500, Q =60.

For the above parametric values, the system has positive equilibrium point for all values
of parameter T € [0, 102.158]. On plotting the S, () for various values of n, versus delay
parameter 7, the stability switches can be determine. Figure 1 shows the existence of positive
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2.0

1.5

1.0

0.5

Positive Zero of F(w(r),r)

0.0

Fig. 1 Positive roots of F(w,7) =0

80
— So(7) — Ss(7)

S:1(r) — So(7)
60 — Sa(7) — S19(7)
— 83(0) — S11(7)
754(7') S12(7)

40 — S5(r) — S13(0)
S — Se(1)
o5 S(7)

ZZ )
7z =\

10 20 30 40 50 60

80

Fig. 2 Plotof S,(t) forn =0,1,2,...,19

roots of F(w,7) = 0 as t is varied and accordingly the Fig. 2 can be drawn for S, (1)
versus . It is obvious from Fig. 2 that there are in fact 22 values of 7 at which stability
switch occurs but the system is stable in the interval T € [0, 71) U (722, 7;) and unstable
or periodic oscillation exists in T € (71, T22) with 71 = 14.845406, 15 = 72.927895 and
T, = 102.157591.

Moreover, the bifurcation at T = t; is forward and at t = 177 is backward since x (71) > 0
and x (122) < O respectively (using Figs. 3, 4). The time series plot for different values of T
are shown in Figs. 5, 6 and 7.

The further nonlinear properties of the proposed model is explored by drawing bifurcation
diagram of the system w.r.t. to important parameters such as «, 8, 81, 2, 3, N and 7. It
may be observed from the following bifurcation diagrams and sensitivity analysis that the
system possess variety of dynamical properties which includes periodic, multi-periodic, quasi
periodic and chaotic behaviour.

The first bifurcation diagram shown in Fig. 8 shows the system behaviour with respect to
intrinsic growth rate i.e. o or T cell proliferation rate. It is observed that for lower and higher
value of «, the system is chaotic but it has multi-periodic window in the range o € (6.6, 9.0).

The second bifurcation diagram w.r.t. parameter 8 shows two chaotic windows with single
and multi-periodic windows in between for 8 = (0, 0.004), see Fig. 9. The other bifurcation
diagrams (Figs. 10, 11, 12, 13, 14, 15) also have some chaotic windows with single/multi
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Fig. 5 Time series and phase plot diagram for r = 10 showing stability behaviour. a Time series plot for u,
b time series plot for u, ¢ time series plot for u3, d phase plot in u1, u plane

@ Springer



2316

Int. J. Appl. Comput. Math (2017) 3:2303-2322

1500
1000
)
500
MAMAAAAMAAA
o LLUUUVUUUVVLV
0 500 1000 1500 2000
t
(a)
15000
10000
k)
S
5000
AMAMAMMMAA
0
0 500 1000 1500 2000
t
(c)

Uz

Uz

6000
4000
2000
0
0 500 1000 1500 2000
t
6000
4000
2000
0
0 500 1000 1500
]

Fig. 6 Time series and phase plot diagram for 7 = 15 showing stability behaviour. a Time series plot for u1,
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Fig. 7 Time series and phase plot diagram for T = 80 showing stability behaviour. a Time series plot for u 1,
b time series plot for u», ¢ time series plot for u3, d phase plot in u1, u» plane

periodic window. The chaotic window in above bifurcation diagram can easily be identified
by checking the system towards sensitivity to initial conditions as depicted in Fig. 16.

The proposed model also explain the one property of HIV infection in human where
the symptoms of HIV infection can be seen after one year as depicted in Fig. 17a, b. The
emergence of HIV is obvious as the virus concentration shoots up abruptly after 600 days
of infection. The CD4™" T cell counts also falls sharply and it oscillates around 400 which is

clear sign of AIDS.
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Remarks

This article introduces a intracellular delay model for the HIV model by assuming a time lag
between the instant of infection and the death of infected CD™ T cell. The number of infected
T cell also follow exponential distribution. The resulting model as a result posses two unique
equilibrium point namely a disease free equilibrium point and a endemic equilibrium point.
Further analysis of the model suggest that the endemic equilibrium point exists only if the
number virus particle produced by one CD4™ T cell and death rate of HIV particle satisfy

the following relation:

@ Springer



Int. J. Appl. Comput. Math (2017) 3:2303-2322 2321

_ QB(N — e %1 _
N>262T=Nand83<¥=83
o

The above two relations gives a bound on 7, as T € [0, 7,,) with

. [ 1 ( N2 ) InN ]
Ty=min{—In{ —— ), —
) 26 + 2a83 )
Therefore there exists a upper limit on the value of intracellular delay which can lead to
endemic equilibrium point or in biological term, the emergence of AIDS.

The bifurcation diagrams plotted against model parameters reveals a lot of dynamical
properties such as periodic, quasi-periodic and chaotic behaviour. The chaotic behaviour
here signify that the system is highly sensitive to the initial perturbation and different people
will show different T Cell count and viral load in HIV infections under same set of conditions.

One of the main property of HIV infection is that the people shows symptoms after about
year or so which is clearly explained by the the proposed model as depicted in Fig. 17. The
number of helper cell initially maintaining a level which is regarded as latency phase. In
this phase, the viral load is also low, but once this phase is over, viral concentration starts
to increase while the CD4™" T cell count sharply decreases, and keeps on oscillating. In this
oscillation, there are times where CD4™ cell count falls below 200mm™2 which is a clear
sign of full blown AIDS and the patient can succumb to HIV infection finally.

If somehow, CD™ cell count can be constantly supplied, the person can have chance of
survival. This can be clearly observed in Fig. 18, as the rate of influx of T cell have stabilising
behaviour on the viral infection.
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