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Abstract Inthe present work, we consider an impulsive fractional differential equation with a
deviated argument in an arbitrary separable Hilbert space H. We obtain an associated integral
equation and then consider a sequence of approximate integral equations. The existence and
uniqueness of solutions to every approximate integral equation is obtained by using analytic
semigroup and Banach fixed point theorem. Next we demonstrate the convergence of the
solutions of the approximate integral equations to the solution of the associated integral
equation. We study the Faedo—Galerkin approximation of the solution and establish some
convergence results. Finally, we consider an example to show the effectiveness of obtained
theory.
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Introduction

In recent few decades, researcher has developed great interest in fractional calculus due to its
wide applicability in science and engineering. Tools of fractional calculus have been available
and applicable to deal with many physical and real world problems such as anomalous
diffusion process, traffic flow, nonlinear oscillation of earthquake, real system characterized
by power laws, critical phenomena, scale free process, describe viscoelastic materials and
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many others. The details on the theory and its applications can be found in [1-4] and papers
[5-9] and references cited therein.

On the other hand, many real world processes and phenomena which are subjected during
their development to short-term external influences can be modeled as impulsive differential
equation with fractional order which have been used efficiently in modelling many practical
problems. Their duration is negligible compared with the total duration of the entire process
and phenomena. Such process is investigated in various fields such as biology, physics, control
theory, population dynamics, economics, chemical technology, medicine and so on. For the
study for impulsive differential equation, we refer to monograph [10, 11], and papers [12-23]
and references given therein.

The purpose of this work is to establish the approximation of the solution to following
differential equation with deviated argument in a separable Hilbert space (H, || - ||, (-, -))

‘DY x(t) = —Ax(t) + f (1, x(1), x(a(x(0), 1)),

0<t<Ty<oo, t#t, (1)
Ax(t) = 1i(x(#), i=1,2,---,p, peN )
x(0) = uo, 3)

where 0 < g < 1, CDg + 1s the fractional derivative in Caputo sense with single base point
0,0=1 <t <--- <ty <tpy1 = Tp are pre-fixed numbers, Ax|,—;, = x(ti+) —x(t;)
and x(ti+) = limy_04 x(4; + h) and x(z;") = lim,_0— x(¢; + h) denote the right and left
limits of x(¢) at t = t;, respectively. In (1), A : D(A) C H — H is a closed, positive
definite and self adjoint linear operator with dense domain D(A). We assume that —A is
the infinitesimal generator of an analytic semigroup of bounded linear operators on H. The
functions f : [0, To]l x H> — H,a : H x[0,Ty] — R, I; : H — H are appropriate
functions to be mentioned later. For more details of differential equation with deviating
argument, we refer to papers [24-26] and references given therein.

In the present work, we investigate the Faedo—Galerkin approximations of the solutions
for (1)—(3). The Faedo—Galerkin approximations of the solutions in a separable Hilbert space
to the following system

X+ Ax(®) = M(x(1)), x(0) = ug “

has been studied first by Miletta [27] under the assumption that —A is the infinitesimal
generator of an analytic semigroup and the nonlinear function M is Lipschitz continuous on
aballin D(A%), 0 < o < 1. Bahuguna and Srivastava [28] has discussed the more general
cases. For a nice introduction on existence of an approximate solution and associated study
of different problems are broadly talked about in the references [28—34].

The organization of the article is as follows: In Sect. 2, We provide some basic definitions,
lemmas and theorems as preliminaries as these are useful for proving our results. In Sect. 3, we
prove the existence and uniqueness of the approximate solutions by using analytic semigroup
and Banach fixed point theorem. In Sect. 4, we show the convergence of the solution to each
of the approximate integral equations with the limiting function which satisfies the associated
integral equation and the convergence of the approximate Feado-Galerkin solutions will be
shown in Sect. 5. In Sect. 6, we provide an example to illustrate the obtained theory.
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Preliminaries and Assumptions

In this segment, some basic definitions, preliminaries, Theorems and Lemmas and assump-
tions which will be used to prove existence result, is stated.

Throughout the work, we assume that (H, | - ||, < -, - >) is a separable Hilbert space.
The symbol C ([0, Tp]; H) stands for the Banach space of all the continuous functions from
[0, To] into H equipped with the norm || z(#)llc = sup,¢o, 7, II 2(H) |z and L?((0, Ty); H)
stands for Banach space of all Bochner-measurable functions from (0, 7p) to H with the

norm
1/p
||Z||LF=(/ I z(s)||§,ds) .
0,To)

Since — A is the infinitesimal generator of an analytic semigroup of bounded linear operators
{T(1); t > 0}. Therefore, there exist constants C > 1 and § > 0 such that || 7(¢)|| < Ce®,
t > 0. In addition, we note that

d’J
I WT(Z)II <Mj, t>1ig, to >0, 5

where M; are some positive constants. Henceforth, without loss of generality, we might
accept that 7 (¢) is uniformly bounded by M i.e., || 7(¢)|| < M and 0 € p(—A) i.e., —A is
invertible. This permits us to define the positive fractional power A* as closed linear operator
with domain D(A%) C H for a € (0, 1]. Moreover, D(A?%) is dense in H with the norm

I'ylle =1l A%yl (©)

Hence, we signify the space D(A%) by H, endowed with the ¢-norm (|| - ||¢). Also, we have
that H, — H, for 0 < « < « and therefore, the embedding is continuous. Then, we define
H_o = (Hy)*, for each o > 0. The space H_, stands for the dual space of Hy, is a Banach
space with the norm || z||_4 = || A™%z||. For study on the fractional powers of closed linear
operators, we refer to book by Pazy [35].

Lemma 2.1 Let —A be the infinitesimal generator of an analytic semigroup {7 (t) : t > 0}
such that | T(t)|| < M, fort > 0and 0 € p(—A). Then,

(i) For0 <« <1, Hy is a Hilbert space.
(ii) The operator A*T (t) is bounded for every t > 0 and

I AT @I < M17", ©)
I AT O < Mat™. (@)
Now, we state some basic definitions and properties of fractional calculus.
Definition 2.1 The Riemann-Liouville fractional integral operator J is defined as

b
'(q)

where F € L'((0, Tp); H) and ¢ > 0 is the order of the fractional integration.

t
g F(1) = /0 (t = )" F(s)ds, ©)

Definition 2.2 The Riemann-Liouville fractional derivative is given as
REDE F(t)y=D]" I "F(t), m—1<q <m, meN, (10)

where D" = 45 F e L1((0, To): H), J5 ¢ € W™1((0, To); H).
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Definition 2.3 The Caputo fractional derivative is given as
, 1 !
‘DY F(r) = 7/ (t —s)" 1 VF"(s)ds, m—1<gq <m, (11)
Fim —q) Jo

where F € C"1((0, To); H) N L' ((0, Tv); H).

We denote by Ci = PC([0, t]; Hy). t € (0, Tp] the space of all H,-valued functions on
[0, ¢] such that x (¢) is continuous on ¢ # t;, left continuous at ¢ = #; and the right limit x (tl.+)
exists fori =1, ---, p. Itis clear that C{* is a Banach space endowed with the norm

Yl = sup [ y(®)lla, yeC

s€[0,7]
For 0 < o < 1, we define
C,"‘*1 ={xell:||x(x)—x®| <Lt —s], forall 7, s € [0, ]}, (12)

where £ > 0 is a appropriate constant to be defined later.
Now, we introduce the following assumptionson A, f,aand I; (i =1,---, p):

(A1) A is aclosed, densely defined, positive definite and self-adjoint linear operator from
D(A) C H into H. We assume that operator A has the pure point spectrum

O<r <A <h< - Zhp<-, (13)

with A,;, — o0 as m — 00 and a corresponding complete orthonormal system of
eigenfunctions {¢;}, i.e.,

Ap; =jp;, and < ¢y, ¢; >= 3y, (14)
where

s L=t
= 0, otherwise.

(A2) Let Wy C Dom(f) be an open subset of Ry x H, x H,_1, where o € [0, 1). For
(7, x,y) € Wy, there is a neighborhood U; C Wj of (7, x, y) and positive constants
Ly = Ly(t,x,y, Up) such that

I f@ x1, 1) — fGsx2, v < Lplle —s* + 1 x1 —x2lle + | y1 = y2lla—1],
(15)

for all (t, x1, yl), (s, x2, yz) eUjand0 < np < 1.

(A3) For each (x, t) € Wy, where Wo C Dom(a) is an open subset of H, x R, there is
a neighborhood U, C W> of (x, 7) and positive constant £, = L, (x, T, U) such that
a(-,-): Hy x Ry — Ry, a(-,0) =0,

la(xi, 1) — (2, 22)| < La [l X1 = x2lle + |11 — 22]"2] (16)

forall (x1, 1), (x2,0) € U2,0 < up < 1.
(A4) All the function [; : Hy, — H,, (i = 1, ---, p) are continuous function such that

() I Ii)lle = Li, forall o € (0, 1).

@) || L) = Li(u2)lle < Nill ur — uzlle, foralluy, us € Hy.

@ Springer



Int. J. Appl. Comput. Math (2016) 2:269-289 273

where L; and N;,i =1, ..., p are positive constants.
From [12], we adopt the following thought of solution.

Definition 2.4 A piecewise continuous function x : [0, Top] — H is said to be a mild solution
for the system (1)—(3) if x € C%O ﬂC‘;O_l and satisfy the following impulsive integral equation

t
x(t) = Sy (Huo +/ (t — )" Tt — ) f (s, x(5), x(a(x(s), $)))ds
0

+ z Syt — )i (x(t;)), forall ¢ e [0, Tp]. a7

O<tj <t

The operator S, (¢) and 7 (¢) are defined as follows:
50 = [ a©Twe (1)
Ty(t) = 61/0 £¢q(6)T (196)d8, 19)

where £, (§) = %51_1/ 4 x g (& 75) is a a probability density function defined on (0, co)
ie., 04(6) =0, [° ¢, (5)dE =1 and

[ee}

1
€)= — > ("¢

n=1

r 1
_"q_lw sin(nmq), & € (0, 00).
n!

For more details of probability function and generalized functions, we refer to papers [36-39].

Lemma 2.2 The operator S,(t), t > 0 and 1,(t), t > 0 are bounded linear operators and

satisfy

. T (2—a) 1%
(i) I Sg@yll < MUyl | Tyl < 7SS 1yl and || ATyl < el Cote
Il yIl, forany y € H.
(ii) The families {S,(t) : t > 0} and {T;(t) : t > 0} are strongly continuous.
(iii) If T (t) is compact, then S, (t) and 1,(t) are compact operators for any t > 0.

Approximate Solutions and Convergence

The existence of approximate solutions for the problem (1) is established in this section.

Let H,, be the finite dimensional subspace of H which is spanned by {¢o, ¢1, - - , ¢,} and
P" : H — 'H, be the corresponding projection operator forn =0, 1,2, - -- ,. We define
fn:R+xH2—>H, and I;,: H— H, (20)
by
fo (1, x(0), x(a(x (1), 1)) = f (1, P"x (1), P"x(a(x(1), 1)), (2D
and
Linx)=L(P"x), VxeH, n=0,1,2,..., (22)

fori =1,2,..., p, respectively. We choose T, 0 < T < Tj sufficiently small such that

T < {2713 [(1 —o)l'(d+40 —Ot))} }quiw
3 My N/T(2—a) ’

(23)
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D R
1S (1) = Tuolle +M D Li < —

24
_ 3 (24)
i=1

MuT (2 — a)T0-® P
LrA+LLH)+MD N < 1. 25
Tl + g0 —ay £/ 2 ; ’ )
Now, we consider
B={yectnct " :y0) =uo, | y—uolra <R} (26)

By the assumptions (A2) — (A3), we have that f is continuous on [0, T']. Therefore, there
exist a constant Ny > 0 such that

Np=Lp[T" 4+ R+ LLy) + LLT™]+ N, where N = | f(0,uo, uo)ll, (27

with
I f(z,x(t), x(@a(x(x), OV <Ny, xe H, t€l0,T] (28)

Now, we define the operator Q,, on B as follows

t
OQnx (1) = S4(t)uo +/ (t = )77 Tyt = 5) fu(s, x(5), x(a(x(s), $))ds
0

p
+ Syt — ) L (x (1), (29)

i=1
for t € [0,T] and x € B.

Theorem 3.1 Suppose (A1)—(A4) holds andug € D(A%), forO < o < 1. Then, there exists
a unique fixed point x,, € C¥. OC%_I of the map Q i.e., Qnx, = x, foreachn =0,1,2,---,
and x, satisfies the following approximate integral equation

X (1) = Sq(t)uo +/ (t _S)q_LZ](t = 8) fu (s, Xu (5), Xn(a(xp(s), 5)))ds
0

p
+ DSyt = ) I n (i (1)), (30)

i=1

for t € [0, T].

Proof To demonstrate the theorem, we first need to show that 0, x € CF ﬂC?‘l .Itisclear that
Q, : C§ — C§. Now, it remains to show that Q,x € C%‘l. For x € C?‘l, O<t<t<T,
then we have

I Qnx(6) = Qux(T)lla1
< | [S4) = Sg()]uolla—1 + /0 1= —5) = (t =) Ty (x = $)lla
X fu(s, x(s), x(a(x(s), s)))llds
+/; 1t = )T T4 (¢ = ) la—tll fu(s, x(5), x(alx(s), $))ds.

V4
F O[Syt = 1) = Sy (r = t)] Lin (e (1))l
i=1
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From the first term of above inequality, we have
[Sq(1) = Sg(0)] A*'ug = /0 L&) [T8) — T(r18)] A" 'ugds, €3]
Also, we have that foreach z € H
t d t
[T(98) — T(x78)]z :/ gT(sqS)zds :/ q&sT VAT (s9€)zds. (32)
Therefore, we estimate the first term as
/0 L E T (t98) — T(TIE)||Il A ol d&
o0 t d
< / Cq(S)[/ IIdfT(S"S)II]II uolla—1d§,
0 T s
o0
5/0 S &Mt — DIl uolle—148,
< Ki( —T)/O $q(8)dE,
=Ki(t —1), (33)

where K| = M| || up|lq—1. The second integrals is estimated as

/0 I =)0 =) = (0 =) (@ = )1l fuls, x(s), x(a(x(s), )l ds

T o0 d d ;
< /0 /() fq@)” [ET((S' — s)qg)|§=t _ ET((S‘ _ s)qg’_-)|§=ri| A 2”
|| fu(s, x(s), x(a(x(s), ) ||d&ds,

T o0 t d2
<[/ cq@)[/ || Aa_zﬁT(@—S)q§)||d§:|Nfd§dS,
0o Jo T 9

< /0 /0 £, () [I| A2 Mot — )] Nydeds,
<Kyt —r1),

where K» = || A*"2||MaN T . The third integrals is estimated as
t
/ It =) Tyt = $)lla—tll fuls, x(5), x(ax(s), $))lds

t [ee]

< / /0 L (®)] [g(t — Y EAT(( — )7)14%2)

X fu(s, x(s), x(a(x(s), s)))ld&ds,

t [ee] d

5/ / o163l 77(@ — $)0)|c= A°%||Nrdtds,
z Jo S

= K3 — 1),

where K3 = M1|| A*~2||N . Similarly, we estimate

P
D[S = 1) = Sy(r — 1) A Ly (x(t)) || < Kalt — 7).
i=1

(34)

(35)

(36)
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where K4 = My|| A7 P L;.
Thus, from the inequality (33)—(36), we obtain that

I Qnx(t) = Qnx(D)lla—1 = L(t — 1), (37

for a positive suitable constant £. Therefore, we conclude that (Q,x) € C%fl. Hence, the
On: C%71 — C%fl is a well defined map.
Next, we prove that Q,, : B — B.For0 <t < T and x € 3, we get that || (Q,x)(t) —uo|l«

t
< |l [S4(®) = I]uolle +/0 I =) Tyt = 5) fuls, x(5), x(@(x(s), $))) llads

P
D1 gt = t) i (x() o

i=1

p
aMa VT2 — @) /t(t — )09~ lgg 4+ m Z L;
Fd+q(—-a) Jo i

MyN;T'(2 —o)Te0-) P
M) L,
(1—a)(14+q(1—a)) MY (3%

i=1

<l [Sq@) = I]uolle +

<1l [84) — I uolla +

Therefore, it gives that Q, (B) C B. Atlong last, we will assert that Q,, is a contraction map.
Forx, ye Band0 <t < T, we get that

t
1 (Qux) (1) = (Quy)D)lla < /O It — )1 AT (0 — 5|
X fu (s, (). x(@(x(s), ) = fuls, y(s), y(@(y(s). ) lds

P
D 1St =t Tin e () = Tin(3(ti)) - (39)

i=1
We have the following inequalities:
[l (s, x(8), x(@(x(s), $))) = fu(s, y(s), y(@(y(s), NI = Ly[2+LLalll x = ylIT.0- (40)

Similarly, we have

| Lin(x @) — LinQEDI < Nill x — yll7.0- 41)
Using (40), (41) in (39)and obtain that
gM,T (2 — @)

I (@nx) (1) = (@)Dl = Lrl24+LLa)I x = YlT,a

P +q0 —a))

t 14
x/ (z—s)q(l_“)_ldS-i-MZNillx—y||T,a,
0 i=1
M,T(2 — )T~ 4
< L2+ LL M N;
_[<1—a>r<1+q(1—a» FR+LLD T MDY N

i=1

X[ x =y, (42)

From the inequality (25), we get

I (@nx)(1) = (@ny)DI < || x = ¥l70- (43)
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Therefore, it implies that the map Q,, is a contraction map and has a unique fixed point x,, € B
ie., Qux, = x, and x, satisfies the approximate integral equation

t
X (1) = Sy (Hug +/ (- S)q_]%(t —8) fu(s, x4 (s), xp(a(xp(s), 5)))ds
0

P
+ DSyt = 1) i (xa (8)),
i=1
fort € [0, T]. m]
Lemma 3.2 Assume that hypotheses (A1) — (A4) hold. If ug € D(A%), where 0 < a < 1,

then x,(t) € D(AY) forallt € (0, T] with 0 < v < 1. Furthermore, if ug € D(A) then
xn(t) € D(AY) forallt € [0, T]with0 <v < 1.

Proof From Theorem (3.1), we have that there exists a unique x, € B C C?‘l such that
xp satisfy the Eq. (30). Theorem 2.6.13 in Pazy [35] implies that T'(¢) : H — D(A"Y) for
t>0and0 <v < landfor0 <v <n < 1, D(AT) € D(AY). It is not difficult to see
that Holder continuity of x,, might be made using the similar arguments from Egs. (33)—(36).
Additionally from Theorem 1.2.4 in Pazy [35], we have that T (t)y € D(A) if y € D(A).
The result follows from these facts and the fact that D(A) € D(AV) for 0 < v < 1. This
finishes the proof of Lemma. O

Corollary 3.1 Suppose that the hypotheses (A1) — (A4) hold. If uy € D(A*) with) < o <
1, then for any ty € (0, T], there exists a constant Uy, such that

A Xy (DIl < Uy, n=1,2,3,---,

forallty <t < T independent of n, where 0 < o < v < B. Furthermore, if uy € D(A),
there exist a positive constant Uy such that ||AVx, (t)|| < Up, t € [0, T, n=1,2,--- ,.

Proof Letup € D(A%). Applying AV on the both the sides of (30) and 7y <1 < T, we get
I A x, ()]

t
< [ AVS, (Duoll + /0 (t = )T ATy (t = I fuls. %n(5), X (@(xn(s). )))llds
14
+ 1Syt = )AL (x (i),
i=1

14

_ gMyN;T 2 —v) (7 (I—v)—1

< Mytg | ugll + —————= [ (¢ —s)407Y ds+M§ L;,
rd+q1-v) Jo =

MyN¢T(Q2 —v)T70-V) ”
viVf ( v) —i—MZL,-,
(I —)T(1+g1 —v)) P

=< Myto™ " uoll + (44)

5 Ut0~ (45)
Again, for0 <t < T and up € D(A%), we have

MyN;T (2 —v)T90-V)
(I =)' +4g(01 —v))

14
I AV, (DIl < M1 uolly + +MY L. (46)
i=1

Since, we might displace the first term in (44) by M || ug||-
Moreover, if ug € D(A), then ug € D(AY) for 0 < v < 1. Therefore, we can effortlessly
get the required result. This finishes the proof of Lemma. O
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Convergence of Solutions

The convergence of the solution x,, € H, of the approximate integral Eq. (30) to a unique
solution x (-) of the Eq. (17) on [0, T] is discussed in this section.

Theorem 4.1 Suppose that (A1) — (A4) are satisfied. If ug € D(A%), then
lim sup | X0 (#) — xm (@)l = 0, 47)

M0 {n=m, 1<t <T}
foreveryty € (0, T].

Proof ForO <a <v,n>mandt € (0, T], we have

I/ (2, X0 (1), Xp (@ (xn (£), 1)) = fin (1, X (1), X (@ (2 (1), 1)) |
< e, xn (), X0 (@(xn (0), 1)) = fu(t, X (1), X (@ (i (1), 1)) |
S (2, X (1), X (@ (1), 1)) = fn (X, X (1), X (@ (1), )
S Lp2+ LLN X @) = xm Ol + L [l (P" = P™)xm (Dl
HIATH (P = P™)xm (@ (1), D) ] -

Let n > m. Thus, H,, C H,. Let H;nr be the orthogonal complement of H,, for each
m=0,1,...,. Thus, we have H,] C H,. Also, we have H = H,, ® H,| = H, ® H,) . Let
y € H be an arbitrary element. Then, y = y,, +z,, with y,, € H,, and z,, € H,, T. Therefore,
we have that y,, € H,, = P™y.Itis easy to see that z,,, € H;,E — Im = Z?=m+l aigi + 2,
where 7, € H, . Letus take y;, = > | aid;.
Therefore, y = y,, + y,, + 2, and P"y = y,, + y,,. Thus,

n

P'y—P"y=y,= D> aipi.
i=m+1

If, y = X2, a;¢. Then, we get ||y]|> = D52, la; %
Since, A*"V¢; = o] V¢. Hence, we get

|A“7V(P" — P™)y[|* = < A*7V(P" — P™)y, A*"V(P" — P")y >,

n n
=< Z a; A"V, Z ajAa_U¢j >,

i=m+1 Jj=m+1
n n
2 a—v E : oa—v
=< a,')»i ¢i, aj)»j ¢j >,
i=m+1 Jj=m+1

n
d—UVU4yUd—U
= E aiajr; AT < i pj >,
i, j=m+1

n
2a—
)‘m(-T—IU)( Z |“i|2)’

i=m+1

IA

1
< Wnyn? (48)
m

Thus, we have the following estimation

I (P* = P"™")xm(®)lla < || A*7V(P" = P™")A X ()] < I AYxm (D]

v—o
)\'Wl
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Thus, we obtain

| fu (s X0 (2), xp(@(xn (1), 1)) — S (£, Xin ()5 X (@i (1), D)) ||

S Lp2+ LLaI X0 (1) = Xm (D lla + L g [ = | AVxm (D]
[
+ Ua I A% xm (@(xm (@), O | - (49)

Similarly, we estimate

1
I Tion (6 (1)) = Liym (e ()| < N [II X (1) — Xm (i)l + Tv-a ll A“xm(ti)ll} - (50)

m

We choose 1 such that 0 < ¢} <t < T, we have

%0 () = X (1) [l

1) t
5(/0+/ )(r—sﬂ—lu AT (t — )|l
0 z(’)

X\ fu(t, x5 (0), xu(a(xn (), 1)) — fin (&, X (), X (@ (X (1), 1)) l|ds
P
+Z | Sg& =t Lion Cen (t)) — Lim Com E) |l oe» (51)

i=0

we estimate the first integral as

t/
=9 AT = I 5,0 00,0)
— ot 50, 5 @i (6, D))
[/
< [a -9 a0 - 12nas
0

AN M T2 — @)

T (I-a)ld+q0—-a)
AN MT(2 — )

~ (-l +q(1-a)
AN MT(2 — )

~ (-l +q(—a)

The second integral is estimated as

[tq(lfa) — (t — t(/))q(lfa)]’

(t = bi)d 0" 0 < by < 1,

(to — 1) 1=~ 1g/. (52)

t
/ (t =) AYT (1 = It %0 (1), X (@(xn (1), 1))
1

0

— Jm (&, X (), X (@ (X (1), 1)) || ds

M/’ _ gl _
S o —ay €9 2 L () = 5 ) e

1 v LA
FLp | =gl A" xm )| 4+ === | A%xm(a(xm(s), )| 1 ds,
Am Am
MyLiTQ2—a U, T41- :
< aM LT 2 =) (1 +1 A71||) %711—01 +Q+ Eﬁa)/ (t — 5)d0—~1
P +¢q(1 —a)) q(l —a)rp 1
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X xn () = X ($) lads] . (53)
Thus, we have

| xn () — X (D) |l

D t
< Dt + A—f + D3l x4 (1) = X (D) +D4/ (1 — 5)10=e0~1
m 0
|| X (5) = X (5) lads, (54)
where
AN M, T (2 —
py= NMIC=0) o ai-e-t (55)
1-a) (1 +qg(1—w))
(1—a) 14
qMy LT (2 —a) _, UyT?
D)y= ——— 1 A — 4+ M N;
2= Tavaa—ay <O T1A DG F ; (56)
4
D3 =M ZN,‘, (57)
i=1

qMu LT (2 — )
Dy=—""F"""""-(@2 @), 58
4 F(1+q(1—a))( +LLy) (58)

Since 1 — M >°7_| N; > 0, we have
%0 () = X (1) |l

D, !
<—|Dit)+—=+D t — )70l - ds|.
=1-D; |: 11y + a + 4/0 (t—s) | xXn(s) — Xm(s)lleds

By Lemma 5.6.7 in [35], we have that there exists a constant I such that

/ Dy
| xn (@) — xm (@) lle < [Dity + = 1K, (59)
1 A

_D3

taking supremum over [#y, 7'] and letting m — oo, we obtain

. D, /
lim sup | X0 (1) — xm(@la < aitoﬁ (60)

M=>00 tn>m,ty<t<T} D3)

As t(/) is arbitrary, therefore the right hand side may be made as small as desired by taking 7
sufficiently small. This completes the proof of the Theorem. O

Proposition 4.2 [fug € D(A), then there exist a Cauchy sequence x, € Bon [0, T] i.e.,
| X0 = xmll7.0 — O, (61)
asm,n — Q.

Proof Taking fo = 0 in the proof of Theorem 4.1, we replace the term (fo — 7))? (1_“)_1t(’) by

(1 - b1)q(1*°‘)*1t6]_0‘ in Eq. 52 and the constant U,(/) by the constant Ug from the Lemma
3.1 and Corollary 3.1. O

Theorem 4.3 Suppose that (A1)—(A4) are satisfied and ug € D(A®). Then, there exists a
unique x, € B, satisfying

@ Springer



Int. J. Appl. Comput. Math (2016) 2:269-289 281

xp (1) = Sq(H)uo + /Ot(l = )TVt = $) fu (s, X0 (), X0 (a(xn(5), 5)))ds
+Zp:Sq(t — )1 o (x,(8)), t €[0,T],
i=1
and x € B, satisfying
x(1) = Sq4(t)ug +/Ot(t — )T T, (1 = 5) f (5, x(5), x(a(x(s), $)))ds
+Zp:84(t — )i (x (%)), t €[0,T],
i=1

such that x, converges to x in B i.e., X, — x asn — oQ.

Proof Letug € D(A%).ForO <t <T,A%x,(t) - A%x(t) asn — ooand x(0) = x,(0) =
uq for all n. Also, fort € [0, T'], we have A%x,,(t) — A%x(t) asn — ooin H. Since x,, € B,
therefore it follows that x € B and

lim sup || xu(t) — x()]la =0, forany fo € (0, T]. (62)

n—>00 1T

Also, we have

I fu (2, 20 (0), X0 (a(xn (1), 1)) — f(2, x(2), x(a(x(2), D))l
< Lp2+ LLN X (@) = xDlle + L [II (P" = Dx(1)la
AT (P" = Dx(a(x (@), 1)lla] = 0, (63)

asn — 00. For 0 < 1y < t, we rewrite 30 as
to t
50 = Sy 00+ ([ + [0 =90 = 955060, @0, s
0 0]
14
+ DSyt = 1) L (X (1))

i=1

We may estimate the first integral as

1o MN
—1 q f -1
||/0 (t = )T Ty (t = 5) fu(s, Xu(8), Xp(@(x,(s), $))ds|| < mT" fo, (64)

Thus, we deduce that
p t
| 20 () = Sy (Do — D Sqt — 1) i (e (1)) — / (t = )17\ T,(t — 5)
i=1 fo

gMNy 4
X fu (8, X, (8), X (a(x,(5), 5)))ds| < [mT”’ ]to. (65)

Letting n — oo in the above inequality, we obtain
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P t

Ix(0) = 8,00 = 38,0 =01 x0) = [ =597 T =)

i=1 fo
X f (s, x(s), x(a(x(s), s))ds|l

qMNf q—1
= [m el }’0' (©0

Since 1y is arbitrary, we deduce that x satisfies the integral Eq. (17).
Now, we shall show the uniqueness of the solution to Eq. (17). Let x; and x> be the two
solutions of the (17). We have

00 -0l < [ = TN AT = 9 £ 31(5), 1 @ 5, )5)
— £, 120, 1a(@(a(s, ) s
F 318, — 0l B 6) — L)l
M2 — )
=T +q0-a)
/Ota s S Nl —

i=1

LrQ2+LL)N X1 — X270

(I =)l +4g(1 —a))

x| x1 — x2ll7, (67)

M2 — a)T41~ L
<[ w2~ o) LrQ+LL)+M D N

i=1

By Lemma 5.6.7 in Pazy [35], we obtain that

| x1 () —x2(0)|| = 0. (68)

Also, we have that .
| x1(®) —x2(0)| < AT,II x1(@) — x2() > (69)

0

From (68) and (69), we deduce that u; = u» on [0, T']. Hence, the theorem is proved. m]

Faedo-Galerkin Approximations

In this section, we consider the Faedo—Galerkin Approximation of a solution and show the
convergence results for such an approximation.

We know that for any 0 < T < Tp, we have a unique x € C7 satisfying the following
integral equation

x(t) = Sy (Hug +/ (r— s)q_l’];(t — ) f(s,x(s), x(a(x(s),s)))ds
0
)4
+ D8yt — )i (x (1)), (70)
i=1

forO <t < Tp.
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Also, we have a unique solution x,, € C§ of the approximate integral equation

t
X (1) = Sy (Hug —l—/ (t— s)q_l’ZZ](t —8) fu(s, x,(5), xp(a(x,(s), s)))ds
0

14
+ qu (t— ti)Ii,n(xn(ti))v
i=1
(71)

Applying the projection on above equation, then Faedo—Galerkin approximation is given by
v (1) = P™x, (1) satisfying

P"xp (1) = vy (1)
= Sg(O)P"uo + /Ot(t — )T (1 = $)P" fuls, xn(s), xn(@(xn(s), 5)))ds
+ i&,(r — 1)) P" I (xn (1)),
i=1
= Sg(O)P"uo + /Ot(t — )T T, (1 — ) P" £ (5, Va(8), Va(@(va(s), 5)))ds
+ zp:Sq(t — 1) P"I; (v, (7). (72)

i=1

Let solution x(-) of (70) and v, (-) of (72), have the representation

x(1) = zoti(t)]q%, a;(t) = (x(1), ¢i), i=0,1,2..., (73)
i=0

() = D (i, o (1) = Walt). i), i =0,1,2..., (74)
i=0

Using (74) in (72) and taking inner product with ¢;, we obtain a system of fractional order
integro-differential equation of the form

44
ﬁai"(t) + riaf (1) = FI'(t, a (1), aff (1)..., &) (1)), (75)
Aol () = Il (), k=1,...,p, (76)
o' (0) = i, 77

where

i=0 i=0

' =af (a (ag, af, ..., o (t))) , (719)
P n

I'= (Ik (Z zaf’(tk)@') : ¢i)7 (80)
k=1 i=1

¢; = (uo, ¢;), for i =1,2,...,n. (81)

For the convergence of ;' to o;, we have the following convergence theorem.
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Theorem 5.1 Let us assume that (A1) — —(A4) are satisfied and ug € D(A%). Then there
exist a unique function v, € B given as

13
v (1) = Sy (t) P"ug +/ (t — )1 Ty (t — ) fu(5, va(5), va(@(va(s), 5)))ds
0

V4
+ Syt — 1) P I (wa (1)), (82)

i=1

and x € B satisfying

t
x(t) = Sy (H)ug +/ (r— s)‘f_l’ZZI(t — ) f(s,x(5), x(a(x(s), s)))ds
0

14
+ Syt — t) Li(x (1)), (83)

i=1
fort € [0, Tol, such that v, — x as n — oo in BB and x satisfies the Eq. (17) on [0, Ty].

The system (75)—(77) determines the e;'’s. It can easily be investigated that

ALx (1) — v(1)] = A [Z(ai (") —af (t))qb,-:| =D M) —a )i, (84)

i=0 i=0

Thus, we conclude that

I ALx () — v = D27 (e () — e (1)) (85)

i=0

Theorem 5.2 Let us assume that (A1) — —(A4) are satisfied. Then, we have the following
results

(a) Ifug € D(A%), then

n
lim sup | D AF(ai(t) — e (1) | =0, (86)
>0 te[19, To) i=0
forany 0 <ty < Tp.
(b) Ifug € D(A), then
n
lim sup | D 27 (@i(t) — o (1)* | =0, (87)
0 1el0,70] | i,

forany 0 <t < T.

The statement of this hypothesis takes after from the facts specified above and the following
results.

Corollary 5.1 Assume that (A1) — —(A4) are satisfied. Then
(a) Ifug € D(A%), then

sup || vu (&) — vm (@)l — 0, as m,n — oo, (83)
t€lto, Tol

forany 0 <ty < Top < Thax-
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(b) Ifug € D(A), then

sup || v, (®) — v (@) le > 0, as m,n — oo. (89)
t€[0,To)

Proof Forn > mand 0 < o < v, we get

| v2(®) = VDl = | P"x,(t) = P" %0 (D)l
<P (®) = X Ole + 1 (P" = P™)xin () s

S xn@) — xm O lle + = |l AVxp (1] (90)

m
If ug € D(AY) then the result in (a) follows from Theorem 4.1, If ug € D(A), (b) follows
from Proposition 4.2. O

Application

In this section, we present an example to show the feasibility of our abstract result.
Let us consider following fractional differential equation with impulsive conditions in the
separable Hilbert space H

Y _ 0w Pu, wu, )+ H( (u, 1)), (u,1) € (0,1)
91 = P =+ u, w(u, =+ ,u, w(u, , (u, c s
1 1
« (0, 5) U (5, 1) , 1)
2w($)”

) = 2
wl,_1 P w ) (92)
w(0,1) = w(l,t) =0, (93)
w(x,0) = wo(u), ue,1), (94)

where 0 < ¢ < 1, H:R* x [0,1] x R — R is a nonlinear function which is measurable
in u, locally Holder continuous in first argument ¢, locally Lipschitz continuous in w and
uniformly in u#. The function P is given as

ﬁ(u,w(u,t))Z/O (G)(u, y)w(y, h()|w(y, )))dy, (95)

here, h : RT — R is assumed to be locally Holder continuous in ¢ with £(0) = 0 and
G e CI([0, 1] x [0, 1], R).
Now, we take H = L2((0, 1), R) and operator A as Aw = d?w/dx? with domain D(A) =
H?(0, 1)NH} (0, 1). Letar = 1/2, then Hyj» = D(A'/?) = H}(0, 1) is a Banach space with
norm |lwll12 := [[AY2w]|, for w € D(AY?) and H_1/» = (H} (0, 1)) = H1(0, 1) =
H'(0, 1) is dual space of the space Hj .
Now, for each u € (0, 1), we may consider the function f : RT x Hyp x H_1p - H
defined as B _

ft,w,2)(w) = P(u,z) + H(t,u, w), (96)

with P : [0, 1] x H_1/2 — H which is defined by

P(u,z) = /0 Gu, y)z(y)dy, 97)
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and H : R* x [0, 1] x Hij» — H fulfills following conditions
IH, w, w)| < Qu, )(1 + [lwlli/2), (93)

where Q(-,t) € H and Q continuous in its second arguments.
For w € D(A) and A € R with —Aw = Aw, we obtain

< —Aw,w >=< Aw, w >,

and ||w'||;2 = Allw| ;2. This gives that A > 0. Let w(u) = Cj sin(v/Au) + C; cos(v/Au)
be the solution of the equation —Aw = w” = Aw. We use the boundary condition and get
C> =0and A = A, = nn? for each n € N. Therefore, we get

wy () = Cysin(y/Ayu), text for each n € N, 99)

and < wy, wy, >=0, m #n, < wy, w, >= 1.
For w € D(A), there exists a sequence of real numbers {5, } such that

w) = D Buwa@), D (B> < +00, D () (B < +o00.

neN neN neN
We also have
APw) = Vanuwa), w e DA?) (100)
neN

with D", o An (Bn)? < +00. The semigroup S(r) have the following expression as

o0
Stw =D exp(n’t) < w,wy > wy, (101)

n=1

here, {w,},n =1, 2, - - - denotes the orthogonal set of eigenfunctions of f\ defined by the (99).
Now, we will show that (A2)-(A3) are verified. For (A2), we have that P : [0, 1] x H_12 —
H defined by

Pz, = [0z 0dy.
and z(u, t) = z(y, h(t)|z(y, t)]). Thus, for each u € [0, 1], we obtain

|P(u, 21 (u, ) — Pu, 22(u, )| s/o 1G(u, V)| - 1(z1 — 22)(y, )Idy,

< ”g”OO/O [(z1 = z2)(y, )ldy. (102)

Since z1, z2 € H'(0, 1). Therefore, applying the Minkowski’s integral inequality and getting
~ ~ Loy
Pl 21w0) — Pl 22 s ) = ||g||§<,/O /0 @1 — 2)(, )Pdxdy,

1
< ||9||go/0 yl(z1 — 22) (v, )IPdy,

< 1615 lz1 = 220720, (103)

Since we have

0 ~ “9
—Pu,z(u, ) =Gu, u)z(u, -) +/ 99 (u, u)z(y, )dy. (104)
ou 0 ou
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Thus, we estimate

3 ~ 0 ~ g
||£P(M, z1(u, -) — aP(u,ZQ(u, Mirzon = (”g”oo + ||£”oo) lz1 = z2ll 20,1

Therefore,
~ - ag
1P (u, z1(u, ) — P, z2@u, Nligioy < (20901 + IIEIIOO lz1 = z2ll 20,1y
aG
<291l + ||$||oo lzi = z22ll 10,1y

The assumption on H gives that there exist constants By > 0 and u € (0, 1] such that
IH (1w, wi) = Hsouw)l .1 < Ba(lt = s+ wi = wallga o)), (105)

forallt,s € [0,1],u € (0,1) and wy, wy € HOI(O, 1). Therefore, f : [0, 1] x HOI(O, 1) x
H'(0,1) — L2(0, 1) defined by f = P + H fulfills the assumption (A2).

Next, we will show that a : HO1 (0,1) x Rt — RT which is defined as a(w(u, t),t) =
h(t)|w(u, t)|, fulfill the assumption (A3). Fort € [0, 1]

la(w, )| = |h(®)|w(u, D],
= lhlloo % lwllee = l1flloollwll g1 0,1y (106)

In the above inequality, we have used the following embedding HO1 (0,1) C C[0, 1]. By the
Holder continuity of 2, we have that there exist L, > 0 and 6; € (0, 1] such that

|h(t) — h(s)| < Lplt —s|, t,5 €0, 1]. (107)
Furthermore, for wi, wy € H(} (0, 1), we have

la(wy, 1) —a(wz, )| = [h(0) [lwi @, O] — [wa(u, )] + (h (1) — h(s))wa(u, s)|,
< lhlloollws — walloo + Lalt = s1% w2l

IA

0
Illoollwt = wall 1.1y + Lalt — s w2lloo,

IA

max{lloo, Lallwzloo) (w1 = wall gy ., + It = s1°)

For wi, wa € D(A'/?), we have

2|fwy — 1
I1;(w1) — Li(w2) )2 < lwi —walliy2 <!
12+ w)@2+ w2 ~ 2

lwy —wall1y2.

Thus, all the results of this section to obtain the main results can be applied.
For the particular case, we can take following example

3
= 0,1
f, w@), wa(w(), 1)) @G +4° te[0,1],
lw(t; )|
Li(w(t)) = m

where L, = § Lp =3/16and L; = 1/9.
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