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Abstract Although a very vast and extensive literature including books and papers on the
Laplace transform of a function of a single variable, its properties and applications is available,
but a very little or no work is available on the double Laplace transform, its properties and
applications.This paper deals with the double Laplace transforms and their properties with
examples and applications to functional, integral and partial differential equations. Several
simple theorems dealing with general properties of the double Laplace transform are proved.
The convolution, its properties and convolution theorem with a proof are discussed in some
detail. The main focus of this paper is to develop the method of the double Laplace transform to
solve initial and boundary value problems in applied mathematics, and mathematical physics.
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Introduction with Historical Comments

‘What we know is not much. What we do not know is immense.” Pierre-Simon Laplace

‘The greatest mathematicians like Archimedes, Newton, and Gauss have always been
able to combine theory and applications into one.’

Felix Klein

In his celebrated study of probability theory and celestial mechanics, P. S. Laplace (1749—
1827) introduced the idea of the Laplace transform in 1782. Laplace’s classic treatise on La
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Théorie Analytique des Probabilities ( Analytical Theory of Probability) contained some
basic results of the Laplace transform which is one of the oldest and most commonly used
linear integral transforms available in the mathematical literature. This has effectively been
used in finding the solutions of linear differential, difference and integral equations.

On the other hand , Joseph Fourier’s (1768-1830) monumental treatise on La Théorie
Analytique de la Chaleur (The Analytical Theory of Heat) provided the modern mathematical
theory of heat conduction, Fourier series, and Fourier integrals with applications. In his
treatise, he discovered a double integral representation of a non-periodic function f(x) for all
real x which is universally known as the Fourier Integral Theorem in the form

fx) = i/oo eikx [/w f(s)e—fkédg] dk. (1)
2r —00 —00

The deep significance of this theorem has been recognized by mathematicians and mathe-
matical physicists of the nineteenth and twentieth centuries. Indeed, this theorem is regarded
as one of the most fundamental representation theorems of modern mathematical analy-
sis and has widespread mathematical, physical and engineering applications. According to
Lord Kelvin (1824-1907) and Peter Guthrie Tait (1831-1901) once said: “Fourier’s The-
orem, which is not only one of the most beautiful results of modern analysis, but may be
said to furnish an indispensable instrument in the treatment of nearly recondite question
in modern physics --- ”. Another remarkable fact is that the Fourier integral theorem was
used by Fourier to introduce the Fourier transform and the inverse Fourier transform. This
celebrated work of Fourier was known to Laplace, and, in fact, the Laplace transform is a
special case of the Fourier transform. It was also A. L. Cauchy (1789-1857) who also used
independently some of the ideas of the thoery of Fourier transforms. At the same time, S.
D. Poisson (1781-1840) also independently applied the method of Fourier transforms in his
research on the propagation of water waves. Although both Laplace and Fourier transforms
have been discovered in the 19th century, it was the British electrical engineer, Oliver Heav-
iside (1850-1925) who made the Laplace transform very popular by applying it to solve
ordinary differential equations of electrical circuits and systems, and then to develop modern
operational calculus in less rigorous way. He first recognized the power and success of his
operational method and then used it as a powerful and effective tool for the solutions of
telegraph equations and the second order hyperbolic partial differential equations with con-
stant coefficients. Subsequently, T. J. Bromwich (1875-1930) first successfully introduced
the thoery of complex functions to provide formal mathematical justification of Heaviside’s
operational calculus. After Bromwich’s work, notable contributions to rigorous formulation
of operational calculus were made by J. R. Carson (1886—1940), Van der Pol, (1892-1977),
G. Doetsch (1889—-1959) and many others.

Both Laplace and Fourier transforms have been studied very extensively and have found
to have a wide variety of applications in mathematical, physical, statistical, and engineering
sciences and also in other sciences. At present, there is a very extensive literature available
of the Laplace transform of a function f (¢t = x) of one variable + = x and its applications
(see Sneddon [1], Churchill [2], Schiff [3], Debnath and Bhatta [4]). But there is very little
or no work available on the double Laplace transforms of f(x,y) of two positive real variables
x and y and their properties and applications.

So, the major objective of this paper is to study the double Laplace transform, its properties
with examples and applications to functional, integral and partial differential equations.
Several simple theorems dealing with general properties of the double Laplace theorem are
proved. The convolution of f(x,y) and g(x.y), its properties and convolution theorem with a
proof are discussed in some detail. The main focus of this paper is to develop the method
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of the double Laplace transform to solve initial and boundary value problems in applied
mathematics, and mathematical physics.

Definition of the Double Laplace Transform and Examples

The double Laplace transform of a function f(x, y) of two variables x and y defined in the
first quadrant of the x—y plane is defined by the double integral in the form

F(p.g) = Lalf (. ] = LIL{fGy): x — phi vy — gl = LIF(p. y):y — q]
- / > / > fx,y)e P gdxdy, 2)
0 0

provided the integral exists, where we follow Debnath and Bhatta [4] to denote the Laplace
transform f(p) = L{f(x); x — p} of f(x) and to define by

Fp) = LU ) = /0 ¢ P f(x)dx, Re(p) >0, 3)

and £ = £, is used throughout this paper. Similarly, £l = [Zl_l is used to denote the inverse
Laplace transformation of f(p) and to define by

_ 1 c+ioo _
F) = LHF () = / P F(p)dp, ¢ 0. 4

270 Je—ico

Evidently, £; is a linear integral transformation as shown below :
o0 o0 :
Lo [ay fi(x,y) + a2 f2(x, y)] =/ / [a1 fi(x, y) + a2 fo(x, y)] e~ P dxdy
0o Jo
o o o0 o
= [ [ antye e axay s [ e v dndy
0o Jo 0o Jo

—a / h / " A e P dxdy 1 ay / ” / " hae, e P dxdy
0 0 0 0
=a1Lo[filx, ]+ alo[folx, ¥)], (5)

where a; and a, are constants. B
The inverse double Laplace transform £, ! [ fp, q)] = f(x, y)isdefined by the complex

double integral formula

' o] = re
1 c+ioo 1 d+ioco -
=-— e’ dp — e f(p,q)dq, ©)
2700 Je—ico 270 Ja—ioo

where f (p, q) must be an analytic function for all p and ¢ in the region defined by the
inequalities Re p > c and Re ¢ > d, where ¢ and d are real constants to be chosen suitably.

It follows from (5) that £, ! [ f (p, q)] satisfies the linear property

£ af (p.q) +b3(p. ) = a £3 ' 1f (p. )] + b L5 [3(p. )], %

where a and b are constants. This shows that £, 1'is also a linear transformation.
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Examples
(a) Iff(x,y) =1forx > Oandy > 0, then
- o o
f(p,q) = L2{1} :/ / e Pe™Pdxdy
0 0
oo o 1
:/ efpxdx/ e Pdy=L{l;x —> plL{l;y > q}=—. (8
0 0 P4
(b) If f(x,y) = exp(ax + by) for all x and y, then

o o
Lr{exp(ax + by)} = / / e~ (P e=@=b)y g x gy
0 0

= L{e™;x = pL(e”y — )
1

= 9
r— g —b) ©
(©)
) B 1
Lofexpli(ax + by)]} = G —ia)q—ib)
_ (p+ia)(g +ib) _ (pq — ab) +i(aq + bp) (10)
(p? +a>) (g% +b?) (p? +a>) (g% +b?)
Consequently,
B pq —ab
Lo{cos(ax + by)} = D@ (11)
: _ (ag +bp)
Lo{sin(ax + by)} = P+ D GEADD) (12)
(d)
Lalcosh(ax + by)] = % [£2(e %) 4 Lo+
! [ : + ! ] (13)
" 2lp—a)g-b)  (p+a)g+b)]
Similarly,
Lo[sinh(ax + by)] ! [ : : ] (14)
ax = — — .
? N lo—aa—-b " praG+b
©)
Lofe™ P fx, ) = f(p +a,q +b). (15)
Lo{(xy)"} = /00 e P x"dx /00 Y'e dy
0 0
_onl ol (a)? 16)

pn+1 qn+1 (pq)”'H ?

where n is a positive integer.
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(€
m!n!
m. n\y __
where m and n are positive integers.
(h) If a(> —1) and b(> —1) are real numbers, then
Fa+1) T'b+1)
Ly} = = ()
It follows from the definition of (2) that
o0 o
Lo{x%y"} =/ / e P¥AY x4 b dxdy
0 0
o0 o0
= / x“e_’”‘a'x/ e dy
0 0
which is, by putting px = s, and qy =t
1 o 1 <
:W/(; eésadS'W/o e tdt
r 1) Th+1
_Tla+1) TO+ )' (19)

patl ’ gh+1

where I"(a) is the Euler gamma function defined by the uniformly convergent integral

oo
I'(a) :/ s e Sds, a>0.
0

(20)

This example can be used to derive the celebrated integral representation of the product

of Riemann zeta functions ¢ (s) defined by

1
$(s) = -

It follows from (19) that

Or,

r o o0 oo
(j) -—(b) :/ / epxx”flefqyybfldxdy.
p q 0 0

Summing this result over p and q from one to infinity gives

1 >
T@> — T —

o0 o
=/ x471 Ze pxdx/ yb 1Z:e_qya,’y
0 i 0 o

:/oongl dx ooybfl dy
0 (e =1 Jo (e =1

2y

(22)
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Or,

d.x o0 b—1 dy
@ -1 Jo 7 @-1

(@) (@) (b) (b) = /0 a1

_L *© a—1 dx L e b—1 dy
C(“)'g(b)_r(a>/o e nrtwh Y e-np P

This is a double integral representation for the product of two zeta functions.

(i)

Lo [Jo(ay/xy)] = (24)

4
(4pg +a?)’

where Jo(z) is a Bessel function of zero order. We have, by definition (2),
o0 o0
La[Jo(ay/xy)] =/ / e~ PXFaY) Jo(a/xy)dxdy
0 0
o0 o0
= / e Pdy |:/ e_pxjo(a\/)Ty)dx:|
0 0
1 o0 i 2 1 4
=—/ e_q”exp(—i—y)dy= N = .

Similarly,

Lallo(ay/xy)] = ; (25)

(4pg — a?)

where I(z) is the modified Bessel function of order zero.
(G) If f(x,y) = g(x)h(y), then

Lol f(x, y)] = Lalg(x) - h(y)]
= /OO e P g(x)dx /00 e Ph(y)dy
o 0
= g(p) h(q). (26)
In particular,
r [;} T o7
L] v
(k)

(GG
o () (R o

By definition (2),

o () [ o ()
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which is, using item 87 of Table B-4 of Debnath and Bhatta [4],

= é/oooe*px (1 —efx‘/a) dx

11 1 1
g [p p+«/§} I NCIVESNO)
Similarly, it is easy to prove (28b).
A table of double Laplace transforms can be constructed from the standard tables of Laplace
transforms by using the definition (2) or directly by evaluating double integrals. The above
results can be used to solve integral, functional and partial differential equations.

Existance Condition for the Double Laplace Tranform

If f(x,y) is said to be of exponential order a (> 0) and b(> 0) on 0< x < 00,0 < y < 00, if
there exists a positive constant K such that forall x > Xandy > Y

If(x, )| < K e Tby (29)

and we write
fx,y)= 0 () asx — oo, y — oo. (30)

Or, equivalently,

lim e 7P | f(x, y)l

X—>00,y—>00

=K lim e @By =0 o>a, B>b. (31)

X—00,y—00

Such a function f(x,y) is simply called an exponential order as x — o0, y — 00, and
clearly, it does not grow faster than K exp(ax 4 by) as x — 00,y — o0.

Theorem 2.1 If a function f{(x,y) is a continous function in every finite intervals (0,X) and
(0,Y) and of exponential order exp(ax + by), then the double Laplace transform of f(x,y)
exists for all p and q provided Re p > a and Re g > b.

Proof We have

)= /0 /0 P f(x, y) dxdy]

o o0
<K / o (P gy / eYaD) gy
0 0

_ K
(p—a)g—b)
It follows from this (32) that

forRep > a,Req > b. (32)

lim |f(p.q)l=0,0r lim f(p,q)=0.
,g—>0Q ])*)OO,q*)OO

P—>0.q9

This result can be regarded as the limiting property of the double Laplace transform. Clearly,
f (p, q) = pq or p*> + g2 is not the double Laplace transform of any function f(x,y) because
F(p, q) does not tend to zero as p — 0o and q — o0. O
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On the other hand, f(x,y) = exp(ax? + by?), a > 0, b > 0 cannot have a double Laplace
transform even though it is continuous but is not of the exponential order because

lim  exp(ax® + by> — px — qy) = . (33)
o

X—>00,y—>

Basic Properties of the Double Laplace Transforms

Using Debnath and Bhatta [4], we can prove the following general properties of the double
Laplace transform under suitable conditions on f(x, y):

@ L2y = F(pag+b), (34)
1 -
®)  Lolf@) by =—7(2)g(7). a>0b>0. (35)
1 - 1
©  Llf0l=_f().  LlsO)] = 2. (36)
1 _ _
@ Llfe+nl=—— [F(p) - F@]. 37)
1 _ _
@ Lolfx—y]=——[f(p)+ f(g)]. when f iseven. (38)
p+q
= ﬁ [f(p) = f(@)]. when f is odd. (39)
1 _ _
O LIf@HE=N= [f(p) - Ffp+a)]. (40)
1 _
® Llf@HY-= [Fr+a)]. 1)
1 _
0 Llf@HE+)I= [F(»]. 42)
1
(i) Lo[Hx—y)]= . put f(x) = lin (40). 43)
p(p+q)
9 _
() Lo [8—”] = pi(p,q) — i1 (q), (44)
X
where i(p, q) = L [u(x, )], it1(q) = L[u(0, y)].
0 _
&) Lo [5] = qu(p,q) —ix(p), whereiir(p) = L [u(x,0)]. 45)
321/[ 2 = - -
O Lz [ﬁ} =p-u(p,q)— pui(q) —us(q), (46)
where u3(q) = L [ux(0, y)].
92 -
m) L [a—yﬁ] =q%ii(p, q) — qiir(p) — ita(p), @7)
where i14(p) = L [uy(x,0)].
92 -
n) L2 [a—”} = pqii(p,q) — qit1(q) — piia(p) + (0, 0), (48)
xay

where L [uy(x,0)] = pus(p) — u(0, 0) is used.
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(0)
Theorem 3.1 If L[ f(x, y)] = f(p, q), then

Lolf(x—&y—mHE—& y—ml=e7 f(p,q), (49)

where H(x, y) is the Heaviside unit step function defined by H(x — a,y — b) = 1 when
x>aandy >b:andH(x —a,y —b) =0whenx <aandy < b.

Proof We have, by definition,
Lolfx =& y—mHx—-§ y—n)]

oo o0 !
:/0 /0 e TP f(x —&, y—mH(x —§ y—mndxdy
o0 o0
N / / e P f(x =& y —mdx dy
§ n
whichis, by puttingx —§ =1,y —n =3,
o0 o
= e—pé—qn/ / e PTTY f(r,s)dT ds
0 0
= P f(p,g).

(P)

Theorem 3.2 Iff(x,y) is a periodic function of periods a and b, (that is, f(x +a,y +b) =
f(x,y) forall xandy), and if Lo{f (x, y)} exists, then

_ a b
Lz{f(x,y)}z[l—e*w*qb] 1/0 /O e~P¥D f(x, y)dx dy. (50)

We have, by definition,

La{f (v, y)) = /0 /0 P f(x, y)dx dy

a b [ Ryere}
= / / e P9 f(x, y)dx dy +/ / e P f(x, y)dx dy
o Jo a Jb

Setting x = u 4+ a, y = v + b in the second double integral, we obtain

\II

a b S
(PJ]):/ / e P f(x, y)dx dy+/ / e P71 f(u+a, v+ b)du dv
0 JO 0 0
a b oo oo
:/ / e P f(x, y)dx dy—l—e’p“"’b/ / e P71 f(u, v)du dv
0 JO 0 0

a b _
- / / P f (e, y)dx dy + e P F(p. ).
0 0

Consequently,

= -1 pa b
O L I A e e

This proves the theorem of the double Laplace transform of a periodic function.
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Convolution and Convolution Theorem of the Double Laplace Transforms

The convolution of f(x, y) and g(x, y) is denoted by (f * *g)(x, y) and defined by

X y
(f *5@)(x, ¥) =/0 /0 FOr—&, v — ) g€, n) ddn. (51)
The convolution is commutative, that is,

(f *xg)(x, ) = (g% *f)(x, y). (52)

This follows from the definition (51). It can easily be verified that the following properties
of convolution hold :

[f *=x(g*xxh)](x,y) = [(f **g) *x*xh](x,y) (Associative), (53)
[f xx(ag + bh)](x,y) = a(f x*xg)(x,y) + b(f *x*xh)(x,y) (Distributive), (54)
(f x#8)(x,y) = f(x,y) = (@ *xf)(x,y), (Identity), (55)

where § (x, y) is the Dirac delta function of x and y. By virtue of these convolution properties,
it is clear that the set of all double Laplace transformable functions form a commutative
semigroup with respect to the convolution operation **. This set does not, in general, form
a group because f g ~! does not have a double Laplace transform.

Theorem 4.1 (Convolution Theorem). If Lo{f(x,y)} = f:(p,q), and Lr{g(x,y)} =
8(p. q), then

Lol(f *%8)(x. )] = Lol f (x, MIL2lg . 1)) = F(p. ) §(p. ). (56)

Or, equivalently, .
L' (. a) 8(p. )] = (f **g)(x, ). (57)

where (f *xg)(x, y) is defined by the double integral (51) which is often called the Convo-
lution integral (or Faltung) of f(x,y) and g(x, y). Physically, (f % *xg)(x, y) represents the
output of f(x,y)and g(x, y).

Proof We have, by definition,

Lo[(f * %g)(x, y)] =/O /0 e P (f % xg)(x, y)dxdy

00 00 Xy T
= / / e Py [/ / fx =&, y—mng& ndédn|dxdy
0 0 0 0 J

which is, using the Heaviside unit step function,

geel

_ / / e*f’“”'[/ / Flx—Ey—m) HGx — £,y — mg(&. mdédn | dxdy
0 0 0 0 u

=/ / ¢(&. mdedy [/ / P f(x — £y — ) Hx— £,y — ) | dxdy
0 0 0 0 i
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which is, by Theorem 3.1,

= /OOO /Ooog(é, n) - e PEI f(p, q)dédn
=fwa [ [ e mge nazan
= f(p. D& ).
This completes the proof of the convolution theorem.
Corollary 4.1 If f(x, y) = a(x) b(y) and g(x. y) = c(x) d(y), then
Lo[(f *xg)(x, )] = L{(a * c)(x)}L{(b * d)(¥)}.

Or, equivalently,

£, )3(p. @) = a(p)b(p)éq)d(q),

where (f *8)(x) =/0 fx —§)g()ds and

LIS *g)(x)} = f(p)g(p) (see Debnath and Bhatta [4].

We prove (52) and (53) by means of convolution Theorem 4.1.
We apply £ to the left hand side of (52) so that by Convolution Theorem 4.1

Lo[(f **g)(x, y)] = f(p, 9 g(p.q) = g(p, q)f(p, q)
= Lo[(g **f)(x, y)].

Application of £; ! to both sides of (60) gives

(f x*g)(x,y) = (g**f)(x,y).

(58)

(59)

(60)

Similarly, we apply £, to the left hand side of (53) and use the convolution theorem (4.1) so

that

Lo f **(g **xh)(x, y)]
= f(p,q) - Lal(g * xh)(x, V)]
= f(p.q) - g(p.)h(p.q)

=[f(p.q9) - &(p. I (p. q)
= Lo[(f *xg)(x, Y)I - Lalh(x, y)]
= Lo[{(f **g)(x, )} * xh(x, y)]
= Lo[{(f * xg) * xh}(x, y)].

Application of £, Yo (61) proves the associative property (53).

(61)
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Applications of the Double Laplace Transforms to Functional and Partial
Differential Equations

Functional Equations
Cauchy’s Functional Equation

This equation has the standard form as

fx+y) =fx)+ ), (62)

where f is an unknown function.

We apply the double Laplace transform f (p,q) of f(x,y) to(62) combined with (36) and
(37) to obtain
Lolfx+0]=Lalf O]+ L2l f ()]

or,

1 _ _ 1 - 1 -
— [f@-f»]=-Ffp)+ - f@ (63)
pP—q q p
that is,
_ 1 1 _ 1 1
f@ﬂ7+4——]=f@ﬂ————f]
q pP—q pP—q P

Simplifying this equation, we get
P’ fp)=4> f (@), (64)

where the left hand side is a function of p alone and right hand side is a function of ¢ alone.
This equation is true provided each side is equal to an arbitrary constant k so that

P f(p) =k

The inverse transform gives the solution of the Cauchy functional equation (62) as
f(x) =kx, (65)

where k is an arbitrary constant.

The Cauchy-Abel Functional Equation

This equation for an unknown function f(x) has the form

f&x+y)=f@fO). (66)
We apply the double Laplace transform to (66) with (35) and (37) to obtain

Lolf(x+ ] = L2[f(x)fD],
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or,
1 _ _ _ _
F— [F(@) - F(»]=Fp)f @) (67)
Simplifying this equation leads to the separable form

1-pfp) _ l—qf(q).

= = (68)
f(p) (@)
Equating each side to an arbitrary constant k, we obtain
- 1
= 69
f(p) Pk (69)
Thus, the inverse transform gives the solution as
fx) =e . (70)
Partial Differential Equations
(a) Solve the equation
auy +buy, =0, (71)
with
ux,0) = f(x), x>0; u(0,y) =0, y > 0. (72)
Application of the double Laplace transform L:t(p,q) of u(x,y) to (71) gives
a Lolux] + b Loluy] =0.
Or,
alp a(p, q) — LI, Y11+ b(g u(p, q) — Llu(x,0)]) = 0.
Or,
(ap +bq)u(p,q) =bf(p).
Or,
w(p.q) = f(p) T—a— (73)
(a+7% p)
The inverse Laplace transformation wih respect to q gives
_ - ap
i(p.y) = f(p) exp (=) (74)
The inverse transformation with respect to p yields the solution
1z ap ay .
ulx,y)=°L {f(p) exp (—?y) } =f(x)*$§ (x - ?) , by the convolution theorem,
g ay ay
_ _ 5(_7)(1 - _7). 75
/Of(xt)tbtf(xb (75)
(b) Solve the first-order partial differential equation
Uy = Uy, ux,0)=fx), x>0, u@©,y)=g(), y>0. (76)
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Applying the double Laplace transform to equation (76) gives

Loux]l = Lo [uy]
pi(p,q) — i1 (q) = qu(p, q) — it2(p)
- ui(q) — uz(p)
u(p,q) = ———,
P—q

where

ur(g) = L{u(, y)} = L{g(y)} = &(q),
i2(p) = L{u(x,00} = LIf ()} = f(p).

Thus, inverting, we have

ii(q) — ﬁz(p)] . a7

u(x,y) =Ly [i(p, )] = £5' [ p—

In particular, if u(x,0) = 1 and (0, y) = 1, so thatit;(¢) = 1/q and ua(p) = 1/p, then

= /g —1 1
i = LI L (78)
P—q Pq
Thus, the inverse of the double Laplace transform gives the solution
a1
ux,y)=~Ly, |—1 =1 (79)
P4q
(b) D’ Alembert’s Wave Equation in a Quarter Plane The standard wave equation is
Cuyy =uy, x>0, t>0, (80)
ux,0)=fx), ux,0)=gkx), x>0, D)
u(0,71) =0, uy(0,1)=0. (82)
We apply the double Laplace transform i(p, ¢) = £ [u(x, t)] defined by
_ o0 o0
i = [ [ uene v, (83)
o Jo
to the wave equation system (80)—(82) so that
L [ur O, 0] = L [ (x, 1)]
[P ap.g) = p L{u(©0, 0} = £ {ux(0,0)}]
=q> i@(p.q) —q L{ux, 0)) = L {u(x,0))
(p® =a*) u(p.q) = —[af () +&(P)].
Or, ~
= (r)+5)
i(pq) = LD EED) (84)
q-—cp
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The inverse of the double Laplace transform gives

1 c+ioo . g(p) )
u(x,1) = — el | f(p)coshept + sinh cpt | dp
270 Je—ioo cp

1 . _
=§£ l{ecpl+e cpt}

+ zi £—] [@ (ecpt _e—cpt)]
¢ p

1
= E[f(x-l—ct)%—f(x—ct)]
+ i |:£*1 [@ eCPf] + E*l (@ e*CPI]]
2c p p
1
= E[f(x—i—ct)—l—f(x—cl)]

1 X—+-ct x—ct
+ — [/ g(vydr —/ g(t)dr] .
2c 0 0

1 1 x+ct
u(x,t) = 3 [f(x+ct)+ fx —ct)] + Z/ g(ridr. (85)
x—ct

Hence,

This is the celebrated D’ Alembert solution of the wave equation, where we have used

e f(p)} = f(x+a) andL”! |%] = /t g(r)dr.
0

(c) Fourier’s Heat Equation in a Quarter Plane
The standard heat equation is

U = K Uyy, x>0, >0, (86)
u(x,0) =0, u,1t)=2Typ, x>0,1t>0, (87)
uy(0,0) =0, t >0, u(x,t) > 0asx > (88)

where Ty is a constant.
We apply the double Laplace transform defined by (83) to (86) with the conditions (87)—
(88) to obtain

Lo [us] = Lo [Uuxx]
qit(p. q) — L{u(x,0)} = k [p*i(p, q) — pL{u(0, )} — L {ux(0,1)}].

Thus, we have

(89)
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The inverse of the double Laplace transform gives

u(x, t) = 2T()£2_1 [q(pzp—q)]

K
1
= 2T0£’1 [f cosh ( g) x]
q K
= TO['_] [l (e\/?x +e—ﬂX)] .
q
The first term above vanishes because of u(x, 1) — 0 as x — oo. Hence,
1
uCx,t) = ToL™" [f e—«/?)‘] . (90)
q

Now inversion yields the solution

X
u(x,t) = Tyerfc . 91
(x,1) =To ( 3 m) oD
(d) Two-dimensional heat conduction problem for the temperature distribution u(x, y, ) in
the regionx > 0, 0 <y < b, witht > 0
The governing equation with the initial and boundary conditions is given by

9%u 9%u du
K(ﬁ—{—a—yz)zg, x>0,0<y<b,t>0, (92)
u(x,y,t =0) =uglx,y), x >0,0 <y <b, (93)
ux=0,y,1t) =wo(y,t), 0 <y <b, t >0, (94)
ulx,y=0,1) =0, x>0,t>0, 95)
ulx,y=>b,t)=1, x>0,¢t>0, (96)
(a—u) = w1 (x, y) = unknown. 97

ox /) ,.—o

We apply the double Laplace transform with respect to x and ¢ in the form

o0 o0
i(p,v,q) = Lo{u(x, v, )} =/ / e P4 y(x, y, tdxdt, (98)
0 0

so that the above initial and boundary value heat conduction problem becomes

d*u

Ctoti=in(yg. ol =p -1, (99)
dy? K
= - 1
u(p,y,q) =0, y=0; u(p,y,q)=—, y=b. (100)
pq
It turns out that the solution of (99)—(100) is given by
- 1 sinoy sinoy oy b _
u(p,y,q) = — = - — - — sin(b — nwi(n, q)dn
pq sincb osinob osinob J,

sina(b—y) [ . _
- sinon wi(n, g)dn. (101)
osinogb )y

@ Springer



Int. J. Appl. Comput. Math (2016) 2:223-241 239

Following Jaeger’s method of evaluation of (101) based on the theory of residues (see Debnath
and Bhatta [4]), we obtain the solution in the form

u(x,y, t) = % %Z (=" exp (_mix)

= n b
o 2 n?n? sin Ax dA
exp §—kt | A7+ 0 ) . (102)
2 n’m
0 A(k + 22 )

(e) Two-dimensional heat conduction initial and boundary value problem for the temper-
ature distribution u(x, y, t) in the region x > 0, 0 <y < b with¢ > 0.

The governing initial and boundary value problem for the temperature distribution
u(x,y,t)yintheregionx >0, 0 <y < bis

Pu, D) _ o 0 b, 10 (103)
Kl—+—)=—, x>0, 0<y<b, t>0,
a2 " 9y2) T B Y
ulx,y,t =0)=uolx,y)=1, x>0, 0<y<b, (104)
u(x,y,t) =0 wheny=0andy=>b, x >0andt > 0, (105)
ux=0,y,1) =wo(y,t) =0, 0<y<b, t >0, (106)
ou
(—) = w1 (y, t) = unknown. (107)
dx x=0

We apply the double Laplace transform (98) so that the transformed system of (103)-(107)
becomes

d*u 1, .,
d2+<7 i =wi(y, q)——p o =p°—

i(p,y,q) =0when y=0andy=>b. (109)

ERS

, (108)

Thus, the solution of (108)—(109) is given by

sinocy —sinob +sino (b — y) sinoy

b
u(p,y,q) = / sino (b —n) wi(n, ¢)dn
y

kpo?sinah osinob
sino (b —y)

y
. sinon wi(n, g)dn. (110)
osinogb )y

We follow Jaeger’s method of evaluation based on the theory of residues to obtain the solution

o0

8 1 . 2n +1
u(x,y, t) = Z2n—|—1 m’( 5 )er]
A 2n + 1)1
/0 sm}L xexp [—Kt{)»z-l-%ud)“ (111)

I_n particular, when uo(x,y) = x, x > 0, 0 < y < b, we can obtain the solution for
u(p,y,q), and then the solution u(x, y, t) can be obtained by inversion in the exact form

2.2
w(x, y, 1) = 4"2(2 1+1) sm(2n+1)( )exp[ Kt[%]]' (112)
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Solution of Integral Equations by the Double Laplace Transform

We consider a double integral equation of the form

x oy
f(x,y>=h(x,y)+x/0 /0 Flx— .y — n)g(&, mdedn, (113)

where f (-, -) is an unknown function, X is a given constant parameter, i (x, y) and g(x, y)
are known functions. _

We apply the double Laplace transform f (p,q) = L[ f(x, y)] defined by (2) so that the
convolution integral equation reduces to the form

T q) = h(p.q) + A Lal(f % %g)(x, y)]

which is, by the convolution Theorem 4.1,

F(p.a) = h(p. ) + 1 (p. 9&(p. q). (114)
Consequently, )
= ]:l(p’ 61)
q) = —————. 115
.9 i) (115)

The inversion of the double Laplace transform gives the solution of (114) in the form

E N = =
fl,y) =£L5" _tpa) | ;' h(p. q) - m(p, 1, (116)
1 —2xg(p,q)
X y
=/0 /O h(x — £,y — mm(E, n)dedy, (117)
where m(p, q) = 1_)@17(1“1).

Thus, we obtain the formal solution of the original integral equation (113). It is necessary
to obtain the inverse of the double Laplace transform for the explicit representation of the
solution (116).

We illustrate the above method by simple examples.

(a) Solve the integral equation

Floy) =a— A/O /O F(&. mydidn, (118)

where a and A are constant.
We apply the double Laplace transform to (118) so that

F(p.q) = Lala) — ALo[1 % f(x, Y)]

or,
= a )\, =
fp.q) =— ——f(pg).
Pqa pq
Thus,
Fp gy =—= (119)
P-4 pg+ A
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The inverse double Laplace transform of (119) gives the solution

] =aJo(2\/Axy). (120)

o
f(xvy)_aﬁz ’pq‘i")\.

(b) Solve the integral equation

X y
A A.ﬂx—&y—nﬁ@,m&dnza% (121)

where a is a constant.
Application of the double Laplace transform to (121) gives

2
= a
g =—.
Pq
Or,
fp=a-—
pq)=a-——.
v P4
Using the inverse of the double Laplace transform yields the solution of (121)
1 a 1
ﬂ&WZaEJL—f]Zf : (122)
> lvra] o oyxy

Concluding Remarks

Some simple examples and applications of the double Laplace transform are discussed in
this paper. Some advanced problems in fluid dynamics and elasticity dealing with integral
and partial differential equations will be discussed in a subsequent paper.
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