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Abstract

The aim of this paper is threefold. First we display solutions of the cubic nonlinear
Schrodinger equation on R in link with initial data a sum of Dirac masses. Secondly
we show a Talbot effect for the same equation. Finally we prove the existence of a
unique solution of the binormal flow with datum a polygonal line. This equation is
used as a model for the vortex filaments dynamics in 3-D fluids and superfluids. We
also construct solutions of the binormal flow that present an intermittency phenomena.
Finally, the solution we construct for the binormal flow is continued for negative times,
yielding a geometric way to approach the continuation after blow-up for the 1-D cubic
nonlinear Schrédinger equation.

Keywords Vortex filaments - Binormal flow - Nonlinear Schrodinger equations -
Singular data - Talbot effect
1 Introduction

We first present the binormal flow framework and the obtained results. Then in §1.2
we describe the 1-D cubic nonlinear Schrédinger equation results.

1.1 Evolution of Polygonal Lines Through the Binormal Flow and Intermittency

Vortex filaments in 3-D fluids appear when vorticity is large and concentrated in a
thin tube around a curve in R3. The binormal (curvature) flow, that we refer hereafter
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as BF, is the classical model for one vortex filament dynamics. It was derived by Da
Rios 1906 in his PhD advised by Levi-Civita by using a truncated Biot—Savart law
and a renormalization in time ([18]). The evolution of a R3-curve x (t) parametrized
by arclength x by the binormal flow is

Xt = Xx N Xxx- (1)

Keeping in mind the Frenet’s system for the frames of 3-D curves composed by tangent,
normal, and binormal vectors (T, n, b)

T 0 ¢ O T
n = —c 01 n .
b 0 —70 b

X

where ¢, T are the curvature and torsion, the binormal flow can be rewritten as
Xt =cb.

BF was also derived as formal asymptotics in [1], and in [12] by using the technique of
matched asymptotics in the Navier—Stokes equations (i.e. to balance the cross-section
of the tube with the Reynolds number). In the recent paper [27], and still under some
hypothesis on the persistence of concentration of vorticity in the tube, BF is rigorously
derived; moreover the considered curves are not necessarily smooth. This is based on
the existence of a correspondence between the two Hamilton—Poisson structures that
give rise to Euler and to BF.

Existence results were given for curves with curvature and torsion in Sobolev spaces
of high order ([21,26,34,42]), and more generally existence results for currents in the
framework of a weak formulation of the binormal flow ([28]). Recently, the Cauchy
problem was shown to be well-posed for curves with a corner and curvature in weighted
space ([3]).

An important feature of BF is that the tangent vector of a solution y (¢) solves the
Schrodinger map onto S?:

T, =T A Tyx.

Furthermore, Hasimoto remarked in [26] that the function, that he calls the fila-
ment function, u(f, x) = c(t, x)e' o ©(t:9)ds satisfies a focusing 1-D cubic nonlinear
Schrodinger equation (NLS).! Hasimoto’s transform can be viewed as an inverse
Madelung transform sending Gross—Pitaesvskii equation to compressible Euler equa-
tion with quantum pressure. It is known that in order to avoid issues related to vanishing
curvature, Bishop parallel frames ([7,34]) can be used as explained in §4.3.

Several examples of evolutions of curves through the binormal flow were given find-
ing first particular solutions of the 1-D cubic NLS and then solving the corresponding

! The defocusing 1-D cubic Schrodinger equation is achieved if the target of the Schrodinger map equation
is the hyperbolic plane H2 instead of the sphere S
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Frenet equations. Some of these examples are consistent at the qualitative level with
classical vortex filament dynamics as the line, the ring, the helix and travelling wave
type vortices. A special case are the self-similar solutions of the binormal flow. They
are constructed from the solutions

)
.

o (1, %) = 0 ——— = e 8y(x) )

Jamit

of the 1-D cubic NLS equation, renormalized in a sense specified in §1.2, with a Dirac
mass ado at initial time. These BF solutions are of the type x (t, x) = «/?G(%), and

form a a l-parameter family {x,, @ > 0}, with x,(¢#) characterized by its curvature
co(t,x) = % and its torsion T, (f, x) = % These solutions were known and used for
quite a while in the 80’s ([11,36,37,50]). The existence of a trace at time ¢t = 0 was
proved rigorously in [25], and in particular it was shown that x4 (0) is a broken line
with one corner having an angle 0 satisfying

. (0 e
sin <§> =e "7, 3)

In particular the Dirac mass at the NLS level corresponds to the formation of a corner
on the curve, but the trace adg of the filament function is not the filament function 64
of x,(0). This turns out to have relevant consequences regarding the lack of continuity
of some norms at the time when the corner is created. In [4] it is proved the || ﬁ( oo
is discontinuous at that time. The same proof works if instead of this norm it is used
the following one

A+
sup/ Ty (x, 1)|* dx,
Jj Janj

that fits better within the framework of Theorem 1.4, because due to the Frenet equa-
tions 7, it is at the same level of regularity as the corresponding filament functions
that solve NLS.

We shall now turn our attention precisely to the evolution of curves that can generate
corners in finite time. The case of the formation and instantaneous disappearance of
one corner is now well understood thanks to the characterization of the family the
self-similar solutions, and the study in [3] of the evolution of non-closed curves with
one corner and with curvature in weighted L? based spaces. On the other hand, a
planar regular polygon with M sides is expected to evolve through the binormal flow
to skew polygons with Mg sides at times 7, ; = % for odd ¢, see the numerical
simulations in [23,28], and [19] where the integration of the Frenet equations at the
rational times ¢, , is also done.

In the present paper we place ourselves in the framework of initial data being
polygonal lines. The results presented are an important step forward to fill the gap
between the case of one corner and the much more delicate issue of closed polygons.
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Theorem 1.1 (Evolution of polygonal lines through the binormal flow) Let xo be
an arclength parametrized polygonal line with corners located at x € 7, with the
sequence of angles 6, € (0, ) such that the sequence defined by (cf. (3))

\/—%log <sin <%">>, 4

belongs to 1>3. Then there exists x (t), smooth solution of the binormal flow (1) on
t # 0 and solution of (1) in the weak sense on R, with

Ix(t, x) — xo(x)| < Cvt, VxeR,|t] <1.

Remark 1.2 Under suitable conditions on the initial data x, the evolution can have an
intermittent behaviour: Proposition 3.2 insures that at times ¢, ;, = %g the curvature

of x(¢) displays concentrations near the locations x such that x € éZ, and x(¢) is
almost a straight segment in between.

Remark 1.3 There is a striking difference with respect to the case of a polygonal
line with just one corner in the following sense. The trajectory in time of the corner
located at (¢, x) = (0, 0) of a self-similar solution, x (¢, 0), is given by a straight line
for t > 0, as the Frenet frame of y,(¢) is constant at x = 0. In §4.11 we show that
for the evolution of a polygonal line with several corners the trajectory of each corner,
as t goes to 0, is a logarithmic spiral. Therefore, the presence of another corner on a
nonclosed curve immediately creates a modification of the trajectory.

The proof goes as follows. In view of (3) and Hasimoto’s transform we consider
an appropriate 1-D cubic NLS equation with initial data

> b,

keZ

with o complex numbers defined in a precise way from the curvature and torsion
angles of xo. Theorem 1.4 gives us a solution u(¢) on t > 0. From this smooth
solution on ]0, co[ we construct a smooth solution x(z) of the binormal flow on
]0, oo[, that we prove it has a limit x(0) at + = 0. Then the goal is to show that
modulo a translation and a rotation yx (0) is xo. This is done in several steps. First we
show that the tangent vector has a limit at # = 0. Secondly we show that this limit is
piecewise constant, so x (0) is a segment for x €]n,n + 1[, Vn € Z. Then we prove,
by analyzing the frame of the curve through paths of self-similar variables, that x (0)
presents corners at the same locations as xg, of same angles as xo. We recover the
torsion angles of xo by using also a similar analysis for modulated normal vectors

~ iy \a-lzlogx;j .
N(t,x) =e =7/ Vi N(t, x). Therefore we recover xo modulo a translation
and a rotation. This translation and rotation applied to x (¢) give us the desired solution
of the binormal flow for # > 0 with limit x¢ at # = 0. Uniqueness holds in the class of
curves having filament functions of type (10). Using the above recipe to construct the
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evolution of a polygonal line for # > 0 we can extend y (¢) to negative times by using
the time reversibility of the equation.

1.2 The Cubic NLS on R with Initial Data Given by Several Dirac Masses

We consider the cubic nonlinear Schrédinger equation on R
: L5
zatu+Au:|:§|u| u=0. %)

We first recall the known local well-posedness results, starting with what is known
in the framework of Sobolev spaces. The equation is well-posed in H*, for any s > 0
([14,22]). On the other hand, for s < 0 the Cauchy problem is ill-posed: in [29]
uniqueness was proved to be lost by using the Galilean transformation, and in [16]
norm-inflation phenomena were displayed. We note that the threshold obtained with
respect of the scaling invariance Au(02t, Ax) is H _%. For s < —% the presence of
norm inflating phenomena with loss of regularity was pointed out in [13,31], and also
norm inflation around any data was proved in [43]. Finally a growth control of Sobolev
norms of Schwartz solutions for —% < s < 0 on the line or the circle was shown in
[30] and [33].

On the other hand well-posedness holds for data with Fourier transform in L?
spaces, p < 400 ([15,24,53]). A natural choice would be to consider initial data with
Fourier transform in L, as this space F (L) it is also invariant under rescaling.

We shall now focus on the case of initial data of Dirac mass type. Note that the

Dirac mass is borderline for H -3 and that it belongs to F(L°°). For an initial datum
given by one Dirac mass, u(0) = ady, the equation is ill-posed. More precisely, it is
showed in [29] by using the Galilean invariance, that if there exists a unique solution
it should be for positive times

a2 . x2
e:;:t%logﬁﬂi—t

At

and then the initial datum is not recovered. We note here that this issue can be avoided
by a simple change of phase that leads to the equation

o

idu+ AuEl (juf? —A®)u=0,
u(0) = ady,

with A(t) = %. With this choice the equation has as a solution precisely the funda-
mental solution of the linear equation u,, (¢, x) introduced in (2). Adding areal potential
A(t) is a very natural geometric normalization, as the BF solution constructed from
a NLS solution u (¢, x) is the same as the one constructed from e/?Vu(t, x), see §4.3.
This type of Wick renormalization has been used in the periodic setting in previous
works as in [9,15,44] and [45], although the motivation in these cases came just from

the need of avoiding some resonant terms that become infinite.
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However, even with this geometric renormalization the problem is still ill-posed,
in the sense that small regular perturbations of u, (¢) at time t = 1 were proved in [2]
to behave near 1 = 0 as uy (r) + ¢/ 108! f(x) for some f € H L Therefore there is a
loss of phase as t goes to zero.

This loss of phase is a usual phenomena in the setting of the nonlinear Schrédinger
equations when singularities are formed, and it is of course a consequence of the gauge
invariance of the equation. How to continue the solution after the singularity has been
formed is therefore an important issue that appears recurrently in the literature, see
for example [10,38—40].

In [3] we found a natural geometric way to continue the BF solution after the
singularity, in the shape of a corner, is created. As BF is time reversible, to uniquely
continue a solution for negative times requires to get a curve trace x (0) at+ = 0
and to construct a unique solution for positive times, having as limit at ¢t = 0 the
inverse oriented curve x (0, —s). Note that using just continuity arguments and the
characterization result of the self-similar solutions that was proved in [25] one can
construct in an artificial way the continuation of a self-similar solution. A more delicate
issue is how to determine the curve trace and its Frenet frame at time ¢ = O for small
regular perturbations of BF self-similar solutions at some positive time, and we based
our analysis in [3] on the characterization result of the self-similar solutions that was
proved in [25]; in particular the small regular perturbations of BF self-similar solutions
at some positive time do not break the self-similar symmetry of the singularity created
atr =0.

In Theorem 1.1 we prove that this procedure can be extended, not without difficul-
ties, to the case of a polygonal line, that can be viewed as a rough perturbation of the
broken line with one corner. There is no need for the line to be planar, and infinitely
many corners are permitted. In this case new problems concerning the phase loss
appear at the NLS and frame level, and again the characterization of the self-similar
solutions plays a crucial role.

For these reasons in this article we consider as initial data a combination of Dirac
masses,

uw(0) =) by (6)

keZ

with coefficients in weighted summation spaces:
I{atx}Hlzps < o0,

where

HeuHlzps ="y (1 + [KD)P* o]

keZ

This choice of initial data has its own interest from the point of view of the Schrodinger
equation, because as far as we know and for the cubic nonlinearity in one dimension
the only results at the critical level of regularity are the ones in [3] mentioned above
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and that deals with just one Dirac mass. The case of a periodic array of Dirac deltas
of the same precise amplitude, was studied in [19] where a candidate for a solution is
proposed.

The case of a combination of Dirac masses as initial data for the Schrédinger
equation |u|”~'u with subcritical nonlinearity p < 3 was considered in [32]. It was
showed that it admits a unique solution, of the form

u(t, x) =Y Ap(D)e" 8 (x), (7

keZ

where {A;} € C([0, T1; 1>1) N C'(10, T1; {*>"). As the nonlinear power approaches
the critical cubic power, things look more singular. In this paper we prove that the
same type of ansatz is valid for a naturally renormalized cubic equation.

Let us notice that the initial data (6) has the property

u(0)(€) = oe ™, ®)

keZ

and in particular u(0) is 2w —periodic. Moreover, the condition {«y} € / 2.5 translates

into u(0) € H¥(0, 27r). Conversely, every 27 —periodic function can be decomposed
as in (8) and so it represents the Fourier transform on R of a combination of Dirac
masses as (7). We denote

Hp o= {u € S'(R), (€ +2m) = a(§). it € H(0,2m)} C {u € S'(R),

{1l ms @r j 2m 1)} € 1700,

and
leell s, = Ml s 0,27)-

Our first result concerns the existence of solutions for initial data in H ; o

Theorem 1.4 (Solutions of 1-D cubic NLS linked to several Diracs masses as initial
data) Let s > %, 0 <y < land{ay} € 1>°. We consider the 1-D cubic NLS equation:

idu+Au=Et(luf? - L)u=0, 9)

2wt

with M = ZkeZ |ozk|2. There exists T > 0 and a unique solution on (0, T) of the
form

u(t,x) = 3 &F B (a4 Ry(1))e A (), (10)
keZ
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with

sup 1V {Re(O} 2 + 1 1{0: Rk} 25 < C. (11
O<t<T

Moreover, considering as initial data a finite sum of N Dirac masses

u(0) =) oudy,

keZ

with coefficients of equal modulus
lax| = a, (12)

and equation (9) renormalized with M = (N — %)az, we have a unique solution

t
u(t) = e"*u(0) £ ie”A/ e iTA <<|u(r)|2 - #) u(t)) d—T,
0 TT 2

such that e="5u(t) € C\((=T. T). H* (0, 27)) with
le™ " u() = uOl;, < Cr, Vi e (=T.T).

Moreover, if s > 1 then the solution is global in time.

Remark 1.5 Note that any «; such that (12) does not hold will imply that the corre-
sponding initial value problem is ill posed, similarly at what was proved in [29] and
[3] in the case of just one Dirac mass and that we mentioned above.

Remark 1.6 Itis worth noting that performing the (reversible) pseudo-conformal trans-
form to the solution u of (9)

i? 1
u(t,x) = ¢ .i(—,£>, t>0

we obtain a solution v of

. Lo
18,v+Av:I:%(|v| —2M>v_0. (13)

This was the procedure we used in [3].
To impose the ansatz (7) on u is equivalent to

/1 k2 x
ot x) =Y A (;> Pk (14)

keZ
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Therefore after pseudo-conformal transform our problem reduces to solve (13) in the

periodic setting with period [0, 47]. Note that from (7) we have that |7(t\)(§ )| is 2
periodic.

The proof of the theorem goes as follows. Plugging the general ansatz (7) into equa-

tion (9) leads to a discrete system on { A (¢)}, by using the fact that for fixed ¢ the family
(x—k)?
itA A : 2 :
et (x) = W is an orthonormal family of L~(0, 47¢). We 2solve the discrete
lorg |

system on {Ax(7)} by a fixed point argument with Ry (t) = ¢~ T log ‘ﬁAk(t) —
satisfying (11). In the case of initial data a finite sum of N Dirac masses with coeffi-
cients of equal modulus and equation (9) renormalized with M = (N — %)az, we are
led to solve the same fixed point for Ry (1) = Ax(t) — ok.

i

Remark 1.7 The resonant part of the discrete system of {Ax(¢)} is

1
idhar(t) = o—ax(®) | 23 lajOF — lax () —2M
J

It is a non-autonomous singular time-dependent coefficient version of the resonant
system of standard 1-D cubic NLS. Indeed, usually for questions concerning the long-
time behavior of cubic NLS, one introduces

v(t) = e Pur).

In the 1-D periodic case the Fourier coefficients of v(¢) satisfy the system

. . kz_ 2,2 .3 [
()= Y e IRy (v, (v, (1),
k—ji+j2—j3=0

so that the resonant system is:

idrar(t) = ar () | 2 la; () — lax (1))

J

Of course, for 1-D periodic NLS with datain H*, s > % (that corresponds to {v, (0)} €
125 c I') there is no issue for obtaining directly the local existence.

Remark 1.8 The regularity of {«;} might be weakened to /? spaces only (p < 00), see
Remark 2.2. It is evident from (13) that formally

%Y 1A =0, (15)
J
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and therefore the /% norm is preserved.” As a matter of fact this says that the selfsimilar
solutions have finite mass for the 1-D cubic NLS when the mass is appropriately
defined. This has nothing to do with the complete integrability of the system because
still works in the subcritical cases studied in [32].

Note that to solve (13) for r > Ty > 0 is quite straightforward making use of the
available Strichartz estimates in the periodic setting-see [8] and also [41] for a slight
modification. However, these methods do not give the behavior of the solution v when
time approaches infinity which is absolutely crucial for proving Theorem 1.1. As a
consequence we are led to make a more refined analysis. In view of Theorem 1.1 we
consider weighted /%* spaces; this in particular will allow us to rigorusly prove that
(15) holds.

The paper is structured as follows. In the next section we prove Theorem 1.4, and
also the extension Theorem 2.3 concerning some cases of Dirac masses not necessary
located at integer numbers. Section 3 contains the proof of a Talbot effect for some
solutions given by Theorem 1.4. In the last section we prove Theorem 1.1.

2 The 1-D Cubic NLS with Initial Data Given by Several Dirac Masses

In this section we give the proof of Theorem 1.4.

2.1 The Fixed Point Framework

We denote N (1) = '“‘22“ . By plugging the ansatz (7) into equation (9) we get

D i A (1) "oy = N(u)——u— D Aj()e's;

keZ JEZ

~ <Z Ax () e”ABk> (16)

We have chosen here for simplicity the sign — in (9); the sign + can be treated the

same.
(k)2

: itA __ e 4
The family €' 28 (x) = N7 !
the scalar product of L2(0, 47r1) with e/'28;, we obtain

is an orthonormal family of L?(0, 47t) so by taking

;= 1)2 ; G=h?

47'rt _
ia,Aka):fo PY, (r)F -

JEZL

ar— M a0
T g

2 equivalently f(;m lv(z, x)\2 dx = constant
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Note that as s > % we have {A;} € 1> c I' and we can develop the cubic power to
get

. 1 _,%

P9, A (1) = =) j;h Oe Aj AL DAR(D) 5 Ak(n
i

(17)

We note already that for a sequence of real numbers a (k) we have:

0 Y al|Ax()?

1 L PRedR
=% D a®eT T A OALDALOAD
k—j1+j2—j3=0
1 K-jf+iy =iz

2 2
. J3
= Snai Yo aleT T AL OAROA LA
k—ji+j2—j3=0

R
- > ake AR (MDA (D) A(DA (1)

J3—j2tj1—k=0

1 ' By 2,272
o 2 @k —a(ae T AL OALDA, O AD
k—ji1+j2—j3=0

1
_ O ali .
o Z (a(k) —a(j) +a(j)
k—ji+j—j3=0
K222 2

. _ ST T3
—a(j3))e A DAL DA ;) AK®D). (18)
Therefore the system conserves the “mass”:
Z|Ak(r>|2 Z|Ak(0)|2 (19)
and the momentum
Y kAP =) kA O). (20)
k k

We split the summation indices of (17) into the following two sets:

NRi = {(j1, joo J3) € 22 k — j1 + jo — j3 = 0, k> — jE + j3 — j # 0},
Resi = (G, jo, J3) € 2 k= i+ jo— j3 = 0,k = ji + j3 — ji = 0.
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As we are in one dimension, the second set is simply
Resy = {(k, j. j). (J, . k), j € Z},
as for k — ji 4+ j» — j3 = 0 we have
K2 =i+ 3 = 03 =2k = j) G = ).
In particular we get

K2=j2+j3

2
. I3 -
Yo A A MAL DA
k—ji+j2—j3=0

_; 20Dt =) —

= > e A OA O Ak i+ (1)

J1.2€Z

_ 2minU1 =) SR, A0

=Y Y T AGOA RO A ji+ (O + D Ay OA; (DA

Ji#k itk

+ Y ADAL DA D),

J2€L

Therefore the system (16) writes

) 1 _ Rt —
0 A1) = — Y. A (DAL (DAL 1)
(1+J2,J3)EN R

1
+%Ak(t)<2z 1A = A = 2M). 1)
J

As we have already noticed, this system conserves the “mass”™ ) i [A() 12, so since
M =Y |a;|?, finding a solution for 7 > 0 satisfying

lim|A; ()| = |ajl, (22)
t—0
is equivalent to finding a solution for # > 0 satisfying also (22), for the following also
“mass”-conserving system:

222

) 1 =33 _
A = Y T A OAL (AR
(J1.J2,J3)EN R

! 2
7 A DIP AR QD). (23)
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oy |2 -
By doing a change of phase A (f) = €' T log ‘/;Ak (t) we get as a system

- 1 - -
0 Ax(t) = fi(t) — %(Mk(l”z — Jak M) Ak (1), (24)

where

1
fely =0 )

(J1:J2,J3)EN Ry

y K=j?+i2-j3

2 gy 12 12 s
Pty Py la |
e 4t e 4

2
oeViAi (A, (AL@).  (25)

Now we note that a solution of (24) satisfies

AL = 23(fi(H A (1)), (26)
so obtaining a solution of (24) for ¢ > 0 with

}iirg)lﬂk(t)l = Jol, (27)

is equivalent to obtaining a solution for ¢ > 0 also satisfying (27), for the following
system, that also enjoys (26):

in ¥ 1 ro = -
10;Ar(t) = fi(t) — %[ 23(fe(D)Ax(T))dT Ap(2). (28)
0
. . ‘Mlo \/;
We recall that we expect solutions behaving as Ag(t) = ¢' 3= '°¢Vi(ay + Ry (1)),
with {Ry} in the space:

XY = {{fi} € 1O, T), 1), [{t™ i oo o.7yr2 + I1{E 3 fie (O} oo o, 7y2s < 00},
(29)

with T to be specified later. We also denote

I fitlxr = e fie@Hl oo o, 7y + M2 9 fi (O oo 0,7y -

To prove the theorem we shall show that we have a contraction on a suitable chosen
ball of size § of XV for the operator ® sending { Ry} into

Q({Ri}) = {Pr({R; D},

with
t t T dr
O ({R;H(1) = i/ gr(t)dt — i/ f S(gk(s)(ak + Rr(s))ds (o + Rk(t))4—,
0 0 Jo TT
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where

1 N e A
(J1,J2:J3)€N Rk
+R; (1)) (aj, + Rj, (1)) (aj; + Rj (1)),

C lewlP—leyy P

oy P —lerjy 2
and i, jy, jp, j3 = .

4
Finally we note that in the case of N Dirac masses with coefficients |ax| = a and

equation (9) with M = (N — %)az, we get instead of (23) the equation

K2—j2+i3-j3

. 1 _; 2—J3 _—
A =o— Y T AOALDAR®D)
(j1,J2,J3)EN Ry

! 2 2
5y AR = oD AR (). (30)
nt

Hence we can write A (t) = o + Ry (¢) and the same fixed point argument works for
{Ry}.

2.2 The Fixed Point Argument estimates

Lemma 2.1 For {Ry} € XV with |[{Ri}|lx» < § we have the following estimates:

C
{8k} 2. < T(M{ak}n?z,s - tW), 31
t
H{/O gkmdr} 2 < Ct(lfaj b + e}y + 277 (1 + ({72087
l =y
{17, 8 + 177 87), 32)

t
H {/0 8k (t) (o + Rk(T))dT}

< (e} s + e s 4+ 27 4+ o 15087 + e} 7,8 + 127 8%).

< Ct(l{ar}ll2s +178)

12,.y

(33)
Proof We note first that
{M}+(Nj}x{P;} (k) = > M;,Nj, Pjs,
(j1,J2,/3)€N RiUResy
so in particular
Z M Nj, Pjs| = {IM;I}+{IN;[}x{| Pj 1} (k). (34)

(J1+J2,J3)EN R
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We shall frequently use the following inequality:

{M j 3x{Nj }x{ Pj}lzee + I1{Mj{Nj}x{Pj}j2s < CI{M j}Hipzs I{Nj HIp2s I{Pj I 2.5 -
(35)

The first part follows from />*  I! and the second part follows using also the weighted
Young argument on two series:

{M N Hzs < CIHM {4+ 1D Nz + CIE + [1)° Mj3x{N;}l 2
< CIHMHIp {4+ 17D N2 + CIE + 17D M 2 [N I
< CI{M j}lp2.s I{Nj 2.5 -

Therefore by (34) we have

D el + IR OD ey + Ry D el + [Rj5 (D)
(j1:/2.J3)€N Ry

{lajl + IR (D lajl + [R; @) [{leej | + R ()]} (Kk),

lgx ()] <

=<

and by (35) we get (31).
To estimate fé gk (t)dt we perform an integration by parts to get advantage of the
non-resonant phase and to obtain integrability in time:

2. 2.2 2
ke —ji i = .
——172 3 e~ Ok 1 a3 log /1

! e t

i/ gr()de =1 Z 2 _ 2, 2 _ 2 (o
0 Giimenre TR —Ji+ 0 =05
+Rj (1)), + Rj, (1)) (ajy + Rjs (1))

Ritig-ig

D D —"

B T2, 22

O Gropmenr, TR =i+ = J3)

X 07 (.[e—iwk,j1~/'2»j3 logﬁ(o(jl + Rj, ('L’))W(o[j3 + R}, (1)) dz.
(36)

Indeed, for fixed #, this computation is justified by considering, for 0 < 1 < 1, the
quantity / ,;7 (t) defined as ® ,i({R 1) () but with the integral in time from 7 instead of
0. More precisely, I ,:’ () is well defined as the integrand can be upper-bounded using

a3 +H{R; 3
(34) and (35) by the function C il E{ 1Oz which is integrable on (1, ). In

particular the discrete summation commutes with the integration in time. Performing
then integrations by parts on / ,:7 (t) as above, we obtain for k" (t) an expression that

yields as n — 0 the above expression for fé gr(t)dr.
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6 Page 16 0of 53 V. Banica, L. Vega

We obtain, in view of (35), and on the fact that on the resonant set [k — j12 + j22 — j32| >
13

t
‘/ gr(t)dt
0

t
+C1 + ||{Olk}||1200)/0 {loj I + 1R (D) Ix{lej| + R (D) Ix{lej| + [R; ()|} (k) dT

< Ctflajl + IR; @) Ix{leej| + [Rj (D Ix{lej]| + [R; ()]} (k)

1
+C/0 {Iz 9 Rj (D)l + |Rj(O*{lj| + |R; (D[} (k) dT.

We perform Cauchy—Schwarz in the integral terms to get the squares for the discrete
variable and we sum using (35):
< Cr |l{erj + Rj (D},

t
1f v
0 12,5

t
+C(+ [l fo) /0 I{er; + R (D)} %, dT

2

1
+Ct/0 Hetj + R (s Iz de R (D)} . d .

Therefore we get (32):
3 3 5
< Ct(lfejHlzs + IR (O + IHeej i)

t
[ o]
0 12.s

+ O+ M .0 Y I RO oo 0.7 12

+ Ct o I {7 3e R (Dl oo 0,7y 12

+CE N Ry O oo 0,7 25 T3 R (O L 0,729
< Ct(I{a} b + o D) + Ce P37 (1 + e lI%,)8°

+ Ctll{or} I35, 8 + Ct' 2783,

The last estimate (33) is obtained the same way as (32), by adding in the
computations the extra-term o + Ri(t) and by upper-bounding it in modulus by
[Hok I j2s + TV'6. O

We now use (31) and (33) to get

Ha2x R DO} 25 < HaxdTY s
C

+

t
{fo (g (s)(ax + Ri(s))ds (a + Rk(t))}

lZ.x
C
< 7(||{ak}||?z.S + 178 + C({oud s +178)*

X (e} s + o s + 27 (4 o 152087 + e} 7.8 + 127 8%).
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On the other hand,

HPr({R; DD} =

t
/ gk(t)dr
0

t T d
+‘ / / (g () @k + Re(5))ds <ak+Rk(r))4—’
0 0 TT

3

so by Cauchy—Schwarz

2

t
(SR DI < € ‘/O g (0)dr

2
dt

(le ) + | Re (D)) =
T2

+Cx/?/ol

/(; S8k (s) ok + Ri(s))ds

Now we use (32) and (33) to get

@R DOz < Celife i, + e} + 77 (1 + [{ow}l172.,)8°
{58 + 177 8%)
+ Ct(eudllzs +178)°
< (e} + e s + 27 4+ o 15087 + e} 7,8 + 127 8%).

Summarizing, we have obtained

HOARD I xr < CHoudls + T778%) + CT (I{eu}ll2s + T78)
< (o} + e s 4+ T3 (1 + ol 5,08 + e, 8 + T2 6%)
+CT Y (o} s + e s + T (1 + Heud 72,08 + e 17,8 + T2 87)
+ TV (Ifeudllps + T78)?
< (e} s + o} 4+ T3 (1 + I{on 15,08 + e i, 8 + T278%). (37)

In view of (37), we can choose § in terms of [[{o;}||,2s, and T small with respect to
[{ce;}ll,2 and y, to obtain the stability estimate

IHe{RiDYHIxr < 8.

The contraction estimate is obtained in the same way as the stability one. As a con-
clusion the fixed point argument is closed and this settles the local in time existence
of the solutions of Theorem 1.4.

Remark 2.2 We notice that in (36) we just upper-bounded the inverse of the non-
resonant phase by 1. One can actually exploit this decay in the discrete summations
to relax the assumptions on the initial data. More precisely, for I < p < oo one can
use:
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p

p
M; Nj,P; M;Nj,Pi_j+i
J17'J27 J3 _ J17')2 J1TJ2
Y mooaaa| x| X e
.]3 1 k

— ErT
Grimenr, K T IT I a1 20k =il

<CY | Do IMuIPIM I I My o 1P

k- \Ji.J2

Sl

1

hzj (L [j1 = 2D+ Tk — ja )

where ¢ is the conjugate exponent of p. As 1 < p < co we have g > 1 so

M;Nj, Pj; i i )
E a3 3| = WM 1IN e (1P Hlw -
s kS = ji +J5 = J3
(j1:J2,73) €N Ry 1 »

2.3 Global in Time Extension

We consider the local in time solution constructed previously. In the case s = 1 we
shall prove that the growth of [[{crj + R () }| Lo (o, 7);2.1 1s controlled, so we can extend
the solution globally in time. Global existence for s > 1 is obtained by considering
the /%! global solution and proving the persistency of the regularity />

We shall use (18) with a(k) = k2 to get a control of the “energy”:

0 Y KAk
k
1 . . .
=F— Y K-+
lomrt ~
k— 11+12 J3=0
it
e ’iAh (A}, (DA (1) A (1)
it L
= iﬂ Z d <e l ) A]l (t)Ajz(t)An (t)Ak(t)
k—j1+j2—j3=0

By integrating from O to ¢ and then using integrations by parts we get
Zk2|Ak<z)|2 < Zk2|Ak<0>|2 +Ct Y AL OAL AL A
k=ji+j2—j3=0

+C/ [0:(TAj (T)Aj,(T)Aj;(T) A (T))ldT
0 k- J|+12 Jj3=0

< oM I + Ct Y (A O A (O A; (D) Ar ()]
k
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t
+/0 Z(IA,'(f)I*IAj(f)I*IAj(f)I)(k)lAk(f)ldf
k
t
+/0 Z(ar|Aj(T)|*|Aj("—')|*|Aj(f)|)(k)|Ak(T)|TdT
k

t
+/0 D (A @A (D) %A (T)]) (k)de | Ag (1) |Td .
k

We shall use now the following estimate, based on Cauchy—Schwartz inequality, Young
and Holder estimates for weak [? spaces, and the fact that {j _%} € 15):

D AM{N (P} (k) Re| < {M NP} 2R ]2
k
< CI{M I IEN 3 gy P 2 1R Nl 2

1 1
= CI{M; j2 iz 1IN 2 iz P I N R 1l 2
1 1

1 1 1 1
< CIIM A IHEM M 2y KNI N LS AP L2 R 12
to obtain

A O3 < e}z + CHEA; O IEA, O

t
+ /0 (A @V IA; (0} 2ad

t
+/0 10 A (M IHA MR IA, (D} 2 Td.

Now we notice that for system (17) we get

A

C
Mo Aj Oz = —(HAjOBHA;OBA; Oz + [{A; O}H2)

IA

C
7(||{Aj([)}||12v1 A O + 1{A; O} )
By using also the conservation of “mass” (19) we finally obtain

A O%0 < e B + Cel{es L I{A (O} ]2

t t
+ /0 e ML IHA (D)l d + /0 e IS A ()3, d.

We thus obtain by Grénwall’s inequality a control of the growth of || A (t)[|;2.1, so the
local solution can be extended globally and the proof of Theorem (1.4) is finished.
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2.4 Cases of Dirac Masses Not Necessary Located at Integer Numbers

Some cases of Dirac masses, not necessary located at integer numbers, were treated
in [32] and can be extended here to the cubic case. We denote for doubly indexed
sequences

Moy gHIB =Y (L [kl + kD> ey g1
k,lZeZ

We note that a distribution f =} ;.7 o) 18,1 satisfies

f(é) = Zak,kaakﬂyi}@) = Zak’,;e_ig(”k"'bk),

keZ keZ

that can be seen as the restriction to &1 = & = & of

_ —ifjak—i&bk
Z % k€ ;
keZ

which is the Fourier transform of

E(f) = Z % £k bty

keZ

We denote
2 2
Y . 2 A A
H;F;a,b = {u eSS (R ), u (%‘1 —+ 7,;;52) =1u <§1’%‘2 + 7)

n . 2 27
e ien((02)« (0.2)))
a b

and
”f”H;;f":i) = ”E(f)”HY((O,%T)X(O,ZT”))

Theorem 2.3 Lets > % T > Oand% <y < L Leta,b € R* such that 5 ¢ Q. We
consider the 1-D cubic NLS equation:

. 1 , M
idu+Au+ - |ul*——)u=0. (38)
2 Tt
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with M = Zk ez o ,;|2 and #{(k, k), a, 1 # 0} < oo. There exists €y > 0 such that
if I{ey, zHj2s < €0 then we have T > 0 and a unique solution on (0, T) of the form

oy P :
uty= 3 e R ()€™, (39)
k.kez
with the decay
sup t7VI{R, tO}l2s + 1 10 Ry t D} 2s < C. (40)
0<r<T

Moreover, considering an initial data a finite sum of N Dirac masses

u(0) = Z“k,l%‘sakw/%’
keZ

with coefficients of same modulus o, ;| = a and equation (38) normalized with

M = (N — %)az, we have a unique solution on (=T, T)

t
u(t) = " u(0) + ie”A/ e iTA ((|u(r)|2 - #) u(r)) dl,
0 7T 2

such that E(e—"5u(r)) € C' (=T, T), H* (0, ) x (0, Z))) with
le™" 2 u@) — ()| i < Ct”, Vi € (=T, T).
pFiab

The new phenomenon here is that if for instance the initial data is the sum of three
Dirac masses located at 0, a and b then we see small effects on the dense subset on
R given by the group aZ + bZ. Another difference with respect to the previous case
is that the non-resonant phases can approach zero so we shall perform integration
by parts from the phase only on the free term. Due to this small divisor problem we
impose on one hand only a finite number of Dirac masses at time ¢ = 0, and on the
other hand a smallness condition on the data.

The proof of Theorem 2.3 goes similarly to the one of Theorem 1.4, by plugging

the ansatz (39) into equation (38) to get by using the orthogonality of the family
,'M
{&————1 the associated system

Vamit
10, A 7 (1)

1
S )

(G141, G20 J2), (3. ADEN R,

_j katk)2 (a1 92 +(patfpb)® —(jza+j3b)? -
4t

A. (DA, - (t)Ajwr3 (1)

¢ JisJ1 J2:J2
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1 5 )
Z’:%Ak)];(t) ZZ|AL]~(Z‘)| — |Ak,];(t)| —2M ,
J-J
where N R,  is the set of indices such that the phase does not vanish i.e. such that

k=ji+ja=js = 0.k=ji+p—j3 = 0.k = ji+j5—j3 # 0, andk—ji+j2—j3 # 0.
We have to solve the equivalent “mass”-conserving system:

i0,A ; (1)

1
ZFSJU . ~Z .
(171, (2, 72),(j3. 3D EN Ry ;

; katkb)?—Giyatjy b)2+<jza+fzb>2—<na+f3b>

e # " A ]I(I)AJ2 HRMOA; (D)
¢$|Ak,,;(r)|2Ak,,;(r>. (41)
We look for solutions of the form A, 7 (1) = ejFl‘ 10g“[(otk i+ R i (1), with
(R jheY”:
Y7 = {{fi i) € CUO, T); I7¥)}. 42)

As for Theorem 1.4, we make a fixed point argument in a ball of Y of size depending
on |[{a; z}l;2s for the operator @ sending {R, ;} into

SR, 1) = (O, 1 (R, ;D).
with
&, (R, )0
—i | fdr+i / t [ S50 R s+ R

where
_j Gatkb iy a+ i 0P Gpa+ o) —(za+j3b)?
e 4t
foi® = >
k.k . B . 8wt
(17D (2.12). (3. ADENR,
la, 71> —lor \2+| Ple, =%
i k.k J1 - 2.2 J3:J3 logt R. ‘ R ;
xe (a]l ]1 + ]1 ]l( ))((XJZ ]2 + ]2 ]2( ))(aJS ]"4
Rj, ;0.

To avoid issues related to having the non-resonant phase approaching zero, we perform
integrations by parts only in the free term involving a finite number of terms, as
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#{(k, k), o i # 0} < oo. All the remaining terms contain powers of R. (7) so
we get mtegrablllty in time by using the Young inequalities (35) for double indexed
sequences. However, due to the presence of terms linear in Rj’ H (7) we need to impose
a smallness condition on the initial data || {o i, Jf} l|;2.s. Moreover, from the cubic terms

treated without integrations by parts as previously, we need to impose y > % The
control of ||{t9; Rk) (Ol Lo, 725 18 easily obtained a-posteriori, once a solution is
constructed in Y.

3 The Talbot Effect

The Talbot effect for the linear and nonlinear Schrodinger equations on the torus
with initial data given by functions with bounded variation has been largely studied
([5,17,20,46,48,52]). Here we place ourselves in a more singular setting on R, and get
closer to the Talbot effect observed in optics (see for example [6]) which is typically
modeled with Dirac combs as we consider in this paper.

As a consequence of Theorem 1.4 the solution u () of equation (9) with initial data

u(0) =Y axd,

keZ

behaves for small times like e/’2 itAy o which

displays a Talbot effect.

up. We compute first the linear evolution e

Proposition 3.1 (Talbot eﬁ‘ect for linear evolutions) Let p € N and uy with uy
2w —periodic. For all tp 4 = 2 wzth q odd and for all x € R we have

. 1 2 ) )
e'"riBug(x) = 7/ 1f (§)ei1paE HIxE

Zze")qu(x—zzpqg—l——) dE, (43)

leZ m=0

for some 0y, , 4 € R. We suppose now that moreover il is located modulo 25t only in
a neighborhood of zero of radius less than n% with0 < n < 1. For a given x € R we
define

1
g =1 gist <x, —Z) cr0, 5.
P q P
Then there exists Oy p 4 € R such that
P ug(x) = —— () e S4Bt (44)
Va
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In particular |71 uy(l + %)| = |e!'r4®uy(0)| and if x is at distance larger than g
from éZ then e''r-a®uo(x) vanishes.

Moreover, the solution can concentrate near qu in the sense that there is a family
of initial data ué =D ez a,i‘(Sk and C > 0 such that
ei’Pv‘iAué(O) A 00

_— 45
eitpa Aa())uso(o) ( )

We note here that thanks to Poisson summation formula the above proposition
applies to ug = Y7, 8. Therefore e/'*uq(x) = 0 for x ¢ 17, and is a Dirac mass
otherwise, which is the classical Talbot effect. However this kind of data does not
satisfy the conditions of Theorem 1.4. Nevertheless, the concentration phenomena
(45) is obtained by taking a sequence of initial data {ué} whose Fourier transform is
periodic and concentrates near the integers.

Proposition 3.1 insures the persistence of the Talbot effect at the nonlinear level.

Proposition 3.2 (Talbot effect for nonlinear evolutions) Let p € N, € € (0, 1) and g,

such that € /qc log ge < % in particular q. e ~+00.

Let uq be such that tig is a 27 —periodic, located modulo 27 only in a neighborhood
of zero of radius less than 17% with O < n < 1 and having Fourier coefficients such
that |[{ax}ll2s < € for some s > % Let u(t, x) be the solution of (9) obtained in
Theorem 1.4 from {ay}. Then for all t, ; = %g with 1 < q < g odd and for all x at
distance larger than g from %Z the function u(t, x) almost vanishes in the sense:

lu(tp.q, x)| < €. (46)

Moreover, the solution can concentrate near éZ in the sense that there is a family

. A . .
of sequences {oc,)(‘} with ||{oc,)<‘}||12_s 2% 0 such that the corresponding solutions u;,
obtained in Theorem 1.4 satisfy

u)\(tp,q ,0)
ei'ra o 80(0)

A—00

(47)

3.1 Proof of Propositions 3.1-3.2

We start by recalling the Poisson summation formula ) ", ., fx = > 17 f@nk) for
the Dirac comb:

(Z(Sk> (x) = Z(S(x —k) = Zeiznkx’

keZ keZ keZ
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as

— o '
§(x —)Q2rk) = / e—l27rky8(x —y)dy = o i2mkx

—00
The computation of the free evolution with periodic Dirac data is

eiZA (Z 6/() (.X) — Ze—il(2ﬂk)2+i2ﬂkx' (48)

keZ keZ

Fort = %5 we have (choosing M = 27 in formulas (37) combined with (42) from
[19])

g—1
S1A (Zak) (x) = lZZG(-p,m,q)S (x—l— ﬂ), (49)
keZ q leZ m=0 1

which describes the linear Talbot effect in the periodic setting. Here G(—p, m, q)
stands for the Gauss sum

7p12+m1
q

g—1
G(—p.m.q) =)y ™
=0

Now we want to compute the free evolution of data ug = D ;. ki As up(§) =
> rez ¢ % is 27 —periodic we have:

. 1 0o ) 1 2w (k+1) .
e’muo(x) — elxée_ltszub(é)dé _ Z/ elxg_ltszu})(é)dé
27 J_oo 21 = Jonk

2
ez / Clip(e) Y ek Onks g
2 Jo keZ

1 o 0 . 5 -
E[) o (€)e itE-+ixg Ze it 2mk)*+i2mk(x—2t&) dt.
kel

Therefore, for t, ; = %g we get using (48)—(49):

el.tp,unO(x)

1 2 ) ' q—1
= _[ 1o (8)etpa > Hixt Z Z G(=p,m,q)é (x —2tp & — 1 — ﬂ) dE.
qJo .

l€Z m=0

@ Springer



6 Page 26 of 53 V. Banica, L. Vega

For g even G(—p,m, g) can be null. Therefore we consider ¢ odd. In this case

G(—p,m, q) = Jge'% for some 6, , , € R so we getfort, , = %g
eitraB g (x)
L itpg&2+ixk - T m
=— o (§)e ™ Trat X e'mpas (x —2p & —1— _> dg.
Va /0 Z Z P-q 7

leZ m=0

We note that for 0 < & < 27 we have 0 < 2t& < Zq_p For a given x € R there exists
aunique /, € Z and a unique 0 < m, < g such that

my 1
x—I,—— €10, -).
q q

We denote

1
éx ::ﬂ(x_lx_&):n_qd(xs _Z)E[O’z)
p q p q p

In particular if g is located modulo 277 only in a neighborhood of zero of radius less
than % then

ei’!’~‘1Au0(x)= 1 MA()(é:x)€_itp‘qé’:“2+ixéx+i0m’}”q»

Nz

for some 6y , 4 € R. If moreover i is located modulo 27 only in a neighborhood of
zero of radius less than n% with 0 < n < 1, then the above expression vanishes for x

at distance larger than Z from 17,

We are left with proving the concentration effect (45) of Proposition 3.1. We shall
construct a family of sequences {a,i‘} suchthat ), aiék concentrates in the Fourier
variable near the integers. To this purpose we consider v a real bounded function with
support in [—%, %] and ¥ (0) = 1. We define

@) = 2Py 0e), Ve € [—m, 7],

with 8 € R. Thus we can decompose
A& =) ape™,
keZ

and consider

ué = Z a,f&k.

keZ
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In particular, on [—m, ], we have ”0 f)‘ Given 1,4 = 271 q for A > p, the

restriction of ”0 to [—m, 7] has support included in a neighborhood of zero of radius
less than nZ > for a n €]0, 1[. We then get by (44)

elfrafug;(0) = A(0) e itpa BN EcHiOny
ﬁ

SO

. 1 1 1
itpg Dk 0y = 0)| = B (0) = A
le ”o()|—ﬁ|f()|—ﬁ ¥ (0) NG

On the other hand, at 7, ;, = E 3 we have

. 4 4qg 1 | 7
|e”p.qAa3(so<o>|=,/—q|a3|=,/—"—‘/ f*(é)ds‘=cwf> Lyst
p p 2 |)_n p

Therefore

ity A, A
A TN(V)]

ellraBal8y(0)

= VP Pl
CW)q

and the proof of Proposition 3.1 is complete.
Finally, for the first part of Proposition 3.2, as the sequence {oy} satisfies the con-
ditions of Theorem 1.4,

log 2
U(tpg.x) = 3 T 4 O8I (o + Rilt.q))e a8 (x),
keZ

SO

U(tp.q. x) = €Pe adi(x)
keZ

o | . o | .
< Z(l — T log /T4 )ake””*"Asz(x) + Z eTian log \/Tp.q Rk(tp,q)e”WA(Sk(x).
keZ keZ

From Proposition 3.1, if x is at distance larger than  from 17 then eftr.a® D ok axdr(x)
vanishes. Also, from (37) we can choose the radius § of the fixed point argument for
{Rx} to be of type C||{ak}||l3215 so we get

+ Cll{er sty g

iwlo ]
lultp.g. )| < D |1 — o 08VTna gy
keZ P4
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If g is such that ||{ozk}||12oo logg < % then we obtain

C
u(tp,q, 0| < C/qlogq Y laxl® + - e 1

keZ q”

and therefore (46) follows for C,/q log g €2 < 1.
For the last part of Proposition 3.2 we proceed as for the last part of Proposition
3.1, and we suppose also that v € H*(R) with s > %, and impose B < % — 5. Then

the condition ¥ € H*(R) insures us that {ak} € [>%, and moreover ||{ak}|| s =

C(y)rfts—2 iy 0 Therefore, for A large enough, by using the same estimates as

above we obtain for 4 s<y<l
; C
1M (tp.g. 0) = € (O = Cyglogalled e + —— e}
q 2
< Cqlog p P+ 3,

SO
ut(tp.q, 0) e'frauf(0)
ellra a*SO(O) elrafo80(0)

< Clog qk2ﬂ+3s_%.

By choosing 8 = %(% —5)~ we have A%f +35—3 <« A soin view of (45) the divergence
(47) follows.

4 Evolution of Polygonal Lines Through the Binormal Flow

In this section we prove Theorem 1.1.

4.1 Plan of the Proof

We consider equation (9) with initial data

u(0) =Y oy,

keZ

where the coefficients o will be defined in §4.2 in a specific way involving geometric
quantities characterizing the polygonal line . Then Theorem 1.4 gives us a solution
u(t,x) ont > 0. From this smooth solution on ]0, co[ we construct in §4.3 a smooth
solution yx (¢) of the binormal flow on ]0, , oo[, that has a limit x (0) at # = 0. Now the
goal is to prove that the curve x (0) is the curve yo modulo a translation and a rotation.
This is done in several steps. First we show in §4.4 that the tangent vector has a limit at
t = 0. Secondly we show in §4.5 that x (0) is asegment for x €]n, n+1[, Vn € Z. Then
we prove in §4.7, by analyzing the frame of the curve through self-similar variables
paths, that at points x = k € Z the curve x (0) presents a corner of same angle as xg.
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In §4.9 we recover the torsion of x( by using also a similar analysis for modulated
normal vectors in §4.8. Therefore we conclude in §4.10 that x (0) and xo coincide
modulo a translation and a rotation. By considering the corresponding translated and
rotated x (¢) we obtain the desired binormal flow solution with limit xg at t = 0. The
extension to negative times is done by using time reversibility. Uniqueness holds in
the class of curves having filament functions of type (7). In §4.11 we describe some
properties of the binormal flow solution given by the Theorem 1.1.

4.2 Designing the Coefficients of the Dirac Masses in Geometric Terms

Let xo(x) be a polygonal line paramatrized by archlength, having at least two con-
secutive corners, located at x = x¢ and x = x;. We denote by {x,,n € L} C R, the
locations of all its corners ordered incresingly: x, < x,41. Here L stand for a finite or
infinite set of consecutive integers starting at n = 0. We can characterize such a curve
by the location of its corners {x,, n € L} C R and by a triple sequence {6,,, T, 85 }nerL
where 8, €]0, 7[, t, € [0, 7] and §, € {—, +}, To = 0, §o = +, in the following way.

Let us first denote by 7,, € S? the tangent vector of xo(x) for x €]x,, x,41[. For
n € L we define 6,, €]0, [ to be the (curvature) angle between 7,,_ and 7,,. We note
that given only 7;,_1 and 6,, we have a [0, 2 [-parameter of possibilities to choose T;,.
We define 19 = 0, 8o = + and for n > 0 we define a (torsion) angle 7,, € [0, 7] at the
corner located at x,, to be such that

Tha ATy Ty AThta
|To—1 A Tul T A Tt

cos(t,) = (50

We note now that given only 7,,_1, T, 6, and 7, we have two possibilities to choose
T,+1.Indeed, T, is determined by the position of T;, A T,,41 in the plane IT,, orthog-
onal to T, given by the oriented frame 7,,—1 A T, and T,, A (T;,—1 A T,,). Therefore
we have two possibilities by orienting it with respect to 7,1 A T,: by 1, or by —1,,.
We define 6, = + if (T,,—1 A T,) A (T, A T,4+1) points in the same direction as 7,
and §, = — if it points out in the opposite direction. For n < 0 we define similarly
(torsion) angles 1, € [0, [ at the corner located at x,,.

Conversely, given L a set of consecutive integers containing 0 and 1, given an
increasing sequence {x,,n € L} C R, and given a triple sequence {0, T,, 6n}nerL
where 6, €10, 7[, 7, € [0, 7] and §, € {—, +}, such that tgp = 0, §o = + , we can
determine a polygonal line yg, unique up to rotations and translation, in the following
way. We construct first the tangent vectors, then yo is obtained by setting x/,(x) = Ty,
on x €]x,, x,+1[. We pick a unit vector and denote it 7_;. Then we pick a unit vector
having an angle 6y with 7_1, and we call it Tp. Then we consider all unit vectors
v having an angle 67 with 7. Among them, we choose the two of them such that
To A v, that lives in the plane I1j orthogonal to Ty, have an angle t; with 7_1 A Tp.
Eventually, we choose 77 to be the one of the two such that if §9 = + the vector
(T—1 A To) A (To A v) points in the same direction as Ty, and such that if 8o = + the
vector (T—1 A To) A (To A v) points in the opposite direction of Ty. We iterate this
process to construct xo(x) on x > xq, and similarly to construct xo(x) on x < xp.
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Given yxo the polygonal line of the statement, we define {x,, n € L} the ordered set
of its integer corner locations and the corresponding sequence {6, T,, 8, }ner Where
6, €10, [, t, € [0O,7r] and §, € {—, +}, 10 = 0, 80 = +. Then we define oy = 0
if k ¢ {x,,n € L} and if k = x,, for some n € L we define oy € C in the following

way. First we set
2 . (6n
x| = [——log | sin| — ] ). (€28
b4 2

Then we set Arg(ay,) = 0 and we define Arg(ay) € [0, 27) to be determined by

{ cos(ty) = — COS(¢|0¢X,1| - ¢|D‘Xn+1 |+ Bn + Al’g(len) - Arg(ax,,+1))a (52)

8p = —sgn(sin(@ja,, | = Play,, | + Bn + Arglax,) — Arglax, 1)),

where {@|q,, |} are defined in Lemma 4.8 and depend only on |a,, |, and

2 2
Brn = (lox, |7 — lax, . [7) log [xn — Xnp1]-

We consider the solution u (¢, x) given by Theorem (1.4) for the sequence /4mioy
and % < y < 1, that solves

idu+ Au+ 3 (luf? —2)u =0, (53)

t
with M = Y, _; lo|?, and can be written as
j Lx=kl?

. 4t
u(ux):Ze—"“k‘“"gﬁmkﬂek(r»eJ ,
keZ !

(54)

with

sup 17 [{Re (O 2 + 1 10 Rk} 25 < C.
O<t<T

4.3 Construction of a Solution of the Binormal Flow for t > 0

Given an orthonormal basis (vy, vy, v3) of R3 a point P € R3 and a time 7y > 0 we
construct a frame at all points x € R and times # > 0 by imposing? (T, e1, e2)(fy, 0) =

3 Actually we should work in the definition of the evolution in time and in space laws for the frame

with v(z, x) = M log Vi u(t, x) instead of u(z, x). Indeed, this construction leads, by identifying T3, =
¥
for simplicity of the presentation we shall use u (¢, x) as the space-independent change of phase does not
change the BF constructed curve. Indeed, it is easy to see that if (7', N) is constructed by (55)—(58), then
(T, e*"‘z’(’)N) is constructed by the same evolution laws with v(#, x) = ei¢(’)u(1, x) instead of u(z, x) and
so the constructed tangent vector is the same.

Txt.elrx = €lxt, €2rx = €2y to the NLS equation (53) with nonlinearity % (lvl2 - )v. However,
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(v1, v2, v3),
T 0 —Suy Ny T
_ ~ u?> | M
er | (t,x)= Sty 0 — 5+ 3 er | (t,x),
2
e/, ~u, M e
and
T 0 Nu Ju T
el t,x)=| —Ru 0 O er | (¢, x).
e —Ju 0 0 e

X

We can already notice that 7 (¢, x) satisfies the Schrodinger map:
T, =T A Tyy.

We define now for all points x € R and times ¢ > 0:

1 X
x({t,x) =P+ / O(T ATy (t,0)dt +/ T(t,s)ds.
t 0

As T (¢, x) satisfies the Schrodinger map we have T; = (T A Ty)x, SO we can easily
compute that x (¢, x) satisfies the binormal flow:

Xt =T ANTx = Yx N Xax-

We note that there are two degrees of freedom in this construction— the choice of the
orthonormal basis (v, v, v3) of R? and the choice of the point P € R3. Changing
these parameters is equivalent to rotate and translate respectively the solution y ().
The resulting evolution of curves is still a solution of the binormal flow, with the same
laws of evolution in time and space for the frame.

We introduce now the complex valued normal vector

N(t,x) =e((t,x) +iex(t, x).

With this vector we can write in a simpler way the laws of evolution in time and space
for the frame, that will be useful in the rest of the proof:

T, =Nuey +Sue; =RUuN), (55)
Ny =eix+ieyy =—NRuT —iSuT =—uT, (56)
T; = —Suy e] + Nuy ex = I(uy N), (57)
Ny =Su, T + (—%—l—%)ez—imuxT—i—i (ﬁ—ﬂ)el
2 2t 2 2t
. (M
z_mxT—H(T_Z)N’ (58)
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xi =T ATy =T AR@EN) = I@N). (59)

In particular from (54) and (59) we have for 0 < 1} <t < 1:

%) n
/ (6 x)dt 5/ (e, x)ldt
11 1

L dt
s/ > ey + Ry = CVaa i + IR )
11 .
J

|x (22, x) = x(t1, ©)| =

This implies the existence of a limit curve at # = 0 for all x € R:
Flim x (¢, x) =: x(0, x).
t—0
Moreover, x (0) is a continuous curve.

4.4 Existence of a Trace at t = 0 for the Tangent Vector

For further purposes we shall need to show that the tangent vector 7 (¢, x) has a limit
T (0, x) att = 0, and moreover we shall need to get a convergence decay of selfsimilar

type d(x% for x close to Z. This is insured by the following lemma.

Lemmad.1l LetO <t <tp < 1. Ifx € R\%Z then

T(ty.2) — T, 0| < €1+ x|~ ! %)
|T (£, x) 1,x)] = C( IxDv/12 dx,iz)  d(x,Z) ’ (

while if x € %Z then
1T (t2, x) = T(11,x)| < C(1 + [xV12. (61)
In particular for any x € R there exists a trace for the tangent vector at t = 0:

Eltlin(l) T(t,x)=:T(0,x). (62)

Proof In view of (57) and (54) we have

T(t2’ .X) - T(t]? -x)

5]
= / S(uy N(t,x))dt
1

ca—p)?
- L =)
7 (—i) o N(t,x)dt.

L) . -
=3 / > it loe Vi (o R (1)
11 .
J
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In case j = x the integrant vanishes so we get the left-hand-side of (61) null.
For j # x we perform an integration by parts that exploits the oscillatory phase to
get integrability in time:

T'(t2,x) = T(r, x)

2 4]
71'(" J) 2

~ ila;Plog Vi T 6" LA =)
;SZe\/Ilgﬁ(a1+Rj(t)) 7 (—z)(x_j)z(—z) SN x)
J#x f
(x /)2
YD i O G RN )
1

JFx
=lo+h+hL+151+14

where we have denoted by I the boundary term and by 11, I», I3, I4 the terms obtained
after the differentiation in time of the quadruple product in the integral part. We
consider first the boundary term

o] SC«/EZIWpLRj(tz)I'x +cf2|a,+R (1)

J#x J#x b=l

If x € Z then we have
ol < CVralfe;} i + (R Lo 0.1

whileif x ¢ Z

v

IIOISCd( 7

Therefore the contribution of I fits with the estimates in the2 statement of the Lemma.
The terms /; and I, can be treated the same, as f[’lz (Ve loe vty gy < € /53, Also

the term /3 can be treated similarly, as |0; R (t))| < % on (0, 1). We are left with the I

term, which contains in view of (58) the expression Ny = —iu, T +i (& - %) N:
n e~ e 41])2
L :23/ Z—ﬁel‘“f' gV (o R; (1)
o g
S -k
X —
| = o—ilexl*log Vi + R (¢ i T(t, x
Xk: (ak & ( )) 7 Y (t, %)
(x )2

5, el e Plos Vg, 4 R.(6) @7 + Re(0)e!

+1 o
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M N d
_Z> (t,x)) t

We notice that the second term can be upper-bounded as Ip. We are thus left with the
first term:

§ UG Hk=20 X — k o2 -
lar =3 Z A e/l =len) e v @ R (1)) (e
xX—j

n J.k#Ex

dt
+R ()T (1, X)T’
for which we still have an obstruction for the integrability in time. The terms in the

sum for which j = k have null contribution as they are real numbers. Also, in case
2x € Z, the terms in the sum for which j + k — 2x = 0 give

3 / S eiectsa e o R D) e+ R DT ()
1

k#£x
=-3 / 3 el e oe Vi G TR0 (@ o + R jpax )T (@, x>—
T j#x
f 3 il loe Vi 4 R (1)) (@ j12e + Rojaax DT (1, x)—
o j#x
f 3 et e VG R ) e+ R0
N pstx

so their contribution is null.
Therefore we have, for all x € R,

- [ _iU=bG+k=20 x — k
Iy =3 E e a -
4]

P
J ks ok jrkx J

; 12
Xe‘l(la]‘

~lew)log Vi TR ) (e + Re(t) T (2, x)?.

We perform an integration by parts:

U= +k=2x) (—i)4r? x —k
y e

ILi1 =3 ; ; ;
G- +k=2x)x—j

Jok#x; jFEk; jHk#£2x

5]
oo G R+ R T

131

1) (i k—2x . _
+4i‘9/ Z i TR . .z . X k
ket jR kA =BG +k=20)x-]
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x (el 11108 VI @ R 0) (o + Ri(o)T (1, 0)), di
. 70 1 2 3 4 5
IS PRl PRI B PRI P P D SR
where [ 2 | stands for the boundary term and / 41’ 1 f’ 1 i 1 f’ pand [ 2,1 are the terms

after differentiating in time the quintuple product in the integral. For the boundary
term we have

|x — k]

19,1 < 4n > . . —|aj + Rj(1)|lox + Ric(t2)]
e j — kllj +k — 2x||x — j|
Jok#Exs jFEk jHk#E2x

" —k —|—| k_| o Rj(tD)lok + Ry (t1)]
] j — g J J .
Jok#x; j#k; j4k#2x lj [ 2x||x — j|

Asfor j #k

|x — k]
[j —kllj +k—2x]|x — j|
e
[j—kllj+k—=2x|lx—jl = |j+k—=2x] |x—j]

; (63)

we have for x € %Z

1911 < Clll{o i + I{R M oo 0,0myn)*

while for x ¢ %Z we obtain

19,1 < Cnp ( (eI =+ IR oo o.ry)

1
d(x, 37) + d(x, Z))

The terms / 41’1 ) f’ 1 3,1 and / i | can be upper-bounded as [ f’ | by using moreover for

12,1 and Iil the bound 0, R (1)) < % on (0, 1). The last term 12,1 involves, in view
of (57),

Ti(t, x) = J(ux N)(t, x)

;=)
a2 EE— (x=r)
=3 e R R (D)~ (<) TN ()
r
SO

15 ) (ik—2x / —
B=p [y e
T, (=R +k=20x—]

Jok#Exs jEk jk#E2x

o 12l |2 R
x et U1l )log«ﬂ(aj —i—Rj(t))(Olk
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. — s (X—=r 2 dt
+Rk(r>>m2e"“r‘”°gﬁ @ + R (O)e ST (x — P)N(t, x) N3

and in particular

%) —
e O T S
ket ks ke T NI J

dt
xXloj + Rj(@)]og + Ri(1)] Z|ar + R, (1)||x — 7| ﬁ
"

We can write

Z lar + R (O)|x —r] < C+ [x)({e}l, 3+ + I{R; ,3+)s
>z Lo°(0,0)1>2

r

so by using (63) we get for x € %Z:

1311 <= €+ |xDVB(l{e; I

+||{Rj}||L00(o,¢2)11)2(||{aj}”lz%'*- + ||{Rj}”Loo(o,zz>12%+)’
while for x ¢ %Z we obtain:
11311 < CVn( + |x)) ( 11 - )
' dix, 7y  dx.,Z)
X (e}l + ||{Rj}||L°<>(0,zz)[1)2(||{Olj}||12%+ + ||{Rj}”Loo(o,;2)12%+)'
Therefore the proof of the Lemma is completed. O

4.5 Segments of the Limit Curveatt =0
Lemma4.2 Letn € Zand x1,xy € (n,n + 1). Then
T(0,x1) =T(0,x2).

In particular, we recover that x(0) is a polygonal line, and might have corners only
at integer locations.

Proof From Lemma 4.1 we have

T(0,x1) = T(0,x2) = lim (T (¢, x1) — T(t, x2))- (64)
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In view of (55) we compute

Page 37 of 53

T(t,x1) — T(t, x2) = fxz R@N(t, x)) dx
X1

(x /)2
_%f Zel“’“' o2 Vi (G R; (0) S

7 N(t,x)dx.

In this case the integral is well defined, but we need decay in time. For this purpose
we perform an integration by parts, that is allowed on (x1, x2) C (n,n + 1)

=g 2
T, x1) =T, x3)=|N eilei P log Vi +Ri(t)——i
(t,x1) = T(t, x2) > ( )i
J X1
~ 2 ila;|?log /7 —i 1
PV [ Y el (@ + R;(1))e — N(@t,x)) dx
A = x
X2 ; _21 \/; _ 1
=0(«/?)+2\fzs/ AR CTE S ) — No(t,x)dx
X1 . X —]
J
As by (56) we have N, = —uT,

T(t,x1) — T(t,x2) = O(1)

2% Zel(lajlz—lakl )IOg‘/;(aj—F—R(t))(otk + R (1)
j.k

N2 2
(=2 —(—k
/xz o (x—Jj) 4t(x )
X

- T(t,x)dx.

1 X =]

The summation holds only for j # k, as for j = k the contribution is null. Moreover.
from (11) we have [{R; (1)} lp = O@Y), y > 1/2,50

T(t,x1)—T(t,x2)

— 0(«/;) — 2 Zei(lﬂlj\z—laklz)logfa age

b o pxy i UZRX
Ik 2 e
a / —T(t,x)dx.
j# S

To get decay in time we need to perform again an integration by parts

T(t,x1) — T(t, x2) = O(1)

U—=kx
22 et Y
T4
J#k

X2
2t
— |2 el(‘ajlz lok | )lOg\[a ake (t x)
§ : x—ji(j—k)

X1
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. 22
+4t ERZei(‘“flz_laklz)log‘ﬁoz_jozkel, ! /Xze i (;T(t,x)) dx
o J=k Jy x—=j x
ij27k2 X2 1
a7 iU k)x
= 0N+ el -l o Vigry, / eI ——To(t, x) dx.
oy J=k Jx, x—j
From (55) we have Ty = 0(u N) so finally
ljz_kz
T(tx1) — T(t,x2) = OW1) + 4t RS il Plow Py log Vg, € 0
k
J#Fk /=
- (j—k)x ;a=n? r)2
X2 o Tt 1 -
x/ e N Ze"“»‘ otV IR, (r)) 7 N(t,x) | dx = O(V1).
X1

Therefore in view of (64) we have indeed

T@O,x1)—T(0,x)=0.

4.6 Recovering Self-Similar Structures Through Self-Similar Paths

In this subsection we shall use the results in [25] that characterize all the selfsimilar
solutions of BF and glve their corresponding asymptotics (see Theorem 1 in [25]).

Let us denote by Ala | € S? the directions of the corner generated at time r = 0 by

the canonical self-similar solution x|, (¢, x) of the binormal flow of curvature ol

N
Alj;tk\ := Ox Xjoy | (0, 0%).
We recall also that the frame of the profile (i.e. x|« (1)) satisfies the system
Ox Ty (1, x) = ‘R(Iakle_’ 5 Ny (1, x)), (65)

3x Njg (1, x) = —|ag e’ T T (1, x),

and that for x — 00 there exist B L At

1 2
that | with \h(BIaH), ‘S(Blakl) e S4, such
al

-
Ty (1, x) = |0tk+0< >, e ]oglx\Nlak‘(l’x)

1
-1+ (5): ©0
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Lemma4.3 Lett, be a sequence of positive times converging to zero. Up to a subse-
quence, there exists for all x € R a limit

(Tu(0), Na()) = lim (T (b, k + x/5), €N (1 K 4 x/5)),

and there exists a unique rotation Oy such that

T (x) = Or(Tjy | (X)),
R (e 8% N (x)) = O (R(Njay (1)), (67)
I AENNL (1)) = Op(S(Njgy (1))

Moreover, for x — £00

Ty (x) = (A\j;”) +0 <|)1c|>

, ) 1
el loeltlfArs@o N, () = 0 (B, ) +0 <| |> 9

Proof Let 1, be a sequence of positive times converging to zero. We introduce for
x € R the functions

(Ty(@). Ny () = (Tt k + 2/t €14 0 VIN (1, k4 2 /1)
This sequence is uniformly bounded. In view of (55) and (56) we have

Ty (x) = RGN )t k + x/1)
=N Z ilaj® g vVin (o, + R (tp))e s N(ty, k+x1) |,
J
and
Nj () = —e/ PO ST (1, k4 /0
- (kxy/tn— )2

P
= Y e P oe Vi Ry ))e T Ttk x ).
J

Therefore the sequence (7}, (x), N, (x)) is also uniformly bounded. These two facts
give via Arzela—Ascoli’s theorem the existence of a limit in n (of a subsequence, that
we denote again (75 (x), N, (x))):
3 lim (75 (x), Np(x)) =t (T(x), Nx(x)).
n— oo
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Moreover, as [|[{R;(t,)} Il = o(n) we can write

_j btxdin =" )2
T)(x) = Ze"“" s e N (b k + x/B) | + 0N ()

= ﬂi(ot_ke_i% Nu(x)) + R(fu(X)Np (X)) + 0(n) Ny (x),

where

k=p?
folx) = Zez(|a,|2 lee*) log e l4+lx2f i
J#k

For a test function ¢ € C2°(R) we have by integrating by parts, avoiding in case a
region os size o(n) around x = 0,

-k k=02
Fal@). ¥ () = / 3 et Pt o i NG TG )
J#Fk
i~k _; (k4n2
2 n In
/Zez(\a jPloa?) log Vg /—tn - -

J#Fk
(T (1)) dx = CPo(n).
Similarly we obtain

,\

N, (x) = —age' T Ty(x) 4 gn () T (x) + 0(n) Ty (x),
with g, = o(n) in the weak sense. Therefore (T (x), e/ 478 N, (x)) satisfies system
(65) in the weak sense. As the coefficients involved in the ODE are analytic we
conclude that (Tx(x), 'A"8@) N, (x)) satisfies system (65) in the strong sense, as

(T | (%), Njgy (x)) does. Therefore there exists a unique rotation ® such that (67)
holds. We obtain (68) as a consequence of (66). O

4.7 Recovering the Curvature Angles of the Initial Data
Lemma4.4 Let k € Z. Then, with the notations of the previous subsection,
+ +
T0,k%) = ®k(A|ak\)'

In particular, in view of (3) and (51) we recover that x(0) is a polygonal line with
corners at the same locations as o, and of same angles.*

4 This also implies that the rotation ®; does not depend on the choice of the sequence 7.
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Proof Let € > 0. In view of (68) we first choose x > 0 large enough such that

€
I7:(x) = Ok(Ag, D = 3

and that M < %, where C is the coefficient in (60). Then we choose n large

enough such that |x/7,| < % and that |T'(ty, k + x/t;) — Te(x)| < 5. The last fact

is possible in view of Lemma 4.3. Finally, we have, in view of Lemma 4.2 and (60):

T (0, k+) _ @k(A+ ) =T, k+x:/t;) — ®k(Ar;k‘)|

lotk |

<|T O,k +x3/1q) = Ttn, k + x/12)| + |T (tg, k + x/1y) — Tu(x)]
HITu(x) — Ok(A], Dl < €

o)
+y +
TO, k") = ®k(A|ak\)'
Similarly we show by taking x < O that
TO, k™) = ®k(A|;k‘).
O
The lemma insures us that x (0) has corners at the same locations as xg, and of same

angles. To recover yq up to rotation and translations we need to recover also the torsion
properties of xg.

4.8 Trace and Properties of Modulated Normal Vectors

In order to recover the torsion angles we shall need to get informations about N (¢, x)
as t goes to zero. For x ¢ 7Z we denote the modulated normal vector

N(t,x) = ®CIN@, x), (69)
where
lx — Jjl

O(t, x) = ;klezlogT. (70)

We start with a lemma insuring the existence of a limit for N (t,x)att =0, with a

convergence decay of selfsimilar type % for x close to Z.
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Lemmad4.5 LetO <t <t) < 1. Forx ¢ %Z we have

N(t2,x) — N(t <C(+|x)vr2 ! + ! 71
[N (2, x) (t1, )| = CA + |xDV12 oz Tamn ) (71)

while if x € %Z\Z then

IN(f2, x) — N(t1, x)] < C(1 + |x)y/22. (72)

In particular for any x ¢ 7 there exists a trace for the modulated normal vector at
t=0:

Jlim N (¢, x) =: N(0, x).
t—0

Moreover for any x € Z there exists a trace

Ix—jl
Jlim ¢ T P 0e S 7 N (73)

t—0

with a rate of convergence upper-bounded by C(1 + |x|)+/1.

Proof In view of (58) and (54) we have

t 2 M
(—iux T+ i <ﬂ — —>N+1CI> N) & dr

N2, x) — N1y, x) = / -3

3]

12 (x 1) (x )
= —i Y el loei 4 R (1)< T(t,x)
[ |z i
+y ¢ ile P =l log Vi g
Jj#k

e
! 7

R} (1)@ + Ri(0) ————N(t.2) +i®N(t.x) | e/ dr.

We can integrate by parts in the first term to get

N(t2, x) — N(t1, x)

(A /) 2 .
§ : —ilaj|* log v/t _ 4t (x—J
|:/#xe Ry (I)) NG < i(x — j)2> 2t 0

=
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e oak?
i

153 . - -
+i/ (Z e_l(lajlz_lakp)log\/;(aj+Rj(t))((¥k+Rk(t))87N(t’x)
n

j#xk 2
+®,N(1, x)) ' ®dr.

Having in mind the expression (57) for 7; we obtain

N (tr,x) =N (t;,x) = O (&)

d(x,7)

2 ei i Lo
> _ JreT eV (o 4 R (1)

- (x—k)?
A S N T x—k .
X3 Ze"o"‘l o2V (g + Ry (1)) (—i ) N (t,x) e ®dt
. \/? 2t

n
: 2 2
+i/ S il el og i (g
ok
;G ==
4t

—5 ) ¢ id
+R;j (1)) (o + Ry (1)) N (t,x) + ®;N (t,x) | ¢ Pdr.

2t

The integrals are in % By writing J(—iz) = — # in the first integral, we have terms

JamDPoah? e k)
e 4 ore a

, both oscillant except for the first one, in case j = k or
2x = j+k.Forx ¢ %Z we perform integrations by parts in all terms, except in case

j = k for the first integral, that allow for a gain of > minus at worse terms involving
N; that are in 1.

NG

N, x)—N@,x)=0 |0+ |x)Via ! + !
> b Nd(x.1z) " dx2)
t X X 2
+i/ZZWNeN’+c1>,N(t,x)ei‘1’dr.
1 j

In view of the decay of {R ()} and the expression (70) of the phase ® we obtain (71).
We are left with the case x € %Z. The computations goes as above, with some extra
non-oscillant terms that actually calcel:

N(t2,x) — N(11,x) = O((1 + IxDv&a
x—k N(t,x)
x—j 2t

) . - -
[T el Ry (1) @t ) 1
al

J#Ex .k j+k=2x

@ Springer



6 Page44of53 V. Banica, L. Vega

f Y el g Ry 0)) @ T ReD) e e P,
0 jotx ks j+k=2x 2
Rt
/ Zuzv 4 N, x)ePdt = O((1 + |x)vra.
I jx
O
Next we shall prove that N (0, x) is piecewise constant.
Lemma4.6 Letn € Zand x1,xy € (n,n+ 1). Then
N, x1) = N(0, x2).
Moreover, the same statement remains valid for x1,x3 € (n — 1, n + 1) ifa, = 0.
Proof From Lemma 4.5 we have
N, x1) = N(0, x2) = Tim (N (2, x1) = Nz, x2). (74)
t—

In view of (56) we compute

~ - X2 .
N (t,x1) — N (¢, x2) :/ (—uT (t,x) + i®:N (¢, x)) €' ® dx
X1
(x 1)2

=/x2 (_Z —ila;? l%’f(a + R; (t)) 7 T (t,x) +i®N (¢, x)) e dx.

J
The integral is well defined, and In view of the decay of {R;(¢)} we have

N (t,x1) — N (1, x2)
_0( ) / Zeleajl logf

If we are in the case x1, x3 € (n — 1,n + 1) and o, = O, the phase x — j can vanish
on (x1, x2) only for j = n but in this case the whole term vanishes as o, = 0. In the
case (x1, x2) € (n,n + 1) the phase x — j # 0 cannot vanish on (x1, x3). Therefore
to get decay in time we integrate by parts:

= /)2

T (t,x)+i®:N @t x)|e®dx.

2 n

=7
4t

N(t,x1) — N(t, x2) = OV + [ Ze—"%' log gy \[ 2l(x’ )T(z x)e’q):|

4l

2 o 2/t a=p? 1 . )
+/ Ze"l"’f‘zk’gﬂaj\—.[e’ ar <7.T(t,x)e’¢> +iD N(r, x)e'®dx.
X1 . 1 X =] X
j
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In view of formula (55) for the derivative 7, and the expression (70) of ®(z, x) we get

N (6, x1) = N (t, x2) = 0(&)

4 /Xz _zze—ilaj\zlogﬁajei (Xf;,j)z 1 9 Z tlak\zlogfake it Zf)z N (1, x)
o j T\
+®,N (t,x)) e ®dx

-X2 X —(x 2
=0 («/E) + i/ (— E eii(“"flzfla"‘z)log‘[oc jage’ usigett 1 -N (1, x)
. x—j
J.k

X1
+O,N (1, x)) ' ® dx
L[ —i(joj P+l ) log /7 je=ra—k? 1
—i Ze el loe vl ape' 4 —— N (1, x)e'" dx.
X =]

In the first integral the terms with j = k cancel with the ones from &, . In the second
integral the phase (x — /)% + (x — k)? does not vanish as (x1, x2) does not contain
integers, so we can integrate by parts, use the expression (56) for N, and gain a /7
decay in time. We are left with

N(t,x1) — N(t, x2) = O(/1)

2
_l/ 3 il -leal) og g AU L el
X1k X =7

Ifn + % ¢ (x1, x2) the phase (x — 7)? — (x — k)? does not vanish, so again we can
perform an integration by parts to get the decay in time. If n+ % € (x1,x2) C (n,n+1)
we split the integral into three pieces: (x1, n + % — 1), (n+ % —Jt,n+ % +4/t) and
(n+ % + /1, x2). On the middle segment, of size 24/t we upper-bound the integrant
by a constant. On the extremal segments we perform an integration by parts, that gives

a power «/; as

1 - C
|(x = )* = (x =k ~ dQ2x,Z)

The cases when n + % € (x1,x2) C (n — 1,n 4+ 1) are treated similarly. Therefore

N(t,x1) — N(t, x2) = O(V1),

and in view of (74) we get the conclusion of the Lemma. O

We end this section with a lemma that gives a link between N (0, k*) and the
rotation ®; from Lemma 4.3.

Lemma4.7 Lett, be a sequence of positive times converging to zero, such that

ei Z.,' Iaj\2log(ﬁ) =1. (75)
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Using the notations in Lemma 4.3 we have the following relation:

O (BE )= o1 Xk lerj P log lk—ji i Arg(en) N, k).

Jork

Proof Let e > 0. We choose x > 0 large enough such that in view of (68)

el loz 1 gATE @ N, () — @4 (B, )| < 7 (76)
and such that
C(l+ |k
X 4

where C is the coefficient in (71). Then we choose n large enough such that |x /7, < %
and such that

|€_i Z_/;ek Ia,-\zlog lx/Tutk—jl _ e_i Z_/#k |Dlj\2log [k—=j1 < Z’ (78)
and
/1O N (1, ke 4 x/B) — No(x)] < 2 (79)

The last fact is possible in view of Lemma 4.3. Therefore we have, in view of Lemma
4.6:

I = |g_i Z_/#k |‘¥j|210g lk—j1 eiA”g(Olk) N(O, k+) _ ®k(B+ )|

ok |
— |e_i 3k o log k= | el Argler) N(O, k4 x\/ty) — ®k(B|—;k|)|
<IN, k +x+/1,) — N(tn, k + x/12)]
e Rl Plog =il GiAre@) (1, k + x/ty) — O(B]: .

By using the convergence (71) of Lemma 4.5 together with (77), and the definition
(69) of N we get

€ . 2 . : ey 12 [/t +k—jl
Il Bl loe kol argten 21051108 P N (1, ke + x40

—Ok(B, -

In view of (78) and (75) we have

I< 24_6 + |eiArg(ozk) ei\ak|210g Ix\e—i Zj#k Iotj|210g(\/a) N(t,, k _‘_xﬂ) _ ®k(B|Zk\)|
€

— 3 + |€iArg(a1() eilak\zloglxlei\aklzlog(\/@ N(ty, k + x/1y) — ®k(B|Zk|)|'
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Finally, by (79)

I < 3—6 + |eiArs(@n) ¢l log x| N*(x) — @k(3\+ |)|
4 ol

and we conclude by (76) that
I <e¢,Ye >0,
thus

OBt I) — o ik loj|? log [k—j| A8 N0, k.

otk

For x < 0 we argue similarly to get

O (B I) — e Xk laj|? log [k— | &A@ N0, k7).

otk

4.9 Recovering the Torsion of the Initial Data

Recall that in §4.2 we have denoted by {x,,n € L} the ordered set of the integer
corner locations of xo and by {6,, t,, 6, },cL the sequence determining the curvature
and torsion angles of xo. Lemma 4.4 insured us that x (0) has corners at the same
locations as yg, and of same angles. Let us denote {6,, 7,, Sn}ne L the correspondent
sequence of x (0). To recover xo up to rotation and translations we need to recover
also the torsion properties of xo, i.e. T, = 1, and Sn = 6,.

In §4.2 we have defined the torsion parameters in terms of the vectorial product
of two consecutive tangent vectors, and in view of the way the tangent vectors of
x (0) are described in Lemma 4.4, we are lead to investigate vectorial products of type

O (Al_ak\ A A\-Ztkl)' We start with the following lemma.

Lemma 4.8 Fora > 0 there exists a unique ¢, € [0, 2m) such that

A7 NAT

a4 a4 — (P Bl) = —R(e % B)).
A= A AT ( ) ( )

Proof For simplicity we drop the subindex a. We recall from (66) that the tangent
vectors of the profile x (1) have asymptotic directions the unitary vectors AT that can
be described in view of formula (11) in [25] as

AT = (A1, A2, A3), AT = (A1, Az, —A3).

This parity property for the tangent vector implies similar parity properties for normal
and binormal vectors and from (66) we also get

B+:(B]5B25 B3)9 B~ Z(B],_327_BB)~
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In particular we have

AT AAT 1 0. — A3, Ay)
— + = , —A3, A2),
[A= A AT I—A%
SO
A" AAT N 1 A= AAT
BT = (A3Bz—A233)=—m.B . (80)

A= ANAT| 2
| | /1_A1

Since Bt L. AT and RB*, BT, A* is an orthonormal basis of R?, we have a unique
¢ € [0, 2) such that

A" AAT _
A AT] = COSPNBT 4 sing 3BT = e BT,
thus the first inequality in the statement. The second inequality follows from (80). O

We continue with some useful information on the connection between quantities
involving normal components at two consecutive corners of x (0). Recall that we have
defined oy = 0if k ¢ {x,,n € L} and if k = x,, for some n € L we have defined
ar € C by (51) and (52). In particular two consecutive corners are located at x,, and
Xp+1, and the corresponding information is encoded by a, and oy, ;.

Lemma4.9 Let t, be a sequence of positive times converging to zero, such that the
hypothesis (75) of Lemma 4.7 holds. We have the following relation concerning two
consecutive corners located at x,, and x,41:

iB, iArg(oy, )—Arg(oy _
®xn (Blax,l|) = el " el r8( n) r8( "+])®Xn+1 (BlaXnJrl |)’
where

2 2
Bn = (|05xn| - |C‘fx,,+1| ) log |x; — xpy1l.

Proof The result is a simple consequence of Lemma 4.7 and Lemma 4.6. O

Now we shall recover in the next lemma the modulus and the sign of the torsion
angles of xo.

Lemma 4.10 The torsion angles of x (0) and xo coincide:
%y =71y, O, =20n, VnelL.
Proof From the definition (50) we have

T, x,)AT©O,x5) T0O,x, ) AT©O,x" )

cos(t,) = = . = .
T, ) ATO. 5D T, x,, ) AT, x5,
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Now we use Lemma 4.4:

- + - +
COS(f ) e Alaxnl A Alaxn‘ ® A‘a)‘n+l‘ A A‘a)‘n+l‘
n Xn |A7 /\Altl\, ‘| T~ Xn+1 |A7

+
oty | ™ Al 1]
By using Lemma 4.8 we write
cos(Ty) = Oy, (m(eid"“)fn'B‘ng‘)) NOM (—Eﬁ(e”p“”"ﬂrl'B‘;xwrl |)>
= =0 (O, P B )) RO, P nilBy D).
Finally, by Lemma 4.9 we get
- i 139 +i n+. A Xn —A X, -
COS(Tn) =N (el¢‘ ! e ) ~Arste n+l))®xn+l(B|axn+1 |))

o By, || p—

R <@xn+1 (e + B‘“xn+1 ‘)> .

Since NB, | and JB, are unitary orthogonal vectors, we obtain
Tn+1 Tn+1

€os(Ty) = — €0S(Pla, | + Bn + Arglax,) — Arg(ey, ) = Play,, 1)-
Therefore, by definition (52) of {Arg(a;)} we get
cos(T,) = cos(ty,),

and in particular 7, = 1.
Similarly, we compute

T(0,x,) AT(0,x;) T, x,, ) AT, x:+1)
1T, x,) AT, 0] 1T, %) AT, x,}, )
= —Ou B, DA Ox (3B, )sin(@la,,| + Bu + Argla,)
—Arg(y, ) = Pla,, -

As N(B, ) A (B, )=A , in view of Lemma 4.4 we get
lotx, g | Jot | oz, |

*n+1
T(0,x,) AT, x,) N T, x,, ) AT, x5)

1T, x:) ATO, 60 1T, %) AT @O, x, )l

= —T(0,x,,,)sin(@a,,| + Bn + Arglax,) — Arg(@x, 1) = Pla,, 1)

so by definition (52) of {Arg(a;)} we conclude Sn = 8p. m]
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4.10 End of the Existence Result Proof

From Lemma 4.4 and Lemma 4.10 we conclude that x(0) and yxo have the same
characterizing sequences {6,,, T, 6, }ner. In view of the definition of this sequence in
§4.2 we conclude that x (0) and xq coincide modulo a rotation and a translation. This
rotation and translation can be removed by changing the initial point P and frame
(v1, v2, v3) used in the construction of x () in §4.3. Therefore we have constructed
the curve evolution in Theorem 1.1 for positive times. The extension in time is done
by using the time reversibility of the Schrodinger equation and the one of the binormal
flow, that means solving for positive times the binormal flow with initial data x (—s),
which is still a polygonal line satisfying the hypothesis.

4.11 Further Properties of the Constructed Solution

In this last subsection we describe the trajectories in time of the R3—locations of the
corners, x (¢, k).

Lemma4.11 Let k such that oy # 0, that is a location of corner for xo. Then there
exists two orthogonal vectors vy, v2 € S? such that

x(t, k) = x(0, k) + /1 (v sin(M log v/1) + v2 cos(M log(v/1)) + O(z).
Proof From (59) and the decay of {R;(7)} we have

t
x(t, k) — x(0,k) :/ S(uN(t,k))dt
0

il ;>2

7

—o/ Ze"“ P10 VT (4 R (1) ———— N(1, k) dT

_j ke ,)2

/Ze’laﬂ G N K dt +0(H),

In the terms with j # k we perform an integration by parts to get decay in time

t
. d
x(t, k) — x(0,k) = “sf el 108 VegE Nz k) S5 4 0(1217)
0 VT

2 t
_j =) )

o2 I 4t
33 el loevig; N(z, k)
. k_ . 2 b
o VTooitk=j) .
(e ,)2

—msf Z l(kl )z(ell"‘fl logVTr /T N(1,k)), dt.
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The boundary term is of order O (¢+/1). In view of (58) we get a #? estimate for N,

so the last term is of order O(¢), and we have

t
A d
x(t, k) — x(0,k) = *sf el oevegr v 1y L5 4 o).
0 JT

Now, from (73) in Lemma 4.5 we get the existence of wy, wy € S? such that

i
wi +iwy = lirr(l)e 2 Lol lOg‘ﬁN(t, k),
t—

with a rate of convergence upper-bounded by C(1 + |k|)+/z. This implies

t
. ) d
(1) — (0, k) = S aF (wy + iw2>/0 o Xl log V7 7; + o),

and thus the conclusion of the Lemma. O
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