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Abstract

We are concerned with the global well-posedness and large time asymptotic behavior of
strong and classical solutions to the Cauchy problem of the Navier—Stokes equations
for viscous compressible barotropic flows in two or three spatial dimensions with
vacuum as far field density. For strong and classical solutions, some a priori decay with
rates (in large time) for both the pressure and the spatial gradient of the velocity field
are obtained provided that the initial total energy is suitably small. Moreover, by using
these key decay rates and some analysis on the expansion rates of the essential support
of the density, we establish the global existence and uniqueness of classical solutions
(which may be of possibly large oscillations) in two spatial dimensions, provided the
smooth initial data are of small total energy. In addition, the initial density can even have
compact support. This, in particular, yields the global regularity and uniqueness of the
re-normalized weak solutions of Lions—Feireisl to the two-dimensional compressible
barotropic flows for all adiabatic number y > 1 provided that the initial total energy
is small.
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1 Introduction

We consider the Navier-Stokes equations

Pt +d1V(p“) = Oa (1 1)

(pu); +div(pu @ u) — uAu — (u + 2)Vdivu + VP(p) =0, '
for viscous compressible barotropic flows. Here, t > 0 is time, x € Q C RN (N =
2, 3) is the spatial coordinate, and p = p(x, 1), u = (ul, R uN)(x, t), and

P(p) =Rp” (R>0,y > 1) (1.2)

are the fluid density, velocity and pressure, respectively. Without loss of generality, it
is assumed that R = 1. The constant viscosity coefficients  and A satisfy the physical
restrictions:

w>0, 2u+Nx=0. (1.3)

Let @ = R" and we consider the Cauchy problem for (1.1) with (p, u) vanishing at
infinity (in some weak sense) with given initial data pg and ug, as

p(x,0) = po(x), pu(x,0) = poup(x), x € Q=R (1.4)

There are huge literatures on the large time existence and behavior of solutions
to (1.1). The one-dimensional problem has been studied extensively, see [9,18,29,30]
and the references therein. For the multi-dimensional case, the local existence and
uniqueness of classical solutions are known in [25,31] in the absence of vacuum and
recently, for strong solutions also, in [3-5,19,28] for the case that the initial density
need not be positive and may vanish in open sets. The global classical solutions were
first obtained by Matsumura-Nishida [24] for initial data close to a non-vacuum equi-
librium in some Sobolev space H*. In particular, the theory requires that the solution
has small oscillations from a uniform non-vacuum state so that the density is strictly
away from vacuum. Later, Hoff [10,11,13] studied the problem for discontinuous ini-
tial data. For the existence of solutions for arbitrary data, the major breakthrough is
due to Lions [22] (see also Feireisl [6,7]), where the global existence of weak solutions
when the exponent y is suitably large are achieved. The main restriction on initial data
is that the initial total energy is finite, so that the density vanishes at far fields, or even
has compact support. However, little is known on the structure of such weak solutions,
in particular, the regularity and the uniqueness of such weak solutions remain open.
This is a subtle issue, as Xin [32] showed that in the case that the initial density has
compact support, any smooth solution in CY[0,T]: H (R (s > [d /2] 4 2) to the
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Cauchy problem of the full compressible Navier-Stokes system without heat conduc-
tion blows up in finite time for any space dimension d > 1, and the same holds for
the barotropic case (1.1), at least in one-dimension. The assumptions of [32] that the
initial density has compact support and that the smooth solution has finite energy are
removed recently by Xin-Yan [33] for a large class of initial data containing vacuum.
However, this blow-up theory does not apply to the barotropic flows in general, at
least in the case of R3. Indeed, very recently, for the case that the initial density is
allowed to vanish and even has compact support, Huang-Li-Xin [16] established the
quite surprising global existence and uniqueness of classical solutions with constant
state as far field which could be either vacuum or non-vacuum to (1.1)—(1.4) in three-
dimensional space with smooth initial data which are of small total energy but possibly
large oscillations. Moreover, it was also showed in [16] that for any p > 2,

lim (IP(0) = P(3)ll o) + [ Vull 2z) =0, (1.5)

where p is the constant far field density. This not only generalizes the classical results
of Matsumura-Nishida [24], but also yields the regularity and uniqueness of the weak
solutions of Lions and Feireisl [6,7,22] with initial data of small total energy. Then a
natural question arises whether the theory of Huang-Li-Xin [16] remains valid for the
case of R2. This is interesting partially due to the following reasons: First, a positive
answer would yield immediately the regularity and uniqueness of weak solutions of
Lions-Feireisl with small initial total energy whose existence has been proved for
all y > 1, see [6,7]. Second, this question may be subtle due to the recent blow-up
resultin [23] where it is shown that non-trivial two-dimensional spherically symmetric
solutionin C1 ([0, T']; H* (R?)(s > 2)) with initial compactly supported density blows
up in finite time. Technically, it is not easy to modify the three-dimensional analysis
of [16] to the two-dimensional case with initial density containing vacuum since the
analysis of [16] depends crucially on the a priori L°-bound on the velocity. For two-
dimensional problems, only in the case that the far field density is away from vacuum,
the techniques of [16] can be modified directly since at this case, for any p € [2, 00),
the L”-norm of a function u can be bounded by ||p1/2u||Lz and [|[Vul|;2, and the
similar results can be obtained ([23]). However, when the far field density is vacuum,
it seems difficult to bound the L”-norm of u by ||p'/?u|| ;2 and || Vu| ;2 forany p > 1,
so the global existence and large time behavior of strong or classical solutions to the
Cauchy problem are much subtle and remain open. Therefore, the main aim of this
paper is to study the global existence and large time behavior of strong or classical
solutions to (1.1)—(1.4) in some homogeneous Sobolev spaces in two-dimensional
space with vacuum as far field density, and at the same time to investigate the decay
rates of the pressure and the gradient of velocity in both two and three dimensional
spaces provided the initial energy is suitably small, which turn out to be one of the
keys for the two-dimensional global well-posedness theory.

Before stating the main results, we first explain the notations and conventions used
throughout this paper. For R > 0 and Q = RY (N =2, 3), set

Br £ {x € Q| |x| < R}, /fdxé/fdx.
Q
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Moreover, for 1 < r < oo,k > 1, and B > 0, the standard homogeneous and
inhomogeneous Sobolev spaces are defined as follows:

L' =L"(Q), DF=DF(Q)={velLl (Q)|VkvelL (Q))},

loc

Dl — D1,2 Wk,r — Wk’r(Q) Hk — Wk,2

HP = {f Q> R‘ufllzﬂ = f|s|2ﬂ|f<s)|2ds < oo},
where f is the Fourier transform of f. Next, we also give the definition of strong
solutions as follows:

Definition 1.1 If all derivatives involved in (1.1) for (p, u) are regular distributions,
and equations (1.1) hold almost everywhere in 2 x (0, T'), then (p, u) is called a
strong solution to (1.1).

For Q = RV (N = 2, 3), the initial total energy is defined as:

1 1
Co=/ (—p0|M0|2+—P(po)>dx-
Q\2 y —1

We consider first the two-dimensional case, that is, = R2. Without loss of generality,
assume that the initial density pg satisfies

/ podx =1, (1.6)
R2
which implies that there exists a positive constant Ny such that
[ mar=3 [ ondx =3 (1.7)
poax =z = [ podx = . .
B, 2 2

We can now state our first main result, Theorem 1.1, concerning existence and
large-time behavior of global strong solutions to the problem (1.1)—(1.4).

Theorem 1.1 Let Q = R2 and M > 0, p>1,a>1,q9>2,and B € (0, 1] be given
numbers. Suppose that the initial data (po, ug) satisfy, in addition to (1.6) and (1.7),

po=0, ppe L'nH' nW", uye HPND', p)*upecL? (1.8
and
po < P, lluollgs + llooxllp < M, (1.9)
where
T2 (e +[x)! P log(e + [x[). (1.10)
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Then there exists a positive constant € depending only on ., A, y, a, p, B, No, and M
such that if

Co < e, (1.11)

the problem (1.1)—(1.4) has a unique global strong solution (p, u) satisfying for any
0<T < o0,

0<plx,t)<2p, (x,t)eR>x]0,T], (1.12)
peC(0, T; L' nH' nwha),

¥p e L®0, T; L'nH' n W),

Jpu, Vu, i tu, ﬁﬁu, € L0, T; L),

1.13
Vu e LZ(O, T: Hl) N L(q+1)/Q(0’ T; Wl"])’ ( )
ViVu € L*(0,T; Wha),
P, N1Vug, 137w € LR x (0, 7)),
and
'f/ (x,)d >1 (1.14)
n px, X =z —, .
O<r=T BN, (14+) log® (e+1) 4

for any o > 1 and some positive constant N1 depending only on o, Ny, and M.
Moreover, (p, u) has the following decay rates, that is, fort > 1,

IVu(, Ol < C(p)t="HYP, for p € [2, 00),
[P, )l < C)e= VT forr e (1, 00), (1.15)
IVo(, )2 + IVFC, )l 2 < Ct7,

where
o2 3u®—hu', F=2Qu+rdivu— P, (1.16)

are respectively the vorticity and the effective viscous flux, and C(«) depends on o
besides w, A, y,a, p, B, No, and M.

Remark 1.1 In addition to u, A, y, a, 8, and Ny, the' energy bound & depends only on
the constants p and M, that is, the L°°-norm of pg, H B of ug, and L! of pox?, without
any other norms of the data.

Remark 1.2 1t should be noted here that the decay rate estimates (1.15) combined
with the estimate on upper bound of the expansion rate of the essential support of the
density (1.14) play a crucial role in deriving the global existence of strong and classical
solutions to the two-dimensional problem (1.1)—(1.4). This is in contrast to the three-
dimensional case ([ 16]) where the global existence of classical solutions to (1.1)—(1.4)
was achieved without any bounds on the decay rates of the solutions partially due to
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the a priori L°-bounds on the velocity field. As will be seen in the proof, the key
observation is the decay with a rate for the spatial L2-norm of the pressure in (1.15).

Next, if the initial data (pg, u¢) satisfy some additional regularity and compatibility
conditions, the global strong solutions obtained by Theorem 1.1 become classical, that
is,

Theorem 1.2 Let Q@ = R2. In addition to the assumptions in Theorem 1.1, assume
further that (po, ug) satisfy

V200, V2P(po) € LN LY, %V2pg, V2P (po), VZup € L?,  (1.17)
for some constant 8y € (0, 1), and the following compatibility condition:
— phug — (i + 2 Vdivig + VP (po) = py’ . (1.18)

with some g € L?. Then, in addition to (1.12)—(1.15), the strong solution (p, u)
obtained by Theorem 1.1 satisfies for any 0 < T < o0,

V2p, V2P(p) € C([0,T]; L> N LY),

#0v2p, ¥0V2P(p), V2u € L0, T; L?),

Pur, JtVuy, \/;)Eflu,, t/Pus, VZu, € L>*®O, T, L2),
tV3u e L®0,T; L> N LY),

Vug, 3 Yy, tVuy, tx uy € L20, T L?),

tV2(pu) € L®(0, T; LW4+2/2),

(1.19)

Remark 1.3 The solution obtained in Theorem 1.2 becomes a classical one for positive
time ([19]). Although it has small energy, yet whose oscillations could be arbitrarily
large. In particular, both interior and far field vacuum are allowed. There is no require-
ment on the size of the set of vacuum states. Therefore, the initial density may have
compact support. Moreover, by the strong-weak uniqueness theorem of Lions [22],
Theorems 1.1 and 1.2 can be regarded as uniqueness and regularity theory of Lions-
Feireisl’s weak solutions with small initial energy, whose existence has been proved
for all y > 1 in [6,22].

Remark 1.4 1t is worth noting that the conclusions in Theorems 1.1 and 1.2 are
somewhat surprising since for the barotropic compressible Navier-Stokes equa-
tions (1.1), any non-trivial two-dimensional spherically symmetric solution (p, u) €
Cl([0, T], H)(s > 2) with initial compact supported density blows up in finite
time ([23]). Indeed, as in [32], the key point of [23] to prove the blowup phe-
nomena is based on the fact that the support of the density will not grow in time
in the space C 1([0, T1; H™). However, in the current case, though the density
p € C(0,TT; H2), yet the velocity u satisfies only Vu € C((0, T]; Hk). Note
that the function u € {Vu € H¥} decays much slower for large values of the spatial
variable x than u € H**t!. Therefore, it seems that it is the slow decay of the velocity
field for large values of the spatial variable x that leads to the global existence of
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smooth solutions (c.f. [27]). Unfortunately, such argument cannot be valid for the full
compressible Navier-Stokes system since the blow-up results of Xin-Yan in [33] work
for any classical solutions with compactly supported initial density.

Finally, for the three-dimensional case, that is, Q2 = R3, we have the following
results concerning the decay properties of the global classical solutions.

Theorem 1.3 Let Q = R3. For given numbers M > 0, p > 1, B € (1/2, 1], and
q € (3, 6), suppose that the initial data (pg, uo) satisfy

po, P(po) € H> N W29, P(po), poluol* € L', up € H?, Vug e H', (1.20)
0<po<p, luollys <M, (1.21)

and the compatibility condition
— pbug — (1 + 2 Vdivug + VP (p0) = py’ . (1.22)

for some g € L*. Moreover, if y > 3/2, assume in addition that py € L>?. Then
there exists a positive constant € depending on |, A, y, p, B, and M such that if

Co<e, (1.23)

the Cauchy problem (1.1)~(1.4) has a unique global classical solution (p, u) in R3 x
(0, o0) satisfying forany 0 <t < T < o0,

0<p(x,1)<2p, xeR >0, (1.24)
p, P eC(0,T]; H*NW>9), PeC(0,T]; LY,
Vu e L2(0,T; H*) N L®(z, T; HX N W249), (1.25)

Vu, € L0, T; L>) N L>®(r, T: HYN H'(z, T; L?).

Moreover, for r € (1, 00), there exist positive constants C(r) (which depends on r
also) and C depending on p, A, v, p, B, and M such that fort > 1,

IVu(-, t)llLr < Ct=11YP for p € [2, 6],
NP, Ol < Cr)e Y forr e (1, 00), (1.26)
IV(V x u)(-, )l 2 + IV(Qpr + Mdivu — PY(, )]l2 < Ct7 L

Remark 1.5 Under some additional conditions on the initial data besides (1.20)—(1.23),
we [16, Theorem 1.1] proves the global existence of classical solutions to the Cauchy
problem (1.1)—(1.4) except (1.26). Therefore, compared with [16, Theorem 1.1], our
Theorem 1.3 not only relaxes the conditions on the initial data but also obtains new
decay rates of the solutions, (1.26).

Remark 1.6 It should be pointed out that the large time asymptotic decay with rates
of the global strong or classical solutions, (1.15) and (1.26), are completely new for
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the multi-dimensional compressible Navier-Stokes equations (1.1) in the presence of
vacuum. They show in particular that the L>-norm of both the pressure and the gradient
of the velocity decay in time with a rate 7~!/2, and the gradient of the vorticity and
the effective viscous flux decay faster than themselves. However, whether the second
derivatives of the velocity field decay or not remains open. This is an interesting
problem and left for the future.

We now make some comments on the analysis of this paper. Note that for initial
data in the class satisfying (1.8), (1.9), (1.17), and (1.18) except ug € Hﬁ, the local
existence and uniqueness of classical solutions to the Cauchy problem, (1.1)—(1.4),
have been established recently in [19]. Thus, to extend the classical solution globally
in time, one needs some global a priori estimates on smooth solutions to (1.1)—(1.4)
in suitable higher norms. It turns out that as in the three-dimensional case [16], the
key issue here is to derive both the time-independent upper bound for the density
and the time-depending higher norm estimates of the smooth solution (p, u), so some
basic ideas used in [16] will be adapted here, yet new difficulties arises in the two-
dimensional case. Indeed, the analysis in [16] relies heavily on the basic fact that,
for the three-dimensional case, the L®-norm of v € D! (RS) can be bounded by the
L2-norm of the gradient of v which fails for v € DY (R?). In fact, for two-dimensional
case, some of the main new difficulties are due to the appearance of vacuum at far field
and the lack of integrability of the velocity and its material derivatives in the whole
two-dimensional space. To overcome these difficulties, first, using the L' -integrability
of the density, we observe that the L?-norm in both space and time of the pressure
is time-independent (see (3.18)). This is crucial to show that the H L_norm of the
effective viscous flux decays at the rate of r~!/? for large time (see (3.61)) which
plays a key role in obtaining the decay property of the L°°-norm of the effective
viscous flux. Then, after some careful estimates of the expansion rates of the essential
support of the density (see (3.39)), we succeed in obtaining that, for large time, the L?-
norm of the gradient of the effective viscous flux (see (1.16) for the definition) can be
bounded by the product of (147)> and some function g (#) whose temporal L2-norm is
independent of time (see (3.59)). Based on these key ingredients, we are able to obtain
the desired estimates on L!(0, min{1, 7}; L°(R?))-norm and the time-independent
ones on L*(min{1, T}, T; L>®(R?))-norm of the effective viscous flux (see (3.62)).
Then, motivated by [20], we deduce from these estimates and Zlotnik’s inequality (see
Lemma 2.6) that the density admits a time-uniform upper bound which is the key for
global estimates of classical solutions. The next main step is to bound the gradients
of the density and the velocity. Similar to [14—16], such bounds can be obtained by
solving a logarithm Gronwall inequality based on a Beale-Kato-Majda type inequality
(see Lemma 2.7) and the a priori estimates we have just derived, and moreover, such
a derivation yields simultaneously also the bound for L!(0, T'; L>(R?))-norm of the
gradient of the velocity, see Lemma 4.1 and its proof. Finally, with these a priori
estimates on the gradients of the density and the velocity at hand, one can estimate
the higher order derivatives by using the same arguments as in [14,19] to obtain the
desired results.

The rest of the paper is organized as follows: In Sect. 2, we collect some elementary
facts and inequalities which will be needed in later analysis. Sections 3 and 4 are
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devoted to deriving the necessary a priori estimates on classical solutions which are
needed to extend the local solution to all time. Then finally, the main results, Theorems
1.1-1.3, are proved in Sect. 5.

2 Preliminaries

In this section, for = R?, we will recall some known facts and elementary inequal-
ities which will be used frequently later.

We begin with the local existence of strong and classical solutions whose proof can
be found in [19].

Lemma 2.1 Let Q@ = R2. Assume that (po, up) satisfies (1.8) except ug € HP. Then
there exist a small time T > 0 and a unique strong solution (p, u) to the problem
(1.1)—(1.4) in R? x (0, T) satisfying (1.13) and (1.14). Moreover, if (po, ug) satisfies
(1.17) and (1.18) besides (1.8), (p, u) satisfies (1.19) also.

Next, the following well-known Gagliardo-Nirenberg inequality (see [26]) will be
used later.

Lemma 2.2 (Gagliardo-Nirenberg) For p € [2,00),q € (1,00), and r € (2, 00),

there exists some generic constant C > 0 which may depend on p, q, and r such that
for f € H'(R*) and g € L1(R*) N DV (R?), we have

”f”LI’(R2) — C”f”LZ(RZ)”Vf“LZ(RZ)v (21)

q(r—2)/2r+q(r—2)) 2r/Q2r+q(r—2))
81 c(sz) < gl IVl g2, 22)

The following weighted L” bounds for elements of the Hilbert space D' (R?) can
be found in [21, Theorem B.1].

Lemma 2.3 Form € [2,00) and 0 € (1 +m/2, 00), there exists a positive constant
C such that for all v € D' (R?),

| |m 1/m
(/;&2 P |2(10g(€+ x[%)~?dx = Clivli 2y + CliVull2we). (2.3)

The combination of Lemma 2.3 with the Poincaré inequality yields

Lemma 2.4 For x as in (1.10), suppose that p € L™ (R?) is a function such that
0spi Mys [ pdx piteL'@), 2.4
B,

@ Springer



7 Page100f37 J.Li, Z. Xin

for N, > 1 and positive constants M1, My, and «. Then, for r € [2, 00), there exists
a positive constant C depending only on M1, M3, o, and r such that

1/r
( /R i p|v|’dx) < ONZ(+ 103 ) (1020l o) + 19022 )
(2.5)
foreachv € {v € DI(R2)| pl?v e Lz(Rz)} .

Proof First, for f € L'(By,), denote the average of f over By, by

1
[y, & —— fx)dx.
IBN, | JBy,

It then follows from (2.4) that

1
(pBy, — P) (v — gy, )dx + pudx

BN Jay, 1BN.| Jay,
_ 1/2 v, —
<2MN Mo = vsy ll2ay,) + My 2N 020l 2y,

1/2 3, —
=8Mi|[Vvll2gy,) + M1/ N, 1“101/2U||L2(BN*)’

PBN* vBN* | ==

(2.6)

where in the last inequality one has used the following Poincaré inequality ([8, (7.45)])
v = vBye 228y < ANTIVVIL2(B,.)- (2.7
Then, it follows from (2.6) and (2.4) that
|vBy, | < CM1, MO)NZ VOl 2y, ) + C(M1, M)Nillp' 20l 12,

which together with (2.7) leads to

2 2 2
/ [v] dx§2/ [v—vpy, ["dx + 2| Bn,||vBy, |
B, By,

< C(M1, M)NJ|IVVIZ2 g, + C(M1 MNP P0ll72 -

(2.8)

Finally, it follows from Holder’s inequality, (2.3), (2.8), and (2.4) thatfor r € [2, 0c0)
ando =4/4+a) € (0, 1),

A; ool dx < 1E° Lo @y 101577 | e oy 01 5
—a 3 (1,172 g
< C(1+ 1o Nagen) (N2 (1020l 2y + 190l 2 ))
which gives (2.5) and completes the proof of Lemma 2.4. O
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Next, for V- £ (—3,, 31), denoting the material derivative of f by f £ f,4u-V f,
we state some elementary estimates which follow from (2.1) and the standard L”-
estimate for the following elliptic system derived from the momentum equations in

(1.1):
AF =div(pi), pbo=V=r. (o), (2.9)
where F and w are as in (1.16).

Lemma2.5 Let Q = R? and (p, u) be a smooth solution of (1.1). Then for p > 2
there exists a positive constant C depending only on p, i, and A such that

||VF||LP(R2) + ||VCU||Lp(R2) = C||P'1||L1’(R2)7 (2.10)
o 1=2 2
IF N2y + ol ey < Clloal 328 (1Vull 2@y + I1Pll2@) ™ s @11
L2(R2)

i 1=2 2
IVull oy < Clloill b (IVull 2@y + 1P2g2) ™" + CIPI o).
(2.12)

Proof On the one hand, the standard LP”-estimate for the elliptic system (2.9) yields
(2.10) directly, which, together with (2.1) and (1.16), gives (2.11). On the other hand,
since —Au = —Vdivu — V4w, we have

Vu = —V(=A)"'Vdivu — V(=A)"'Vie. (2.13)

Thus applying the standard L”-estimate to (2.13) shows

||VM||LP(R2) = C(P)(”diVM”LP(RZ) + ||CU||L17(R2))
< CPIFlrwey + CP@lrwey + CPIP N Lo w2y

which, along with (2.11), gives (2.12). The proof of Lemma 2.5 is completed. O

Next, to get the uniform (in time) upper bound of the density p, we need the
following Zlotnik inequality.

Lemma 2.6 ([34]) Let the function y satisfy
Y(0) =g +b @) on[0.T], y(0) =",
with g € C(R) and y, b € W1(0, T). If g(c0) = —o0 and
b(ty) — b(t1) < No + Ni(r2 — 11) (2.14)
forall0 <t; <ty < T withsome No > 0and N1 > 0, then
y(0) = max {10, + No < 00 on [0, 71,
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where ¢ is a constant such that

g) < =Ny for ¢>¢. (2.15)

Finally, the following Beale-Kato-Majda type inequality, which was proved in [1,
17] when divu = 0, will be used later to estimate | Vu|| < and ||Vpll;2q14(q > 2).

Lemma 2.7 For2 < g < 00, there is a constant C(q) such that the following estimate
holds for all Vu € L*(R*) N D4 (R?),

Vil poom2y = C (||diVu||L00(]R2) + ||CU||L00(R2)) log(e + ||V2M||Lq(1R2))
+ C”VMHLZ(RZ) +C.

3 A Priori Estimates(l): Lower Order Estimates

In this section, for @ = R?, we will establish some necessary a priori bounds for
smooth solutions to the Cauchy problem (1.1)—(1.4) to extend the local strong and
classical solutions guaranteed by Lemma 2.1. Thus, let 7 > 0 be a fixed time and
(p, u) be the smooth solution to (1.1)—(1.4) on R2 x (0, T] with smooth initial data
(po, up) satisfying (1.8) and (1.9).

Set o (t) = min{l, t}. Define

T
A(T) 2 sup (a||v,4||§2)+/ afp|u|2dxdt, (3.1)
0<t<T 0
and
T
Ax(T) 2 sup 02/p|b't|2dx+/ /02|Vu|2dxdt. (3.2)
0<t<T 0

We have the following key a priori estimates on (p, u).

Proposition 3.1 Under the conditions of Theorem 1.1, there exists some positive con-
stant ¢ depending on u,\,v,a, p, B, No, and M such that if (p,u) is a smooth
solution of (1.1)~(1.4) on R? x (0, T satisfying

sup p <25, AI(T)+ Ax(T) <2C,°, (3.3)
R2x[0,T]

the following estimates hold

T
sup  p < 7p/4, A1<T>+A2(T>+/ ollP|2dr < €)%, (34
0

R2x[0,7]

provided Cy < e.
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The proof of Proposition 3.1 will be postponed to the end of this section.

In the following, we will use the convention that C denotes a generic positive
constant depending on u, A, y, a, p, B, No, and M, and use C(«) to emphasize that
C depends on «.

We begin with the following standard energy estimate for (o, ) and preliminary
L? bounds for Vu and pit.

Lemma 3.2 Let (p, u) be a smooth solution of (1.1)~(1.4) on R? x (0, T. Then there
is a positive constant C depending only on w, A, and y such that

1 1 r

sup / (—,0|u|2 + —P) dx + /L/ / |Vu|2dxdt < Co, 3.5)

0<t<T 2 y —1 0

T
AN(T) < CCo+C sup |IPI% + C/ cr/ (|Vu|3 + P|Vu|2) dxdt, (3.6)

0<t<T 0
and
T
Ax(T) < CA((T) + C / o’ (||Vu||‘;4 + ||P||14) dr. 3.7)
0

Proof First, the standard energy inequality reads:

su l 2 L ! 2 divu)? d
P plul” + dx + wlVul* + (u 4+ 1) (divu)” ) dxdt < Co,
2 y —1 0

0<t<T

which together with (1.3) shows (3.5).
Next, multiplying (1.1), by # and then integrating the resulting equality over R?
lead to

/,o|1)t|2dx =— / i VPdx + ,u/Au idx 4 (u+ A) / Vdivu - iidx. (3.8)
Since P satisfies
Pi+u-VP+ yPdivu =0, 3.9)
integration by parts yields that
— / u-VPdx :/((divu)tP — (u-Vu) - VP)dx

:(/ divude) +f (& = DP@ivi)? + Pou;0ju; ) d
t

< </ divude) +C/P|Vu|2dx.
t

(3.10)
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Integration by parts also implies that

. w
M/Au cudx = -7 (”V””2L2>t — ,u/é)iuj&i(ukakuj)dx

y (3.11)
M 2 3
<=5 (1vui}.), + ¢ [ 1uiax,
and that
. . At . 2 . .
(4 2) [ Vdivu-iidx = =225 (||d1vu||L2) — O+ | divudivie - Vi)dx
t
A+ .2 3
<= (||d1vu||L2>t +C/ \Vul3dx.
(3.12)
Putting (3.10)—(3.12) into (3.8) leads to
B'(t) —|—/,0|12|2dx < C/ P|Vul*dx + C|Vull3, (3.13)
where
A
B(1) 2 %nwniz + %ndwuniz - /divude (3.14)
satisfies
"
ZIVulz. = CIPIL: < BO) < ClIVulza + CII Pl (3.15)

Then, integrating (3.13) multiplied by o over (0, T) and using (3.15) and (3.5)
yield (3.6) directly.

Finally, to prove (3.7), we will use the basic estimates of i due to Hoff [10].
Operating 9/t + div(u-) to (1.1)5, one gets by some simple calculations that

p @) + pu - Vil — pAid — (o + 1)d; (divie)
= uoj(—oju - Vul + divu&iuj) — udiv(aiufiiuj)

. 5 (3.16)
— (w4 1)d; (a,u Vil — (diva) ) — (i + V) div(d;udivu)
+ (y — Do (Pdivu) + div(Pa;u).
Multiplying (3.16) by i and integrating the resulting equation over R? lead to
(/p|u|2dx) +u/ Viil*dx < Cl|Vulljs + ClI P34 (3.17)
t
which multiplied by o2 gives (3.7) and completes the proof of Lemma 3.2. O
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Remark 3.1 Itiseasy tocheck that the estimates (3.13) and (3.17) also hold for 2 = R3.
Next, we give a key observation that pressure decays in time.

Lemma 3.3 Let (p, u) be a smooth solution of (1.1)—(1.4) on R2 x (0, T] satisfying
(3.3). Then there exists a positive constant C(p) depending only on u, A, v, and p
such that

T
A(T) +A2(T)+/ ollP|7.dt < C(p)Co. (3.18)
0

Proof First, it follows from (2.12), (3.5), and (3.3) that

T
[ o (vutta+ 1pug) a
T T

< c/o ollpil?, (o1 Vul? +a||P||iz)dz+C/0 G2|P||*dt (3.19)
r 1/2 - 112 r 2 2

=C) (Al(T)+C0)f allp lllledt+C(/3)f o ||Pl}.dt.
0 0

To estimate the last term on the right-hand side of (3.19), noticing that (1.1), gives

P = (—=A)"Mdiv(pi) + Qu + Mdivu, (3.20)

we obtain from Holder’s and Sobolev’s inequalities that

/Pzdx < Cll(=2) " div(pid)ll oy | Pll v sy-n + C I Vull 12| Pl 2

. 1/2 —1/2
< Clipitll ayrersn ol Pl 5, " + ClIVull 211 Pl 2
. 1/2 —-1/2
<Cllp" Pl 0" il 2101 ol + CUIVull 21 Pl 2
<CIIP|2llp" il 2 + ClIVull 21 Pl 2,

where in the last inequality, one has used

/pdx = /,oodx =1, (3.21)

due to the mass conservation equation (1.1);. Thus, we arrive at
IPllz2 < Cllp' il 2 + ClIVull 2, (3.22)

which, along with (3.6), (3.7), (3.19), (3.5), and (3.3) gives
T
AI(T) + A2(T) =C(p)Co + C(ﬁ)/ o |[Vul?dt. (3.23)
0
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Then, on the one hand, one deduces from (2.12), (3.5), and (3.3) that

o 3 o 1/2 2 2
/0 olIVulsdr < C/o ol il 2 (IVul2, + 1P12,) dr + C(@)Co

o (T)
< CAé/z(a<T>)/0 (Vs + IPI3, ) di + C(H)Co
< C(p)Co.
(3.24)

On the other hand, Holder’s inequality, (3.19), (3.3), and (3.22) imply

T T T
anvaJnfga/‘ nvmﬁ¢h4-cw)/‘ V|2, dt
/o L3 o (T) L o(T) L2 (3.25)

(T)
<3C(P)AI(T) + C()C(p)Co.
Finally, putting (3.24) and (3.25) into (3.23) and choosing § suitably small lead to
A(T) + A2(T) = C(p)Co,

which together with (3.22) and (3.5) gives (3.18) and completes the proof of Lemma
3.3. O

Next, we derive the rates of decay for Vu and P, which are essential to obtain the
uniform (in time) upper bound of the density for large time.

Lemma 3.4 For p € [2, 00), there exists a positive constant C(p, p) depending only
on p, i, A, y, and p such that, if (p, u) is a smooth solution of (1.1)—(1.4) on R2 x
(0, T] satisfying (3.3), then

sup (i (IVul, + IPIE) + 202 ) < Cp.p)Co. (3.26)
o (T)<t<T

Proof First, for p > 2, multiplying (3.9) by pP?~! and integrating the resulting
equality over R?, one gets after using divu = ﬁ(F + P) that

py — 1 1 py —1
(IPIL,), + 1PIPEL = —/PPFdx

20+ A Lret = o
py —1 p+1 p+1
< —"||P C F )
< 5t 1Pl + COIFILL,

(3.27)
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which together with (2.11) gives

202 + 1)

1 1
1 (IPIT,), + IPIT < CIFITT

Lp+l — Lp+!

- p—1
= ) (IVullz + 1PI2:) ol 5.
(3.28)

In particular, choosing p = 2 in (3.28) shows

2y — 1 .
(1P122) + 52— IPI3s = 8llp"2all3, + @) (IVullys + 1P ) -

i 2Qu+ A)
(3.29)
Next, it follows from (3.13) and (2.12) that
/ -2 3 3
B (t)+//0|14| dx < C|Pl;5+ ClVull;s
< CUIPIs + Clipitll 2 (I1Vul2 + 1P12,) (3.30)

< CillPl3: +8lp'2ill7. + C(p. 8) (||W||‘zz + ||P||iz) :
Choosing Cy > 2 +22u + A)(C1 + 1)/(2y — 1) suitably large such that

nw
anniz +IPI3, < B(t) + C2lIPI3, < ClIVull3, + ClIPl7,.  (3.31)

adding (3.29) multiplied by C» to (3.30), and choosing § suitably small lead to
!/
2(BW +CaIIPIE,) +/ (plal? + P?)dx < CIIPIS, + CIIVul}s, (332)

which multiplied by ¢, together with Gronwall’s inequality, (3.31), (3.18), (3.5), and
(3.3) yields

T
sup r(||W||iz+||P||iz)+/ rf(p|u|2+P3)dxdr < C(p)Co.
o(T)<t<T o(T)

(3.33)

Next, multiplying (3.17) by ¢ together with (2.12) gives

<z2fp|u|2dx> +;u2f |Vit|>dx
t

<2 / pli*dx + C(p)t* || i3, (||Vu||iz - ||P||iz) + C(P| P} 4
(3.34)
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Choosing p = 3 in (3.28) and adding (3.28) multiplied by (C + )% to (3.34) lead to

. 22u+1)(C +1) .
(r2[p|u|2dx + : LIPS )+t IVill7, + 21 Pl
y —1

t

< Cr[ (ol + P*) dx + C(o)ilp il (IVulds + 1PI2,)

which combined with Gronwall’s inequality, (3.33), and (3.3) yields

T

sup ,2/ (ol + P?) dx+/ 2 (IVil2, + 1PI34) de < C(H)Co.
o(T)<t<T o(T)

(3.35)
Finally, we claim that form = 1,2, ...,
T
sup " P+ / || P de < Cam, §)Co. (3.36)
o(T)<t<T o(T)

which together with (2.12), (3.33), and (3.35) gives (3.26). We shall prove (3.36) by
induction. In fact, (3.33) shows that (3.36) holds for m = 1. Assume that (3.36) holds
for m = n, that s,

T
sup 1" PI0E + f | PI7tEdt < C(n, §)Co. (3.37)
o(T)<t<T o(T)

Multiplying (3.28) where p = n + 2 by "1, one obtains after using (3.35)

2Q2u+2)
n+2)yy —1

< COu P IPILE + Cn p)Co (IVul2, + P12 )

Lnt2 Ln+3

(3.38)

Integrating (3.38) over [0 (T), T'] together with (3.37) and (3.18) shows that (3.36)
holds for m = n 4 1. By induction, we obtain (3.36) and finish the proof of Lemma
3.4. O

Next, the following Lemma 3.5 combined with Lemma 2.4 will be useful to estimate
the L”-norm of pu and obtain the uniform (in time) upper bound of the density for
large time.

Lemma 3.5 Let (p, u) be a smooth solution of (1.1)~(1.4) on R? x (0, T] satisfying
the assumptions in Theorem 1.1 and (3.3). Then for any a > 1, there exists a positive
constant N depending only on o, Ny, and M such that for allt € (0, T],

/ p(x,)dx > (3.39)
BN (141) log? (141)

Bl —
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Proof First, multiplying (1.1); by (1 4 |x|?)!/? and integrating the resulting equality
over R?, we obtain after integration by parts and using both (3.5) and (3.21) that

d
E/p“ + P dx < cfp|u|dx

o) (fe)

<C.

This gives

sup /,0(1 +1x|H)2dx < C(M)(1 +1). (3.40)

0<s<t
Next, for ¢(y) € Cg° (R?) such that

1oif jyl <1,

V| <2,
0 ifpyz2 7

0<opl =1, cp(y)={

multiplying (1.1); by ¢(y) with y = 5x(1 4+ 1)~ ! log=(e 4 ¢) for small § > 0 which
will be determined later, we obtain

j—t pp(y)dx = /pVyw~ytdx+ a +t)1:g"‘(e+t) pu - Vypdx
o Cs plxlds — Cs
= (14+1)2log%(e+1) (14+1)log%(e + 1)
C(M)$

= (A+0log%e+1)

where in the last inequality we have used (3.40). Since o > 1, this yields

. - 1
/pr (y)dx = /po(X)fp(x3)dx = C(a, M)s = T (3.41)
where we choose § = (Ng + 4C (o, M)) ™. 3
Finally, it follows from (3.41) that for N L9051 = 2(Ng +4C(a, M)),
S —1 —a 1
pdx > | po <8x(1 £ log ™ (e +t)) dx > -
BN, (141) log® (e+1) 4
which finishes the proof of Lemma 3.5. O

Next, to obtain the upper bound of the density for small time, we still need the
following lemma.
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Lemma 3.6 Let (p, u) be a smooth solution of (1.1)~(1.4) on R? x (0, T] satisfying
(3.3) and the assumptions in Theorem 1.1. Then there exists a positive constant K
depending only on i, A, y, a, p, B, No, and M such that

o(T)
sup 1P|V, +/ tl—ﬂ/p|a|2dxdt <K(p,M). (342
0<i=o(T) 0

Proof First, set

A u'/? B
vmln{2(1+2u+k)1/2’ 1_ﬁ}E(O,l/Z].

If B € (0, 1), Sobolev’s inequality implies

/p0|“0|2+vdx = fpoluolzdx+/,00|u0|2/“_’3)dx

_ _ 2/(1— _
< C(H) + CPuollyyy ™ < €, M.

(3.43)

For the case that 8 = 1, one obtains from (2.5) that

(2+v)/2
/po|uo|2+”dx < C(p) (/ poluo|>dx +/ |w0|2dx> < C(p, M).

(3.44)

Then, multiplying (1.1)> by (2+ v)|u|"u and integrating the resulting equation over
R? Jead to

d
E/p|u|2+”dx+(2+v)f|u|“ (/Lqu|2+(M+A)(divu)2)dx

< (2+v)vf(u+A)|divu||u|”|Vu|dx—|—C/p”|u|”|Vu|dx
2 2
< %/(u+,\)(divu)2|u|“dx+%/quﬁm

+c/p|u|2+”dx +c/p<2+”>V*“/2dx,

which together with Gronwall’s inequality, (3.43), and (3.44) thus gives

sup fp|u|2+“dx <C(p, M). (3.45)
0<t<o(T)

Next, as in [12], for the linear differential operator L defined by

(Lw)! 2 pw] + pu - Vw! — (uAw/ + (u + 2)d;divw)
= pi/ — (nAw’ + (u+ Vd;divw), j=1,2,
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let w; and w; be the solution to:
Lw; =0, wi(x,0)=wipx), (3.46)
and
Lwy; =—VP(p), wa(x,0)=0, (3.47)

respectively. A straightforward energy estimate of (3.46) shows that:

o(T)
sup fp|w1|2dx+f /le1|2dxdt < C(ﬁ)/|w10|2dx. (3.48)
0

0<t<o(T)

Then, multiplying (3.46) by wy, and integrating the resulting equality over R? yield
that forr € (0, 0(T)],

1 . .
3 (HIVwi s + ot wlldivun ), + [ phin P

= /pu}l(u -Vwi)dx

_ . 2/2+ 2+
< C@Ip il 210" ull 2 V2w 1755 |V 52

(3.49)

1 . _
=3 / plwr|*dx + C(5, M) Vwi |7,

where in the last inequality we have used (3.45) and the following simple fact:
IV2will 2 < Cllpwbi 2,

due to the standard L2-estimate of the elliptic system (3.46). Gronwall’s inequality
together with (3.49) and (3.48) gives

o(T)
sup  [|Vwi |7, + / / plui|*dxdt < C(p, M)||VwiolZ,,  (3.50)
0<t=<o(T) 0

and

o(T)
sup r||Vw1||iz+/ r/p|w1|2dxdzsC(ﬁ,M)nwloniz. (3.51)
0<t<o(T) 0

Since the solution operator wig — wj (-, t) is linear, by the standard Stein-Weiss

interpolation argument ([2]), one can deduce from (3.50) and (3.51) that for any 6 €
(8,11,
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o(T)
sup 1! 0 Va7, + / 1 / plwrPdxdt < C(5, M)llwiol3, (3.52)
0<t<o(T) 0

with a uniform constant C independent of 6.

Finally, we estimate w;. It follows from a similar way as for the proof of (2.10)
and (2.12) that

IV(Q2u + Mdivwy — P)ll 2 + V(Y- wy)ll 2 < Cllpwall 2, (3.53)
and that for p > 2,

IVwallr < CIQu + Mdivwy — PliLe + CIIP e + |V - wallLe

. _ _ 1
< 8llpallz2 + C(p. p. §)IVwall 2 + C (5. p. 8)Cy'”.

(3.54)

Multiplying (3.47) by wy, and integrating the resulting equation over R? yield that for
1 €(0,0(I)],

1 . . .
3 (mwwzniz + (1 + lldivwz |7, — 2 f Plew2dX) + f pluidx
t

=/pu)z(u~Vw2)dx—/P,divw2dx
(3.55)

< CE) o Pinll 21107 Pl 2o | Vw2 | 2o — f Pdivwndx

< C(p, M)l i3, + €6, 5, M) (

Va2, + [ Vul?, + 1),

where in the last inequality we have used (3.54), (3.45), and the following simple fact:

—/ P divwydx = — / Pu-V(2u + A)divwy — P)dx

2+ A
1
+—— | PXdivudx + (y — 1 / Pdivudivwadx
T / (v —1) )
<C||Pull2llpwall 2 + CIP? 2 1Vull 2 + ClIVul 2 [ Vw2l 2

<8l i}, + €6, p) (IVul2, + V2l +1),

due to (3.9) and (3.53). Gronwall’s inequality together with (3.55) gives

a(T)
swp (Vualho+ [ [pluadnds <coon. 356
0<t=<o(T) 0

Taking wig = ug so that w; + wy = u, we then derive (3.42) from (3.52) and (3.56)
directly. Thus, we finish the proof of Lemma 3.6. O
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We now proceed to derive a uniform (in time) upper bound for the density, which
turns out to be the key to obtain all the higher order estimates and thus to extend the
classical solution globally. We will use an approach motivated by our previous study
on the two-dimensional Stokes approximation equations ([20]), see also [16].

Lemma 3.7 There exists a positive constant &g = &o(p, M) depending on u, A, y,

a, p, B, No, and M suchthat, if (p, u) is a smooth solution of (1.1)—-(1.4) on R2x (0, T]
satisfying (3.3) and the assumptions in Theorem 1.1, then

75
sup [lp(H)llre < i (3.57)

0<t<T
provided Cy < g&.
Proof First, we rewrite the equation of the mass conservation (1.1); as

Dip = g(p) +b'(1), (3.58)

where

p]/+1 1 t
- , b(t) & — / pFdt.
2u+ A 2u+ A Jo

Next, it follows from (2.10), (3.40), (3.39), and (2.5) thatfor¢ > O and p € [2, 00),

DipEp +u-Vp, glp)=

IVEC, DllLr = C(p)llpud, Ol

_ . . (3.59)
< C(p. . ML +0)° (110" 2, )l 2 + Vi, Dl 2)

which, together with the Gagliardo-Nirenberg inequality (2.2) for ¢ = 2, yields that
forr 24 +4/Band 8y = 2r+ (1 —B)(r —2))/(Br —4) € (0, 1),

|b(o (T))]
I N _ (r=2)/(4¢—=1)) 1
<C(p) o B=Dr=2)/Er=D) (01 ﬁ”F”iz) ||VF||2/r( r=1) 44
0
o r/@e—1))
< C(p, M) o~ QrH(1=p)(r=2))/(4r~1) (02||VF||ir) dt
0

o(T) Gr=H/4o=1) / op) r/@&(r—1)
§C(,5,M)</O aaodt> (/O (;2||VF||§,dt>

O'(T) }’/(4(}’—1))
< C(5. M) ( [ (e i + 01w, dr)

0
< C(5. Cy Y,
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where in the second, fourth, and last inequalities one has used respectively (3.42),
(3.59), and (3.18). Combining this with (3.58) gives

- - 14 _ 3p
sup ol < 5+ C(p, M)CY/* < £,
1€[0,0(T)]

(3.60)

provided
Co < &1 £ min{1, (5/(2C (5, M))*}.
Next, it follows from (2.10) and (3.26) that for ¢ € [o(T), T],

IFC Ol = € (IVuC, Oll2 + IPC 0N 2 + i, D)l 2)

(3.61)
<c@p)cy*i',

which together with (2.2) and (3.59) shows
T
[ iFc o
o (T)

T
< c/ VECOILIVEC 0 Ydr
o (T) L L (3.62)

T
< C(p, M)CP"® / 381 p 24l 2 + Vil 2) " Odi
o(T)
<@, ey,

where in the last inequality, one has used (3.3). This shows that for all 0 (T) < 1] <
nh=T,

n
Ib(t2) — b(t)] < C(5) / 10l edt
1

T

- (12 —11) + C (5, M)/ 1 GO st
2+ A o (T) L
_ 35/18
< th —t C(p, M)C ,
< 2M+A(2 1)+ C(p, M)Cy

which implies that one can choose N and Ny in (2.14) as:

1 35/18

N = , No=C(p, M)C,
L= 2T 0 (0, M)Cy

Hence, we setg: = 1in (2.15) since forall ¢ > 1,

é-l/+l 1
=—-Ni=- :
2u+ A 2u 4+ A

gl)=-—
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Lemma 2.6 and (3.60) thus lead to

swp ol = 2 4Ny = 2, (3.63)
r€lo(T),T]
provided
— 18/35
Co < &9 £ min{e, &2}, forep £ <m) .
The combination of (3.60) with (3.63) completes the proof of Lemma 3.7. O

With Lemmas 3.3 and 3.7 at hand, we are now in a position to prove Proposition
3.1.

Proof of Proposition 3.1 It follows from (3.18) that

T
A(T) + Ax(T) +/ ollP|2,dr < Cy%, (3.64)
0

provided
Co<e32 (C(H)2.

Letting ¢ £ min{eg, 3}, we obtain (3.4) directly from (3.57) and (3.64) and finish
the proof of Proposition 3.1. O

4 A Priori Estimates (ll): Higher Order Estimates

Form now on, for smooth initial data (pg, ug) satisfying (1.8) and (1.9), assume that
(p, u) is a smooth solution of (1.1)—(1.4) on R2 x (0, T] satisfying (3.3). Then, we
derive some necessary uniform estimates on the spatial gradient of the smooth solution
(0, u).

Lemma 4.1 There is a positive constant C depending onlyon T, u, A, vy, a, p, B, No,
M, q, and || po|l g1 Aw.e Such that

sup_ (1ol iwwa + IVall2 +11V2ul,)

0<t<T
T 4.1)
[ (190 17 4 V) e < €.
0
Proof First, it follows from (3.32), (3.31), Gronwall’s inequality, and (3.5) that
T
sup ||V, +/ /,o|1)t|2dxdt <cC, (4.2)
te[0,T] 0
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which together with (2.12) shows
T
/0 IVul|}.dt < C. 4.3)

Multiplying (3.17) by ¢ and integrating the resulting inequality over (0, 7)) combined
with (4.2) and (4.3) lead to

T
sup t/p|b't|2dx+/ t|Vii||7,dt < C. (4.4)
0<t<T 0

Next, we prove (4.1) by using Lemma 2.7 as in [15]. For p € [2, q], |V p|? satisfies

(IVpIP) + div(|Vpl|Pu) + (p — 1|V p|Pdivu
+ pIVplP (V) Vu(Vp) + pplVpl?>Vp - Vdivu = 0.

Thus,
dIIV e < CA+ [Vul ) IVollLr + ClIV2ul
—_— u 00 u
di pliLr = L pPliLy LP “5)
< CU+[[VullL)IVellLr + CllpillLr,
due to
IV2ullLr < C (lpitllLe + IV PllLr), (4.6)

which follows from the standard L?-estimate for the following elliptic system:
uAu + (u+ A)Vdivu = pu+ VP, u— 0 as|x| — oo.
Next, it follows from the Gargliardo-Nirenberg inequality, (4.2), and (2.10) that

[divu| = + ||w]lze < C||F|lz= + C||P|lz= + Cllo]| 1
< C(g) + C@|VFI424™D 1 C(g)IVo ] 2,4
< C(g) + C@lpil 2",
@7

which, together with Lemma 2.7, yields that

IVullix < € (Idivull + o] =) log(e + | V2ullo) + Cl| Vul 2 + C
= € (14 1ol 952 ) log(e + llpila + IVplla) + € (48)
< C 1+ llpillLo) log(e + Vol o).
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Next, it follows from the Holder inequality and (3.59) that

. <0 2q=1/q*=2) - -2)/(q>-2
loiillza < lloill s~ i #4572/

)q<q—2>/<qz—2)

- 12(g—1)/(q*-2 .

L? u”LZ + ”V’/.t”LZ
y < 12(g=1)/(g>=2 . —2)/(g%=2
< Cllp" il + Cllp all s ™2 valge e,

which combined with (4.2) and (4.4) implies that

T
11 .
[ Qo + i, )
0

’ 4.9
<c / (192212, + 119l 41~ =200~ ) gy 42
0
<C.

Then, substituting (4.8) into (4.5) where p = ¢, we deduce from Gronwall’s
inequality and (4.9) that

sup |[Vple =C,
0<t<T

which, along with (4.6) and (4.9), shows

T
/ (||v2u||(fq+”/q + r||v2u||%q) dt < C. (4.10)
0

Finally, taking p = 2 in (4.5), one gets by using (4.10), (4.2), and Gronwall’s
inequality that

sup [Vpll2 <C,
0<t<T

which, together with (4.6), (4.4), and (4.10), yields (4.1). The proof of Lemma 4.1 is
completed. O

Lemma 4.2 There is a positive constant C depending only on T, u, A, y,a, p, B,
No, M, q, and ||V (x°po)|l 12nLe Such that

sup [[X“plipinmiawte < C. (4.11)
0<t<T

Proof First, it follows from (2.3), (3.40), (3.39), and (2.8) that for any n € (0, 1] and
any s > 2,

lux ™ psm < C(m,9). (4.12)
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Multiplying (1.1); by ¢ and integrating the resulting equality over R? lead to

d
- px%dx < C/p|u|;z“*‘ log?(e + |x|*)dx

S C ”pia71+8/(8+a) ||L(S+a)/(7+a) ” ui74/(8+u) ||L8+a

<C f pxdx + C,
which gives

sup /p)?“dx <C. (4.13)

0<t<T
Then, one derives from (1.1); that v £ px¢ satisfies
vy +u-Vv—avu-Vlogx + vdivu = 0,
which, together with some estimates as for (4.5), gives that for any p € [2, g]

UIVollzr) <CA+ |Vullz + llu - Vog &l ) [ Vol s
+ Cllvlle (11VulIV1og #lr + Il V2 log &/l + I V2ull.r )
<CO+ [ Valyra) Vol
+ Cllvllzes (Ve + 1575 Loy 1E2) s + V200 )
<CO+ V2l + [ Vullyr) 0+ IVollr + [ Vollze),
(4.14)

where in the second and the last inequalities, one has used (4.12) and (4.13). Choosing
p = q in (4.14), we obtain after using Gronwall’s inequality and (4.1) that

sup [[V(px“)llLe < C. (4.15)

0<t<T
Finally, setting p = 2 in (4.14), we deduce from (4.1) and (4.15) that

sup [[V(pxD2 < C,
0<t<T

which combined with (4.13) and (4.15) thus gives (4.11) and finishes the proof of
Lemma 4.2. O

Lemma 4.3 There is a positive constant C depending onlyon T, i, A, y, a, p, B, Ny,
M, q, and ||V (x°po) | 12ALe Such that

T
sup t(llpl/zuzllifrIIVMIIfql)-F/O tIVuglljde <C. (4.16)

0<t<T
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Proof Differentiating (1.1), with respect to ¢ gives

pus + pu - Vur — uAuy — (u+ 1) Vdivu, @.17)
:—p,(u,—i—uVu)—putVu—VPt '

Multiplying (4.17) by u; and integrating the resulting equation over R?, we obtain
after using (1.1); that

1d
2dt
:—2/,0u~Vut~u,dx—/pu'V(u-Vu-u,)dx

plus PPdx + f (k1Y + e+ 2)(divie)?) dx

—/‘pu,'Vu~utdx+/P,divu,dx (4.18)
< cfp|u||uf| (1vur] + |w|2+|u||v2u|)dx+C/p|u|2|wuw,|dx

+C f plug*[Vuldx + C@O) P12, + 81 Vuyll3 .

Each term on the right-hand side of (4.18) can be estimated as follows:
First, the combination of (4.12) with (4.11) gives that for any € (0, 1] and any
s > 2,

Io"ull Lo + X Lom < C(n, 5). (4.19)
Moreover, it follows from (2.5), (3.40), and (3.39) that
0" 2ull s < Clip™Pullp2 + ClIVuyl 12, (4.20)

which together with (4.19), (4.2), and Holder’s inequality yields that for § € (0, 1),

[ pluttad (1] + 19 + )92

1/2 1/2
< Cllo"Pullysllo 2l 210" PunlE (19002 + 1Vul)
1/2 1/2
+ Cllp  ul2 o102l 210 2uc IV Pull 2 4.21)

1/2
L2

172

172 172 2
< Cllp ugl (10 2uil2 +1Vurll ) (IVuel2 + 1922 + 1)

<8IVurl3, + C () (nvzuniz + 10 3, + 1) :
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Next, Holder’s inequality, (4.19), and (4.20) lead to

/p|u|2|wnwt|dx+fp|ut|2|w|dx

1/2

3/2 1/2
< Cllp" 2ull IVull 4 I Va2 + [1Vull 2102w 1 2un 1) (422)

%
< 81V 132 + €O (192l + " ur )2, + 1)

Next, it follows from (4.19), (4.2), and (4.11) that
__ 1. -
1P l2 < ClIE™ull2ara-2 011} 15V ollLs + ClIVull2 < C. (4.23)

Finally, putting (4.21)—(4.23) into (4.18) and choosing § suitably small, we obtain
after using (4.6) and (4.1) that

d
E/plu,|2dx+M/|Vut|2dx < c/p|u,|2dx+c/p|u|2dx+1. (4.24)

It follows from (4.6) and (4.19) that

IVl g + o' ?u - Vull 2
1/2 - 1/2 2/3, 92, 1/3
< C+Clp" il + Cllp"?ull s | Vull 5 1V 2ul) 5

. 1
< C+Cllp" a2+ §||v2u||Lz,

which together with (4.2) shows
IVull g + 1o 2ull 2 < Cllp il 2 + C. (4.25)

This combined with (4.24), (4.2), and Gronwall’s inequality gives (4.16) and finishes
the proof of Lemma 4.3. O

From now on, assume that (p,u#) is a smooth solution of (1.1)-(1.4) on
R? x (0, T] satisfying (3.3) for smooth initial data (pg, ug) satisfying (1.8),
(1.9), (1.17), and (1.18). Moreover, in addition to T, u, A, y,a, p, B, No, M, q,
and ||[V(x%p0)|l;2nL4, the generic positive constant C may depend on 1V2uo| 12,
1250V 2 poll 2, 1X%V2 P (p0)ll 2, 80, and ||g |2, with g as in (1.18).

Lemma 4.4 It holds that

T
sup (10 Pulyz +1¥ulip ) + [ IVudbar s @29)
0<t<T 0

Proof Taking into account on the compatibility condition (1.18), we can define
Jpu(x,t =0)=g. (4.27)
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Integrating (3.17) over (0, T') together with (4.27) and (4.3) yields directly that

T
sup ||p‘/2u||’iz+/ IVi|7,dr < C,
0

0<t<T

which, along with (4.25) and (4.24), gives (4.26) and finishes the proof of Lemma 4.4.
O

The following higher order estimates of the solutions which are needed to guarantee
the extension of local classical solution to be a global one are similar to those in [19],
so we omit their proofs here.

Lemma 4.5 The following estimates hold:

sup (IF0V2pll 2 + [#0V2Pl 2 ) = C, (4.28)

0<t<T
2 r 2 2 2 2

sup 1] V|2, + / (1 2uae 2, + 1920113, ) di < C, (4.29)
0<t<T 0

sup (1920l + V2Pl ) = C. (4.30)
0<t<T

1/2 3 2

sup f(||10 ullpz +1Voullp2ape + IVugll g + IV (PM)||L<4+2)/2)

0<t<T
T
+ / r (||Vun||iz + ||unr1||§2)dt <C. (4.31)
0

5 Proofs of Theorems 1.1-1.3

With all the a priori estimates in Sects. 3 and 4 at hand, we are ready to prove the main
results of this paper in this section.

Proof of Theorem 1.1 By Lemma 2.1, there exists a T, > 0 such that the Cauchy
problem (1.1)—(1.4) has a unique strong solution (p, u) on R2 x (0, T,]. We will use
the a priori estimates, Proposition 3.1 and Lemmas 4.1-4.3, to extend the local strong
solution (p, u) to all time.

First, it follows from (3.1), (3.2), and (1.8) that

A1(0) + A2(0) =0, po =< p.

Therefore, there exists a 77 € (0, T] such that (3.3) holds for T = T7.
Next, set

T* = sup(T | (3.3) holds}. .1)

Then T* > T; > 0. Hence, forany 0 < v < T < T* with T finite, one deduces from
(4.16) that for any g > 2,
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Vu e C([t,T]; L> N LY), (5.2)
where one has used the standard embedding
L®, T HYNH (v, T; HY) — C ([r, T]; LY), forany ¢ € [2, ).
Moreover, it follows from (4.1), (4.11), and [21, Lemma 2.3] that
peC0,TT; L' nH' nwh9). (5.3)
Finally, we claim that
T* = oo. (5.4

Otherwise, T* < oo. Then by Proposition 3.1, (3.4) holds for 7 = T*. It follows from
(3 5), (4.11), (5.2) and (5.3) that (p(x, T*), u(x, T*)) satisfies (1.8) except u(-, T*) €
HP?. Thus, Lemma 2.1 implies that there exists some 7** > T*, such that (3.3) holds
for T = T**, which contradicts (5.1). Hence, (5.4) holds. Lemmas 2.1 and 4.1-4.3
thus show that (p, u) is in fact the unique strong solution defined on R? x (0, T'] for
any 0 < T < T* = oco. The proof of Theorem 1.1 is completed. O

Proof of Theorem 1.2 Similar to the proof of Theorem 1.1, one can prove Theorem 1.2
by using Lemma 2.1, Proposition 3.1, and Lemmas 4.1-4.5.

To prove Theorem 1.3, we need the following elementary estimates similar to those
of Lemma 2.5 whose proof can be found in [16, Lemma 2.3]. O

Lemma 5.1 Let Q = R3 and (p, u) be a smooth solution of (1.1). Then there exists a
generic positive constant C depending only on  and A such that for any p € [2, 6]

IVFllLr + IVolLr < Cllpitl e, (5.5)
3 6)/(2 6— 2

IFlILe + llolize < Clloal 2~ @7 (1Vull 2 + 1P11,2) 77, (5.6)

IVullpr < C(IFllr + llollLr) + ClIPllLr, 5.7

where F = (2u 4+ A)divu — P and w = V X u are the effective viscous flux and the
vorticity respectively.

Proof of Theorem 1.3 It suffices to prove (1.26). In fact, it follows from [ 16, Proposition
3.1 and (3.6)] that there exists some ¢ depending only on u, A, v, p, B, and M such
that

sup (I1Vull 2+ ol + 1" 2l 2)

1<t<oo

o0 (5.8)
+/1 (||W||iz + o2, + ||va||iz) dt <C,

provided Cyp < e.
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Then, one deduces from (1.1), that
P = (=A)"'div(pu), + (—A) " divdiv(pu ® u) + (2 + A)divu,
which together with (3.9) gives
2 d —14: 14 .
Pedx = T (=A)"'div(pu)Pdx + (y — 1) | (—=A) "div(pu) Pdivudx
— f Pu - V(=A)"'div(pu)dx +[(—A)*‘divdiv(pu Q u)Pdx
+ Qu+ A)/ Pdivudx

d L o
< 7 /(—A) Ydiv(pu) Pdx + C||(—A) lle(pu)”Loo||P||L2||Vu”L2
+ ClIPl 2 llul?s + CIPI 2 Vull 2

d 1. 1
55/(—A) {div(pu) Pdx + ZIIP |72 + ClIVull g,

5.9
where in the last inequality one has used
sup [|(=A) ' div(pw)llz < C sup [(—=A) " div(ouw) ||y
1<t<oo 1<t<oo
(5.10)
<C sup (Ip"ul2 +11Vul2) < C.
1<t<oo
Combining (5.8)—(5.10) leads to
o
/ IP||7.dt < C. (5.11)
1
Next, similar to (3.27), for p > 2, we have
) py -1 opr1 _ py—1 »
(IPI7,), + Y 1Pl pi1 = ETES) PPFdx, (5.12)
which together with Holder’s inequality yields
P py —1 p+1 p+1
(IPI7,), + mIIPIIUH = CDIFIN, pir- (5.13)
Next, for B(¢) defined as in (3.14), it follows from (3.13) and (5.7) that
B'(1) +/p|u|2dx < CIPl}s + ClIVull}5
L3 L3 (5.14)

< ClIPI3: + CIF3: + Clol3s.
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Choosing C2 > 2+ 22 + A)(C1 + 1)/(2y — 1) suitably large such that

"
anniz +IPI3, < B(t) + C2lIPI3, < ClIVull;, + ClIPI7,.  (5.15)

setting p = 2 in (5.13), and adding (5.13) multiplied by C> to (5.14) yield that for
t>1,

(B(t) + C2||P||%2)/ + f (p|u|2 + P3) dx

< CIIFI}s + Clloll} (5.16)

Lo
< 510"l + € (1Vulif + 1P17)

where in the second inequality we have used (5.6) and (5.8). Multiplying (5.16) by ¢,
along with Gronwall’s inequality, (5.15), (5.8), and (5.11), gives

o0
sup r(||w||iz+||P||iz)+/l rf(p|a|2+P3)dxdrsc. (5.17)

1<t<oo

Then, multiplying (3.17) by ¢2 together with (5.7) gives

(t2/p|d|2dx> +ut2/|Vzl|2dx
t

(5.18)
<2 / plildx + CR|F|% s + CPllolt, + CAR P

Setting p = 3 in (5.13) and adding (5.13) multiplied by 2(2u + W(C + D2/By —1)
to (5.18) lead to

. 2Qu+ )€ + 1) .
(ﬂ/p|u|2dx+ : PIPIRs ) +uIVil7, + 2Pl
y —1
t

< c;/ (p|u|2 + P3) dx + CE|F|I%, + Ci ol
< Ct [ (olil + P*)dx -+ CElp Pl 1Vl 2+ 1P

< Cr/ (ol + P*) dx + Crlo" i3 (0" 22, + 1VulZ, + 1PI2)

where in the second inequality we have used (5.6). Combining this, Gronwall’s inequal-
ity, (5.17), (5.8), and (5.11) yields
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o
sup t2/<p|u|2~|—P3) dx+/l 2 (IVil2, + P13 ) dr = €. (5.19)

1<t<oo

which together with (2.12) gives (1.26) provided we show that form = 1,2, ...,

o0
sup | P+ / " P2 dt < C(m). (5.20)
0

Lm+1 Lm+2
1<t<oo

Finally, we will prove (5.20) by induction. Since (5.17) shows that (5.20) holds for
m = 1, we assume that (5.20) holds for m = n, that is,

o0
sup || Pt / P de < Cn). (5.21)
1

Ln+1 n+2
1<t<o0

Setting p = n + 2 in (5.12) and multiplying (5.12) by "+ give

21 A1) gty pynt2 1y pnt3
Wty —1 (f ||P||Ln+2> + 1N PG

< C"|PII"TZ + C)" P T IF | oo

Ln+2 Ln+2

(5.22)

It follows from the Gagliardo-Nirenberg inequality, (5.5), and (5.19) that

o0
1/2 1/2
/ ||F||L00dtfc/ IFIIVE dr
1
1/2 1/2
sc/ lpill 51l pill s dr

* 1/2 1/2
sc/ 12w
1

EC’

which, along with (5.22), (5.21), and Gronwall’s inequality, thus shows that (5.20)
holds for m = n + 1. By induction, we obtain (5.20) and finish the proof of (1.26).
The proof of Theorem 1.3 is completed. O
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