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Abstract It is well-known that small, regular, spherically symmetric characteristic
initial data to the Einstein-scalar-field system which are decaying towards (future
null) infinity give rise to solutions which are forward-in-time global (in the sense of
future causal geodesic completeness). We construct a class of spherically symmetric
solutions which are global but the initial norms are consistent with initial data not
decaying towards infinity. This gives the following consequences:

1. We prove that there exist forward-in-time global solutions with arbitrarily large
(and in fact infinite) initial bounded variation (BV) norms and initial Bondi masses.

2. While general solutions with non-decaying data do not approach Minkowski space-
time, we show using the results of Luk and Oh (Anal PDE 8(7):1603-1674,
2014. arXiv:1402.2984) that if a sufficiently strong asymptotic flatness condi-
tion is imposed on the initial data, then the solutions we construct (with large BV
norms) approach Minkowski spacetime with a sharp inverse polynomial rate.

3. Our construction can be easily extended so that data are posed at past null infinity
and we obtain solutions with large BV norms which are causally geodesically
complete both to the past and to the future.
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Finally, we discuss applications of our method to construct global solutions for other
nonlinear wave equations with infinite critical norms.

1 Introduction

We study the Einstein-scalar-field system for a Lorentzian manifold (M, g) and a
real-valued function ¢ : M — R:

Ricyy — SRguy = 2Ty,

Ty = 30,0000 — 38,0 (8 "N dupdpp, (LD
Oe¢p =0

in (3 + 1) dimensions with spherically symmetric data. It is known [2,4] that small,
regular and sufficiently decaying initial data give rise to forward-in-time global solu-
tions in the sense that they are future causally geodesically complete. In this paper,
we show that the decay condition can be removed and be replaced by the requirement
that the growth of the integral of the data is suitably mild at infinity (see Theorem 1.1).
As a particular consequence, we construct global solutions with arbitrarily large (and
in fact infinite) BV norms and Bondi masses’.

To further discuss our results, we recall the reduction of (1.1) in spherical symmetry.
It is well-known that in spherical symmetry we can introduce null coordinates (u, v)
such that the metric g takes the form

g=- Q%du - dv + rzdasz,

where dogp is the standard metric on the unit round sphere and r is the area-radius of
the orbit of the symmetry group S O (3) (see Section 2.1). We normalize the coordinates
so that u = v on the axis of symmetry I' = {r = 0}. Defining the Hawking mass m
by the relation

40, royr

2m
1=

Q= , (1.2)

the Einstein-scalar-field system reduces to the following system of equations for
(r, ¢, m) in (1 + 1) dimensions, which we will also call the spherically symmetric
Einstein-scalar-field (SSESF) system:

_ 2moyroyr
0y Oyr = (1757,,,)1;2’

__ 2mdyrdyr
aLlaU(r¢) - (172Tm)r2 ’ (SSESF)

urdgm = L(1 — 2)r2(9,¢)2,
droym = 5(1 — 22 (0,¢)>.

1 See definition in (1.5) and (1.6).
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We will consider solutions to (SSESF) via studying the characteristic initial value
problem for which initial data are posed on a constant u curve C,, = {(u,v) :
u = up, v > up}. On Cy,, after imposing the gauge condition (9,7)(ug, v) = % and
the boundary conditions 7 (ug, ug) = m(ug, ug) = 0, the initial value for ®(v) :=
2(0y(r¢))(up, v) can be freely prescribed. It is easy to show that if ®(v) is C', then
there exists a unique local solution to (SSESF). We refer the readers to Section 2.1 for
further discussions on the characteristic initial value problem.

As mentioned earlier, (SSESF) is known to have global solutions for small, regular
and decaying initial data. More precisely, Christodoulou [2] showed that there exists
a universal constant o > O such that if

sup ((1 131D (0) + (1 + )48, @ | (uo, v)) < S, (13)

then the solution is forward-in-time global. An analogous small data result in fact
holds without assuming spherical symmetry as long as the higher derivatives of the
scalar field and appropriate geometric quantities are also small and decaying. In the
vacuum case, this was first proved by Christodoulou-Klainerman [6]. An alternative
proof was later given by Lindblad-Rodnianski [8], who also treated the case of the
Einstein-scalar-field system.

Returning to the special case of spherical symmetry, in fact a much stronger result
is known: Christodoulou showed in [4] that only the bounded variation (BV) norm of
the initial data @ is required to be small?, i.e., there exists a universal constant §; > 0
such that if?

o0
/ 18, ®|(v) dv' < 81, (1.4)
u

0

then the solution is global toward the future.

On the other hand, in the large data regime, Christodoulou showed in [3] that not all
initial data give rise to future causally geodesically complete solutions. In particular,
for some class of initial data, the future Cauchy development contains a black hole
region and is future causally geodesically incomplete.

The purpose of this paper is to construct a class of solutions which on one hand are
global (in the sense of future causal geodesic completeness), but on the other hand their
initial data are non-decaying and therefore large when measured using an integrated
norm*. One way to measure the size of the initial data is by the BV norm

f |0, P| (V") dV', (1.5)

0

2 In [4], the initial data for ® are in fact allowed to be in BV. In this paper, however, while we will use the
BV norm as a measure of the size of the initial data, we will only consider initial data such that & is at least
a C! function, in which case the BV norm is equivalent to the norm in (1.4).

3 Notice that for 8¢ sufficiently small, initial data satisfying (1.3) obviously also obey (1.4).

4 On the other hand, we emphasize that the initial data that we allow in the main theorem are in fact small
in a pointwise sense.
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which is a scaling-invariant quantity and as mentioned above, the smallness of the BV
norm guarantees that the solution is global. We will also quantify the largeness of the
initial data by the initial Bondi mass, which is defined as the limit of the Hawking
mass as v — o¢ on the initial curve, i.e.,

My, = vll)ngo m(ug, v). (1.6)

In fact, our construction allows both the initial BV norm and Bondi mass to be infinite.
More precisely, the following is the main result of this paper:

Theorem 1.1 Consider the characteristic initial value problem from an outgoing
curve Cyo with v > ug, 9yr [Cuoz % and r(ug, ug) = m(ug, ug) = 0. Suppose
the data on the initial curve C, is given by

20y (r¢)(uo, v) = P (v),

where ® : [ug, 00) — R is a smooth function satisfying the following conditions for
some y > 0:

/U D) dV <e(w—w)!T7, [P+ [P W) <€, Vv=u>up (1.7)

u

Then there exists € > 0 depending only on y such that the unique solution to (SSESF)
arising from the given data is future causally geodesically complete. Moreover, the
solution satisfies the following uniform a priori estimates:

1 1 2 2m 1
8UV > g, —6 > aur > —5, T < E, (18)
and

lp| < Cemin{l, 77}, [9,(r¢)| < C(IP ()| +emin{l,r7}), [3,(rp)| < Ce,
102(r )| + 1927 + 192(rd)| + 1927] < Ce (1.9)

for some constant C > 0 depending only on y.

Remark 1.2 'We note explicitly that the constants € and C in the above theorem are
independent of ug.

Remark 1.3 In addition, if the second derivative of the data @ is bounded (i.e.,
|®"(v)] < C), we will show that the solution obeys corresponding higher regular-
ity bounds which are uniform with respect to ug; see Proposition 3.18.

The proof of this theorem will occupy most of this paper. Global existence of a unique
solution in an appropriate coordinate system will be established in Section 3. As a
brief comment on the proof, we note that even for spherically symmetric solutions
to the linear wave equation Ug1+3¢ = 0, if the initial data on an outgoing null cone
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C,, are only required to satisfy (1.7), then the solutions ¢ and its first derivatives in
general do not decay in time. In fact, ¢ only satisfies decay estimates in r. In our
setting, since we can use the method of characteristics in spherical symmetry, we will
only need to integrate the error terms along null curves and the » decay is therefore
already sufficient to close a nonlinear problem.

Since our solution does not decay in time, even after establishing global existence
of the solution in an appropriate coordinate system, it does not immediately follow that
the solution is future causally geodesically complete. For this we need an additional
geometric argument, which will be carried out in Section 6.

An immediate corollary of Theorem 1.1 is the following result, which follows
simply from the observation that there exists ® satisfying the assumptions of Theorem
1.1 such that (1.5) and (1.6) are both infinite. The proof of this corollary will be carried
out in Section 5.

Corollary 1.4 There exist solutions to (1.1) with spherically symmetric data such that
the data have arbitrarily large (in fact infinite) BV norm and initial Bondi mass, while
the development is future causally geodesically complete.

Remark 1.5 We remark that to achieve the arbitrarily large initial Bondi mass in Corol-
lary 1.4, we need to arrange the data to be “suitably spread out”. To illustrate this,
let us compare our result with the black hole formation theorem of Christodoulou
in [3]. [3] implies5 that for initial data given on C,, with v > ug, 9yr [Cuoz %
and 7 (ug, ug) = m(ug, ug) = 0, for every 0 < vy < vy < 00, there exists ¢ > 0
depending on v and v, such that if m (ug, v2) —m(ug, v1) > c, then the development
of the data is future causally geodesically incomplete. Notice that for € sufficiently
small, the conditions in Theorem 1.1 in particular guarantee that the mass difference
on any finite v-interval is suitably small and that the data do not verify the black hole
formation criterion in [3]. On the other hand, Corollary 1.4 holds since the conditions
of Theorem 1.1 do not require the data to decay and one can appropriately “spread
out” the initial data. As a consequence, one can arrange the initial data to satisfy the
conditions of Theorem 1.1 (and such that the mass difference on any finite v-interval
is small), while at the same time the total mass can be arbitrarily large.

We now briefly describe some generalizations and consequences of Theorem 1.1,
but we will refer the readers to Sections 1.1 and 1.2 for more details. First, while The-
orem 1.1 itself does not show that the solution “decays” while approaching timelike
infinity®, if we assume in addition a sufficiently strong asymptotic flatness condition,
then we can apply the results in [9] to show that solution satisfies a pointwise inverse
polynomial decay rate. In fact, Theorem 1.1 also gives the first examples of solutions
with large initial BV norms which satisfy the assumptions of the conditional decay
result in [9]. As a consequence of the pointwise decay, (a subclass of) these solu-
tions are also stable with respect to small but not necessarily spherically symmetric
perturbations [10]. See further discussion in Section 1.1.

5 In fact, [3] gives a precise estimate on the constant c. We refer the readers to [3] for details

6 Since the solution to the linear wave equation with data satisfying the assumptions of Theorem 1.1 does
not decay, general solutions constructed in Theorem 1.1 in fact may not decay in time.
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Second, a consequence of the proof of Theorem 1.1 is the construction of a large
data spacetime solution which is causally geodescally complete both to the future
and the past. This is achieved by making use of the uniformity of the estimates of
Theorem 1.1 in ug and taking the limit u9 — —oo. We refer the readers to Theorem
1.8 in Section 1.2 for a precise statement.

Before turning to further discussions of our results, we note that the problem
of constructing large data global solutions to supercritical nonlinear wave equa-
tions has attracted much recent attention. We refer the readers to [1,7,11,12] and
the references therein for some recent results. The ideas in the work [11] in
particular is inspired by the monumental work of Christodoulou [5] in general rel-
ativity on the formation of trapped surfaces, which is itself a semi-global’ large
data result. Our result appears to be the first in which the large data solutions
are global both to the future and to the past. As an example of the robust-
ness of our methods, we also consider the much simpler supercritical semilinear
equation

Ogivadp = £ ¢’ (1.10)

We show that (1.10) admits solutions with infinite H ¢ x H g norms for all time and
are global both to the future and to the past (see Theorem A.1), thus extending® the
results of Krieger-Schlag [7] and Beceanu-Soffer [1].

1.1 Quantitative decay rates and nonlinear stability

In general, the solutions that are constructed in Theorem 1.1 may not exhibit uniform
decay in v. Nevertheless, in this section we show that if one imposes the following
strong asymptotic flatness condition on the C! initial data:

lim sup ((1 + ) |®|(v) + (1 + v)w’+‘|av<1>|(v)) < Ap < 00 (1.11)

vV—>00

for ' > 1, then in fact the solution decays” in v.

To see this, we apply the result in [9] by the first two authors. In [9], the long time
asymptotics of spherically symmetric, causally geodesically complete solutions to the
Einstein-scalar-field system was studied. It was shown that (see Theorems 3.1 and 3.2
and Remark 3.9 in [9]) sharp pointwise inverse polynomial decaying bounds hold for
the solution even for large initial data, as long as the solution is assumed to satisty

7 in the sense that the large data solution constructed in [5] is global towards past null infinity.

8 We emphasize however that the solutions we construct are in different regimes compared to [7] and [1].
See Remark A.3 for a more detailed comparison.

9 Notice that if (1.11) holds, the linear solution obviously decays.
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the bound!?

sup/ (19200)17 @, v) + @) P 13rP(w,v)) dv < € (112)
u JC,N{r<R}

for some p > 1, R > 0 and C > 0. Here, and below, we use the convention that C,,
denote a constant u curve.

In [9], it was further proved using the work of Christodoulou [4] that the pointwise
decay results holds if the initial data obey (1.11) and have small BV norm. On the
other hand, the work [9] leaves open the question whether there exist any solutions
with large BV norm that satisfy both (1.11) and (1.12). Our present work provides a
construction of such spacetimes. More precisely, we have

Theorem 1.6 Assume, in addition to the assumptions of Theorem 1.1, that ® obeys
the following bounds for some Ag > 0 and ' > 1:

sup ((1 +0)?|D|(w) + (1 + v)w’+1|avq>|(v)) < Ag < oo.

v€E[ug,00]

Then the following decay estimates hold for @ := min{w’, 3} and for some A; > 0:

|p| <Ay min{u~®, r~ 1@ Dy, (1.13)

|0y (Fp)| < A; minfu—®, r~}, (1.14)
|0, (ré)| < Aju™?, (1.15)
192(r¢)| < Ay min{y =@ =@ty (1.16)
102(r$)| < Aju= @t (1.17)
957 < Aymin{u—3, r 3}, (1.18)
7| < Aqu. (1.19)

Proof By Theorems 3.1 and 3.2 and Remark 3.9 in [9], the desired decay rates hold
if for some p > 1, R > 0 and C > 0, we have

sup f (1920617 @, v) + @) [93r17 (u, v) ) dv < C.
CuN{r<R}

u

This latter bound indeed holds (for any p > 1 and any R > 0) in view of the estimates
(1.8) and (1.9) in Theorem 1.1. O

10 1 [9], it was shown that alternatively,

sup/ (lag(rd))\(u,v)+(8Ur)71\83r|(u,v)> dv— 0
CyN{r<R}

u

is sufficient to guarantee that the inverse polynomial decaying bounds hold. We cite (1.11) instead as it is
more convenient to apply in the proof of Theorem 1.6.

@ Springer



3 Page 8 of 59 J. Luk et al.

Remark 1.7 As already noted in [9], the decay rates that are obtained in Theorem 1.6
are sharp.

Given these decay rates, it seems natural to ask whether the solutions constructed
in Theorem 1.6 are stable with respect to small perturbations even outside spherical
symmetry. This question will be addressed in a forthcoming paper [10] in which we
answer this question in the affirmative'!, thus extending the proof of the nonlinear
stability of Minkowski spacetime to a more general class of dispersive spacetimes.

1.2 Large data solutions which are both future and past complete

Theorem 1.1 constructs future causally geodesically complete solutions to the future
of the hypersurface C,,. On the other hand, a priori estimates in Theorem 1.1 are
independent of ug. One can therefore!? take uy — —oo and obtain solutions to
(SSESF) for (u,v) € {(u,v) : —00 < u < 00, u < v < oo}. The solutions
constructed in this manner are moreover causally geodesically complete both towards
the future and the past. More precisely, we have the following theorem:

Theorem 1.8 Let @ : R — R be a smooth function such that (1.7) holds for some
y >0, ie,

v
/ IO dv <e(v—u)'7, |P@)|+ [P (V)| <e, V—00o<u<uv<oo
u

and

sup |®” (v)| < oo. (1.20)
v

Then for every y > 0, there exists € > 0 such that there exists a solution to (SSESF)
which is both future and past casually geodesically complete and obeys

1
lim 20,(r¢)(u,v) = (), lim dyru,v) = <.
U——00 U——00 2

The proof of global existence in a suitable double null coordinate system will be
carried out in Section 4. Future and past causal geodesic completeness of the solution
will be proved in Section 6.

We contrast Theorem 1.8 with the works [11,12] on large solutions to nonlinear
wave equations. In [11, 12], the key idea, inspired by [5], is to construct solutions which
are large but “sufficiently outgoing”. For instance, on an initial Cauchy hypersurface
{t = 0}, this means that d,¢ is appropriately small, while 9d,¢ is allowed to be large.

1 T be precise, this holds for a subclass of the solutions constructed in Theorem 1.6. In particular, some
(not necessarily small) higher derivative bounds for the initial data are also required.

12 To be precise, in order to justify this procedure, one need an additional assumption on the second
derivative of @ (see (1.20) below) as well as potentially taking € > 0 to be smaller. We explicitly note,
however, that the smaller of € is independent of the second derivative bounds of ®.
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This approach, while useful to obtain a global solution to the future, does not seem
applicable to construct solutions which are global both to the future and to the past as
in Theorem 1.8. On the other hand, we also note that the work [11] allows the initial
data to be large in a compact region in space, whereas in Theorem 1.8, the “largeness”
of the initial data is only achieved by the lack of decay at infinity.

1.3 Outline of the paper

We end the introduction with an outline of the remainder of the paper. In Section 2, we
will discuss some preliminaries, including the geometric setup and some identities that
we will repeatedly use. The main theorem (Theorem 1.1) will then be proved in Section
3, modulo the assertion that the resulting spacetime is future causally geodesically
complete. Then using the estimates obtained in Section 3, we will prove Theorem 1.8
in Section 4, again modulo causal geodesic completeness. In Section 5, we will then
return to the proof of Corollary 1.4. In Section 6, we finally complete the proof of
Theorems 1.1 and 1.8 by establishing the causal geodesic completeness statements.
Lastly, in “Appendix A”, we will apply the methods in this paper to study the equation
Ogi+3¢ = +¢7, and show that there exists solutions global to the future and the past

. . . .. -1 -1 . ) .. .
which have infinite critical H6 x H 6 norm and infinite critical Strichartz norm.
2 Preliminaries

In this section, we further explain the geometric setup of the problem and introduce
the notation that we will use for the rest of the paper.

2.1 Setup

As discussed in the introduction, (SSESF) arises as a reduction of the (3+1)-
dimensional Einstein-scalar-field equation under spherical symmetry, written in a
double null coordinate system. Here we describe (SSESF) as a (1+1)-dimensional
system, which is the point of view we adopt in our analysis throughout this paper until
Section 6.

Consider the (1 4+ 1)-dimensional domain

Q = {(u,v) e R :u € (=00, 00), v € [u, 00)},
with partial boundary
I'={(u,u) € Q:u e (—o0,00)}.
We define causality in Q with respect to the ambient metric m = —du - dv of RIHL,
and the time orientation in Q so that 9, and 9, are future pointing. We use the notation
C, and C, for constant u and v curves in Q, respectively. We call C, an outgoing

null curve and C, as an incoming null curves, in reference to their directions (to the
future) relative to I'. Moreover, given — 00 < ug < uj < 00, let
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3 Page 10 of 59 J. Luk et al.

Quuo,uy) =, v) € Q:u € [ug, url},
Qlug.00) ={(u,v) € Q: u € [ug, 00)}.
We introduce the notion of a C* solution to (SSESF) as follows.

Definition 2.1 Let —0co < ug < u; < 0o. We say that a triple (r, ¢, m) of real-valued
functions on Qjyy 4] is @ C¥ solution to (SSESF) if it satisfies this system of equations
and the following conditions hold:

(1) The following functions are C* in Qg 4}

8urv avrs ¢9 av(r¢)v au(r¢)
(2) For d,r and 9d,r, we have

inf 0,r > —0o0, inf  0yr > 0.
Q[uo,ul] Q[uo,ull

(3) For each point (a, a) € I' N Q.41 the following boundary conditions hold:

r(a,a) =0, 2.1)
m(a, a) =0. (2.2)

Moreover, if (r, ¢, m)isa C* solution on Olug,u, for every u greater than ug, then
we say that it is a global C* solution on Q. ~c)-

The boundary condition (2.1) can be combined with the regularity assumption
to deduce higher order boundary order conditions for r and r¢. More precisely, let
(r,¢p,m)bea C* solution on Qlug.ui]- Since u = von I' = {r = 0}, we have

By + )@, a) =0, @y +3) (re)a, a) =0, (2.3)

forevery £ =0, ...,kand (a,a) € I' N Qug.u,-
Consider the characteristic initial value problem for (SSESF) with data

@r) 10, () I,y = P, 24)

and initial gauge condition'?

1

©r) Teyy= 51 2.5)

on some outgoing null curve Cy,. This problem is locally well-posed for C k data
(k > 1) in the following sense: Given any C k data @ with k > 1, there exists a unique

13 We call (2.5) an initial gauge condition since it can be enforced for an arbitrary initial data set by a
suitable reparametrization of the coordinate v, which is a gauge symmetry of the problem. See Remark 2.2.
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C* solution to (SSESF) on Qlug,u,] for some uy > ug, which only depends on ug and
the C* norm of ®. We omit the proof, which is a routine iteration argument using, for
instance, the equations stated in Section 2.2 below.

Remark 2.2 The system (SSESF) is invariant under reparametrizations of the form
(u, v) = (U(u), V(v)); this is the gauge invariance of (SSESF). Note that we have
implicitly fixed a gauge in the setup above, by requiring that # = v on I' and imposing
the initial gauge condition (2.5).

Remark 2.3 As discussed in the introduction, reduction of the Einstein-scalar-field
system under spherical symmetry yields the above (1+1)-dimensional setup, where
I" corresponds to the axis of symmetry {r = 0}. Furthermore, the boundedness of
the function V¥rVyr = 1 — 2% on I' translates to the boundary condition m = 0
on I'. Conversely, any suitably regular solution (r, ¢, m) on Qp C Q gives rise to a
spherically symmetric (3+1)-dimensional solution (g, ¢) to the Einstein-scalar-field

system on M = Qg X S?, where g is as in the introduction.

Remark 2.4 Finally, although it is stated slightly differently, it can be checked that the
notion of C! solution in [9] is equivalent to the present definition.

2.2 Structure of (SSESF)

Following [4], we introduce the shorthands

These dimensionless quantities will play an important role in this paper, as they encode
key geometric information about the spacetime.

In what follows, we will rewrite (SSESF) using normalized derivatives !9, and
v~19, instead of 3, and 3,,. Unlike 3, and 9,,, these normalized derivatives are invariant
under reparametrizations of v and u. Moreover, it turns out that writing (SSESF) in
such a form leads to decoupling of the evolutionary equations under mild assumptions
on the quantities A, v and u, which is convenient for analysis; see Remark 2.5 below
for a more detailed discussion.

The wave equation for ¢, in terms of A~19,¢ and v~—'9,¢, takes the form

_ _ 2my . 2my
W 00) == TS () + s )
2mi 2mi
9 (v 9)) = — Jw(u”au(rqs)) + (l_qus. @7

The wave equation for r, in terms of log A and log v, takes the form

2mvy

oy logh =——,
ST

(2.8)
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3 Page 12 of 59 J. Luk et al.

9,1 2mh 2.9)
ogy =————. .
BT
The equations for the Hawking mass m read
-1 1 20y —1 2
AT 0ym 25(1 —re(A0vP)”, (2.10)
1
v lo,m = 5(1 —wrrw e (2.11)
Moreover, the following Raychaudhuri equations can be derived from (SSESF):
_ v _
A 1avlog|m| =r(""0u0)?, (2.12)
-1 A “1q 42
v o, log |m| =r(v 9,0)". (2.13)
By the wave equation for r, we also have the commutator formulae
2mv
By 101 = — ———=2714,, 2.14
(00,3 0] = = = o, 2.14)
(0, v19,] = — — 2" - (2.15)
T - wr? '

Remark 2.5 Once we have a suitable control of the underlying geometry, namely
upper and lower bounds for A, v and (1 — p), the evolutionary equations (2.6), (2.7),
(2.8) and (2.9) are essentially all decoupled from each other. This observation allows
us to close bounds for A~!9, derivatives of r¢ first, and then derive bounds for other
variables (such as log A, v 19, (r¢) and log v) afterwards. Moreover, from (2.6), (2.8)
and (2.14), it is clear that a key step in propagating the incoming waves A~'9, (r¢)

and log X is to control the factor (13":;#' Similarly, controlling (13";))‘# is important

for propagating the outgoing waves v, (r¢) and log v.

Finally, fora C k solution (r, ¢, m), note that the boundary conditions in (2.3) imply
oy — v r@a) =0, W9, — v rd)a.a) =0, (2.16)
for £ = 0,...,k on the axis. These equations, along with the wave equations

stated above, can be used to compute (v_lau)k(rdb) and (v_lau)k_1 log v in terms
of W a)k(re), (A ~19,)k ! log A and lower order terms.

2.3 Averaging operators and commutation with A~19,
Observe that a number of quantities in the nonlinearity of (SSESF) are given in terms

of averaging formulae. For instance, by the boundary conditions (2.1), (2.2) and the
equation (2.10), we have
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Einstein-scalar-field system in spherical symmetry Page 13 of 59 3

¢ (u,v) = fv 2710, (rgp) Adu, v') dv, (2.17)

1
r(u, v)
Z—T(u, v) =2; /U(l — wr( " o) ra (u, v)dv'. (2.18)
r re(u,v) J,

Motivated by these formulae, we define the s-order averaging operator /5 on out-
going null curves by

L1, v) = %/U FOY P, v dv'.

By pulling out f outside the integral and using the fundamental theorem of calculus,
we obtain the basic estimate

1
L1, v)] < — sup [ f] (2.19)

v'elu,v]

The averaging operator I turns out to obey a nice differentiation formula with respect
to A~19,.

Lemma 2.6 For any real number s > 1, the following identity holds.

AT B L[ f 1, v) = L1 219, £1(u, ). (2.20)

Proof In what follows, we will often omit writing «, which is fixed throughout the
proof. Making the change of variable p = r*(u, v) so that

s dv =dp, A9, =sp’T ),
wemayrewriteIs[f]andk_lavls[f]as
1 [° ,
Ix[f](p):_/ f(pHdp,
sp Jo
1 s=1 L[? / /
0Ll =050, [ 1))
P Jo

where we abuse notation and write I;[ f1(p) = L[f1(v(p)), f(p') = f(v(p")) etc.
Note that

3p / f(p)dp / @, /)(p") p'dp

The previous identity follows quickly by, say, making a further change of variables
o’ = p'/p. Plugging this in the expression for A~'d, I;[ f] and changing the variable
back to v, we arrive at (2.20). O
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3 Page 14 of 59 J. Luk et al.

Applying Lemma 2.6 to the formulae (2.17) and (2.18), we obtain

A0, ) =—— / 710, 0) P, vy v 2.21)
r=(u,v) J,
_ 2m 1 v _ — / /
A lav(r_Z)(”’”)zﬁ(u,v)/u (x lav)((l—,u)r(k 1av¢)2) P2, v') dv'.

(2.22)

Such differentiated averaging identities are useful near the axis. On the other hand,
far away from the axis, it is more effective to simply commute »~'9, with r, as in the
following identities:

rA " e = 2710, (re) — ¢, (2.23)

2 4
rz,\—lav(—'f) — 1o, 2m) - 2. (2.24)
r r

An entirely analogous discussion holds with the roles of # and v interchanged.
Indeed, with the definition

Ilgl(u,v) = ri / @) r @ vy di, (2.25)

the following analogue of Lemma 2.6 can be proved.

Lemma 2.7 For any real number s > 1, the following identity holds.

v 19, g1, v) = I, (v 3,81 (u, v). (2.26)

3 Forward-in-time global solution

The main goal of this section is to establish Theorem 1.1 modulo future causal geodesic
completeness, which is proved in Section 6. We also formulate and prove uniform
estimates for higher derivatives (Proposition 3.18), which will be useful in the proof
of Theorem 1.8 in the next section.

This section is structured as follows. In Sections 3.1-3.5, we carry out the main
bootstrap argument, which lies at the heart of our proof of Theorem 1.1. The proof
of Theorem 1.1 is then completed in Section 3.7. Finally, in Section 3.8, we prove
estimates for higher derivatives (Proposition 3.18), which are uniform with respect to
the initial curve uy.

3.1 Bootstrap assumptions

Suppose that (r, ¢, m) is a C! solution to (SSESF) on Qlug.u;]- We introduce the
following bootstrap assumptions on Qj,.u;]:
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(1) Assumptions on the geometry.

L1 2, 1 o
> - ——= >V >——, — > —. .
3 6 3 k=3

(2) Assumptions on the inhomogeneous part of A~ 3,.

u 2mv _
| ——— o/, v)| du’ <2er.”, (3.2)
/ a— w2’ +

where ry := max{l, r}.
(3) Assumption on (A~19,)*(r¢).

1271902 ()| < 3e. (3.3)
Henceforth until Section 3.5, the domain for each bound is Q.1 unless otherwise
specified. We will use the convention that unless otherwise stated, the constants C

depend only on y. Moreover, we will also use the notation < such that the implicit
constants are allowed to depend only on y.

3.2 Preliminary estimates
Recall that r vanishes on the boundary I and A > 1/3 by the bootstrap assumption.

Moreover, by the bootstrap assumptions on v and 1 — u, we have 9, A < 0. It follows
that

(3.4)

| =

<A<

W | =—

This bound implies that at the point (u, v) the radius r(u, v) is comparable to the
difference v — u up to a constant:

%(v—u) < /vk(u,v’)dv’ =r(u,v) < %(v—u). (3.5)

In the proof, we will frequently need estimates for integrals of powers of r. We will
collect these estimates in Lemma 3.1. To this end, the notation

r4 = max{l, r}

introduced above will be convenient.
The following lemma holds also due to (3.4) and the assumption that » vanishes on
the boundary T".

Lemma 3.1 Assume the bootstrap assumption on the geometry (3.1). Then for all
k > 1, we have
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3 Page 16 of 59 J. Luk et al.

fvr;"(u, v)dv' < Cmin{l, r}(u, v), (3.6)

u
f rif @ vydu' < Cri T, v) (3.7)
u

0
for some constant C depending only on k.
Proof For (3.6), the case when r(u, v) < 1 is easy to verify. The lower bound for A

implies that
v v v
—k 1 ’ —1 1 ’ l ’_
/ ri " (u,v') dv 5/ A M), v)dv 53/ opr(u, v)ydv = 3r(u,v).
u u u
When r(u, v) > 1, let v* be the unique v value such that r(u, v*) = 1. Then we have
v v 3k
/ rifu, vy dv' < 3r(u, v¥) +3f Or Y, vy dv' < P
u v* -

The proof for (3.7) is very similar where we make use of the bootstrap assumption on
the lower bound of —v. More precisely, for r (1, v) > 1, we have

u u 6
/ rf @ vydu' < 6/ (—vr @, vy du' < ——r 7w, ).
u v k—1

0

On the other hand, if r(u, v) < 1, we defined ™ to be the unique u value such that
r(u®, v) = 1. We then obtain

wo_ 6 u 6k 6k _
/MO r+k(u/, v)du' < 1 + 6/'4* (=0, r(,v))du’ < i leQkH(u, v).
[}

Estimate (3.6) bounds the integral from the axis to the given point (u, v) on the outgoing
null hypersurface C,,. It will be used if we want to control some quantity by using the
data on the axis, e.g., the mass m. Estimate (3.7) controls the integral from the point
(10, v) on the initial hypersurface Cy, to the given point (u, v). We will use it when
we want to control the solution from the data given on Cy,,.

3.3 Estimates for ¢

The following lemma will be crucial for many estimates to follow.

Lemma 3.2 For any u; < up, we have

/uz Zm(—l)) )\.(Ml, U) (3 8)

(u,v)du =1lo .
L= & rua. v)
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Hence, under the bootstrap assumptions (3.1)—(3.3), we have

=/, a- )2u,v u < log 5. ,

Proof Equation (3.8) is an immediate consequence of the equation (2.8). Then (3.9)
follows from (3.1) and (3.4). O
We now derive estimates for the scalar field ¢ and its A~!9, derivatives.
Proposition 3.3 Under the bootstrap assumptions (3.1)—(3.3), we have the following
estimates for the scalar field:
A0 (u, v)] S 1P W) + e}, (3.10)
lp(u,v)| Sery”, (3.11)

|® )|+ er,”
r

A8, (u, v)| < min L€l (3.12)

Ir(A19,)%¢ (u, v)| < e. (3.13)

Here the implicit constants depend only on y.

Proof By (2.6), we have the integral formula

u 2myv / ’
u',v)du
Jug Tz @)

03, v) =€ (rlav)(w)(uo, v)

u “ 2my " v)du’ 2m
+/ ¢l T @ ——— ¢, v)du'.
o - )

Then using Lemma 3.2 and the bootstrap assumption (3.2), we have

—1 A‘(“Oa v) —1
e w0 = (T ) )@, )
3 M 2my , , _
< 5/uo |(1_mw¢(u,v)|du Sery”. (3.14)

Recalling that r~1a, (ro)(ug, v) = ®(v), the desired estimate (3.10) follows.
Once we have estimate (3.10), we can then use the averaging formula (2.17) to
control the scalar field ¢:

1 v
16, v)] < ;/ 18, V) A
u
1 v / / € v -y / /
S—f 1@@)dv +~ | "), v')dy
r Ju r Ju
1-y
—1
< Smin{v—u,(v—u)]fy}-i-—‘g(r-’_ )
;
<er,”

~ =i+
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Here we have used the condition (1.7) and the relation (3.5) to estimate the integral of
@ (v'). The inequality

follows from the fact that »; = max{l,r},r > 0,0 <y < 1.
Estimate (3.10) for d,(r¢) and estimate (3.11) together with (2.23) give us the
following bound for A ~19,¢:

- L
g, )] < (7100 )| + 1))
1 -
S - (1@ +ery”).
,
Such an estimate is favorable in the region far away from the axis.
On the other hand, using the differentiated averaging formula (2.21) and the boot-

strap assumption (3.3), we are able to show that d,¢ is uniformly bounded near the
axis, which completes the proof of (3.12):

l v
2 1oup (u, )| < / |(A10,)% (rp) (e, v | (r ) (u, v') d
r
“ v
< er_zf dr? <e.
u
Finally, (3.13) follows from the commutation formula

r( 8020 = 0719, (rg) — 22719, (3.15)

as well as the bootstrap assumption (3.3) and estimate (3.12). m]

3.4 Estimates for the Hawking mass

Once we have estimate for the solution d,¢, we can derive bounds for the mass m.

Proposition 3.4 Under the bootstrap assumptions (3.1)—(3.3), we have
m(@u,v) < X min{r, r177}. (3.16)
We remark that the gain of the positive power in r is crucial to close the bootstrap

assumptions on the nonlinearity near the axis. Indeed, as a quick consequence of
(3.16), we have

2 < ey (3.17)

rk

for all 0 < k < 3, where the constant C depends only on k and y.
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Proof By (2.2) and (2.10), we have
1 v 2,4 —1 2 / /
m(u, v) = Ef (1= wr (A" 0yp)“A(u, v')dv'. (3.18)

Recall that % < 1 —pu < 1 by the bootstrap assumption (3.1). From estimates (3.10)—
(3.12), we can show that

m(u v) - lfv <}"8v¢)2)\(u’v/) dv/

2 A
v v ) v
< min{/ &) > dv + 62/ 7y, v dv', 62/ ArZ(u, vy dv')

u

<m1n{6/ D) dv + 2} €%}
§6 m1n{r+ YR

Here we have used the condition (1.7) to control the integral of |® (v')|. m]

We also derive estimates for A ~19, of 2m and 2m / r2, which will be needed for
closing the bootstrap assumption for W19 (re).

Proposition 3.5 Under the bootstrap assumptions (3.1)—(3.3), we have

A1, (2m)| <e? min{r?, 1}, (3.19)
A~ 1av( )| <e2min{1, r2). (3.20)
An important point is that 1 ~!3, ( is uniformly bounded near the axis; this fact

will be clear by the use of the differentiated averaging formula (2.22).

Proof Estimate (3.19) is a simple consequence of the equation (2.10), as well as the
bootstrap assumption (3.1) and estimate (3.12).
To establish (3.20), we begin by showing that

A~ lav( )| <&, 3.21)

which is acceptable in the region {r < 1} near the axis. Using the differentiated
averaging formula (2.22), we have

|r1av(2 )(u )| <rl/v<rlav((1 —M)r(k_lav¢)2>>r2kdv’

= sp o, (( = p0ra9,9)%))1

v'elu,v]
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To estimate the last line, we expand

Ao ((1 = wra T ,e)?) =(1 - 271 0,em) ' a,9)?
+2(1 — wrA"r a2 A My
Then by (3.12), (3.13), (3.19) and the fact that u > 0, it follows that the absolute value

of the preceding expression is uniformly bounded by < €2. Hence (3.21) is proved.
In order to complete the proof of (3.20), it suffices to prove

2m
—1 < 2,2
[\ av(—rz )l Ser, (3.22)

which is favorable in the region {r > 1} away from the axis. In this case, recall that
by (2.24), we have

2.1 2m _ 4dm
P2 av(—z) =2l em) — 2.
r r
The desired estimate (3.22) now follows from (3.16) and (3.19). m|

3.5 Closing the bootstrap assumptions

The purpose of this subsection is to improve the bootstrap assumptions (3.1)—(3.3),
using the estimates for the scalar field in Proposition 3.3 and the bounds for the mass
in Propositions 3.4 and 3.5. Combined with local well-posedness of (SSESF) for C'!
solutions, global existence of the solution then follows.

We begin by improving the bootstrap assumption (3.1) on the geometry. A corollary
of Proposition 3.4 is that u = 27’” is small for sufficiently small €; this improves the
bootstrap assumption on 1 — u.

Corollary 3.6 Under the bootstrap assumptions (3.1)—(3.3), we have

1-Ce?<1—p<1 (3.23)

for some constant C depending only on y.

To close the bootstrap argument for X, as well as for (3.2) below, a key role is played
by the following lemma.

Lemma 3.7 Under the bootstrap assumptions (3.1)—(3.3), we have

2 L
— | < cer T, (3.24)

.

(1= wr?

for some constant C depending only on y.

Proof The desired estimate follows from (3.1) and (3.16) in Proposition 3.4. O

With Lemma 3.7, we can immediately prove an improved bound for A.
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Proposition 3.8 Under the bootstrap assumptions (3.1)—(3.3), we have
1 _
A, v) > Ee—CGZMV (3.25)

for some constant C depending only on y.

Proof By integrating (2.8) and using (3.24), we can show that

Y 2my , ,
log A(u, v) — log A(ug, v) = —2(u ,v)du
wg (1 —p)r
u
> —Cez/ (kr;l_y)(u’, v)du’
ug
> —Cezr;y,

where we have used Lemma 3.1 on the last line. Recalling our initial gauge condition
that A = % on the initial hypersurface C,,, (3.25) follows. O

In order to estimate v, the following lemma is needed.

Lemma 3.9 Under the assumption (1.7) on the initial data, for all u < v* < v we
have

/v(v’ —w) o) dv < Ce(* —u)™? (3.26)

for some constant C depending only on y.

Proof Let
F(s) =/ |® )| dv’

for s > v*. Then F'(s) = |®(s)|. From the assumption (1.7), we have
F(s) <e(s —u) 7.
Therefore we can show that

/U(v/ —w) o) dv = fv(v’ —uw) 'F Q) dy

=0 —uw 'FO)

v v
+/ W —u)PFQ)dv
v* v¥
v
<e(w—u)V+ e/ W —w) 7 d
V¥
<e(l+y Ho* —w,

as desired. O

Using the above lemma, we now estimate v.
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Proposition 3.10 Under the bootstrap assumptions (3.1)—(3.3), we have

1 1
Eefcgz < —v(u,v) < Eecez (3.27)

for some constant C depending only on y.

Proof We rely on the Raychaudhuri equation (2.12). From that we obtain the repre-
sentation for v:

Vv

log

B B v av 2 / /
I_M(u,v)zlogl_vu(u,u)—}-/u (r/\‘ﬁ) S (3.28)

To control the integral on the right-hand side, define v* to be the unique v value such

that r (1, v*) = 1. We then divide the integral into the regions [u, v*] and [v*, v]. By
(1.7), (3.12) and (3.26), we have

/v (ra):ﬂp)Z%(u’ Wy dy /uu* (ra;:¢>2%(u’ Oydy + /Uj (ra}t,qb)Z%(u’ o)y dv’

v* v
< 62/ ), v') dv’ +f P @1 + €2 7 ), v dv
u v*

v
<el* —u)—i—e/ W —w) HeE)| d
V12 )
-‘1-62/ ro T o) do
-U*
<X +ru, v)77) <€

Here we have used estimate (3.7) to bound the integral of r;172y. Using also the
following identities on the axis I'

v+A=0, pu=0,

we can bound v as follows:

roy¢d
A

log

—V

2\
) —(u,v)dv
m r

(u, v) = log m(u, u) +/ (

<logA(u,u)+ Ccée?

1

for some constant C depending only on y. Moreover, since the last term in (3.28) is
non-negative, we have the trivial bound

—V

v

(u, v) > log _
2 l—u

log 7 (u,u) =logA(u, u).

Then from Corollary 3.6 and estimate (3.25) in Proposition 3.8, we have

1
Ee—cfza — ) < w) (1 — p) < —v(u, v) < A, )€ < =€

| =
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for some constant C depending only on y. Estimate (3.27) in the proposition then
follows. O

Next, we establish an estimate for the inhomogeneous part of A~13,(r¢), which
improves the bootstrap assumption (3.2). The key ingredient is Lemma 3.7.

Proposition 3.11 Under the bootstrap assumptions (3.1)—(3.3), we can show that

/u =2l v du’ < CErTY (. v) (3.29)
b (=2 G = G e '

for some constant C depending only on y.

Proof Using Lemma 3.7 and (3.11), we may estimate

/u |(1 2m ) 5o, v)|du’ Se / ry i)W vy du’ S 63;3:2]/(14, v),

where we have used estimate (3.7) to bound the integral. O

It remains to close the bootstrap assumption (3.3) for A"19,)2(r ). Analogous to
the role played by Lemma 3.7 in the preceding proof, this task requires a good bound

on the factor
_1 2mv
S L
(1= pyr?

This is the subject of the following lemma.

Lemma 3.12 Under the bootstrap assumptions (3.1)—(3.3), we have

1
A~1a, (1—)| < € min{r, -}, (3.30)
- r

_ 2mv . 1 . 1
A 1av<(1 o 2)| gezmln{l,r—z}+e4m1n{r2,r—2}. (3.31)

Proof Estimate (3.30) is an immediate consequence of the Raychaudhuri equation

(2.12), the bootstrap assumption (3.1) and estimate (3.12). Estimate (3.31) then follows
from (3.16), (3.20) and the preceding bound. O

We are ready to prove an improved estimate for A"19)2(rg).

Proposition 3.13 Under the bootstrap assumptions (3.1)—(3.3), we have

2
1192 ()| < (%) €+ C(3 + 6% (3.32)

for some constant C depending only on y.
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Proof Commuting 2~19, with the equation (2.6) for (1 dy) ¢, we arrive at the equa-
tion

4
W(0710709)) = = =5 07 e
- 2mv _1 _1 2mv
A av(—(1 - M)rz)x 80 (rd) + A av(—(1 - Wﬂb)
dmv 142
= — m()L )" (re) + Na.

Hence we have

(1020w, v) = & o T @0 15328 (o, v)

+/u — iy A ) du”! (3.33)
u

e M a-wr? No(u',v)du'.
0

By (3.9) and the bootstrap assumption (3.1), the integration factor is bounded by

_u_4my ’ ’ 1 2 2
. f“o (17,;)r2(”’v)d” < (%) _ (%) ) (3.34)

Combined with the initial condition |A‘18Ud>| < €, we see that the contribution of
the data on C,, is acceptable. Hence, using (3.34) again, recalling the definition of
N> (u, v) and using Leibniz’s rule, it only remains to establish

LA 2mv 1 , /” 2mv -1 /
/uo () (ool o) '+ | S g du

§e3+65,

uniformly inu € [ug, v] and v. This bound is an immediate consequence of the Leibniz
rule, (3.10), (3.12), (3.24) and (3.31). O

By Corollary 3.6 and Propositions 3.8, 3.10, 3.11 and 3.13, there exists a constant
0 < €1 < 1 (depending only on y) such that the bootstrap assumptions (3.1)-(3.3)
for Q[u.4,7 are improved if € < ;. Then by a standard continuity argument, the C'!
solution (r, ¢, m) exists globally on Qf,, ), Which satisfies the bootstrapped bounds
(3.1)—(3.3) as well as the estimates derived in this section so far.

In the remainder of this section, we require that ¢ < ¢; and take (r, ¢, m) to be
such a global C! solution obeying (3.1)-(3.3).

3.6 Estimate for 9, derivatives of r and ¢
Let (r, ¢, m) be the global C! solution constructed above obeying (3.1)—(3.3); we

assume furthermore that € < €; < 1. Here we show that (r, ¢, m) obeys the estimates
for 82 (r¢) and 8>r stated in Theorem 1.1; see Corollary 3.15.
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We start by establishing an estimate for !9, log A, which follows from essentially
the same estimates used in Proposition 3.13.

Proposition 3.14 For the global solution we have constructed for (SSESF), we have
IA"19, log | < €2, (3.35)

where the implicit constant depends only on y.
Proof Taking A~!9, of the equation for 3, log A, we obtain

2mv )

2V 1y log i+ A0 (
O —_—
2t e N =y

8M <)\._lav log )\.) = —m

Note furthermore that 9, log A (1, v) = 0, due to the initial gauge condition A = %
Hence

u M/ 2my //) du” 2mv
rlavlog,\=f ¢ T W) du rlav(—z)(u’, vy du’.
uo (I —wr

As before, the integration factor can be bounded by (3.9) in Lemma 3.2 and the bound
(3.1) on the geometry i.e.,

’
u 2my ’

e " a-w? T < 3
-2

Therefore it only remains to prove

u 2mv
Aoy (——— ), v) | du’ < €2,
/MO ”<<1 - mﬂ)

uniformly in #, which in turn is a quick consequence of (3.31). O

Since A9, log A = A729,A, the previous proposition gives an estimate for d,A.
In turn, this estimate can be used bound 83 (r¢); indeed

07192 (rg) = A7202(rd) — (A 28,0)A 10, (r ),

and we have estimates (3.3) and (3.10) for (A ~18,)%(r¢) and A1 3, (r¢), respectively.
We record these bounds in the following corollary.

Corollary 3.15 For the global solution we have constructed for (SSESF), we have
Do)l S, logr S €,

where the implicit constant depends only on y.
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3.7 Estimates for 9, derivatives of r and ¢

As before, let € < €; < 1 and take (r, ¢, m) to be a C! solution obeying (3.1)—(3.3)
on u € [ug, o0). We now derive estimates for the outgoing wave v—'9,(r¢) and
(! 8u)2(r¢), as well as v~19, logv.

Proposition 3.16 For the global solution we have constructed for (SSESF), we have
the following estimates for the 9, derivatives of r and ¢:

w10, (ré)(u, v)| < Ce + Ce® min{r?, 1}, (3.36)

v 19,0 (u, v)| < Cemin{l, r~ '}, (3.37)

| 802 (rg) (u, v)| < Ce, (3.33)
v=1a, logv(u, v)| < Ce? (3.39)

for some constant C depending only on y.

Proof We start with (3.36). By the boundary condition (A =!8, —v~ 190 (rd)u, u) =0
and (3.10), it follows that

o, re) (u, u)| < e. (3.40)

Similar to the case of A~ 13, (r¢), the equation for d,, (v=19,(r¢)) leads to the following
integral formula for v~1a, (ro):

v o 2mh 2
u,v")dv
fu (1,#”2 (u,0")

v, (), v) = ¢ 18, (r ) (u, )

v U/ 2mh , "mdv” 2ma
+/ - EXACRALTE
u

For any v; < v2, we have the identity

/”2 2m (. v)d _/”281( Y. vy do = 1 (=v)(u, v2) (341D
5 T2 u,v)ydv = 5 i log(—v) (u, v v_Og—(—v)(u,vl)' .

Then from the bound (3.1), we derive

v D), v) - (EEZ Z;)v—lau(ms)(u, 0|
§/U%I¢I(u,v/)dv’ (3.42)
u T

v
< e3f min{r(u, v'), r 7 (u, v')} dv’ < € min{r?, 1}.
u

Here we used estimate (3.16) to control 2r—'§’, (3.11) for |¢| and (3.6) of Lemma 3.1 to
bound the integral.
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Next, we turn to v~ '9,¢. Simply by commuting v~'3, with r, we have
v o0 =v718,0r¢) — 6.
Hence by (3.11) and (3.36), we obtain
lrv19,6| <e,

which is favorable away from the axis.

To obtain the uniform boundedness of v’18u¢ near the axis, one option is to use
an averaging formula for p ! d, ¢ (as in the proof of (3.12) for 2! dy@), which relies
on proving a bound for (v=19,)%(r¢). Alternatively, using the bound that we already
have for A‘lavqﬁ, we can derive the desired uniform bound of v_laucj) near the axis
from the previous estimate (3.36). Indeed, commuting r and 9, in estimate (3.42), we
can show that

P18, (u, v)| < € min{l, r?(u, v)} + vV @, V(WP (U, v) — (V) (u, )]
< e minfl, r(u, v)} + / |9y () (1, V)| dv’

< @ min{l, r(u, v)}+[ (|¢ ) 2|+|va oD@, v') dv’

v
563min{1,r2<u,v>}+/ 2l o'y dv’
r

u
v
+/ ATyl Au, v') dv' < €3 minfl, r(u, v)} + er(u, v).
u
(3.43)

Here we have used the equation (SSESF) on the geometry 9,v = 9,9, 7, the estimate
for the integral of mr~2¢, which has been carried out in the previous estimate (3.36),
and (3.12) for A~19,¢. Dividing by r on both sides, it follows that

v 19,01 Se,

which proves (3.37).

Finally, we prove the bounds (3.38) and (3.39) for (v! au)2(r¢) and v~19, log v,
respectively. As before, one may proceed in analogy with the cases of (A ~19,)%(r¢)
(Proposition 3.13) and 2719, log A (Proposition 3.14), using averaging formulae near
the axis and commutation of r and v~'9, far away. However, for the sake of simplicity,
we take a more direct route here, exploiting the bound (3.37) that is already closed.

We begin by bounding the data for (v='8,)?(r¢) and v='9, log v on the axis. By
the regularity of (r, ¢, m), it follows that

oy =10 ) w) =0, (Ao, — V1) (u, u) = 0.
By the boundary condition (2.1), the wave equations for ¢ and r and the estimates

proved so far, we see that the mixed derivative terms involving A"19,)(v~18,) and
(v=18,)(x719,) vanish. By (3.3) and (3.35), it follows that
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01802 rd) (u, w)| = (A1 9,)2 (rd) (u, w)| S e,
w19, logv(u, u)| = A~ "0y log A (u, u)| < €.

Next, a direct computation shows that

4m).
W(070209) = — s 07 A 9)
omar g, o, “14 433
+ (1— u)rzv dud (1— M)r(v 0ud)”,
dy (v_lau log v) = —(12’71—);21)_1% logv
—wr
_ 4dm n A (rla )2
T T e

These lead to integral formulae for (v='8,)%(r¢) and v—'3, log v, with integrating
factors that are bounded by (3.41). Using (3.1), (3.16) and (3.37), we may estimate

(079020 w, )] S 107> ), w)| + |/ Lkzv*‘am(u, V) dv'|
u (—=pr

! A —1 3 / ’
+ 1 r(v” 0y¢)” (u, v) dv'|
u (1 _M)
< 3 Y : 1 / d /
Se+e ; mln{r,rz—+y}(u,v) v
v 1
+ 63/ min{r, —}(u, v)dv <,
u r

as well as

_q 1 v dm , ,
[v™ o, logv(u, v)| < v 9, logv(u, u)| + | —3(u,v)dv |
u (L—=pr

v
A
+ / (v 19,9) (, v") dV|
u 1 - 128
< 2 2 v : l 1 / d /
Se“+e ; min{ ,r2—+y}(u,v) v
v 1
+ ezf min{l, — }(u, V) dv' < €2
" r
This completes the proof of estimates (3.38) and (3.39). O

By an argument similar to that for Corollary 3.15, we obtain the following bounds
on 32(r¢) and 32r from Proposition 3.16.

Corollary 3.17 For the global solution we have constructed for (SSESF), we have

102(rp)| S e, 182r] < €2,
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where the implicit constant depends only on y.

This completes the proof of the second order derivative bounds for r¢ and r stated in
Theorem 1.1.

3.8 Estimates for higher derivatives of r and ¢

Finally, we derive estimates for higher derivatives of r and ¢, which are uniform with
respect to choice of an initial null curve C,,. These estimates require an additional
C? regularity assumption on the initial data ®, as well as possibly taking € smaller
compared to a constant depending only on y. They will be crucial for passing to the
limit ug — —oo in the next section.

Given ug € R and @ satisfying (1.7) with € < €1, let (r, ¢, m) be the global C!
solution to (SSESF) that we have constructed earlier. Suppose furthermore that
belongs to C2. By a routine persistence of regularity argument, it follows that log A,
logv, 2719, (r¢) and =19, (r¢) are C? on their domain; in short, we will say that
(r, ¢, m) is a global C? solution to (SSESF). Our goal is to show that, by taking €
smaller if necessary, the C? norm of these variables obeys a uniform bound independent
of up. A more precise statement is as follows.

Proposition 3.18 Given vy € [ug, 00), let

A= sup |(A5'9,)°® )]

velup,vol

where Ly = %, and let D(ug, vo) be the domain of dependence of the curve {ug} x
[uo, vo], L.e.,

D(ug, vg) = {(u,v) € Q :u € [ug, vol, v € [u, vol}.

There exists a constant €x > 0, which is independent of ug, vo and A, such that if
€ < € then we have the uniform bounds

sup  |(A7'3) (rd)| SA +e, (3.44)
D(uo,v0)

sup  [(A713,)% log A| SeA + €2, (3.45)
D(ug,vo)

sup (V'3 (rd)| SA + e, (3.46)
D(ug,vo)

sup  |(v7'9,) % logv| SeA + €2, (3.47)
D(up,vo)

with an implicit constant independent of ug, vo, A and €.

We begin by establishing (3.44) and (3.45). As in the proofs of Propositions 3.13
and 3.14, the key step is to bound
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2mvy )

—1 2
(A 1ay) (—(1—mr2 .

(3.48)

To achieve this end, we need a few preliminary estimates for A~'9, derivatives of
¢ and m. The ensuing computation is somewhat tedious, but the principle is simple:
We rely on the differentiated averaging formulae (see Lemma 2.6) to derive estimates
which are favorable near the axis {r = 0}, whereas we simply commute » with 719,
in the region {r = 1} away from the axis.

Lemma 3.19 For the global C? solution considered above, the following estimates

hold.

(A1) 2w, )| S sup [(A718)  (r) (u, V), (3.49)

v €lu,v]
Ir A3, v S sup 19 (rd) (u, V), (3.50)

v €lu,v]
|19y 22m)| Se?, (3.51)
071007 (22 )@ vl Se swp 10700 0o+ ()

v'elu,v]
12 (1a,)>2 ( )(u )| <€, (3.53)
1A"14,) (T)(u,vﬂ gezmin{l,;}. (3.54)

Proof Since it is rather routine, we will only sketch the proof of each estimate, spec-
ifying the relevant computation and previous bounds needed.

Estimate (3.49) follows directly from taking (A~'9,)? of the averaging formula
(2.17) for ¢ using Lemma 2.6 and bounding the resulting term using (2.19).

For (3.50), we simply commute » with (»~18,)? to arrive at the formula

r 8% = 0719, (re) — 30.719,)%0,

from which (3.50) follows using (3.49).
For (3.51), we compute
Glapem) = 7o) (1 = w2 0,9)?)
= (1 =27"3,2m)ro. " 9,0)2 + (1 — wyr(x~'a,0)?
+2(1 — wWr?a 19,0 (27 18,)%9,

then use (3.12), (3.13) and (3.19) to estimate the right-hand side.
To prove (3.52), we first use Lemma 2.6 to take (A~ 9,)?% of the averaging formula
(2.18), which leads to

10707 (22 )@l £ sup 10710007 (0= wr G000, )1

v €lu,v]
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Expanding the right-hand side, we obtain the formula

071002 (1 = wrG:710,9)) =201 = A~ 0,6 r (79,
+20 - wr(6710,%)
+2(1=27"0,m )1 0,6 67107
— (0702 @em ) 6.7 0,902,

Then the desired estimate follows using (3.12), (3.13), (3.19), (3.49), (3.50) and (3.51).
For (3.53), we commute r2 with A~'3, and obtain

_ 2m _ A7 19,2m)  12m
2071002 ( 55 ) =) em) — 45—
r r r
Then the desired estimate follows from (3.16), (3.19) and (3.51).
Finally, for (3.54), we first compute

010 (=) =0 (

v —1g 432
=0 0e?)

Vv _ v _
= T80+ —— (0 8,9)?
1—n 1—n
v

I—pn

+2 T o, (A T19,)% e,

and then use (3.1), (3.12), (3.13) to estimate the right-hand side. O

As an immediate consequence of Lemma 3.19, we have

_ 2mv — /
071002 ) vl Se s 16100 g o))+

2
€
(u, v)| Sr—2~

I(A—lav)Q(—(1 _m;)rz)

These can be combined to a single slightly weaker but more convenient bound as

follows.

Corollary 3.20 For the global C 2 solution considered above, we have

a2 2mvr2>(u,v)|§e(e+ sup |(rlav)3<r¢>(u,v’)|)min{1,r%}-

(1 _M) v €lu,v]
(3.55)

We are ready to establish (3.44) and (3.45). The proofs are similar to those of
Propositions 3.13 and 3.14, respectively.
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Proof of (3.44) and (3.45) We first prove (3.44). Commuting (A ~',)? with the equa-
tion (2.6) using (2.14), we obtain

6m
W(07100709)) == s 07 )

- (s 6’”“) ;))e a2 09)

- (070 (5 2’"”) 5)) 00 )

+ (a2 ((1 2mv)r2¢)
6m

=~ o )Z(A 18,° (r¢) + Ns.

As in the proof of Proposition 3.13, we may derive an integral formula for
(A~19,)3(r¢), where the integration factor is uniformly bounded by (3.9). Then we
have

3.3 3.3 [u
-1 3 - = / /
@ eoa vl = (5) A+ (3) fuo N3 )l du.
For (u, v) € D(ugp, vo), we claim that

/M|N3(u’, v)|du’§62(e+ sup |(A_18U)3(r¢)|). (3.56)
uo

D(ug,vo)

Once (3.56) is proved, the desired estimate (3.44) follows by taking € > 0 sufficiently
small and absorbing the term €2 SUPD (1. v0) [(A~19,)3(r¢)| into the left-hand side.
To establish (3.56), we first expand N3 as

Ny = — (ylav<(16_mﬁ))(rlav)2(r¢)—((rlav)z((li’nﬁ))(rlav)(m)

+ ((k_lav)2<$>>¢

200 () )+ 0 a0,

Then using (3.3), (3.10), (3.11), (3.12), (3.24), (3.31) and (3.55), the desired estimate
(3.56) follows.

Next, to establish (3.45), we first commute (A~'9,)? with the equation (2.8) using
(2.14) to obtain

4my _
W()\. 18,,)2 log A

3 (()\—18,))2 logk) =z
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(rla( 2mv ))A—‘a o )\+(rla)2( 2mv )
Na=2))n A=
4
= M 18, log A + M;.
(1 —pyr?

Since (A~19,)2 log A(ug, v) = 0 thanks to the initial gauge condition A(ug, v) = %,
we have

-1 2 E 2 [ 1 i
(A7 9y)" log A(u, v)| < 3 [M3(u', v)|du’,
u

where we again used (3.9) to bound the integration factor. By (3.31), (3.35) and (3.55),
as well as (3.44) that we just proved, we have

u
/ IM3(u', v)|du’ < e(e + A)
u

0
which proves (3.45). O

It remains to prove (3.46) and (3.47). This can be done by a similar argument as
in the proofs of (3.44) and (3.45), with the roles of u and v interchanged. To avoid
repetition, we only sketch the argument.

Sketch of proof of (3.46) and (3.47) As in Lemma 3.19, we can prove that

0902w, v)| < sup |01}, V),

u'€lu,v)

r 0 '9)° ¢, v S sup [0 o)W V). (3.57)

u'€lu,v)

Proceeding as in the proofs of Lemmas 3.7, 3.12 and Corollary 3.20, we also obtain

2mi 1
|m(u,l})|§fzr+l v

2mA 1

—1 e < 2 . -
(2 ) e 0] S i1, ),
2mA 1
|0 ') (——— ). v)| Se(e+ sup (v 13 (rg) (', v)| ) min{l, —}.

! <(1—M)r2) ( veloo] ! ) r?

Furthermore, since 8,7, 9,7, d,(r¢) and 9, (r¢) are C> up to the axis I' = {u = v},
we have

Ay — v ) ) =0, (79, — v 0w, w) = 0.
Then by the wave equations for  and ¢, as well as (3.44)—(3.45), we obtain

019,03 (rd) (u, w)| SA+ e,
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[(v=18,)? logv(u, u)| SeA + =

Commuting (v=18,)? with (2.7) and (2.9), estimating the initial data at v = u by the
preceding bounds and estimating the inhomogeneous terms using the earlier bounds,
the desired estimates (3.46) and (3.47) follow as in the proofs of (3.44) and (3.45). 0

4 Forward- and backward-in-time global solution

The goal of this section is to deduce Theorem 1.8 from Theorem 1.1 and Proposi-
tion 3.18. The proof of the causal geodesic completeness assertions are again postponed
to Section 6.

Let ® be a C? function on R satisfying the hypothesis of Theorem 1.8. Define
also'*

A= sup|(ry'8,)2®(v)] < oo,
veR

where Ao = % Consider a sequence u, € R tending to —oo asn — oo. Foreachn =
1,2,...let(r™, ¢ m™)be the solution of (SSESF) with A" [¢, = 3,r™ |¢, =
1

5 and

"), r W™ (uy, v) = D(v).

Let € > 0 be sufficiently small (depending on y > 0), so that Theorem 1.1 applies to
each solution (r™, ¢ m®™). Our aim now is to show that (r™, ¢™ m®™) tends
to a solution (r, ¢, m) that obeys the conclusions of Theorem 1.8.

As a consequence of Theorem 1.1, Proposition 3.18 and the estimates (3.12), (3.37),
(3.49) and (3.57), for € > O sufficiently small we have the uniform bounds

2

3 sup (|a§¢<">|+|a{j¢<">|)§A+e,
k=0 Lln.c0)

2
Z sup (|311§+1(,(n>¢(n))|+|35+1(r(n)¢(n>)|> <Ate,
k=0 Q[un,oc)
2
Z sup <|85+1r(")| + |8,f+lr(”)|> Se(A+e).
k=0 Llun,00)

Uniform bounds for a corresponding number of mixed derivatives follow from the
wave equations for ¢ and r. Using the equations for m (see also the bounds (3.16),
(3.19) and (3.51)), it also follows that the C2 norm of m™ is uniformly bounded on
any compact subset of Q[,, ). Hence by the Arzela-Ascoli theorem, there exists a
limit (r, ¢, m) on Q@ such thatr =m = O on I, and

14 The finiteness of course follows also from the hypothesis of Theorem 1.8.
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(#.9,076), 0,0 76)) > (¢, 0,0:0), 0u(r9)) in C' (),
r™ —rin C3(Q),

m™ >m inCY(Q),
on every compact subset 2 € Q. By this convergence, it is clear that (r, ¢, m) solves
(SSESF) in the classical sense. Moreover, the a priori bounds we have proved in the
finite ug case (e.g., (1.8) and (1.9)) still hold for the limiting solution (r, ¢, m), as long
as they are uniform in u.

It remains to justify that the limiting solution (r, ¢, m) assumes ® as the data on
the past null infinity. More precisely, we claim that

Iim A(u,v) = %, lilzl )»718,,(;’¢)(u, v) = &(v), “.1)

u——00

for every v € (—o0, 00).
Recalling the proof of Proposition 3.8, for any u > u, we have

o 2m )
[log A (u, v) — 10g—| < |/ A= ) (n))z(u ,v)du'|

< €2 (max{(v —u), 1})77

Taking the limit n — oo first and then letting 1 — —oo, we obtain the desired
statement for A. Similarly, proceeding as in the proof of Proposition 3.11,

)‘- n) (una U)

o 7 < 3 _ _ay
T, gy TS € max{ —w, I

1) ™18, (r ™M™ (u, v) —
where we recall that A (u,, v) = % Taking the limits n — oo and 4 — —o0 in
order as before, we obtain (4.1).

Remark 4.1 As a byproduct of the Arzela-Ascoli theorem, observe that 83(r¢),
82(r¢), 32r and 32r are Lipschitz. Their weak derivatives obey the bounds

ess sup (|33(r¢)| n |a3(r¢)|) < Ade, esssup (|a,§r| + |33r|) < e(A+ o).
0 0

5 Proof of Corollary 1.4

In this section, we prove Corollary 1.4, i.e., we show that the initial data ® can be
chosen to satisfy the assumptions of Theorem 1.1 while at the same time having infinite
BV norm and infinite Bondi mass.

Proof of Corollary 1.4 Let x : R — [0, 1] be a non-negative smooth bump function
such that x is compactly supported in [1, 6] and x(x) = 1 for x € [3, 4]. For some
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€’ > 0 to be fixed later, let ® be defined by the following sum of translated bump
functions:

Q) =€ Y x(w—ug—2"). (5.1)

k=3

We will show that @ satisfies the assumptions of Theorem 1.1 and have infinite BV
norm and initial Bondi mass.

Step 1: Verifying (1.7) Since k > 3, for every v at most one term in the sum (5.1) is
non-zero. Therefore, for every € > 0, one can choose €’ > 0 sufficiently small such
that |® (v)| + |®'(v)| < €. This gives the second condition in (1.7).

Fix any y > 0. Given u and v such that ug < u < v, we consider two cases. If
v —u < 5, then we just use the bound

v
/ W) dv <€'(v—u) <57 (w—u)'7.
u

If v — u > 5, we use the fact that the support of at most (log, [v — u]) 4+ 100 bumps
intersect the interval (u, v). Since ffooo x (x)dx <5, we thus have

v
/ () dv’ < 5€¢ (logy v — u] +100) < Cye'(v — w)! v
u

for some C,, > 0 depending only on y as long as y < 1. In both cases, the first
condition in (1.7) is satisfied after choosing €’ to be sufficiently small depending on €
and y.

Step 2: Infinite BV norm We now show that ® gives rise to data with infinite BV norm.
To this end, one observes that ffooo |x'(x)|dx > ¢, for some ¢, > 0. Hence

v N
i [ o () -

Step 3: Infinite Bondi mass Finally, we prove that the data have infinite initial Bondi
mass, i.e., the limit of the Hawking mass as v — oo is infinite. We first recall that the
Hawking mass obeys the following equation

1 2m _(9,0)%
dym = 5r2(1 =) “f

:
ie.,

B, (metio T 000y L 2 Gu9) fr 0
v _— .
2 A
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This implies

v (ue)? N U 2
m(ug, v) = le_fuo r === (up,v') dv 2 (0y9)
2 A

uo

/ a 2
fuvo P 1,)(?) (ug,v") dv” d ,

(ug, Ve v,

5.2)

To compute the limit as v — oo, we first write d,¢ in terms of ®. We then show
h 2 - 2

that with the choice of ® in (5.1), r% is integrable, while r2% is not, thus

demonstrating that lim,_, oo m (1o, v) = 00.
To compute 9,¢, we note that

1 AP @ Jup @) AV’
Q@ (o, v) = =3y (re) (o, v) — — (uo, v) = 5~ (o, v) — —5———.  (5.3)
r r 2r 4r (MOa v)

In other words, using also the following condition on C,,
1 1
Bvr=)\=§, ”(“O,uo)zo == r(uo’ U)ZE(U_MO)y

we get

@ (up, D) dv
r(9v9) (o, v) = (“20 2 - f20(v — ugp)

Therefore, for some C > 0 independent of €/, we have

v 2
lim/ r(av¢) ) dv

=
v—>00 J,.0 A

< C lim
V—> 00

v’ " 11\2
u u

v — uon (v’ — u0)3

0 0

N
< pm 3o
k=1

v 1 1 /_ 2 2
+C(6/)2 hm ( + Og(U M0+ ))

- - dv’ < C(e)>.
V=00 Jy049 (v —uop)

On the last line, we used the bound fuvo/ O (") dv” < €'(1+log(v' —ug+2)), as well
as the fact that ® (v) = 0 for ug < v < up + 9 by definition. Moreover, in a similar
manner, we havel®

N e vy
lim [ T

dv' < C(€)>.
v=>00 Jyo (V' —up)? = ¢

15 Notice that up to a constant factor, this is the contribution to the integral of r? (3,,(1))2 by the second term
in (5.3).
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Therefore, by (5.2), we obtain
v v
m) > ¢ / r2(0y$)? (ug, V') dv' > ¢ / ®%(up, v)dv' — C(€)*  (5.4)
ug uo

for some 0 < ¢ < C. On the other hand, by a similar argument as the proof of the
infinitude of the BV norm, we get

v
lim | ®2(ugp, v))dv’ — oo. (5.5)
vV—>00 1o

Combining (5.4) and (5.5) gives
m(v) — oo

as v — 00, as is to be proved. |

Remark 5.1 We note that for the data given by (5.1) in the proof of Corollary 1.4, the
global solution that arises from the data (which exists by Theorem 1.1) in fact has
infinite BV norm on each C,,, as well as infinite Bondi mass everywhere along future
null infinity. More precisely, for every u > uq, we have

v
limf [(A19) 2 (rd) (u, v))| dv' = 00,  lim m(u, v) = .
V—> 00 u V—> 00

To establish the infinitude of the BV norm, note first that by (3.33) and (3.34), we
have

/ 1010020 ) , v v = / "o o)) v

<3)2 v u
—(= [Na(u', )| du’ dv’
DL

where

Ny = —rlav(ﬁ)rlam@ + rlav((limﬁ@-

Note furthermore that ® as given by (5.1) satisfies the assumptions of Theorem 1.1
with any y € (0, 1). Using estimates (3.10), (3.11), (3.12), (3.24) and (3.31), as well
as exploiting the explicit form of |®(v)] in (5.1), it can be shown that

v u
sup / / [Na(u', v')| du’ dv’
u,v:uUg=u<v<oo Ju uo

oo pvf
< / / (631’;2_)/ + ezr;2|®(v’)|> du’ dv' < oo.
ug Jug
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On the other hand, since lim,_, o0 fuv |(A"19,)® (V)| dv’ = oo as in the proof of
Corollary 1.4, the desired conclusion follows.

Next, to see that the Bondi mass is infinite everywhere along future null infinity, we
again apply Theorem 1.1, but now with y > % Then according to (2.23), (3.4), (3.11),
(3.14) and (3.25), it can be seen that that the main contribution to the Bondi mass is
given by limy_; o fuv ®2(u, v')dv’ in a similar manner as in the proof of Corollary
1.4. Therefore, one can argue as in the proof of Corollary 1.4 to show that the Bondi
mass is infinite for every u > uy.

6 Causal geodesic completeness

In this section, we complete the proof of Theorems 1.1 and 1.8 by establishing causal
geodesic completeness of the solutions constructed in Sections 3 and 4. We will
first show the future causal geodesic completeness of these spacetimes. Once this
is achieved, it is easy to see that the past causal geodesic completeness for solutions
constructed in Theorem 1.8 can be proven in an almost identical manner. We will
return to this at the end of the section.

6.1 Geodesics in M

Let y : I — M (where I is an interval) be a future pointing causal geodesic on
the spacetime M constructed in Theorems 1.1 or 1.8. Given any function f on M,
we adopt the convention of denoting by f(s) the value of f at the point y(s) i.e.,

f(s) = f(y(s)). We also write f(s) = %f(s) and f(s) = %f(s).

In order to describe the geodesic y, itis convenient to use the double null coordinates
(u, v, 6, ) whenever possible, since then we can directly use the bounds in Theorem
1.1. Under our convention, we may write

y(s) = (u(s), v(s),0(5), (), P (s) = (i(s), v(s), 6(5), G(5)).

Let us note that these are only defined away from the axis I'. On the other hand, it is
easy to verify that in fact v(s) and u(s) can be extended to continuous functions in
M. (Notice that in contrast, #(s) and v(s) may be discontinuous.)

As y is future pointing causal, we have

u>0, v>0.

We now discuss conserved quantities of a geodesic. We denote by C? (the minus of)
the magnitude of the 4-velocity y (s), i.e.,

C*(s) = —gap (7 ()PP (),
where we recall the metric

g = —Q%du - dv + r2(d6? + sin® 6 dp?)
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on M. The quantity C2 is conserved (i.e., constant in s). The choice of the sign is so
that C> > 0 when y is a time-like geodesic. In the double null coordinates, it takes
the form

C? = Q%) — 17 (82,6600 + 852,y 99)- (6.1)

Since the spacetime (M, g) is spherically symmetric, conservation of angular momen-
tum holds for geodesics. Let 2, €2y, €2, be the standard generators of the rotation
group SO(3) (i.e., infinitesimal rotations about the x-, y-, and z-axes). Let

Ji(s) = 8ap ry(s) Qz [y(x) J}'B(s)a k=x, yorz.

It can be easily verified that J, Jy, J; are conserved. We define the (conserved) total
angular momentum squared as

V=047l + 2
In the double null coordinates, J? takes the form
7= r4<gSz’999'9' + ggz’wgbfb). (6.2)

This statement is an immediate consequence of the identity
1
Q@+ Q@+ QL =0 B+ —5-9, @y
sin

which concerns only the standard sphere S?. This identity, in turn, can be verified by
observing that each side defines a contravariant symmetric 2-tensor on S* which is
invariant under rotations (i.e., Lie derivatives with respect to 2, €2y, £, vanish) and
yields 1 when tested against dp ® dg on the equator § = 7; such a tensor is clearly
unique.

By (6.1) and (6.2), we obtain the useful identity

Q% = C*+r2J? 6.3)

where C? and J? are conserved.
A basic tool for studying completeness of future pointing causal geodesics is the
following lemma.

Lemma 6.1 [Continuation of future pointing causal geodesics] Any future pointing
causal geodesic y : [0, sy) — M can be continued past sy if there exists a compact
subset K € M such that {y (s) e M :s € [0,s7)} C K.

Proof First, observe that it suffices to consider a future causal geodesic y whose
image intersects M \ Cy,. Otherwise, the image of y is contained in C,,. Since the
unique future pointing causal vector tangent to C,,, is its null generator, y is a radial
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null geodesic contained in C,,, which is complete thanks to uniform boundedness of
|log 2] in (1.8).

Without loss of generality, we may assume that y (0) € M\ C,,. Since y is future
pointing causal, the closure of its image y ([0, s7)) = {y(s) € M : 5 € [0,5/7)} is
disjoint from C,,,. Then by the compactness assumption, it follows that there exists a
sequential limit point p € M\ C,, of ([0, 5 7)), i.e., there exists a sequence s, — s
such that y (s,) — p.

Recall now the standard result that there exists a geodesically convex neighborhood
around any non-boundary point in a smooth Lorentzian manifold. Let / be a geodesi-
cally convex neighbordhood of p € M \ Cy,. By definition, there exists s” € [0, s 5)
such that y (s") € U; since y is a future pointing causal geodesic, it follows that the
y([s', s)) S U. Then y can be continued as the unique geodesic in I/ passing through
y(s’) and p. O

6.2 Preliminary discussions

Our strategy for proving geodesic completeness is to argue by contradiction, i.e.,
we assume that there is a future pointing causal geodesic y which is not complete
and terminates at some finite time s, and derive a contradiction (to Lemma 6.1 or
otherwise). The following is the simplest case:

Lemma 6.2 If y(s) : [0, sf) = M is incomplete, then either C # 0 or J # 0.

Proof If C = 0 and J = 0, then the geodesic y is a spherically symmetric constant
u curve or constant v curve. These geodesics are complete since &an and #Bv are
geodesic vector fields and | log 2| is uniformly bounded. O

Before proceeding to the other cases, we need some preliminary considerations.
First, we will see that some difficulties arise because the (u, v, 6, ¢) coordinate system
is not regular at the axis. It is therefore useful to have the following:

Lemma 6.3 If y(s) : [0,57) — M is incomplete, then the set {s : r(s) = 0} is a
discrete subset of [0, s r) (with a possible accumulation point at s 7).

Proof By standard existence and uniqueness theory for ODEs, it suffices to show that
the axis I" is a complete geodesic. (Indeed, then if {s : r(s) = 0} is not a discrete subset
of [0, s #), then the image of y coincides with I' and contradicts the incompleteness of
y.) To see that I" is a complete geodesic, we note that A [r= —v [, dyA [r= —0,v |T
together with :"—2 Ir= 0 imply that 9, log 2 [r= 9, log 2 [r. Then by an explicit
calculation, one checks that the vector field é (0y + 9y) 1, which is tangent to I', is a
geodesic vector field. Since |log 2| is uniformly bounded, I' is a complete geodesic.

O

Consider the following (smooth) quantity
E(s) = =8ap Iy) T ly(s) 7P 9,
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where T is a smooth vector field on M which is given in the (u, v, 8, ¢) coordinate
system by

2v 2\

T:—&&;-{-&

u- (6.4)

Observe that T is radial, future time-like, and tangent to the constant r hypersurfaces,
i.e., Tr = 0. In the (u, v, 0, @) coordinates, E takes the form

E(s) := Av(s) — vu(s). (6.5)

In particular, this shows that away from the axis I, E(s) is non-negative as X, v, —v,
Il are non-negative.
It will be useful to have the following slightly stronger statement:

Lemma 6.4 Let y(s) : [0, s7) — M be a future causal geodesic with either J # 0
or C # 0, then E(s) > 0 fors € [0, sy).

Proof Case 1. J # 0. In this case, r(s) > 0 for s € [0, s¢) and hence we can use the
(u, v, 8, p) coordinate system. If E(s) = 0, then by (6.5), v(s) = u(s) = 0. By (6.3),
0 = Q2(u0)(s) > r~2(s)J? > 0, which is a contradiction.

Case 2. C # 0. If r(s) > 0, the proof proceeds in the same way as in Case 1. If
r(s) = 0and E(s) = 0, by Lemma 6.3, there exists a sequence {s;} with s; — s such
thatr(s;) — Oand E(s;) — 0. On the other hand, by (6.5), (6.3) and the boundedness
of |log |, E(s;) 2 Vou (s;) = C, which is uniformly bounded below. This is again
a contradiction. O

Recall that
7(s) = Av(s) + vi(s). (6.6)

Our analysis heavily relies on the evolution equations for E(s), 7(s) and y (s).

Lemma 6.5 Let y be a geodesic on M. If y(s) = (u, v, 0, ¢)(s) lies outside the axis
I, then

B(s) = =720, ()02 (s) — 2r v Q2(5)J2,
ii(s) = —Q729,Q% ()i (s) — 2r A2 2(5)J7,

. 6.7)
E(s) = —ro*(3u)” + ri® (9u9)%,
F(s) = —r0?(3yp)? — rit® (9up)”> — 4r 2vAQ 72 (5)J% + 20, Aitv.

Proof Inacoordinate patch, recall that the geodesic equation reads j* = —Fé 5 yeyh.

Hence in order to find the equation for v, it suffices to compute the Christoffel symbols

of the form I'} 5 BY explicit computation, it can be verified that

IV, =Q728,Q% Thy=2rvQ 2r'ge gp, T

h-3.o-2.4
W—Zr vQ rU8S2 oo
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while all the other components vanish. Recalling the identity (6.2), the equation for v
follows. Similarly we have the equation for i.

Next we use the equations for i, v to derive the evolution equations for 7 and E.
By using the Raychaudhuri equations (2.12), (2.13), we can compute that

d .
(kD Vi) = 35+ 4 (vid + vi)
S
= DA + DFyA) — A (Q_ZanZ(s)z')2(s) + 2r_3vQ_2(s)J2)
+ (0, V + D3yV) T v (Q—2aus22(s)u2(s) + 2r—3m—2(s)J2)
.2 v .2 A
= —V"Ady log | ——| F u“vo, log | —|
1—n 1—n

+ (1 £ D(=2rvAQ272(5)J? + 9y hitd)
= —r0?(0u$)? F ri*(3ud)? + (1 £ D(=2r 3vAQ 7 2(5)J? + 9, hiid).

Here note that d,A = 9, v. By the definition of E (s) and the equation for 7 (s), the plus
case leads to the equation for 7 (s) while the minus case gives the equation for E(s). O

6.3 Basic features of incomplete geodesics in M

Now a very basic feature of an incomplete geodesic is that the quantity E(s) blows
up.
Lemma 6.6 If y(s) : [0, sf) = M is incomplete with J # 0 or C # 0, then

E(s) > Vs < sy (6.8)

Sf—S
for some constant C depending only on the constants in Theorem 1.1.

Proof Step I We first claim that

lim sup E(s) = o0.
S*)Sf

To see this, first note the estimate u(s) + v(s) < CE(s) for some C > 0, which
is a consequence of (6.5), and holds away from the axis. By Lemma 6.3 and using
the continuity of u#(s) and v(s) (which also holds at the axis), we thus deduce that if

lim sup E(s) is bounded, then u, v are bounded. In particular the geodesic y lies in a
S—)Sf

compact set in M. By Lemma 6.1, the geodesic can be continued beyond s s which
contradicts the assumption.

Step 2 We next make use of the evolution equation for E(s) obtained in the previous
lemma. The bounds (1.9) on ¢ imply that r(auqb)2 + 1’(8U¢>)2 is bounded above.
Therefore, for any s such that r(s) > 0, we have
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E(s) < Co(@® + 02)(s) < 36C,(A0 — vit)?(s) = 36C4E>(s) (6.9)

for some constant Cy, > 0. We now divide into two cases.
Case 1. There exists so € [0, s¢) such that r(s) > 0 whenever s > so. Let 5o <
Sx < Syx < Sy. Integrating (6.9) from s (0 sy, We get

E(5:) 71— E(510) 7! < 36C (555 — 55).- (6.10)

Notice that this makes sense thanks to Lemma 6.4. Taking lim infs, ., and using
Step 1, we thus obtain

E(s.)”" <36C.(sy — s:)

for every ss € (s0, s7), as desired!©,

Case 2. There exists a sequence {s;} with sy — s such that r(s;) = 0. By Lemma
6.3, we can assume that r(s) > 0 if s 7 si. In this case we need to be slightly more
careful since (6.9) only holds when s # sy.

Let sy, s4x € [0, 5¢) be such that s, > s, > s7 and let k, = min{k : s; > 54} and
ki = max{k : sp < s4}. Assume that k., > k.. We then compute

(E(S*)_l _ E(sk*)_l> + (E(sk**)_1 - E(S**)_l)

ki —1

+ > (Eeo™ - EGran™)
,;k* (6.11)
K —1
<36C | s =5k, + Y (k41 — )
k=k,
This again leads to (6.10) and gives the desired conclusion as in Case 1. O

Another feature of future causal incomplete geodesics is that they approach the axis
(at least along a sequence of times). More precisely, we have

Lemma 6.7 If y(s) : [0,s7) — M is incomplete, then for any ro > 0 and any
5o € [0, s¢), there exists s € [so, sr) such that r(s) < ro.

Proof Suppose not, i.e., we assume that r(s) > ro for all s € [so,sy) and some
constants ro > 0 and 5o € [0, s ). Consider the geodesic equation (6.7) for v. We can
write

—Q728,2%0% — 2r Q7% = — (Q720,9%0 + 2720, Q%0)V
+ Q740,Q%(C? + r 2% — 2r Q)R

16 We note of course that by choosing C large if necessary, we only need to obtain (6.8) for s sufficiently
close to s 7.
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Hence, we have #(s) = —R(s)0(s) + F(s), where
R=1ogQ? F=Q%,9%C>+r2J%) —2rvQ %)%
It follows that
d . 2
—(Q20)(s) = Q2F (s).
ds

By the bounds in Theorem 1.1 (which also holds for solutions constructed in Theo-
rem 1.8), as well as conservation of CZ and J2, | log 2] and | F'| are uniformly bounded
on [so, s 7). Itfollows that v is uniformly bounded. In particular v is uniformly bounded.
Since u < v, we derive that y (s) lies in a compact set in M. This contradicts Lemma
6.1. O

6.4 Proof of geodesic completeness

We can now rule out the case when the geodesic is spherically symmetric.

Lemma 6.8 Assume y (s) : [0, s) = M is incomplete. Then J # 0.

Proof Assume for the sake of contradiction that J = 0 (and by Lemma 6.2, we can
assume without loss of generality that C = 0). We consider the following cases (Notice
that by Lemma 6.3, they exhaust all possibilities):

Case 1. There exists a sequence {sy} with s — sz such that 7(sy) = 0 and
r(sx) > 0. This condition, J = 0 and (6.3) together imply that #(s;) and v(sg) are
uniformly bounded. This contradicts Lemma 6.6.

Case 2. There exists so € [0, 57) such that!” 7(s) > 0 and r(s) > 0, Vs € [so, Sf).
Without loss of generality, we may assume r(so) > 0. Then r(s) > r(so) on [so, s f)
which contradicts Lemma 6.7.

Case 3. There exists so € [0, s¢) such that 7(s) < O and r(s) > 0, Vs € [s0, s7).
By definition and the bounds on v, A, we have v < 4. Combine this with the uniform
bound on v (which follows from (6.3)). We conclude that v is uniformly bounded. In
particular v is uniformly bounded. Since u < v, the geodesic y (s) lies in a compact
set, which contradicts Lemma 6.1. O

It now remains to rule out the possibility of J # 0. It is convenient to note that in
this case, we have r(s) > 0 for s € [0, s¢). As a first step, we observe that if J # 0,
then Lemma 6.5 implies that ii, # and 7 have a particular sign if i, v have size 7! and
r is sufficiently small.

Lemma 6.9 There exists ro > 0 such that if J # 0 and at some time s

ﬁr_l(So)Q_l(So)JSﬁ(SO), i(s0) < 100r " (s0) 7 (s0)J, 7 (s0) < ro,

17 Notice that if there exists a sequence {53} with s; — s 7 such that r(s;) = 0, then by Lemma 6.3 we
are necessarily in Case 1.
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then
v(sg) > 0, ii(sg) <0, ¥(so) > 0.
Proof The lemma follows from the equations (6.7) for ii, v, ¥ together with the bounds

on the geometry from Theorem 1.1. O

Given Lemma 6.9, one sees that an incomplete geodesic with J # O cannot stay
inside a small cylinder around the axis.

Lemma 6.10 Assume y(s) : [0,s57) — M is incomplete and J # 0. Then there
exists ro > 0 such that for every so € [0, s y) the geodesic y (s) exits the cylinder with
radius ro at some time to the future of so, that is, there exists s1 € (so, Sy) such that
r(s1) > ro.

Proof Since J # 0, the geodesic does not intersect the axis and in particular we can
use the (u, v, 6, ¢) coordinate system. Take r( be the constant in Lemma 6.9. We prove
this lemma by a contradiction argument. Assume the geodesic y (s) lies in the cylinder
with radius ro for all s € [so, 5 7).

Step 1 We claim that
F(s) <0, Vs elso,sy). (6.12)

Otherwise there exists s” € [so, s¢) such that #(s") > 0. Then by Lemma 6.7, there
exists s” > s’ such that 7 (s”") < 0. Take

s*=sup{s:s' <s<s", F(s)>0).
Then 7 (s*) = 0, 7(s) < 0 when s* < s < s”. Recall that 7(s*) = vut(s*) + A0(s™).
Then the identity (6.3) implies that it (s*), 0(s*) satisfy the conditions in Lemma 6.9.

In particular, #(s*) > 0 which contradicts 7(s) < 0 when s* < s < s”. Hence (6.12)
holds.

Step 2 Next we prove that there exists fp € (so, s ) such that

1
Eﬂ(to) = v(10). (6.13)

Otherwise %L’t > v forall s € (so, s ) which implies that

7(s) = A0 4+ vu)(s) < —%L’t(s).

Integrating from time sq to s, we derive that « is uniformly bounded. From the relation
V< %12, we derive that v is also uniformly bounded. It then violates Lemma 6.1.
Step 3 Given ty satisfying (6.13), we now show that

1—10L'¢(s) <v(s), Vse€lt,syr). (6.14)
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Define:
* 1 .o . /
s* = sup{s : Eu(s ) <wv(s), Vs €ln,s]}.

If s* = sy, then (6.14) holds. Otherwise by continuity, ll—od(s*) < 0(s*). Since
F(s) < 0 (by Step 1), we have 0(s*) < 10u(s*). Then from the identity (6.3), we
see that 1(s*), 0(s*) satisfy the conditions in Lemma 6.9. In particular, #(s*) > 0,
ii(s*) < 0. Therefore there exists 7; > s* such that

%u(s) < 11—Ob't(s*) <0(s™) < 0(s), Vsels',nl

This contradicts the definition of s*. Hence the inequality (6.14) holds.

Step 4 The argument above using Lemma 6.9 also implies thatii(s) < 0,v(s) < 10u(s)
for all s € [fo, sy). In particular both # and v are uniformly bounded. Hence the
geodesic y (s) lies in a compact set. This contradicts Lemma 6.1 and thus concludes
the proof of the lemma. O

Lemmas 6.7 and 6.10 together show that as s — s, the geodesic must enter and
leave the cylinder {r = rp} infinitely many times. However, this will be prohibited by
the following lemma:

Lemma 6.11 Assume y(s) : [0,s7) — M is incomplete and r(s) > 0 for all
s € [0, sy). Suppose there exists a sequence {s,} with s, — s such that 7(s,) = 0.
Then linolo(b'ti))(sn) = 0.

n—

Proof By (6.6),7(s,) = 0implies that C~1ii(s,) < 0(s,) < Cii(s,) for some constant
C > 0 independent of n. This therefore implies (by (6.5)) E(sy) < +/(10)(sy). The
conclusion follows from Lemma 6.6. O

Proof of future geodesic incompleteness We are now ready to obtain a contradiction
by assuming that y (s) is an incomplete future pointing causal geodesic. By Lemma
6.8, we can assume J # 0. Take r¢ sufficiently small so that Lemma 6.10 holds.
Consider the cylinder {r = r¢}. Lemma 6.7 together with Lemma 6.10 imply that
y (s) intersects {r = ro} infinitely many times. In particular we can find a sequence
sy — s such that 7(s,) = 0 but r(s,) > ro. Therefore the identity (6.3) shows that
1(s,)v(s,) are uniformly bounded which contradicts Lemma 6.11. O

This concludes the proof of the future causal geodesic completeness in Theorems 1.1
and 1.8. The remaining past causal geodesic completeness statement in Theorems 1.8
can be proved in a completely identical manner after reversing the time-orientation and
noticing that we have very similar bounds for the scalar field, the metric components
and their derivatives.
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Appendix A: Nonlinear wave equation with seventh-order nonlinearity
In this appendix, we consider the equation
Opi+3¢p = +¢. (NLW)

The nonlinearity is said to be defocusing if the sign on the right-hand side is plus, and
focusing if the sign is minus. The critical Sobolev space is H §x H é, and hence (1.10)
is called energy supercritical.

Our aim in this appendix is to apply the techniques developed in this paper to
construct a solution with infinite critical Sobolev norm that exists globally in the
future and the past. A more precise statement is as follows.

Theorem A.1 Consider either the focusing or the defocusing (NLW). There exists a
smooth solution ¢ to the equation (NLW) (in both the focusing and defocusing cases)
which exists globally on R't3 and has infinite He x H?s norm on each constant t
hypersurface, i.e.,

[(p,0:P)(t, x)|| 7 1 =00 foreveryteR. (A.1)

SHE

Moreover, the space-time L'2 norm, which is a scale invariant Strichartz norm, is
finite on every bounded time interval, i.e.,

||¢||L12([7T,T]><R3) < o0 f()r allT > 0. (AZ)
However, the space-time L'? norm is infinite towards the future and the past, i.e.,

”¢”L12([0,OO)><R3) = 00, ||¢||L12((—OO,0]><R3) = OQ. (A3)

Remark A.2 More precisely, by (A.1), we mean that (¢, d;¢)(¢, x) does not belong to
the space H; ; X Hxﬁ, which in turn is defined to as the completion of S x S under the
H6 X H6 norm defined in (A.16).

Remark A.3 [Comparison with Krieger-Schlag [7] and Beceanu-Soffer [1]] A brief
comparison of Theorem A.l with the previous works [7] and [1] is in order. Both
papers, among other results, established the forward-in-time global existence of solu-
tions to (1.10) arising from a class of initial data with infinite H & x H § norms. We
emphasize that of course the solutions we construct are in a different regime as that
of [7] and [1]. On the one hand, unlike in [7], our solutions are not close to any self-
similar solutions. On the other hand, as opposed to the scattering solutions in [1], our
solutions do not scatter; see (A.3). Moreover, we do not obtain the statement in [7] and
[1] that there are some subclass of solutions with large L° norms (in the defocusing
case for [7]). Finally, we mention that the solutions that we construct are manifestly
stable in some sufficiently regular topology in spherical symmetry but we do not obtain

stability in H% X H% asin [7] and [1].
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In Section 1, we first prove analogues of Theorems 1.1 and 1.8 for (1.10), which are
the main tools for our proof of Theorem A.l. Then in Sections 1 and 1, we construct
an initial data set @ at the past null infinity and show that it gives rise to a global
solution with properties claimed in Theorem A.1.

Due to the simplicity of the nonlinearity, the proof of the existence theorems in this
case is considerably simpler than for the Einstein-scalar-field system (see the proof
of Proposition A.4). Most of the work in this appendix in fact goes into verifying that
the critical norms are infinite, i.e., (A.1) and (A.3).

A.1. Main existence statements

For the sake of concreteness, we fix the sign in (NLW) to be —; it will however be
clear that our argument does not depend on this sign.

As in the case of (SSESF), we work with spherically symmetric solutions to (NLW).
Using the double null coordinates (u, v) defined'® by the formula (t,7) = (v+u, v —
u), the equation reduces to

3udy(rp) =rg’. (A4)

As before, ¢ can be recovered from 9, (r¢) by the averaging formula

o, v) = %/v dy(re) (u, v’y dv'. (A5)

u

We remark that (u, v) was chosen so that 9,y = —d,r = 1.

Fork =0, 1, ..., we say that ¢ is a (spherically symmetric) C* solution to (NLW)
on Qpug,uy if it obeys (A.4) and ¢, 0,(r¢) and 9, (r¢) are C* on Qlug,uy)- If these
conditions hold for every u; which is larger than ug, we say that ¢ is a global C*
solution on Q. o0)-

Consider the characteristic initial value problem from an outgoing curve C,,,, where
we prescribe

3y (r¢)(uo, v) = C(v).

By aroutine iteration argument employing integration along characteristics, it follows
that (NLW) is locally well-posed for any ® € C* withk > 0, i.e., there exists a unique
Ck solution to (NLW) on Qj,,.4,] With the given data, where u; > uq depends only
on the C* norm of ®.

The analogue of Theorem 1.1 for (NLW) reads as follows.

Proposition A.4 Consider the characteristic initial value problem from an outgoing

curve Cy, with data ®. Suppose that the following condition holds for some 0 <y <
2.

3-

18 We note that the null variables u and v are normalized in slightly differently from Theorem 1.1 to simplify
the constants in the expressions.
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v
f|d>(v/)|dv/§e(v—u)%_”, sup |®| < e. (A.6)
u

Then there exists €1 > 0 depending only on y such that if € < €1, then the data above
give rise to a unique global C solution ¢ to (NLW) on Qlug.c0), Which obeys the
following bounds.

190 ) (e, v) — )| STy A7)
16w )] Sery ¥ (AS)
[0, (rép) (u, v)| Se. (A.9)

Suppose furthermore that ® € C'. Then for every vy > ug, we have

sup I33(f’¢)|§ sup |@'|+ €, (A.10)
D(up,v0) velug,vol
sup [02(r¢)| < sup  |@|+ €. (A.11)
D(up,vo) velug,vol

Proof As in the proof of Theorem 1.1, we begin by performing a bootstrap argument
with the bound

u _1
/ r¢” (', v)| du’ < 2er 3 (A.12)
U

0

Indeed, assume that (A.12) holds on Q4] for some 1oy < u1. Then by (A.4) and
(A.5), we obtain

_1 _1_ _1_ _1_
|0y (ré) (u, v) — (V)| < 2er,° RRPIES ey 4] RORS er, 7,

on the same domain. Hence, the following pointwise bound for the nonlinearity holds:

4
7 7.3 v
lro’| Se ry

(A.13)
Integrating!® (A.13) in the incoming direction from u( to u, we obtain an improvement
of the bootstrap assumption (A.12) for € sufficiently small. Then by a routine continuity
argument using C° local well-posedness?’ of (A.4), global existence of ¢ follows.
Moreover, by (A.4) and (A.13), the bounds (A.7)—(A.9) follow.

Now assume that ® € C!, and let vy > ug. To prove (A.10), it suffices to show
that

u
19, / ré vy du'| < €
u

0

19 Here, we use an analogue of (3.7), which in the semilinear setting here, is very easy to obtain.

20 We recall again our convention that a C 0 solutions means that all of ¢, 9y (r¢) and 9, (r¢) are in C 0,
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for (u, v) € D(ug, vo) := {(u,v) € R2 : u € [ug, vol, v € [u, vo]}. This estimate
follows from (A.7), (A.8) and the simple identity

roy¢ = dy(re) — ¢.
To show (A.11), note that at the axis of symmetry {# = v}, we have
By + 0> () (u, u) = 0.
By (A.4) the mixed derivative 9,0, (r¢) vanishes on the axis; hence we have

102(rep) (u, u)| = [02(rd)(u, )| < sup || + €.

v€lup,vol

Then (A.11) follows from the estimate
v
o [ ol a <€
u

for (u, v) € D(ug, vo), which is proved using (A.8) and (A.9) as before. O

Taking the limit as ug — —oo, we obtain the following analogue of Theorem 1.8.

Proposition A.5 Let ® : (—00, 00) — R be a C? function satisfying (A.6), as well
as

A= sup [P (v)] < oo.

VE(—00,00)
Let €1 > 0 be the constant introduced in Proposition A.4. Then if € < €, there exists

a unique global C° solution ¢ to (NLW) on Q, whose data at the past null infinity
coincide with @, i.e.,

Erzloo Ay (re)(u, v) = ®(v) foreveryv € (—oo, 00). (A.14)

The solution ¢ obeys the bounds (A.7)—(A.9). Furthermore, d,(r¢) and 9, (ro) are
Lipschitz continuous on Q, and the weak derivatives 85 (ro), 83 (r@) obey the bounds

esssup |02(rg)| + esssup |92(rdp)| S A+ €. (A.15)
Q Q

As in the proof of Theorem 1.8, this proposition is a simple consequence of the uniform
C! bounds (A.10), (A.11), the Arzela-Ascoli theorem, as well as the bound (A.8) to
justify that data are as prescribed at the past null infinity. We omit the details.
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A.2 Initial data construction

The goal of this subsection is to construct an initial data set ®(v) on the past null
infinity, so that the free wave development of @ (v) has infinite H ¢ x H § norm on
the slice X9 = {t = 0} and ®(v) obeys (A.6). In Section 1, we will show that this
initial data set leads to a global solution with properties stated in Theorem A.1. (One
can compare this construction with that in the proof of Corollary 1.4.)

We begin with a few preliminary facts about fractional Sobolev spaces on R¥. Let
S(R?) and S’ (R?) be the spaces of Schwartz test functions and tempered distributions
on R?, respectively. For 0 < s < %, we define H*(RY) C &' (RY) to be the closure of
the space S(R?) with respect to the norm

1 s = VI fllz2, (A.16)

where |V|* = (—A)% is the fractional Laplacian. For s € (0, 2), this operator admits
the integral formula

J&x) = fO)

PR dy, (A.17)

IVI* f(x) = cas
R4
for an appropriate constant ¢4 s 7 0. For s € (1, 2), we have the equivalence

1 s SV Fllgs—r S IUF s
If f € H'(RY), then it follows that
xrf — f inH®as R — oo,

where xg(-) = x(-/R) forany x € C(‘)’O(Rd) Witl} x (0) = 1. Hence in order to show
that a tempered distribution f does not belong to H*, it suffices to show that || xg £l gs
diverges as R — 00.

We now begin the construction of ® in earnest. Our idea is to start with a function
with the desired property on {# = 0}, and then find a compatible ®. Let  be a smooth
bump function on (—oo, 00), which is non-negative, vanishes outside (—2, 0), equals
1lon (—3, — %). For every R > 4, we define a radial function ng on R3 by the formula

1
nr(r) = —n(r — R).
Am)2r

Note that ng is supported on the annulus {R — 2 < r < R} with [[ng|l 2R3y equal

to a nonzero constant independent of R. Furthermore, for every k = 0, 1, 2, .. ., there
exist 0 < by < By independent of R such that

b < 108 Rl 23y < Br. (A.18)
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In particular, by interpolation, there exist constants 0 < b < B independent of R such
that

<
b< Nl y o < (A.19)
Given € > 0, we define a radial function f on R3 by
o
Fr) =€ nulr). (A.20)
k=1
Lemma A.6 For f defined as above, we have
IIBrfllHé = 00, (A.21)

or more precisely, ”XRarf”H% — oo as R — oo.

A key ingredient for the proof is the following localization lemma for the fractional
Laplacian.

Lemma A.7 Let d be a positive integer and 0 < s < min{%, 2}. Let  be a smooth
function supported on a dyadic annulus {x € R? : 21 < |x| < 2%} for some k € Z.
Then for any integer £ ¢ [k — 1, k + 1], we have

VIV 2ot <pej<atyy S 27 @ ED |y 5,

where the implicit constant depends only on d and s.

Proof For concreteness, we only consider the case £ > k + 1; the case £ < k — 1
can be handled analogously. Let x € (2671 < |x| < 2%}. Recall the integral formula
(A.17); since ¥ (x) = 0 and supp ¢y < (251 < |x| < 2%}, we have

IV ()| = |cd,s/ YD)y 52‘”‘””] W ()] dy.

(21 <|y|<2k) |x — y[d+S (2k=1 <|y| <2k}

By Cauchy-Schwarz, the right-hand side is bounded by < 2’((%“)||w|| 12. Then
taking the L2 norm over {2~ < |x| < 2¥}, the lemma follows. o

Proof of Lemma A.6 For K > 1, let

K
fr) =€ ng(r).

k=1

By the support property of n4, the desired statement (A.21) would follow once we
etablish

o, ficl 1 2 €K'2, (A22)
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where the implicit constant is independent of K. Observe furthermore that it is enough
to prove (A.22) for only sufficiently large K.

Expanding |9, fx ||2. , » we have
Hb

K
1 1
19- fx 1% =€) Normacll® s +26% Y (V00 m40, V] Oprae) 2.
Hb6 HG6
k=1 1<k<t<K

For the diagonal terms, we have a lower bound
K
Y gl , = bPEK, (A23)
H©6
k=1
by (A.19). For the cross terms, we first estimate
1 1 1 1
{IVI6rmge. VI8 0mge) 2] < Y | IVIS0,n4 V59, nge] dy.
7 R <ly<2)

Note that
supp e € (2271 < x| < 2%}, supp g € 2271 < x| < 2%,

where 2% < 22¢=1 < 22¢ Hence we may apply Lemma A.7 to |V|%8r n4c When
2/ > 22¢=1 and to |V|%8rn4z when 2/ < 2%¢~1, Using the upper bounds in (A.18)
and (A.19), we obtain

1 1 1
(V163 n4e, |VI58,m4e) 2] S 2735 BBy.

Summing up this bound, we obtain

1 1
271 Y (VIS g g, V[0 ma) 2] S €7,
I<k<t<K

where the implicit constant depends only on B and Bj. Comparing this upper bound
with the uniform lower bound (A.23), the desired bound (A.22) follows for sufficiently
large K. O

We now seek an initial data set @ on the past null infinity whose free wave devel-

opment restricts to f on the slice X9 = {t = 0} = {u + v = 0}. This condition is
equivalent to

1 r/2
- f dW)dv = £(r). (A24)

rJ—r2
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We will furthermore require @ (v) to be even with respect to v = 0, i.e.,
O (—v) = P(v).

This implies that the time derivative of the free wave development restricts to zero on
Y. By the evenness condition, (A.24) can be achieved by defining

O(r) = %(rf(r)) forr > 0.

Recalling the definition of f, we see that ® is given by

_ € — Ty opk re o a4k
@(v)—(4n)1/2];<n(v 4 + ' (—v 4)). (A.25)

With the preceding formulae, it can be readily checked that & obeys the hypothesis
(A.6) of Proposition A.5.

Lemma A.8 Let ® be defined as above. Then we have
v
/ |® )| dv < eminf{log(2 + (v —u)), (v —u)}, sup|®| Se, sup|®| e
u

Proof The latter two bounds are immediate from the formula (A.25) for ®. For the
first bound, due to the exponential separation of the bumps in (A.25), observe that the
number of bumps 7’ (- — 4%) whose support intersects the interval [, v] is bounded by
<log(v — u) if v — u > 2. The estimate is obvious when v — u < 2. O

A.3 Completion of the proof of Theorem A.1

By Lemma A.8, ® satisfies the hypothesis of Proposition A.5 with any 0 < y < %
Hence, taking € sufficiently small, we may apply Proposition A.5 to construct a global
solution ¢ with @ as data at the past null infinity (in the sense of (A.14)), which
moreover obeys the bounds (A.7)-(A.9) and (A.15). Our goal is to show that this
solution possesses the properties listed in Theorem A.1.

We decompose ¢ = ¢ + @™ where

¢h0m(u v) :1 /U @(v/) dv’
r

. 1 uU u
"M (u, v) =~ f / re’ (', vy du’ dv’,
rJu J-oo
Since ghom I's,= f and & is even with respect to v = 0, we have

3U¢h0m(—%, 'y = (). (A.26)
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Hence Lemma A.6 applies to 3,¢"°™ On the other hand, the following improved
estimates hold for 3,4 on .

Lemma A.9 Let ¢/ be defined as above. Then we have
1308 | 12 59) + 1328 ™ | 250y + 1820 ™ | 2(5y) S €. (A2T)

Proof We need to show that

oo
/ r2(8v¢inh()m)2(_%’ %)dl’ 567, (AZS)
0
S .
/ r2(auav¢tnh()m)2(_%’ %)dl’ 567, (A29)
0
0 .
/ r2 (0" (=5, 5 dr e (A.30)
0

~The plan is to establish pointwise estimates for successively higher derivatives of
@"hom from which (A.28)—(A.30) follow. Fix a number 0 < y < % sufficiently close

to %; in the remainder of the proof, all implicit constants may depend on y.
By the definition of @M and (A.8), we have

. _l_7y . . _1
9™ M S €Tr T g™ S €L < €T (A3

Note in particular the rapid decay of 9, (r¢""*™) in r compared to 9, (r¢"*™) = ®.
This feature will be key to the improved bounds below.
By differentiating the averaging formula using Lemma 2.6, we obtain

A 1 v u
B¢ = / / 0, (r "), vy du’ r (u, vy dv,
= Ju J—oo
whereas simply commuting r with 9, gives
ro ¢inh0m -9 (r¢inh0m) _ ¢inhom
v - v .
As a consequence, we obtain the estimate
inhom| < _7 _%_77/ -2
8, | < ¢ (r+~ 4T ) (A32)

which immediately implies (A.28), provided that y is sufficiently large (i.e., y >
1/42).
In order to estimate 9,¢""*™  note that

81} (rau¢inh0n1) — au av(r¢inh0m) + 8U¢inh0m — r¢7 + 8v¢inh0m.
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Integrating over v’ € [u, v] and using (A.7) and (A.32), we obtain
oup™ ™| S €lr (A.33)
Next, by the identity
inhom __ inhom _ inhom __ 7 _ inhom
70,0y = 0,0y(r¢ )+ (0y — 0y)@ =r¢’ + (0y — )¢ ,
and estimates (A.8), (A.32) and (A.33), we arrive at the bound
78, 8,™" " < €r !, (A.34)

from which (A.29) follows.
Finally, note that

ragqsinhom (M, U) 235(V¢inhom)(u, U) _ 28v¢inhom(u, U)

:/u 3 (ro ), v) du’ — 20,0 (u, v).

—00

Therefore, using (A.7), (A.8) and (A.32), we have
|r33¢inhom| S 67(’.;1_7)/ + r;Z) (A35)

This bound is sufficient to establish (A.30), which completes the proof of the lemma.
O

We are now ready to establish Theorem A.1.

Proof of Theorem A.1 In this proof, we employ the polar coordinates (¢, ) instead of
the double null coordinates (u, v).
As a first step, we claim that

(¢, 0: ) (A.36)

A =
H6 xH6(Z0)

Let L = 9; + 9,, which coincides with 9, in the double null coordinates. By (A.26),
we have || L¢"™ || gt = 00, whereas by Lemma A.9 and interpolation it follows that

”Ld)inh()mn 1

) <L inhom <67 < 0.
Hb(S) ™~ Lo ||H1(20) ~

Hence we have proved

ILpll .1 =00,

H6(Xp)

which implies (A.36).
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Next, observe that the L )152 norm of ¢ on every time slice X; = {t = const} is finite
by (A.8). Therefore, the critical Strichartz norm ||¢||;12(_7,1)xr3) is finite for every
0 < T < oo. It follows that

I (¢, a’¢)”H%xH%(E,) =o0 forallt € (—o0, 00). (A.37)

Indeed, if (A.37) failed for any 7, then by finiteness of the L,lzx norm on finite time inter-
vals and the standard well-posedness theory for (1.10), we would contradict (A.36).

To complete the proof of Theorem A.1, it only remains to show that the critical
Strichartz norm diverges towards both the future and the past. By the explicit formula
(A.25) and the mean value theorem, we may find a doubly infinite increasing sequence
{t1}°2 _ o such thatlim,,_, oo t, = —00, lim,,_,» t, = 00 and

"M (1, 0) = cb(%) _ «LJ:W

By uniform C! regularity of ®, there exists universal constants § > 0 and ¢ > 0 such
that

"M (1, r) > ce forall (1,7) € [ty — 8, 1, + 8] x [0, 5].

On the other hand, we have a uniform bound |¢?""™| < €7 for ¢""h™ Hence for
€ > 0 sufficiently small, we have

bt r) > ge for all (1, 7) € [ty — 8, tp + 8] x [0, 8].

Since t,, is doubly infinite with #, — £o00 as n — =00, it follows that the L,lzx norm

of ¢ (as a matter of fact, any space-time norm LY L" with 1 < p < oo) diverges to
infinity towards both the future and the past, as desired. O

References

1. Beceanu, M., Soffer, A.: Large Outgoing Solutions to Supercritical Wave Equations, preprint ,
arXiV:1601.06335 (2016)

2. Christodoulou, D.: The problem of a self-gravitating scalar field. Comm. Math. Phys. 105(3), 337-361
(1986)

3. Christodoulou, D.: The formation of black holes and singularities in spherically symmetric gravitational
collapse. Comm. Pure Appl. Math. 44(3), 339-373 (1991)

4. Christodoulou, D.: Bounded variation solutions of the spherically symmetric Einstein-scalar field
equations. Comm. Pure Appl. Math. 46(8), 1131-1220 (1993)

5. Christodoulou, D.: The Formation of Black Holes in General Relativity. Monographs in Mathematics.
European Mathematical Soc, Oxford (2009)

6. Christodoulou, D., Klainerman, S.: The Global Nonlinear Stability of the Minkowski Space, Princeton
Mathematical Series 41 (1993)

7. Krieger, J., Schlag, W.: Large Global Solutions for Energy Supercritical Nonlinear Wave Equations on
R3*L, preprint , arXiV:1403.2913 (2014)

8. Lindblad, H., Rodnianski, I.: The global stability of Minkowski space-time in harmonic gauge. Ann.
Math. (2) 171(3), 1401-1477 (2010)

@ Springer


http://arxiv.org/abs/1601.06335
http://arxiv.org/abs/1403.2913

Einstein-scalar-field system in spherical symmetry Page 59 of 59 3

10.

11.

12.

. Luk, J., Oh, S.-J.: Quantitative decay rates for dispersive solutions to the Einstein-scalar field system

in spherical symmetry. Anal. PDE 8(7), 1603—1674 (2014). arXiv:1402.2984

Luk, J., Oh, S.-J.: Global Nonlinear Stability of Large Dispersive Solutions to the Einstein Equations
(in preparation) (2016)

Wang, J., Yu, P.: A Large Data Regime for Non-Linear Wave Equations, preprint , arXiv:1210.2056
(2012)

Yang, S.: Global solutions of nonlinear wave equations with large data. Sel. Math. (online first) (2014)

@ Springer


http://arxiv.org/abs/1402.2984
http://arxiv.org/abs/1210.2056

	Solutions to the Einstein-Scalar-Field System in Spherical Symmetry with Large Bounded Variation Norms
	Abstract
	1 Introduction
	1.1 Quantitative decay rates and nonlinear stability
	1.2 Large data solutions which are both future and past complete
	1.3 Outline of the paper

	2 Preliminaries
	2.1 Setup
	2.2 Structure of (SSESF)
	2.3 Averaging operators and commutation with λ-1 v

	3 Forward-in-time global solution
	3.1 Bootstrap assumptions
	3.2 Preliminary estimates
	3.3 Estimates for φ
	3.4 Estimates for the Hawking mass
	3.5 Closing the bootstrap assumptions
	3.6 Estimate for v derivatives of r and φ
	3.7 Estimates for u derivatives of r and φ
	3.8 Estimates for higher derivatives of r and φ

	4 Forward- and backward-in-time global solution
	5 Proof of Corollary 1.4
	6 Causal geodesic completeness
	6.1 Geodesics in mathcalM
	6.2 Preliminary discussions
	6.3 Basic features of incomplete geodesics in mathcalM
	6.4 Proof of geodesic completeness

	Acknowledgements
	Appendix A: Nonlinear wave equation with seventh-order nonlinearity
	A.1. Main existence statements
	A.2 Initial data construction
	 A.3 Completion of the proof of Theorem A.1

	References




