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Abstract This paper is the first part of a trilogy [22,23] dedicated to a proof of global
well-posedness and scattering of the (4 + 1)-dimensional mass-less Maxwell-Klein—
Gordon equation (MKG) for any finite energy initial data. The main result of the
present paper is a large energy local well-posedness theorem for MKG in the global
Coulomb gauge, where the lifespan is bounded from below by the energy concentration
scale of the data. Hence the proof of global well-posedness is reduced to establishing
non-concentration of energy. To deal with non-local features of MKG we develop
initial data excision and gluing techniques at critical regularity, which might be of
independent interest.

Keywords Maxwell-Klein-Gordon - Coulomb gauge - Local well-posedness -
Energy concentration scale - Initial data gluing

1 Introduction
Let R!** be the (4 + 1)-dimensional Minkowski space with the metric
m,, = diag (-1, +1, +1, +1, +1)

in the standard rectilinear coordinates (f = X9 xt ,x4). Let L = R x C be
the trivial U(1) complex line bundle over R!**. The Maxwell-Klein-Gordon system
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is a relativistic gauge field theory that describes the evolution of a pair (A, ¢) of a con-
nection on L and a section of L. In Section 1.1, we present the necessary background
material concerning the Maxwell-Klein-Gordon system on R!*#. Readers already
familiar with this equation may skip ahead to Section 1.2, where the main results and
ideas of the paper are presented.

1.1 The Maxwell-Klein-Gordon System on R!*4

Let L = R'** x C be the trivial complex line bundle with structure group U(1) =
{¢!X e C}. Global sections of L are precisely C-valued functions on R!*#, Using the
trivial connection on R'*# as a reference and employing the identification u(1) = iR,
any connection D, on L can be written as

D, =, +iA,

where A, is a real-valued 1-form on R!*4.
The (mass-less) Maxwell-Klein—Gordon system for a pair (A, ¢) of a connection
on L and a section of L takes the form

[ 9" F,,, = Im(¢D,¢) MKG)

Uag =0,

where F,, := (dA)y = 0, A, — 0, A, is the curvature 2-form associated to D, and
U4 := D*D, is the covariant d’ Alembertian. We are using the usual convention of
raising and lowering indices using the Minkowski metric, and also of summing over
repeated upper and lower indices.

We consider the initial value problem for (MKG). An initial data set for (MKQG)
consists of two pairs of 1-forms (a;, e;) and C-valued functions (f, g) on R*. We say
that (aj, ej, f, g) is the initial data for a solution (A, ¢) if

(Aj, Foj, ¢, Di9) [i=0y= (aj, e}, f, ).

Note that (MKG) imposes the condition that the following equation be true for any
initial data for (MKG): _
d’e; =Im(fg). (1.

This equation is the Gauss (or the constraint) equation for (MKG).

A basic geometric feature of the Maxwell-Klein—Gordon system is gauge invari-
ance. Let x be a gauge transformation for (MKGQG), i.e., a real-valued function on
R!*4 so that ¢'X € U(1). Then (MKG) is invariant under the associated gauge trans-
form (A, ¢) — (A — dy, ¢'X¢). Geometrically, a gauge transform corresponds to a
change of basis in the fiber C of the complex line bundle L over each point in R!*4. To
establish any sort of well-posedness of the initial value problem and also to reveal the
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(4 + 1)-d MKG at energy regularity Page30f 70 2

hyperbolicity! of (MKG), the ambiguity arising from this invariance must be fixed.
For this purpose we rely on the global Coulomb gauge condition Zj’:l djA; =0in
this paper.

The Maxwell-Klein-Gordon system on R'*# obeys the law of conservation of
energy. The conserved energy of a solution (A, ¢) at time ¢ is defined as

1
ExrilA, @] :=§/{} " D FwlP+ D) DuglPde.  (12)
1§x

O=p<v=4 O=p=4

For any sufficiently regular solution to (MKG) on I x R*, where I C R is a connected
interval, &,y re[A, @1 = &, «r4lA, @] for every 11,1, € I. For a (MKG) initial
data set (a, e, f, g), the conserved energy takes the form

4 4 4
Slave frgl=3 [ D 1w =kl + DlesP+ DD, + g d,
1<j<k<4 j=1 j=1
(1.3)
where D; := 9; + ia;. Furthermore, given any (measurable) subset 0 C R*, we
define the local energy Ep/la, e, f, g] by replacing the domain of integral above by
0.

The Maxwell-Klein—Gordon system can in fact be formulated on any R'*¢ (d > 1).
However, the (4 + 1)-dimensional case is distinguished by the fact that the system
becomes energy critical. That is, in R!™* both the conserved energy (1.2) and the
equations (MKG) are invariant under the scaling

(A, @) —> (A, 5)(1716) =014, )»_lqb)(k_lt, 2~ 1x)  for any A > 0.

1.2 Main Results and Ideas

The present paper is the first of a sequence of three papers [22,23], in which we give
a complete proof of global well-posedness and scattering of (MKG) on R!** for any
finite energy data. This theorem is analogous to the threshold theorem for energy
critical wave maps [18,29,30,33-37]. The main result of this paper is the following
local well-posedness theorem for (MKG) in the global Coulomb gauge at the energy
regularity.

Theorem 1.1 (Local well-posedness of (MKG) at energy regularity, simple version).
Let E be any positive number and let (a, e, f, g) be a smooth initial data set with
energy < E satisfying the global Coulomb condition Z‘}Zl dja; = 0.

(1) Then there exists an open time interval I > 0 and a unique smooth solution
(A, ¢) to the initial value problem on I x R* satisfying the global Coulomb
gauge condition Zj=1 djA; =0.

1 Observe that without any choice of gauge, the the principal part of 8% Fy,, is —[JA, 4 8,0"* A, which
does not have a well-defined character.
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2 Page4of70 S.-J. Oh, D. Tataru

(2) Define the energy concentration scale of (a, e, f, g) by
re =rc(E)la,e, f, gl :=sup{r >0:Vx € R4, Ep,wla, e, f, gl < bo(E, ef)},

where B, (x) denotes the open ball of radius r centered at x, €, is a universal
constant (see Theorem 1.2 below) and 6o(E, ef) is some positive function (to be
specified in Section 6). Then I contains the interval [—r¢, r¢].

(3) Finally, the solution map extends continuously on compact time intervals to gen-
eral finite energy initial data, with the same lifespan properties as in (2) above.

For a more precise version, see Theorem 6.1. We remark that we do not lose any
generality by restricting to initial data sets in the global Coulomb gauge, as any finite
energy initial data sets can be gauge transformed into this gauge; see Section 3. We
formulate our local well-posedness theorem specifically in the global Coulomb gauge
in view of the rest of the series [22,23], where we show global well-posedness and
scattering in this gauge.

Animportant feature of Theorem 1.1 is that it provides a lower bound on the lifespan
in terms of the energy concentration scale r. of the data. Taking the contrapositive, we
see that any finite time blow up of a solution to (MKG) must be accompanied by energy
concentration at a point. In [22,23], following the scheme successfully developed by
one of the authors (D. Tataru) and J. Sterbenz in the context of energy critical wave
maps [29,30], we establish global well-posedness of (MKG) for finite energy data by
showing that such a phenomenon cannot occur. We refer to the last and the main paper
of the sequence [23] for an overview of the entire series.

To prove Theorem 1.1, we rely on the following small energy global well-posedness
theorem for the Maxwell-Klein—Gordon equations in the global Coulomb gauge,
which was established recently by one of the authors (D. Tataru) jointly with J. Krieger
and J. Sterbenz.

Theorem 1.2 (Small energy global well-posedness in Coulomb gauge [19]). There
exists an €, > 0 such that the following holds. Let (a, e, f, g) be a smooth initial data
on R* satisfying the global Coulomb gauge condition Z?: 1 9¢ag = 0 and

Epala, e, f,g] < ef.

(1) Then there exists a unique smooth global solution (A, ¢) to the initial value
problem for (MKG) on R satisfying

[Aolly1 ity + 1Ax g1 wi+ay + 1@llg1wi+ay S VERalas e, £, g, (L.4)

where A, = (Aq, ..., Ag).
(2) For every compact time interval 1 C R, the solution map extends continuously
to general finite energy initial data after restriction® to I x R*. More precisely,

2 Although this continuity statement is not explicitly stated in [19, Theorem 1], its proof can be read off
from [19, Section 5.5]. We remark that continuous dependence on the data in H! does not seem to hold in
the global space S LRI, due to the strong dependence of the linear magnetic flow for (4 on the low
frequency part of Ay.
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if (@™, e™, £ oMY is g sequence of finite energy initial data sets in global
Coulomb gauge whose limit is (a, e, f, g) in H' (defined in Section 3.1), then

IAS” = Aolly1 g wcmty FIAYY = Axllgt (g may + 16™ = Bllg sty = O asn — oo,
(1.5)
where (A™ | ™M) is the global solution to MKG) with data (a™, e™ | 0 g,

More detailed descriptions of the function spaces S' and ¥'! will be given in Sections 6
and 7. In particular, S' is a delicate function space consisting of a number of pieces,
including the energy norm, a frequency localized Strichartz norm, an X*?-type norm
and a null frame norm as in the energy critical wave maps problem [31,38]. The precise
version of the main local well-posedness theorem (Theorem 6.1) also involves these
spaces. At this point we simply remark that for any interval / x R*, we have

(e, at(p)”C,(I;H,}xLE) 5 ||(ﬂ||51(1><]R4), (e, at(ﬂ)”(j,([;HXle}C) § ||¢||Y1(1><]R4)-

For a simpler energy critical semilinear wave equation, such as (u = :i:u% on
R!*4 a statement analogous to Theorem 1.1 is an immediate consequence of the
small energy global well-posedness theorem (Theorem 1.2 in our context) and the
finite speed of propagation of the system. Roughly speaking, the proof of local well-
posedness (in particular, local existence) proceeds in the following three steps (see,
for instance [32, Section 5.1]):

Step 1. Truncation of the initial data set locally in space so that the energy becomes
small;

Step 2. Application of small energy global well-posedness to produce the correspond-
ing set of global solutions; and

Step 3. Patching together the resulting solutions via finite speed of propagation”.

However, implementation of this strategy in our context is not as straightforward
due to non-local features of the Maxwell-Klein—Gordon system in the global Coulomb
gauge. One source of non-locality is the Gauss equation for initial data sets, which for-
bids us from naively truncating initial data to reduce to the small energy case. Another
source is the global Coulomb gauge condition, which imposes a Poisson (hence non-
local) equation for the component Ag of the connection 1-form. In particular, finite
speed of propagation fails in the global Coulomb gauge.

In this paper we develop techniques for overcoming such issues concerning
non-locality of the Maxwell-Klein—Gordon equations, and employ them to prove
Theorem 1.1 from Theorem 1.2 by essentially carrying out Steps 1-3 above. These
techniques (in addition to Theorem 1.1 itself) are also crucially used in the last paper
of the sequence [23], where we carry out a blow-up analysis of (MKG) to preclude
concentration of energy and non-scattering.

To deal with the non-locality of the Gauss equation, we introduce the method of
initial data excision and gluing at critical regularity for (MKG); see Propositions 4.1

3 More precisely, in Step 3, by finite speed of propagation, note that the global solutions in Step 2 restricted
to the domain of dependence of the truncated regions in Step 1 give rise to a family of local-in-space-time
solutions, which agree with each other on the intersection of the domains.
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2 Page60f70 S.-J. Oh, D. Tataru

and 4.2 for the precise formulation. Instead of naively truncating an initial data set
(a, e, f, g), which would violate the Gauss equation, the idea is to excise the unwanted
part and then glue another solution to the Gauss equation with the appropriate behav-
ior. Similar techniques have been developed for the initial data sets of the Einstein
equations in general relativity [4—06,8]. In our context, we need to develop a sharp ver-
sion that works at the critical regularity. Our key tool is an explicit solution operator to
the divergence equation [2,3,11] which preserves the compact support property; see
Proposition 4.4.

The initial data excision and gluing technique allows us to carry out an analogue of
Step 1. Then applying suitable gauge transformations to the resulting initial data sets
to impose the global Coulomb gauge condition, we are in position to use Theorem 1.2
to produce the corresponding global solutions. This procedure is analogous to Step 2.
However, we face difficulty in patching these solutions in the global Coulomb gauge
(which corresponds to Step 3), since finite speed of propagation does not hold in this
gauge.

We use two ideas for addressing this issue. The first is the observation that even
though finite speed of propagation may fail in a particular gauge (e.g., the global
Coulomb gauge), it remains true up to a gauge transformation. We refer to this fact
as the local geometric uniqueness of (MKG); see Proposition 5.2. Hence we obtain
from the global solutions produced in Step 2 a family of local-in-space-time solu-
tions (A[q], ¥[«]) to (MKG), which agree with each other on the intersection of the
domains up to gauge transformations. We call such solutions compatible pairs (see
Definition 6.15). Geometrically, these are nothing but a description of a global pair of
a connection 1-form and a section of L in local trivializations.

The second idea is to patch these local descriptions together to form a single solu-
tion in the global Coulomb gauge. We begin by adapting an argument of Uhlenbeck
[41, Section 3] to produce a single global-in-space solution in the desired function
spaces S', Y'!1; see Proposition 6.16. For this purpose, we develop a functional space
framework for performing gauge transforms between local-in-spacetime solutions in
S and Y'; see Section 6.3 and Section 7. A key point in this argument is that a gauge
transformation x between two Coulomb gauges obeys the Laplace equation Ay = 0,
and hence enjoys improved regularity. The solution resulting from this patching argu-
ment does not necessarily satisfy the exact global Coulomb condition. Nevertheless
this solution is approximately Coulomb, since it arose by patching together Coulomb
solutions. Hence there exists a nicely behaved gauge transformation into the global
Coulomb gauge, which completes the analogue of Step 3 and hence the sketch of our
proof of Theorem 1.1.

Remark 1.3 The main result and the techniques developed in this paper are perturba-
tive in nature, and hence can be easily generalized to higher dimensions, i.e., R+
for any d > 4. In what follows we focus on the most interesting case R'*# for con-
creteness.

1.3 Other Works on the Maxwell-Klein—-Gordon Equations

Here we give a brief review of the literature on the Maxwell-Klein—-Gordon problem.
In dimensions 241 and 3+ 1 the Maxwell-Klein—Gordon system is energy subcritical,
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so global regularity follows from local well-posedness at the energy regularity; see
Klainerman—Machedon [15] and Selberg-Tesfahun [27]. We also mention the works
of Moncrief [21] and Eardley-Moncrief [9, 10], where global regularity of sufficiently
smooth solutions in R!'*2 and R'*3 was established by a different argument; the latter
two also handled the more general Yang—Mills—Higgs system on R'*3. The problem
of low regularity well-posedness in R!*3 was further studied by Cuccagna [7] and
then more recently by Machedon-Sterbenz [20], who reached the essentially optimal

regularity A(0), ¢(0) € H %+. In [12], global well-posedness was established below

the energy norm, more precisely for A(0), ¢(0) € H S

In dimension 4+ 1, Klainerman—Tataru [ 16] established an essentially optimal local
well-posedness result for a model equation closely related to Maxwell-Klein—Gordon
and Yang—Mills. This result was further refined by Selberg [26], who considered the
full Maxwell-Klein—Gordon system on R'*4, and Sterbenz [28].

For the critical regularity problem, Rodnianski—Tao [24] made an initial break-
through and proved global regularity for small scaling critical Sobolev data in
dimensions 6 4 1 and higher. This result was greatly improved in the aforementioned
work of Krieger—Sterbenz—Tataru [19] to include the energy critical dimension (441),
which provides the starting point of the present paper.

Finally, we note that an independent proof of global well-posedness and scattering of
(MKG) has recently been announced by Krieger-Lithrmann [17], following a version
of the Bahouri—Gérard nonlinear profile decomposition [1] and the Kenig—Merle con-
centration compactness/rigidity scheme [13,14], developed by Krieger—Schlag [18]
for the energy critical wave maps problem.

1.4 The Structure of the Paper

After some preliminaries in Section 2, we begin with a systematic study of finite energy
initial data sets for (MKG) in Section 3. We show, in particular, that every such initial
data set can be gauge transformed to the global Coulomb gauge (Lemma 3.3), and also
that it can be approximated by smooth data (Lemma 3.2). In Section 4, we develop the
theory of excision and gluing of Maxwell-Klein—Gordon initial data sets at the energy
regularity (Propositions 4.1, 4.2). In Section 5, we formulate a notion of solutions
to (MKG) arising from general finite energy initial data (admissible C; ! solutions)
and prove local geometric uniqueness of (MKGQG) in this class (Proposition 5.2). In
Section 6, we give a precise statement of the main local well-posedness theorem
(Theorem 6.1) and prove it up to some estimates concerning the functions spaces
styl, Finally, in Section 7 we delve further into the structure of the spaces S 1yl
and establish the function space estimates used in Section 6, thereby completing the
proof of Theorem 6.1.

2 Preliminaries
2.1 Notation and Conventions

We write A < B when there exists a constant C > 0 such that A < CB. The
dependence of the constant is specified by a subscript, e.g., A <, B means that there
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2 Page80f70 S.-J. Oh, D. Tataru

exists C = C(r) > 0 such that A < CB. We write A & B when both A < B and
B < A hold.

We employ the index notation in this paper. Unless otherwise specified, we always
use the rectilinear coordinates (f = X9 xb L, x4). The greek indices (e.g., 1, v, ...)
run over O, 1, ..., 4, whereas the roman indices only run over 1, ..., 4. As already
mentioned in the introduction, we raise and lower indices using the Minkowski metric
m,,,,, and use the convention of summing up repeated upper and lower indices.

We denote the open ball in R* of radius  and center x by B, (x). Given a cube
R C R4, we refer to its side length by £(R). For a convex subset K of R* (or Rt%)
and ¢ € (0, 00), we define cK to be the dilation of K by c about the center of mass of
K. For example, if B, (x) is an open ball in R*, then ¢ B, (x) is the open ball with the
same center and the radius ¢ times that of B, i.e., ¢B,(x) = B (x).

2.2 Dyadic Frequency Projections

Letm <o (r) be asmooth cutoff which equals 1 on {r < 1} and vanishes outside {r > 2}.
For every k € Z, define m<(r) := mfo(r/Zk) and my(r) := m<x(r) — m<g—1(r).
Then my, is supported in the set {21 < r < 2¥*1} and forms a partition of unity, i.e.,

> m(r) = 1.
k
The following dyadic frequency (or Littlewood—Paley) projections are used in this
paper:

Pep = F Imi(1E)Fle]l, Q9 = F ' Im;(lItl — [EIDFlell,
Sep = Fme(I(z, &) D Flell, Tip = F~ ' Im; (It Flell.

We also use the notation P<k := > /ot P, Piky k) '= 2 preh, ko) P €LC-
2.3 Standard Functions Spaces on R? and Domains

Unless otherwise specified, we define function spaces on a subset O C R by restrict-
ing the R9 version, i.e.,

= inf .
lellx o) s o V1 x ®a)

The homogeneous Sobolev and Besov semi-norms | - ||y, ®dy -1l 5P (Rd)y ON R4
are characterized using the Littlewood—Paley projections as follows:

1

2 r
||w||Ws.p(Rd)wu(zzz*"wmz) I Lp Rey» ||<o||g;ap(Rd)~(Zz”"qun’de)) :
k k

We define the corresponding spaces Ws-p (Rd), Brs’p (Rd) to consist of tempered dis-
tributions that are regular at zero frequency (i.e., || P<k¢|l oo ey — 0 as k — —00)
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and have finite corresponding semi-norms. We use the standard notation W2 = H°.
When s < % ors = % with » = 1 (in the Besov case) the above semi-norms are in

fact norms when restricted to the space S (Rd ) of Schwartz functions on RY, and the
corresponding spaces are obtained as the completion of S(R?) with respect to these
norms.

3 Finite Energy Initial Data for Maxwell-Klein—-Gordon

In this section we systematically develop the basic theory of finite energy initial data
sets for (MKG). In Section 3.1 we define the spaces of finite energy and classical initial
data sets for (MKG), and also the corresponding spaces of gauge transformations. In
Section 3.2, we prove a few elementary facts about finite energy initial data sets,
such as approximation by classical initial data and gauge transformation to a globally
Coulomb initial data. We also show that any globally Coulomb finite energy initial
data set can be approximated by classical initial data sets in the global Coulomb gauge.

3.1 Finite Energy Initial Data Sets and Gauge Transformations

Let O C R?* be a non-empty open set. Given 1-forms a, ¢ and C-valued functions
f, g on O, we say that the quadruple (a, e, f, g) is a (MKQG) initial data set if the
following Gauss (or the constraint) equation holds:

dtey = Im[ fg]. (3.1

We define the space H! (0), which consists of (MKG) initial data sets (a, e, f, g) for
which the following norm is finite:

I(a,e, f, g)”?—(l(o) = sup |l(aj, e./)||(H)§ﬂL§)><L%(0) + 1S, g)||(H)}ﬂLi)><L§(0)'
j=1,...,4 : ’ :
A Coulomb (gauge) initial data set is a data set (a, e, f, g) which in addition satisfies
the divergence condition
V-a=0da =0.

Given an H! (0) initial data set (a, e, f, g), we define its energy on O’ C O by

1
Eola,e, f. gl :=§/0/ D ldayulP+ D leilP+ D0 D 1P+ g dx,

1<j<k<4 1<j<4 1<j<4

3.2)
where (da) jx = djar — dxaj and D; f = 9; f +ia; f. The space H'(O) is a natural
domain on which the energy functional is always finite, and for this reason H! (0) will
also be referred to as the space of finite energy initial data. In general the energy does
not control the H! norm, and for this reason we view the ! bounds as qualitative,
whereas the energy related bounds are quantitative. However, in the case of global
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2 Page 10 of 70 S.-J. Oh, D. Tataru

Coulomb data sets the situation improves and we can estimate the 7! norm in terms
of the energy, see Lemma 3.3.

We also remark that the energy £or[a, e, f, g] is invariant under gauge transforma-
tions, which will be rigorously defined below.

For N > 1, we define the higher regularity space H" (O) in a similar fashion with
the norm

N
I@. e. . w0y = D 1@ Va, 3" Ve, o £,9" D)y 0y

n=1

To define the space H*°(0) of classical initial data sets, we first define the space
HO(0) to consist of (MKG) initial data sets with finite H°(O) semi-norm, which is
given by
(a.e. f. &) no0) = llallp2 + 1 fl.2

Then we take H*°(0) := ﬂjo\,o:oHN(O) and topologize it using {| - [l3¢v )}n=0. We
remark that H°°(0) initial data have not only better regularity (it is in fact smooth),
but also better integrability than H" (0).

Next, we define spaces of gauge transformations between initial data sets. A gauge
transformation y, which is simply an R-valued function on O, acts on an initial data
set (a, e, f, g) as follows:

Lyla,e, f,gl:=(a—dy,e, X f X g).

We define the space G>(O) to consist of locally integrable gauge transformations such
that the following semi-norm is finite:

Ixllg2c0y == 19x X I 40y + 193 X1l 22 (0)-

Given an integer N > 1, we define the gh+1 (O) semi-norm as

N
Ixligssioy = > (198 x 20y + 108" Xl 1200y

n=1

and the space G¥*1(0) to consist of locally integrable gauge transformations with
finite GV 1 (0) semi-norm. Observe that || x llgn+1(0y = Oifand only if x is a constant.

Accordingly, GN*!(0) becomes a Banach space once we mod out by constants, but
we shall not do so in this paper. Finally, we also define

G>(0) =) H n W} *(0).

n=1

The space of gauge transformations between initial data sets in the class H" (0) is
precisely gh+! (0). Indeed, given x € gh+! (0), it follows from the chain rule and
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(4 + 1)-d MKG at energy regularity Page 11 of 70 2

the fact that & — €% is a bounded smooth function that /X € G¥*1(0) and
le™ lign+1c0y S Ixlign+ico) (1 + Ixlignsn oy)-

From this fact, we see that if (a,e, f,g) € HN(0) and X € GN+1(0), then
Iy(a,e, f,8) € HN(0). Conversely, if x is a locally integrable gauge trans-
formation on O such that we have (a’,¢', f',g) = Ty(a,e, f,g) for some
(a,e, f,8), (. e, f,g) e HN(0), then it easily follows that x € GVNT1(0) from
the relationdy =a — d’.

The map I'y [a, e, f, g] furthermore enjoys a nice continuity property. We state a
version of this property for thecase N = 1,1i.e.,(a, e, f, g) € H'(0) and X € G2(0).

Lemma 3.1 Let O be an open connected subset of R*. Let (™, e™, ™ ¢™) [resp.
X M be a sequence of HY(0) initial data sets [ resp. G2(0) gauge transformations|
such that

l@a—a™,e—e™, f—f" ¢—gl0) =0, lx—x"lg 0, — 0

for some (a,e, f,g) € H'(O) and x € G*(O) as n — oo. Then there exists a
sequence Xé") € R of constant gauge transformations such that

wla™, ™, f™ ¢l ) — Oasn — co.  (3.3)

”F)([a’ e, f’ g] - FX(")-FXO

Proof We shall write
@z f.3)=Tyla.e f.gl, @",2", f".g")=T,wla™, ™, f™, g™

Before we begin the proof, we first make a few reductions. We first remark that the
constants Xé") above are needed because they are not seen by the G?(0) norm. We can
eliminate them if we normalize x ™", e.g. by requiring that they have zero averages on

some ball B C O:
/ x™dx =0 (3.4)
B

We will make this assumption from here on.

Observe further that (3.3) is easy when all x ™’s are the same. Then applying — x
to every term in the sequence, it suffices to consider the case x = 0. Finally, the
convergence of (@™, ™) in Hx1 N Li(O) X L)%(O) is obvious, so we will focus on
(f(n)’ gm).

We claim that

ID; f - Dg‘n)f(n)”L)zc(O) +1f- JF(")HLi(O) + g - §(”)||L§(0) — 0 asn — oo,

where D i =0 +iaj, 135.") =0; + iZi;"). Then the desired conclusion (3.3) would

follow, using the claim and the Li(O) convergence of a”™ — @ to deduce that
a f™ — 8, fin L2(0).

@ Springer



2 Page 12 0f 70 S.-J. Oh, D. Tataru

We now prove g — g in L2(0); a similar argument works for £ and 135.") fm
as well. We write

-~ ~ iy (1) Py () iy
18- 11200y = g =" 8™l 1200y < 10=€")gll 20y + e (2= 12(0)-

(n

. ) . . .
Since [le'*" ||2e < 1, it follows that the last term vanishes as n — oc. It remains to
prove

iy M
(1 —e'* )8”1@(0) — 0. (3.5)

By Lebesgue’s dominated convergence theorem, it suffices to show that each subse-

quence ny has a further subsequence ny; so that x ;) 5 () almost everywhere in O.

To see this we use Poincare’s inequality. In view of the normalization (3.4), this shows
that from the convergence || x ™ llg2¢0y — O we obtain

x™ =0 inL} (0).

Then the a.e. convergence on a subsequence immediately follows. O

3.2 Approximation and Gauge Transformation Lemmas

In this subsection, we record a few useful facts concerning H! initial data sets on R*.
The first result says that any 7' (R?*) initial data set can be approximated by classical
initial data sets.

Lemma 3.2 Let (a, e, f, g) be an initial data set for (MKG) in the class H'(R*).
Then there exists a sequence (a™,e™, f0 ¢y of initial data sets in H*® (R
which approximates (a, e, f, g) in H'(R*).

Proof Take any C8°(R4) sequence (@™, ™, f g™y which converges to (a, e,
£, g) in the H' (R*) norm, and take

a® =gm, pm = F ) g
To satisfy the Gauss equation, we take
) =7+ (= 8)9;08” — Im[ f Vg,

It can be readily verified that ¢™ e HX (R*). Moreover, since Beé'é") —Im[f (")g(_”)]
— 0in HZ'(R%), it follows that eﬁ.”) — ¢; in L2(R*), as desired. o

The second result shows that any 7! (R*) initial data set can be gauge transformed
to a globally Coulomb initial data set.
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Lemma 3.3 Let (a, e, f , %) be an initial data set for (MKG) in the class H'(R*).
Then there exists a gauge transform x € G>(R*), unique up to a constant, such that

(a,e, fa g) = (Zi_dX’Z’ eivaeixg)

satisfies the global Coulomb gauge condition 3‘a; = 0 [resp. Beaé = 0] on R*.
Moreover, we have the estimate

Ixllg2wey S Nall g1 re)- (3.6)

Proof Let
wj = (—=A)"19;8',. 3.7

Since @ € H xl (R*), it follows that j € H xl (R*). Note moreover that
diwj — djw; =0
forevery i, j = 1,2, 3, 4. Thus there exists? a real-valued function x such that
dy = w,

which furthermore satisfies x € G2(R*) and (3.6). Note that (a, e, f, g) defined as
above satisfies the global Coulomb condition, since 3‘a; = 8%G, + Ax = 0. The
uniqueness statement follows from the fact that the solution to Ad;x = 9; 3Gy in
Li(O) is uniquely given by (3.7). O

An immediate consequence of Lemma 3.1 and the preceding two lemmas is that
any Coulomb initial data set in 7' (R*) can be approximated in ! (R*) by classical
Coulomb initial data sets. We record this statement as a corollary.

Corollary 3.4 Let (a, e, f, g) be aglobally Coulomb initial data set for (MKG) in the
class H' (R*). Then there exists a sequence (@™, &™), £ g™y of globally Coulomb
initial data sets in H*® (R*) which approximates (a, e, f, g) in H'(R*).

4 Excision and Gluing of Initial Data Sets

A recurrent nuisance in gauge theory is the presence of a non-trivial constraint equation
for the initial data sets. More concretely, consider the problem of localizing a (MKG)
initial data set. The most naive way to proceed would be to apply a smooth cutoff;
however, integrating the constraint equation (also called the Gauss equation)

de, = Im[fg]

4 This is obvious when @ € S(R*); the full statement follows by approximation of a by Schwartz 1-forms,
using the fact that BMO is a Banach space modulo constant functions.
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by parts over balls of large radius, we see that e, must in general be non-trivial on
the boundary spheres even if f, g are compactly supported. This simple argument
precludes the naive approach of simply cutting off (a, e, f, g).

The purpose of this section is to introduce a set of techniques for addressing this
difficulty, namely excision and gluing of (MKG) initial data sets. In the context of
localization of initial data sets, the basic idea is as follows: Instead of simply excising
the unwanted part of the initial data set, we glue it to another initial data set, which has
an explicit description in the excised region. For instance, in the exterior of a ball (see
Proposition 4.1 below) we glue with a data set of the form (e(y); := 25—2 Iiﬁ 0,0,0),
which is precisely the electro-magnetic field of an electric monopole of charge g
situated at the origin.

Key to our approach is a simple solution operator ) for the divergence equation
that preserves the support and obeys a sharp regularity bound. This solution operator
was first used by Bogovskif [2,3]. We remark that a similar solution operator was used
in [11] in the context of the incompressible Euler equations.

The main results are stated in the next two propositions. The first one concerns
excision and gluing of initial data sets to the exterior of a ball.

Proposition 4.1 (Excision and gluing of initial data sets to the exterior). Let B be a
ball of radius rq in Ri, and 1 < o1 < oo < 2. Then there exists an operator E*™ from
the class H'(coB \ B) to the class H'(R* \ B) satisfying the following properties:

(1) (a,e, f 2) = E™a, e, f, g] is an extension of (a, e, f, g),
@.2, f.8) = (a,e, f,g) ontheannulus o1B \ B.

(2) We have (a, f ,2) = (0,0,0) onR*\ 69 B. On the other hand, there exists a real
number q = q(e), depending continuously on e € L*(ooB \ B), such that

J —
ej(x) = qx—4 on R* \ 00 B.
r
(3) The following bounds hold, with implicit constants depending on o1, 09:

”Eext[a, e, f, g]”Hl(R4\§) Sliase, f, g)”Hl(o'OB\E)’ 4.1
EanglEMla. e. £. 81 S 1o I 2 55 T Ewomla- e fr8] (42)

(4) The operator E®** is continuous from H (o0B \ B) to H'(R* \ B). Moreover,
ESXt enjoys persistence of higher regularity, i.e., for every N > 1, we have
E*[HN(00B \ B)] € HY (R*\ B).

The second proposition concerns excision and gluing of initial data in the interior
of a ball.

Proposition 4.2 (Excision and gluing of initial data sets to the interior). Let B be a
ball of radius r¢ in R_4, and 1 < 0y < 0¢ < 2. Then there exists an operator E™ from
the class H'(coB \ B) to the class H'(coB) satisfying the following properties:
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(1) Eim[a, e, f, gl is an interior extension of (a, e, f, g),
Eim[a, e, f,gl=1(a,e, f,g) onthe annulus ooB \ O‘2§.

(2) The following bounds hold, with implicit constants depending on o3, 09

. 1
IE™(a.e. £. 8llniopm) S 1@ . . Ol + el gy 43)

EnplE™a. e, f.81l S &y pgla.e .81+ 1211 gy 44

(3) The operator E™ s continuous from H'(coB \ B) to H'(coB). Moreover,
E?“t enjoys persistence of higher regularity, i.e., for every N > 1, we have
E™[HN(09B \ B)] € HY (00 B).

Remark 4.3 There are two main difficulties in the proving these propositions. The first
one is the presence of the Gauss equation, which has been discussed at the beginning
of this section. The second difficulty stems from the local energy inequalities (4.2)
and (4.4), which require, in particular, choosing a ‘good gauge’ before excising the
initial data. To resolve this difficulty, we rely on the solvability in L2-Sobolev spaces
of the one-form Hodge system under suitable boundary conditions (see Section 4.2).
This statement can be thought of as an easier abelian variant of Uhlenbeck’s lemma
[41] concerning existence of a gauge transformation to the Coulomb gauge.

The rest of this section is structured as follows: In Section 4.1, we introduce a
solution operator V = V;[h]to the divergence equation LIV i[h] = h that, in particular,
is compactly supported if 4 is. In Section 4.2, we briefly recall a standard result for
the 1-form Hodge system on domains with smooth boundary, which will be needed
later. Then in Section 4.3, we present proofs of Propositions 4.1 and 4.2.

4.1 Support-Preserving Solution Operator for the Divergence Equation

In this subsection, we define a solution operator to the divergence equation which
preserves the support property of the source. This solution operator was first introduced
by Bogovskii [2,3]. Our construction below follows the approach of [11], in which
a similar solution operator was constructed for the symmetric divergence equation
ad jRje = U". We sharpen the estimates for V compared to [11] (where non-sharp
estimates sufficed), which turns out to be necessary due to the criticality of our problem.
The class of domains we work with is that of star-shaped domains, and unions thereof.
We call a domain strongly star-shaped with respect to a set B if it is star-shaped with
respect to any point in B.

Proposition 4.4 Let B be a ball in R, d > 2. Then there exists a pseudodifferential
operator V € OPSI_Oi (RY), taking functions to 1-forms, which has the following
properties:

(1) For any compact domain D which is star-shaped with respect to B, if h € D' is
supported in D then V[h] is also supported in D.

@ Springer



2 Page 16 of 70 S.-J. Oh, D. Tataru

(2) Suppose that h has compact support and

/ hdx =0.
R4

Then V[h] satisfies the divergence equation
Vi [h] = h. (4.5)
Remark 4.5 The fact that D is star-shaped with respect to B requires that B € D.
Thus by scaling all bounds for the operator )V in D depend only on the ratio
diam (D) /diam (B). In particular, since V € OPSZZE, (R?), we obtain
||V[h]||wl,p(Rd) < ||h||Lp(Rd), I <p<oo. (4.6)
Thus, by the Gagliardo-Nirenberg-Sobolev inequality we obtain the inequality

d_d
IV oty Speg (diam BYE 2 ] o @.7)

whenever 1 < p < g < oo and

—l=<-=<

S EN
QR
SN

Before we begin the proof of Proposition 4.4 in earnest, we give a short argument
that provides a solution operator V with the required support properties but with less
regularity. We will use this to motivate the actual construction. Let # be a smooth
function supported in a ball B satisfying fRd h = 0. Our goal is to find a solution v*
to (4.5) which satisfies the support property supp v’ C B. Note that f]Rd h=0isa
necessary condition for such a solution to exist by the divergence theorem.

Taking the Fourier transform of & and Taylor expanding at £ = 0, we get

1
h() = h©) +§° / dh(0€) do.
0
Since ﬁ(O) = [hdx =0, we see that & has the form of a divergence. Indeed, defining
l o~
it i= 7 [ 98 o,
0

we see that 321)3 [A] = h, as desired. More generally, we remark that if fRd h # 0,
then

V-v=h-—cd, c=/ hdx.
Rd
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Carrying out the inverse Fourier transform, we obtain the following physical space

formula for v;[A]:
I x d
vj[h1(x) =/ o h(a) az

Note that the value of v[A] at x is determined by a weighted integral of / on the radial
ray {sx : s > 1}. In particular, the desired support property supp v C B immediately
follows. In terms of regularity, however, integration along rays only yields radial
regularity. No angular regularity at all is gained by doing this.

One can also view the above construction as arising from a mass transportation
problem. The above v corresponds to transporting all the mass of 4 along rays to zero.

In order to produce a better solution operator, all we need to do is to expand the
above Dirac mass at zero into a smooth bump function, i.e. some smooth averaging of
the above construction. This idea is carried out in the following proof.

Proof of Proposition 4.4 By translation and scaling we assume that B is the unit ball.
Given y € R9, define

1 _v\J _ d
vorsthi) = [ SR (2 ) 5.

o Ud

Let ¢ be a smooth normalized bump function in B, i.e.
supp¢ € B, / ¢ =1 (4.8)
Rd
We now define Vj[h] := [ {(y)v(y)j[Aldy, ie.,
(x—y)) (x—y do
Vi [h1(x) = // 18 H(E=E ) Sy (4.9)
o o o

As before, V[h] is a solution to the divergence equation

AV[h] = h — ¢, c:/ hdx
Rd

where the second term in the right-hand side vanishes provided that & has integral
zero. Moreover, from the construction it follows that we have the support property

suppV[h] C U Conv({x} U B),
xesupph

where Conv(X) refers to the convex hull of X. This is exactly what we need.
It remains to prove that V is a regular pseudodifferential operator of order —1. For
that we look at the kernel K (x —y, y) of VV, which after a change of variable is written as

z 1 do
K(Z’y):/I—cr;(]—oz—i_y)(l— o)
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The support condition on ¢ restricts the integral to the range |1 — o| 2 |z|. Then a
direct integration yields the bound

K (z, )| <z

Similarly, we have the differentiated bounds
900 K (2, )| < exglzl' 7,

The symbol a (£, y) of V in the right calculus’ is obtained by taking the Fourier trans-
form of K with respect to z. Then the preceding bound implies the homogeneous
symbol bound

k) o (j —1-
19670y a8, 1)1 Sej 16171

On the other hand, taking into account the support properties of K, it follows that
|8§k) 8;’ )a | is bounded for every k, j as well. Hence the assertion ) € O PS™! follows.

In the sequel we apply the above proposition in two situations. The first is for a
ball:

Corollary 4.6 Let B be a ball in R?. Then there exists a pseudodifferential opera-
tor VB € OPS™', mapping distributions h supported in B to distributions VE[h]
supported in B, and which satisfies property (2) in Proposition 4.4.

For this we only need to observe that B is star-shaped with respect to B.
Our second application is for an annulus:

Corollary 4.7 Let A = 0B\ B, with ¢ > 1, be an annulus. Then there exists a
pseudodifferential operator VA € O PS™', mapping distributions h supported in A to
distributions VA[h] supported in A, and which satisfies property (2) in Proposition 4.4.
Further, all bounds are uniform for o away from 1.

In particular we note the following bound

VAR 2 ey S DR (4.10)

4
L} (RY)

with an implicit constant that is uniform for o away from 1.

To show that this follows from Proposition 4.4, we cover A with three or more
overlapping round sectors of identical angle 6, A = U,le Ag, so that the double-
angle sectors 2A; C A are star-shaped. The number of such sectors depends only on
the dimension d if o is large, but increases as 0 — 1. The closer o gets to 1, the worse
our bounds will get.

In each such sector we can apply Proposition 4.4. However, to conclude the proof
of the corollary we need to also be able to distribute the zero integral condition to the
sectors. This is achieved in the next lemma:

5 We prefer the right calculus, because there the symbol is only needed for y € D.
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Lemma 4.8 Consider a covering of the annulus A = o B \ B with round sectors
A = |J Ay of angle 0. Let ny, be an associated partition of unity in A whose angular
support is contained in the double-angle sector 2Ay. Then for each distribution h
which satisfies

supph € A and /hdx:O.

there exists a linear decomposition h = Zf: 1 bk so that

supp hy € 2Ag, /hk dx =0.

and the maps h — hy — nih are finite rank < 2 from D’ to D.

The previous corollary is then proved by applying Proposition 4.4 to each &y in the
sectors 2A.

Proof We label the sectors Ay so that Ay N Axy1 # ¥. For each £, let {x be a smooth
function with unit mass supported in 2A; N2 A 1. For convenience, we define ¢y = 0.
The idea is to write

hi ;=nkh—;k/2njh+;k_l/znjh forl <k <K —1,

j<k Jj<k

hg = UKh—l-CK—l/nK—lh.

By construction, we have [h; = 0for1 < k < K — 1; then it follows that [ hgx =0
since [ h = 0. O

4.2 L? Hodge Theory for 1-Forms

Another ingredient in our proofs of Propositions 4.1 and 4.2 is the solvability of a
boundary value problem for the 1-form Hodge system. The result that we need is as
follows:

Proposition 4.9 Let O be a pre-compact connected open subset of R* with a smooth
boundary 0 0. Assume furthermore that the first de Rham cohomology group of O
vanishes, i.e., HéeRham(O) = 0. Then for any 2-form F on O such that F € HN(0)
(N > 0), there exists a unique 1-form w € HNT'(O) which solves the following
boundary value problem for the 1-form Hodge system:

do=F, 3‘wr=0, wlyo (n) =0, 4.11)

where n is the outer-pointing normal vector field on dO0. Moreover, w obeys the
estimate

loll v+1 0y S IF g o) 4.12)

@ Springer



2 Page 20 of 70 S.-J. Oh, D. Tataru

This is a standard result; we refer the reader to [40, Section 5.9]. The cohomology
condition ensures, by the Hodge theorem, that the kernel of the Hodge system is trivial.
Then the latter fact allows us to conclude unique solvability of (4.11) by the Fredholm
alternative theorem.

4.3 Proof of Propositions 4.1 and 4.2

We are ready to prove Propositions 4.1-4.2.

Proof of Proposition 4.1 Without any loss of generality, we may assume that B is

centered at the origin of R4 For 1 < o1 < og < 2, we define o7 = 050) < Uél) <

0(;2) < 053) = o0p as

1 1 1 2
0y =01, oél) = —0] + <0y, 0(52) = —-o01 + -0y, 063) =

2915 39173 o0-

Below, we will write B
E™a,e, f.gl= (@2, f,8).

Step 1. Excision of a;. The purpose of this step is to cutoff a; to obtain a; on R*\ B
such that

G=aono"B\B, a=00onR*\ 0B, (4.13)
”a”HXIQLi(R‘*\E) 500 ”a”[-'[leLi(gOB\E), (4.14)
14217, g5y Sov Eopmzla- €. f. 8] (4.15)

where (da) jx = d;ax — dka;. If one drops the last condition, then the simple choice
a = na for a suitable cutoff n will do the job; however, having the estimate (4.15)
with only the energy of (a, e, f, g) on the annular region o9 B \ B on the right-hand
side will be crucial for our later purposes, in particular for performing the blow-up
analysis in [23]. Our idea for achieving this goal is as follows: First, we will find a
gauge equivalent connection 1-form & on the annular region oo B \ B such that

”ZZ”H}ﬂLi(aOB\E) + (diam B)_l ||é||L%(UOB\§) Scro ”da”LE(aOB\E) (4.16)
. 2 _ i -
We remind the reader that ||dal| 12(00B\B) < 500 B\ gla, e, f, g]. The connection 1

form a can be safely excised outside O'SZ)B D oél)B. Finally, we patch together a;

and a; inside Uéz)B using a suitable gauge transformation to produce a satisfying
(4.13)—(4.15).

We now proceed to the details. Let O = O(op, B) denote the annulus oyB \ B.
Applying Proposition 4.9 with F = da on the region O (which is possible since
HHIQ(O) = 0), we infer the existence of a unique 1-form & which solves

di =da, 9'ar =0, alsp (3,) =alaes) (3) =0. (4.17)
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Moreover, a obeys the estimate (4.16). To see this, first observe that this estimate
follows from (4.12) and Sobolev when B is a ball of unit radius. The general case
follows once we note that, for a fixed oy > 1, both sides of (4.16) are invariant under
scaling.
Next, we prove that d is gauge equivalent to a. This amounts to finding a function
x such that
a=a—dy.

Since d(a — a) = 0, the existence of such a function x on O is guaranteed by the
topological fact that HéeRham (0) = 0; itis moreover unique if we furthermore require
that |, o X = 0. By Poincaré’s inequality and (4.16), it follows that x satisfies the
bound

102 X1l 20y + 19: XUl 30y + (diam BY 2 lx 1200y S Nallginsacoy:  (-18)

We now show that, thanks to (4.16), it is safe to cut off d. Let 1) be a smooth
function on R* such that

n@y = lon aéz)B, n(2) = 0 outside 0(53)3, |8§N)n(2)| SN,y (diam B)fN for N > 0.
Then by (4.16), it is immediate that for any open subset O’ C O,

I[dmd 20 = In@dallzzon + 10xn@) leeonllal 2o Seo ldalizzor)-
(4.19)
To conclude the proof, we finally patch a and & by a suitable gauge transformation
to obtain @ with the desired properties. Let (1) be a smooth function on R* such that

nay = LonagV B, nay = 0outside o> B, 10 n(1y] Sn.o (diam B)™N for N = 0.
We now define a by the following formula:

a:=npla—dyx), wherey :=(—nu)x. (4.20)
From (4.18), it follows that x obeys

102X 12005\ + 19X 1 13 031 + (iam BY 21X 12 0o 203) S Nl 11230
' ' To4.21
It remains to verify the properties (4.13)—(4.15). The first property (4.13) follows easily
from the construction. The second property (4.14) follows from

”77(2)d5('”Hl! NL4(R*\B) 500 ”di”Hg NL*(coB\B) Sao ”a”HJ NL4(c9B\B)" (4.22)

which in turn follows from (4.21). Finally, the third property (4.15) is a consequence
of (4.13) and (4.19) with O’ = oo B \ aél)E.
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Step 2. Excision of f, g. In this step, we excise ( f, g) to construct ( ]7, Z)onR*\ B
that satisfies the following properties:

T~ - 7~ 1
(f.®)=(f.)omoB\B, (f.8)=00nR*\o;"B, (4.23)
”f”f'])gmLﬁ(R“\E) 5 ||f||f']x1mL§(003\§)v (4.24)
||§||L%(R4\§) ,S ”g ”L%(JOB\E) s (425)
n.Fn2 . -2 2 2
2 D FI5 gy < @iam BY 2N F 13, gy + D0 D512 5
j=1,..4 j=1,...,4
(4.26)
where D j = 0; + ia;. These conditions are easily achieved by naively choosing

o] = aéo) and cutting off f, g by a smooth function 7 that is supported in oél)B
and equals 1 on aéO)B.

Step 3. Excision and gluing of ¢;. In this step, we construct ¢; that, together with a;,
f and g constructed in the preceding steps, would satisfy the properties in Proposition
4.1. The problem of localizing of ¢; is subtle, as it must satisfy the Gauss equation

3'e, = Im[ f ). (4.27)

In particular, integrating (4.27) over a ball B, of radius r > 1, the divergence theorem
implies
¢

/ em’ :/ Im[f g]dx, wheren’ = x_
9B, R4 | x|

which precludes the possibility of having a compactly supported ¢ in general. Instead,
we will glue the 1-form e to another solution e(y) (see (4.30)) to the Gauss equation
with a well-understood behavior at infinity, while keeping e unchanged in the region
o1 B. The key to carrying out this procedure is Proposition 4.4, which allows us to
solve away certain errors in the Gauss equation in a bounded region of space.

We define ¢ to be

e=ngpe+ (1 —ng)eq) +ec). (4.28)

where {e(g)}4eRr is an explicit 1-parameter family of solutions to de(g¢ = 0 on
R*\ {0}, to be introduced below, and e(G) will be constructed to satisfy the equation

aee((;)g = —8ln%0)(e/g —ege) Wwith suppeg) C Uél)B \Glﬁ. (4.29)
For e(y) and e(g) as above, we can readily verify that (4.27) holds as follows:

9°e, —Im[£ 3] = 3" (nfyyee + (1 — ngy)eqgye + eye) — njp)ImL £
= 0@ er — Im[£Z]) + (3" nfy)) (er — egye) + 3 ecye = 0.
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The 1-form e(y) is defined on R* \ {0} component-wisely as follows:

x./

q
Cq)j = %T_ZW' (4.30)

Note that e(,) is precisely the electric field of a point charge at the origin given by
the 4-dimensional version of Coulomb’s law. Indeed, ¢(y) satisfies the free divergence
equation

ey =0, (4.31)

and the charge of e(;) measured on any sphere d B, of radius r centered at the origin
(in fact, any hypersurface enclosing the origin) equals ¢, i.e.,

L
/ eqn =q wheren’ = —. 4.32)
9B, x|

We now turn to the construction of e(gy. We wish to apply Corollary 4.7; thus we
must ensure that

0= / 3"y, (e — e(qye) dx. (4.33)
By (4.32) and the divergence theorem, we compute
/Ben(zo) e dx = —q.

Thus, (4.33) dictates the following choice of ¢ as a function of e for a fixed oy:
o )
qle] = — / d M0) €t dx. (4.34)
Since 87 is supported in cr(gl)B \ 01B C 0pB \ B, we have

1
|q|§/ — el dx S, (diam B)llell 2 o0 31 )-
o0 B\B 1] i Li(@0B\B)

Therefore, the L? norm of e(,) obeys the bound
< ! <
”e(q) ”L%(R“\E) S lqlll W ”L%(R“\E) ~ ”e”L%(JOB\E)- (4.35)
Similarly, we also have

[ERRNCE @0l s o, Sle=e@lizemm) < lel o

R4)
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Applying Corollary 4.7 with A = oél 'B \ o1 B we obtain a solution e(G) to the problem
(4.29) that satisfies

”e(G) ”L%(IR“) 500 ||e||L%(o'OB\§)' (4.36)

Combined with (4.14), (4.15), (4.24), (4.25), (4.26), (4.28) and (4.35), estimates (4.1)
and (4.2) follow. The proof of Statements (2)—(3) of Proposition 4.1 is therefore com-
plete.

Step 4. Continuity and persistence of regularity . It remains to verify Statement (4)
of Proposition 4.1. Inspection of our proof so far (using also the linearity statement in
Corollary 4.7) shows that a, e, f and g are in fact linear in a, e, f and g, respectively;
thus the continuity statement is a triviality. Checking the persistence of regularity
property is a routine exercise using the corresponding statements in Corollary 4.7 and
Proposition 4.9; we omit the details.

Next, we prove Proposition 4.2. The main idea is the same as for the preceding
proof of Proposition 4.1; the key difference is the choice of an 1-parameter family of
solutions e() to the Gauss equation in Step 3, which now must be regular at the origin.

Proof of Proposition 4.2 As before, we may assume that B is centered at the origin
of R*. For any given | < 03 < 09 < 2, we define | = 0(573) < 0'(572) < aéfl) <

O'(O)_U < o(p as
0 — 02 0

_ 2 1 _ 1 1
UO = 1, O'(g 2 = g + 50’0, O'(g D = 5 + 50’0, 0_(50) = 07.

In what follows, we will write E"™[a, ¢, f, g] = (@, 2, f, 2).

Step 1. Excision of a;. This step is very similar to Step 1 in the proof of Proposition
4.1, except that we now excise the data in the inner part of the annulus. The goal is to
construct a on o B such that the following properties hold:

d=aonogB\oy "B, a=0ono. VB, (4.37)
11l fi 24 o8y Soo 1@l finL 0o m\B)» (4.38)
||d5||z%(00 8 Soo Eqypalas e £ 81 (4.39)

Let O = O(oy, B) denote the annulus ooB \ B. Applying Proposition 4.9 with
F = da on O, we obtain a unique 1-form a that satisfies (4.16)—(4.17), and also a
function yx satisfying @ = a — dy, fo x = 0 and (4.18). Let (_3), n(~2) be smooth
function on R* such that

N3 = 0 on 0—0(_3)B, N=3) = 1 outside 0'0(_2)3,
9% 1-3)| .o (diam B)™Y for N >0,
N=—2) = 0 on 0'(72)

|8;N)n(_2)| S;N»O'O (dlam B)_N for N > 0.

B, 12 =1 outside o(gfl)B,
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We define
a:=n-3(a—dy), wherey :=(1—n—2)x. (4.40)

Then proceeding as before, it can be checked that a satisfies (4.37)—(4.39).
Step 2. Excision of f, g. We seek to construct f”, g’ on 0B such that

(f,&)=(f,g)onogB\ B, (f,¢)=00nR*\ o "B, (4.41)
“f/”HleLf\‘_(goB) Sao ||f||HlﬂL4(ooB\§)’ (4.42)
”g/”Lz(a'()B) ~ ||g||L2(o'OB\B)7 (4.43)
D 1D 132 ) Seo " |f||L2((,OB\B) + Z IID,fIILz(UOB\B),
j=t.4 T T =l
(4.44)
where ]~)j =0;+iajand oy = aéo) 1';(’0.

Let 7¢_1) be a smooth function on R* such that

n-1) =0 on o’éil)B n(-1) = 1 outside aéO)B,
|8§N)n( 1)| N (dlamB) fOI'NzO

We simply define
ff=ncnf. & =ncneg. (4.45)

Then (4.41)—(4.44) can be easily verified.

Step 3. Excision and gluing of f, ¢ and ¢;. In this step, we finally define e, f and
g on opB. As remarked above, the basic idea is similar to that in Step 3 of the proof
of Proposition 4.1. However, the 1-forms {¢(,)},eRr are not suitable for gluing to the
cutoff of e outside a ball centered at the origin, since each e(,) (with g # 0) is singular
at 0. Thus we need to devise a different one parameter family of initial data sets. To
have a solution to the Gauss equation with a nontrivial electric charge while being
regular, we need to introduce a non-trivial charge density Im[ f()g(p)] as well as (),
where p is the charge parameter.
Let ¢ be a smooth function on R* such that

>0, ¢=0outside B, 2dx =1, [0M¢| <y (diam B) V2.
]th
Then for p € R, we define
e =—p(—=A)19;¢%, (4.46)
. 1
fipy = +/p(diam B)2 ¢, (4.47)
8 = —i(diam B)~' f,) = —i/p(diam B) "7z, (4.48)
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Note that (e(p), f(p). &(p)) solves the Gauss equation

de(pye = Im[ f(1)8(p). (4.49)

and obeys the following properties:

/ Bee(l,)g =p foranyr > 1, (4.50)

rB

. — . _1
lemllz2 < p(diam BY ™' | fillanps sy + 1812 ey S /p(diam B)~2
(4.51)

Recall the definitions of n_1), f’, ¢’ from the previous step. We define (e, f ,2)
as follows:

e = 77(2_1)8 + (1 — 7’](2_1))6(17) + eG)

where e(g) will be constructed so that
. 0 -
8€€(G)€ = —aén%_l)(w — e(p)g) with  supp eG) S Ué )B \ B. (4.52)
Note that

supp f' Usuppg’ € suppn—1y and suppn—1y N (supp f(p) Usupp g(p)) = 9.

Using these properties, we can verify that (e, f, g) solves the Gauss equation as
follows:

38 —Im[ £ g1 = 0°(n{_yyee + (1 — 1{_y)epye + €Gye)
—ni_yIml£g] — (1 = n¢_; )Im[f()8(p)]
= 3"n(_1 (ec — epye) + "€y = 0.

In order to apply Corollary 4.7, we need

0= / 8(7](2_1)(@ — e(p)g) dx,

which enforces the following choice of p as a function of e for a fixed oy:
ple] = / 0y ec dx. (4.53)
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As before, p obeys the bound

1P| Sy (diam B)llell 2 515 (4.54)

and therefore

e 2
(N Cly e(p)e)”Lg( Soo lle = el 2608\8) Soo €l 1200805

R4)

Now applying Corollary 4.7 with A = aéO)B \ aé_l)E we obtain a solution e() to
the problem (4.52) such that

lles) ”L%(IR“) ,Soo ”e”L)ZC(JOB\E)- (4.55)

From (4.38), (4.39), (4.42), (4.43), (4.44), (4.51), (4.54) and (4.55), estimates (4.3)
and (4.4) follow. Thus the proof of Statements (1)—(2) of Proposition 4.2 is complete.

Step 4. Continuity and persistence of regularity. To complete the proof, we need to
establish Statement (3) of Proposition 4.2. As in Proposition 4.1, this task is a routine
exercise of inspecting the proofs so far; we omit the details. O

5 Local Geometric Uniqueness of Maxwell-Klein—-Gordon

In this section we formulate and prove local geometric uniqueness (i.e., uniqueness up
to a gauge transformation) of Maxwell-Klein—Gordon equations at the energy regu-
larity. In Section 5.1, we formulate the notion of an admissible C,H! solution and the
associated class C; G2 of gauge transformations, which provides an adequate setting for
local geometric uniqueness. Then in Section 5.2, we state and prove the local geometric
uniqueness of (MKG) in the class of admissible C ,H! solutions (Proposition 5.2).

5.1 Admissible C;H! Solutions and Gauge Transformations

Here we introduce the notions of classical and admissible C;HY solutions to (MKG).
Classical solutions refer to smooth solutions to (MKG) with sufficient spatial decay,
and admissible C,H solutions are defined as local-in-time limits of classical solutions
in the energy topology C;H', to be defined below. We also define the associated classes
of gauge transformations.

Given an open set O C R!** and a pair (A, @), we define the C,H'(O) norm of
(Ay, @) tobe

1(Aw )l e, m10) = su% (€A D) ginzso,) T 1B AL ad)ll20,))
tel(O)

where O; := O N ({t} x RY and 1(O) := {t € R : O, # #}. Similarly, we define the
C,G?*(©) norm to be

Ixllc,g20) = Slu(%)(”X”Fl?ﬂW!AﬂBMO(O,) 19 xl ginrao,) + HalszL%(o,))
te X X X X
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We will say that a smooth solution (A, ¢) is classical, and write (A, ¢) € COH™(0O),
if

O A, 0 ¢) € CH'(O) forall N 20 and (A, ¢) € C,(1(O); L2(O)).

We similarly define the space C° G (O) of classical gauge transformations by saying
that x € C7°G°°(0O) if and only if

X € C,(1(0); LY(Op)) and 9\ x € C,(1(0); L2(O,)) for every N > 1.

We define the notion of a admissible C;H" solution to (MKG) and gauge equivalence
between two such solutions as follows.

Definition 5.1 (Admissible C,H! solutions). Let O be an open subset of RI+4,

(1) We say that a pair (A,, ¢) € C,HY (O) is an admissible C,H" solution to (MKG)
on O (or admissible C;H' () solution) if it can be approximated by a sequence
(A,(f), d)(”)) of classical solutions to (MKG) locally in time with respect to the

C;H' norm. More precisely, for every compact interval J < I(O), we have as
n — 0o,

(A, ¢) — (AP, ¢l ¢, 14100 xRY) = O

(2) We say that two admissible C,H! () solutions (Au, ¢) and (A',, ¢') are gauge
equivalent if there exists a gauge transform x € C,G*(O) such that A, =
Al = Oux. ¢ =¢le' L.

5.2 Local Geometric Uniqueness of an Admissible C;H! Solution

In this subsection, we state and prove the geometric uniqueness of an admissible C, !
solution of (MKG). As discussed earlier, this statement can be thought of as the gauge
invariant version of finite speed of propagation for (MKG).

Before stating the main result (Proposition 5.2), we need to make a few definitions.
Given a point (tp, xg) € R+ we define its causal past J~ (ty, xo) to be the past-
directed light cone with (79, xo) as the tip, i.e.,

J (10, x0) := {(t, x) e RIT* 11 <19, |x —xo| <10 —1}.

For an open subset B C {rp} x R*, we define its future domain of dependence D+ (B)
to be
DH(B) = {(1,x) € O: J~(1,x) N ({1o} x RY) € B}.

For example, when B is an open ball of radius 9 > 0 in {fo} x R* centered at xg,
its future domain of dependence is the cone given by DT (B) = {(t,x) : 19 <t <
fo + 70,0 < |x — xg| < rg — (t — t9)}. The causal future J* (¢, xo) and past domain
of dependence D~ (B) can be defined analogously.

We now state our local geometric uniqueness result.
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Proposition 5.2 (Local geometric uniqueness at energy regularity). Let Ty > 0 and
let B be an open ball in R*. Let (A, ¢), (A', ¢') be admissible C;H' solutions on the
region

D :=D"({0} x B)N ([0, Tp) x R*).

Suppose that the initial data (a, e, f, g) and (a’, ¢, f', g') for (A, ¢) and (A', ¢'),
respectively, are gauge equivalent on B, i.e., there exists a gauge transformation
X € G%(B) such that

(a,e. f.g) =(a' —dx. e/, eXf' e'Lg)).

Then there exists a unique gauge transformation x € C G2 (D) such that X oyxB= X
and

(A, ¢) = (A —dy, e*¢) onD.

When the energy is small, this proposition is a rather quick consequence of Lemma
3.3, the small energy well-posedness theorem (Theorem 1.2) and the following local
geometric uniqueness for classical solutions.

Lemma 5.3 (Local geometric uniqueness of a classical solution). Let Top > 0 and let
B be an open ball in R*. Let (A, ¢), (A’, ¢') be classical solutions on the region D
as in Proposition 5.2. Suppose that the initial data (a, e, f, g) and (a', ¢, f', g") for
(A, ¢p)and (A', @), respectively, are gauge equivalent on B by a gauge transformation
X € G™(B). Then there exists a unique gauge transformation x € C°G*(D) such

that x [(yxp= x and (A, ¢) = (A" —dx, X’y on D.

This lemma can be proved by applying a gauge transformation to both solutions (A, ¢),
(A’, @) so that they have the same initial data and lie in a gauge where some higher
regularity local well-posedness (hence uniqueness) and the finite speed of propagation
property holds. An example of such a gauge is the temporal gauge A9 = 01[9,10,25].
We omit the straightforward details.

Our idea for proving Proposition 5.2, which foreshadows the strategy behind estab-
lishing the local well-posedness theorem (Theorem 6.1) in Section 6, is essentially to
piece together the aforementioned small energy uniqueness by exploiting finite speed
of propagation. An immediate obstacle is that Theorem 1.2 requires using a non-local
gauge (i.e., the global Coulomb gauge), with respect to which finite speed of propaga-
tion breaks down. To get around this, we will rely on the excision and gluing techniques
developed in Section 4.

Proof of Proposition 5.2 For simplicity of the exposition, we will assume that 7y > 1,
so that D = D+ (B). The general case Ty > 0 can be handled with a little modification
of the argument below. Given a subset O C R*, we will abuse the notation for
convenience and use O and {0} x O interchangeably.

Step 1. We begin the proof of Proposition 5.2 by reducing it to the following claim:

Claim 1 Let$ > Oandlet B be an open ballin R*. Let (A, ¢) and (A’, ¢’) be admissi-
ble C,’H! solutions on D with gauge equivalent initial data on B as in the hypothesis of
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Proposition 5.2. Then there exists a unique gauge transform x € C; GA(DT((1-8)B))
such that (A, ¢) = (A’ —dx, e'*¢') on DT ((1 — 8)B) and x [(0)x(1-8)8= X | (1-8)B-
Indeed, once Claim 1 is proved, Proposition 5.2 would immediately follow by taking
6 — 0. Note that we have an apriori bound on the gauge transformation y between
(A, ¢)and (A’, ¢) in C;G*(D) simply from the fact that (A, ¢), (4’, ¢') € C;H (D).
The advantage of establishing Claim 1 instead of directly proving the proposition
is that we have gained an extra room DT (B) \ D ((1 — §)B), which will serve as a
‘cushion’ for performing the excision and gluing procedure developed in Section 4.

Step 2. In this step, we show that Claim 1 follows from a more local statement, namely
Claim 2 to be stated below. By translation and scaling symmetries, we may assume
that B is the unit ball {|x| < 1} in R*. Let (A, ¢) be an admissible C; ! solution to
(MKG) on D, and let (a, e, f, g) be its initial data on {0} x B.

We make the following claim:

Claim 2 There exists 0 < € < ﬁ, which depends only on (a, e, f, g) and § > O,

such that the following holds: For every ball B of radius € such that (1 + 6) Be < B,
there exists an admissible C;H! solution (A [Bc]» gb[BE ) to (MKG) on DT (B,) such

that (A, @) [p+(p,) is gauge equivalent to (A1B.1> $18.1)- Moreover, for a fixed § > 0,
(A [Be]s ¢[B€]) is uniquely determined by (a, e, f, g).

In the rest of this step, we give a proof of Claim 1 assuming Claim 2. In what
follows, we will write B to denote a ball of radius € whose center may vary.

Let (d/, €', f', g') be the initial data set for (A", ¢’) on {0} x B. By hypothesis,
there exists x € G2(B) such that

(aj,ej,f,g)z(a} a X e/?ele eng)

We extend x to D by imposing the condition d; x = 0; abusing the notation a bit,
we will denote the extension still by x. We then define (A”, ¢”) := (A’ —dy, e'%X¢’).
Note that x € C;G2(D), (A", ¢") € C;H' (D), and that the initial data for (A, ¢) and
(A", ¢") coincide on {0} x B. Applying Claim 2 to (A, ¢) and (A”, ¢") separately,
observe that we obtain the same solution (A}, ¢(5,.]) for each B such that (1 +
8)B. € B,because the initial data are identical. Since gauge equivalence is a transitive
relation, it follows that for every (1 4-6) Be C B, there exists x(p,] € C,G*(DH(By))
such that

(A, ¢) = (A" —dyp,, € X51¢”)  on DT (B)
with x(p.] = 0 on {0} x Be. Note that

DH(1-se)B)N([0.6) xRY) = | ] DT Bo.
(1+8)B:<B

Since 9; x[8.] = Ay — Ao for each B, we deduce that there exists a gauge transform

x' on DF((1 — 8€)B) N ([0, €) x R*) that coincides with each x(p,] on D*(B,) and
thus
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(A, ¢) = (A" —dy/, eX'¢") onDT((1 —8e)B)N ([0, €) x RY).

Note also that x' € C,G2(DH((1 —8¢)B) N ([0, €) x R*)), since (A, ¢) and (A”, ¢")
are in C;H!. Moreover, we have x' Toyx1—seyp= 0, since each xp_] equals O on
{0} x Be. Defining x = x’ + x on DH((1 — 8€)B) N ([0, €) x R*), it follows that

(A, ¢) = (A —dx,e*¢') onDH((1—8€)B)N ([0, €) x RY). (5.1

and X [{0}x(1-6¢)B= X-
We now conclude with a continuity argument. Consider the set

T ={T €[0,1]: 3y € C,G*s.t. (A, ¢)
= (A —dy,e*¢") onDT((1-8T)B)N([0,T] x RY)
and x [fo)x(1-s7)8= X }-

Clearly 7 is an interval containing 0. We claim that sup 7 = 1. Indeed, by continuity
of (A, ¢) and (A’, ¢’), we have sup7 € 7 so 7 is closed. On the other hand, if T < 1
is in 7, then by (5.1) (suitably rescaled), we see that there exists some € > 0 such
that T + € € 7. Thus 7 is open in [0, 1]. As it is both open and closed, we must have
7 = [0, 1]. Claim 1 now follows.

Step 3. Proof of Claim 2. To finish the proof, it remains to establish Claim 2. The
key ingredients are the local geometric uniqueness statement for classical solutions,
Theorem 1.2 and the excision and gluing techniques in Section 4.

Fixop:=1+d6and o1 = 1 +§/2. We select € > 0 so that for every oo Be C B we
have

1
la.e. £. D5 5y < ——5€0- (5.2)
(00Be¢) 10C1
where C1 = Ci(0p, 01) > 1 is the implicit constant from (4.1) in Proposition 4.1.

Since (a, e, f,g) € H'(B) and 0pB. C B, it is not difficult to see that a non-zero
choice of € is always possible, and it depends only on § > 0 (through o9 = 1+ §) and
(a,e, f,g) onB.

Next, by the definition of an admissible solution, there exists a sequence (A(”), qb(”))
of classical solutions on D which converges to (A, ¢) in the C;H' norm. Denoting
their initial data on {0} x B by (a™, e™, f ¢() we may assume (by throwing
away finitely many terms) that

62

W * foralln € Z+. (53)
1

(n) ) ) ,()y)2
”(Cl , € ) f » 8 )||H1(UOB§) <

__ Now we apply Proposition4.1 to @™, e, fm, g(”)l[resp. (a,e, f,g)lonoyBe\
B, from which we obtain an initial data set (@™, 2™, f(" g™ [resp. (@, ¢, f,2)]
on R* such that
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gam, g™, fm gy < %ef @m,em, fm g™y 5 @ e f,2) inH'(RY.

54
Applying Lemma 3.3 and imposing some condition to fix the constant gauge trans-
formation ambiguity (e.g., requiring the integral of the gauge transformation on B, to
vanish), we arrive at a globally Coulomb initial data set (¢, &™), f g™y [resp.
(@, 2, f, $)] which is gauge equivalent to (@™, 2™, 0 g™ [resp. @, 2, f, )]
and satisfies (5.4). Then by Theorem 1.2, there exists a sequence of global classical
solutions (A™, $™) with initial data (2™, ™, f™ g™y in the global Coulomb
gauge, which converges in ' € C,H! locally in time to a solution (A, (5) with initial
data (a, ¢, f, 2).

Observe that (@™, ™, f gy 15 s gauge equivalent to (a™,e™,
Fm gty I 3. by construction. By classical geometric well-posedness, it follows
that (A™, $™) | p+ (g, is gauge equivalent to (A?), ¢™) [p+ s, for each n. As
(AM M) 5 (A, ¢)and (A™, $M) — (A, ¢) in C,;H (DH(B.)), we can take the
limit of the gauge transformations and conclude that there exists y € C,G3(Dt(By))
such that

(A, ¢) = (A —dx.e*$) onD*(B).

Defining (A, ], d.]) := (A, $) ['D+(B,)» Claim 2 follows. ]

6 Finite Energy Local Well-Posedness in Global Coulomb Gauge

The purpose of this section is to establish local well-posedness of the (4 + 1)-
dimensional (MKG) for finite energy Coulomb initial data in the class of admissible
solutions in the global Coulomb gauge (to be defined precisely below). As the energy
regularity is critical respect to the scaling property of (MKG), the lifespan of the solu-
tion cannot depend only on the size of the initial energy. However, given an initial
data (a, e, f, g) with £[a, e, f, g] < E, we shall prove a lower bound on the lifespan
that is proportional to the energy concentration scale r. of the initial data, defined as

rla,e, f, gl :=sup{r > 0:Vx e R*, Ep (vla, e, f, gl < So(E, €},  (6.1)

where §o(E, eg) > ( is a fixed function to be determined below (see Proposition 6.7)

and ef is the threshold energy for small data global well-posedness (Theorem 1.2). Note

that for any choice of §p and (a, e, f, g) € H! (R4), we always have r¢[a, e, f, g] > 0.
We define the energy profile p of (a, e, f, g) to be

1
p(x) = pla,e, f,glx) == 5<|da|2 + el + IDfI* + g (x), (6.2)

so that fs pdx = Esla, e, f, g] for any measurable set S € R* We say that an
admissible C,H! solution (A w> @) onatimeinterval I x R* obeys the global Coulomb
gauge condition if

%A =0 onl xR (6.3)
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The precise statement of our local well-posedness theorem in global Coulomb gauge
is as follows.

Theorem 6.1 (Local well-posedness of (MKG) at energy regularity, complete ver-
sion). Let (a, e, f, g) be an H'(R*) initial data set satisfying the global Coulomb
condition 3tay = 0 with energy Ela, e, f, gl < E. Let ro = r¢la, e, f, gl be defined
as in (6.1). Then the following statements hold.

(1) There exists aunique CH" admissible solution (A, ¢) to MKG) on[—rc, rc] xR*
with (a, e, f, g) as its data at t = 0, which obeys the global Coulomb gauge
condition (6.3).

(2) We have the additional regularity properties

Ao € Y ([—re, el xR, Ay, ¢ € SM([—re, re] x RY), (6.4)

with bounds depending only on the energy profile p, where the spaces Y and S'
will be defined in Section 6.3 below.

(3) The solution (A, @) is more regular if the initial data set (a, e, f, g) is. In partic-
ular, (A, @) is classical if (a, e, f, g) is a classical initial data set.

(4) Consider a sequence (a™,e™, f™ g™y of H' globally Coulomb initial data
sets such that (a<”), e™, f(”), g(")) — (a,e, f,g)in H! (R4) asn — 00. Denote
the corresponding solutions to (MKG) given by Statement (1) by (A™, $™).
Then the lifespan of (A, d)(”)) eventually contains [—r, rc]. Moreover, we have

140 — A Iy ey + 1A = APty F 16— 611y = O (6.5)
asn — oQ.

Remark 6.2 In fact our proof below yields an a-priori bound for the S' norm of (A, ¢)
and the Y'! norm of A that depends only on the energy E, the energy concentration
scale r. and the tail of the energy profile p, i.e., the smallest radius ry > O such that
there exists xo € R* satisfying

/ pdx < 8o(E, €2). (6.6)
1R4\1-95;4,0(%0)

We refer to Remark 6.19 for a further discussion.

As mentioned in the introduction, a theorem of this type is usually proved by
exploiting finite speed of propagation, patching together local solutions with small
initial data. However, while implementing this strategy in our context, one is faced
with difficulties due to non-local features of (MKG). One source of non-locality is
the presence of the Gauss (or constraint) equation; another is the elliptic nature of the
global Coulomb gauge. To address the first issue, we use the technique of excision
and gluing initial data sets developed in Section 4. To deal with the second issue,
we introduce a procedure for patching rough local solutions together to produce a
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local-in-time but global-in-space solution, inspired by similar ideas in elliptic gauge
theories.

The rest of this section is structured as follows. In Section 6.1, the uniqueness state-
ment of Theorem 6.1 is established using the local geometric uniqueness result proved
in Section 5. In Section 6.2 we consider the question of partitioning the initial surface
R* into regions which carry a small energy. Section 6.3, we introduce the function
space framework for patching up local (MKG) solutions. Using this framework, we
establish Proposition 6.16 in Section 6.4, which is an abstract statement that contains
the essence of our patching argument. Finally, in Section 6.5, we put together the tools
developed in the previous subsections to prove Theorem 6.1.

6.1 Uniqueness in the Global Coulomb Gauge

In this brief subsection, we prove the uniqueness statement in Theorem 6.1 (i.e.,
uniqueness of an admissible C;H!(I x R*) solution in the global Coulomb gauge)
using Proposition 5.2.

Patching together Proposition 5.2 on balls covering R*, it follows that two admis-
sible C;H! solutions (A, ¢) and (A’, ¢’) on [0, Tp) x R* are gauge equivalent if their
initial data sets are gauge equivalent. We then make the following observation:

Lemma 6.3 Let I C R be an open interval. Let (A,, ) and (A, ¢") be admissible

CyH! solutions on I x R*, which are gauge equivalent and obey the global Coulomb
gauge condition (6.3). Then there exists a constant xo € R such that (A, ¢") =

(A, pe'X0) on I x R*.

Proof Note thatin the global Coulomb gauge, A € Ct0 Hx1 is determined uniquely from
9tA;, = 0,dA = F and (MKG). This observation fixes the gauge transformation y
between (A, ¢) and (A’, ¢’) up to a constant, at which point we are done. O.

Therefore, to complete the proof of Theorem 6.1, it suffices to prove the local
existence, persistence of regularity and continuous dependence on the initial data.

6.2 Energy Concentrations Scales

Here we consider the energy distribution of initial data (a, e, f, g) in the global
Coulomb gauge, and show that we can cover R* with small energy cubes with side
length bounded from below by 4r.. We also ensure that the covering is slowly vary-
ing, in the sense that neighboring cubes have comparable side lengths. This condition
is needed for an effective control of the constants in the patching procedure in Sec-
tion 6.4. The number of such cubes, which we denote by K, can be trivially bounded
by (ro/ re)*, where rg is defined by the condition (6.6); this number will enter in the
final a-priori S' regularity bound in (6.4). As a part of our analysis here, we also
specify the constant §y(E, ef) in (6.1). See Proposition 6.7 below for a more precise
statement.

We begin with a preliminary result, which shows that for Coulomb data the energy
controls the full %' norm:
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Proposition 6.4 Let (a, e, f, g) € H'(R*) be a Coulomb initial data set with energy
E. Then we have the bound

I, e, f. )30 gs) S E + E. ©.7)

Proof We need to obtain bounds for A and f in Hx1 We begin with a, where the
Coulomb condition V - @ = 0 allows us to estimate in linear elliptic fashion

1
lallgy < lldall2 < E>.

For f we first use the diamagnetic inequality and Sobolev embeddings to obtain

1
I/ SUVISI2 S IDSll2 S E2

and then, splitting the covariant derivative,

1
V£l SIDflgz + 1 Flslalls S E2 + E,
which completes the proof. O

Next, we give an improvement of Hardy’s inequality
I = xol ™ Fll2 S IVIAIl2 < IDS 2 6.8)

which is our tool for obtaining smallness of the weighted L? norm in (4.2). We state
a general version on R9.

Lemma 6.5 (Improved Hardy’s inequality). Let a;, f € H'(R?) where d > 3. Then
for any ball B = B,,(xo) and oo > 2, we have the bounds

1
|x — xol
1

|x — xol

_d=2
_ 5 ||Df||L%(gOB\E) + 0y :
L}(2B\B) |

”Df”L%(Rd\Hoig), (69)

< DS 122008 + %
L2(2B)

d=2
2

DSl ozom (6.10)
Remark 6.6 In this paper, we only use the inequality (6.10) on balls. The version (6.9)
will be useful in the third paper [23] of the series.

Proof By translation and scaling, we may assume that B = Bj(0). We begin by
splitting g := | f| into spherical harmonics. In the case of non-spherically-symmetric
modes, by Poincaré’s inequality on spheres and the diamagnetic inequality, we have

1
ngHLf(zB\E) 5 ” W|f|“L%(2B\E) ,S “Df”L%(ZB\E)’
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where | ¥| || denotes the size of the angular derivatives under the induced metric on
the sphere {|x| = const}. Hence we are reduced to the case when g is radial.
By the one-dimensional Hardy inequality, we have

a2 d-1
0y 1800 S 177 &'l 12(00.00) S IDf Nl 12 Ra\o55) -

Moreover, by the fundamental theorem of calculus and the diamagnetic inequality, we
have the one-dimensional dyadic bounds

_ 1

1 ’ /
o7 sup g = gD SIS 210y SO
%afr,r’fa

d=1
2 ”Df”L_%(oB\%aE) forall o > 2.

(6.11)
Then by summing up the dyadic bounds for 2 < o < o9, we then obtain the L>°
bound

d—2
g2 S DSl 26088 %0 :

”Df”L%(Rd\@y (6.12)

Applying Holder’s inequality, the desired estimate (6.9) follows.

We now turn to the bound (6.10) on the full ball 2B. Again splitting g = | f| into
spherical harmonics, we are reduced to the case of a radial function g. But in this case
we have the one-dimensional Hardy inequality

=3 a1,
Ir 2 glliz2,1) S Ir 7 &'z, + 18IS IDfllz2s) + 18D (6.13)
Combined with (6.12), the desired inequality (6.10) follows. O

We are now ready to state and prove the main covering result of this section. We
also settle the choice of 8¢ (E, ef).

Proposition 6.7 Assume that §o(E, ef) is chosen so that

So(E, €2) = c*e2 min{l, €2 E72), (6.14)

*

with a small universal constant c. Let ro and xo be as in (6.6). Then there exists a
dyadic cube Ry of side length ~ ro and a partition of it into smaller dyadic cubes

Ry = UR(x

acA

with the following properties:

(1) Small energy: The following bound holds for Q = 18Ry and Q = (1—18R0)C:

1 2 2
gQ[ave7 f’ g]+@”f”L%(Q) << E*, (615)

where we use the convention that £(Q) = E(%Ro) when Q = (% Ro)“.
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(2) Size of cubes: The side length of the cubes {Ry} is bounded from below by 4r..

(3) Number of cubes: The number of cubes { Ry} is bounded by K := | A| < (ro/rc)4.

(4) Slow variance: The size of all pairs of neighboring cubes may differ at most by
a factor of 2, and all cubes adjacent to the boundary of Ry have size at most
£(Ro)/64.

Proof Let rg and xo be as in (6.6). It suffices to consider the case £ > ef, since

the proposition is trivial in the other case. We may also assume that ro > 200, as
otherwise we can simply choose {Ry} = {Ro} where Ry is the cube of side length 2rg
centered at xo. By translation and scaling, we may henceforth take xo = O andr, = 1.

We choose the large cube R centered at O so that B,,(0) € Ry € 3B,,(0) and
£(Rg) € 2%. This cube will set the coordinates for our dyadic grid; more precisely,
subsequent cubes will be obtained by repeatedly subdividing the sides of Ry in half.
To ensure slow variance, we use the following procedure to construct the collection
R :={Ro}aen:

e In the first step, we add to the collection R the cubes of side length 6—14£(R0)
adjacent to Ryp;

e Then we recursively add to the collection R the cubes which are disjoint from but
adjacent to the existing collection, with half the side length of the cubes added in
the previous step;

e We repeat this process until we arrive at cubes of side length 4—1‘. Then we cover the

rest of Rg with dyadic cubes of side length }‘.

We call Ry the initial cube, the cubes of side length between % and 6—14€(R0) the inter-
mediate cubes, and the cubes of side length % the final cubes. Note that all intermediate

cubes are contained in Ry \ ( % Ro)°.

From the construction, it is obvious to see that Properties (2), (3) and (4) hold.
The condition (6.15) clearly holds for the initial cube Q = (ﬁRO)C, by (6.6) and the
localized Hardy’s inequality

1 2

P < IDfI? < 80(E, €} =celE7". (6.16)
X

L2RN & By

LERN 2 Bry)

Moreover, we claim that the final cubes also satisfy (6.15). Indeed, the energy term
&g in (6.15) follows from the definition of r.. To control the weighted L)ZC norm, we
apply Lemma 6.5 and use the fact that we scaled r. = 1 to obtain

mﬂfﬂi%(]gm) S ogdo(E.€)) + 05 °E
B ;

Then choosing &g as in (6.14) and 002 =cy 26*_ 2E for some small universal constant
co > 0, the desired estimate (6.15) follows.

Finally, for the intermediate cubes R, € R of side length between 4—1‘ and 6L4Z(Ro),
the smallness for the energy £p in (6.15) follows immediately from (6.6). Hence it
only remains to justify the weighted L% bound in (6.6) for these intermediate cubes.
We split our argument into two cases:
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(a) When £(R,) > 1€(R0) we use (6.16) to estimate

100 100%0

2 4 ]
m”f”LZ(ISR ) ~ Z(R )2 ||f||L2(18R ) ~ (C/CO) €y E~

which is good.
(b) When £(R,) < ﬁoo_ lE(RO), observe that we have

1
18Ry € By S 0By S R*\ 5750

where B, is the ball of radius £(18R,) with the same center as R,. This chain of
inclusions is a consequence of the fact that all intermediate cubes belong to Ry \
( RO)C which are all at distance at least * 7¢(Ro) from = 57 Br,- Therefore, by (6.6) and
apphcatlon of Lemma 6.5, we obtain

o < -
€(18R,)? 17z 08, E(ISR £(18Rq)? 1£132 5, S S0(E. €) + 0, E,

which implies the desired bound. O

6.3 Functions Spaces and Gauge Transformation Estimates

In this subsection we introduce the function spaces that will be used in the proof of
existence of finite energy solutions to (MKG) in the Coulomb gauge.

The first two such spaces are the spaces ¥! and S!, which were used in [19] to
control the elliptic component (i.e., Ag), respectively the hyperbolic components (i.e.
Ay and ¢) of small energy solutions in the global Coulomb gauge. These functions
spaces are defined in [19] in the whole space-time R!*4.

We start with the space Y* for the elliptic component (i.e., Ag) of a solution to
(MKG) in the global Coulomb gauge. Let s be a non-negative integer and ¢ € [1, oo].
Given a tempered distribution ¢ on R4 we define its Y5 norm to be

—— N
l@llysari+4y = ”al’x(p”L?H;/‘I(RH“)

where we take L H./? = L®L2 when g = co. Then the ¥* space is defined as the
space of tempered dlstnbutions for which the following norm is finite:

l@llys i+4) == ll@llys2wi+s) + [1@llysoowi+4)
Observe that || - || 0.9 (R1+4) (and thus || - || yO(RI+4)) scales the same way as the L;’OLi
norm. In particular, || - ||y1gi+4y scales like the L;’OHX1 norm.

Next, we introduce the S! norm on R!'**, which was used in [19] to measure
the size of the hyperbolic components (i.e., Ay and ¢) of solutions to (MKG) in
the global Coulomb gauge. The precise definition of this norm involves null frame
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spaces [31,38], and is rather technical to state. The fine structure of this norm, though
crucial for establishing the small data theory of (MKG) at the energy regularity, is not
necessary for the purpose of the present section. Hence, here we will be content with
simply stating the necessary properties of the S! norm; a more detailed description of
S1 will be recalled from [19] in Section 7, where the proof of these properties will be
given.

We begin by introducing the norms Xﬁ’b and X (where s,b € R, 1 <r < 00),
defined by

1

Il s gy =2 ( "o jw||L;_Y(R1+4)>r) R (6.17)
] }

10l s eresy = 100l gayst s = ( ; ||Pk<o||§(x(R1+4)) , (6.18)

ol x i+ = IT0¢] (6.19)

. _1 ’
L2H, 2 (RI+4)

with the obvious modification in the case r = co. |
P . . . 1.1
The S' norm, to first approximation, is an intermediate norm between C tO H )3 NXoo?

1,1 .
and X, * N X. More precisely, we have

18ex@llzor2 + 190l o1 S llellst S 19l o1 + llellx, (6.20)
: Xeo X

1

where all norms are defined on R!**. Further properties of S! will be stated in the
course of this subsection.

The spaces Y! and S! have an £? dyadic structure in frequency. However, it is also
useful to work with different dyadic summations. Precisely, we introduce the notation
£ X for any function space X on R!**, where

1
lellerx = (Z ||Pkfﬂ||§() :
k

Remark 6.8 One motivation for this is the observation, heavily used in in [19], that cer-
tain portions of small data MKG waves exhibit better dyadic summability properties,
as follows:

e The elliptic portion Ag of the solution is in the smaller space ¢! Y.

e The hyperbolic component Ay, admits a decomposition A, = A{ Tt Aﬁl , where
AL represents the free wave matching the initial data, while the nonlinear portion
A" has the better regularity A” € ¢!S!.

e The high modulation part of both A, and ¢ has better dyadic summability, (A —

x,¢) € L'X.
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We further remark that the ¢! X norm was included in § U'in [19]. For the sake of
uniformity in notation we do not do this in our series of papers.

In addition to ¥'! and S', in this paper we also need function spaces to describe the
class of gauge transformations we use in order to assemble local solutions to (MKG).
The main space we use for this is ) := 2'Y2(R'™%), with norm

2
5_ _
el = > > (267 Pegll 3 sy + 207K Pegll o2 i)

k N=0
(6.21)
For technical reasons we will also consider a variant of ), namely the ) space. Its
norm is defined as

2,
Il pegres = Inllyzaiesy + D 221 Penll oo p2 i)
k

It is easy to see that Y(R!™#) is weaker than Y(R'*4), i.e.,
X Ipiesy S 1xllyaive- (6.22)

Insofar, we have defined our function spaces on the whole space R!™*. Here we also
need to use them on on compact time intervals I x R* or more generally on open sets.
For this it suffices to take the easy way out and use the method of restrictions. Precisely,

~ )
Let X be any one of Y, S, ), Y or B, etc. For an open subset ¢ # O C R!*4,
we define the space X (O) to consist of restrictions of elements in X (R to O, with
the norm given by

Ipllx o) := inf{llpllx@i++ : ¢ € XR'FH), ¢ = x on O}.

Given two non-empty open sets O 2 O, the restriction map Y(O) — Y(O,) isa
bounded surjection.

In particular, for X as above and a time interval I we will denote by X[/] the
restrictions to / x R* of X functions. We refer the reader to the second paper in our
series [22] for further discussion of the S'[/] and Y[I] spaces.

We remark that, in view of the above definition, all algebraic estimates involving
our spaces in R'** easily carry over to any nonempty open subsets. In particular this
applies to all of the estimates below in this subsection.

The space Y (more precisely, its local version defined below) will be the main
function space that contains the local gauge transformations in the proof of Theorem
6.1. It has the desirable property that if x € ) and (A, ¢) is a solution to (MKG)
such that Ag € Y', A, ¢ € S!, then the gauge transformed solution (A’, ¢') =
(A—dy, e X ¢) also belong to the same functions spaces. The following lemma justifies
a half of this statement, precisely the part dealing with A. The other half is in Lemma
6.10.
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Lemma 6.9 For x € Y(R't*) we have
|| 8;)( ||@1 yl (R1+4) + ”axX ”llsl (]R1+4) + ”X ||L2<;(R1+4) 5 ||X ||y(]Rl+4) . (623)

Proof Due to the ¢! dyadic summation in the ) norm, we can assume without loss
of generality that x has dyadic frequency localization at frequency 2. Then the esti-
mate for [|d; x [|y1 S 1 is straightforward, while the L* bound is a consequence of

Bernstein’s inequality.
To prove the bound for |9, x [|,151, it suffices to verify the following two bounds
for functions y at frequency 2%:

2k||Q§k+10X||X1_% S xllys (6.24)
1
210 ks10xllx S llxlly- (6.25)
Indeed, thanks to the spatial frequency localization x = Px—1 k+1]X, it follows that

19x x |l g1 is bounded by the sum of the left-hand sides of the preceding two inequalities.
The first bound (6.24) is obtained as follows:

1 Lei 5
MN0<krroxll 1 £ 20 2200l £ 2 22Y7P @Iz ) Slixdly.
1 j<k+10 T j<k+10 |

The second bound (6.25) follows from the time regularity of x:

1 Lk a2 5
201 Qo kroxllx S 22K10x M2, S 225007 M2, + 225Nl S Mxlly-

This completes the proof of (6.23). O

In order to estimate the action of a gauge transformation x on the scalar field ¢ in
the space S it suffices to use the weaker norm V:

Lemma 6.10 For )(1, X2 IS f(RH"t), we have
I X p@ivey S 1 p@ie 115 @i)- (6.26)
Moreover, there exist functions ' : [0, 0c0) — [1, 00)andT'; : [0, 00)? = 1, 00),

which grow at most polynomially, such that the following estimates hold for every
X, x' € VR and ¢, ¢' € STR!T):

le llst S Tillx I lalst, (6.27)
lei*p — e ¢/l S Tillxlslie — & lst + Tallixlis. X I — x Il 15
(6.28)

Here, all norms are defined on the whole space-time R4,
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The proof of this lemma requires further knowledge of the space S'; we will defer
this proof until Section 7.

The following simple lemma will be useful for patching up local solutions which
satisfy certain compatibility conditions; see Proposition 6.16 and the first two steps in
Section 6.5.

.39 ~
Lemma 6.11 Lern € B’ R4, Then for X =Y, S', Y or Y, we have nX C X.
Furthermore, the following estimate holds:

Inollx < IIfIIIBg,zIIXIIX- (6.29)

1

The proof of this lemma will also be deferred until Section 7. The lemma should
be interpreted as saying that the space X is stable under multiplication by a smooth

5
. . . . . © 5,2
rapidly decaying space-time cutoff 7. In this sense, the choice of the space B{™ is
not essential; it is simply a convenient space with a scale-invariant norm in which
S(R!**) is dense.

Remark 6.12 In order to apply this lemma in an open set O, we need to ensure that

.32 . . _ ) .
n € B{(0), i.e., n is the restriction to O of an element in B} (R4, A simple
sufficient condition, which will be enough for almost all of our usage below, is if 7 is
smooth on O and O is a bounded open set with piecewise smooth boundary.

We end this subsection with two lemmas, which will be useful for our proof below of
the existence and continuous dependence statements of Theorem 6.1. The first lemma
provides a criterion for a time-independent function x to belong to Y[/ ] for a compact
time interval /. The same will apply in sets of the form @ = I x O, with O C R?,
open.

Lemma 6.13 Ler x € Bf% N BX%I2 (R*), and I be a compact time interval containing
0. Extend x to I x R* by imposing 8, x = 0 and x [0} xR4= X- Then x € Y[I] and
we have

Ixllyin < ||X||322+|1|2||X||352 (6.30)

x,1

Proof By scaling and translation we can assume that / = [0, 1]. Due to the ¢! dyadic

summation in the spaces B ﬁ B : . (]R“) we may assume that ¥ has dyadic frequency
localization, i.e., x = Pp— 1 k+1] X for some k € Z. To prove the lemma, it suffices to
show that there exists an extension X of ¥ to R such that ¥ € Y(R!**), 3,x =0
on I x R, X [;/—0)= X and satisfies

Iyt S 02 g2z, + IEN 30, - 6.31)
x:1

RY)
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Let n € C§°(R) be a smooth compactly supported function such that » = 1 on 7, and
take x (¢, x) = ni(t) X (x), where

n(C~12k) fork <0,
() = 1
n(C~'t) fork > 0.

In Fourier space, 7 decays rapidly away from {|7| < C~! min{2*, 1}}, ||ﬁk||L; <1
and || 7|l L2 <C 323 min{k.0} Combining these facts with the assumption that ¥ is

frequency localized at {|£| ~ 2%}, (6.31) follows for C sufficiently large (independent
of k). O

The second lemma concerns solving a certain Poisson equation in 37[1 ], which
arises when we attempt to gauge transform the solution obtained by patching to the
global Coulomb gauge.

.3 o~
Lemma 6.14 Let I C R be a time interval. Let n € Blz’z[l] and ¢ € Y[I]. Consider
the Poisson equation

—Ax =nlA¢.
Then the following statements hold.
(1) The right-hand side belongs to C; B%? and therefore we may define x (t) for each

x; 1’
t € I unambiguously as the convolution of nA¢(t, x) with the Newton potential,
iLe.,

3 1
X0 = o [ )86 ).

4n2 Jgs |x — yI?

(2) Moreover, x € 5/\ [1] and satisfies the estimate

D3 Sl sa 19150 (6.32)
1

The proof of Lemma 6.14 will be similar to that of Lemma 6.11. Hence it will be
given in Section 7 as well.

6.4 Patching Compatible Pairs

In this subsection, we present a technical tool that will be used to quantitatively patch
together local solutions, which are given by the small energy theorem (Theorem 1.2),
to obtain a global solution with the desired properties.

We now introduce the notion of compatible pairs.

Definition 6.15 (Compatible C,H' pairs). Let O € R'** be an open set and Q =
{Qq} be a finite covering of O. For each index o, consider a pair (A[q], $[a]) €
CtHl(QO,) of a real-valued 1-form Apy; and a C-valued function ¢ on Q. We
say that the pairs (A[q], ¢[o]) are compatible if for every o, B there exists a gauge
transformation x[up) € C,G* N CB (Q« N Qp) such that the following properties
hold:
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(1) For every o, we have x[q4q] = 0.
(2) For every «, B, we have

Alg = Ao — dxpap).  dip = €y on Oy N Qg (6.33)

(3) For every «, B, y, the following cocycle condition is satisfied:

XieB] + X(By] + Xlya) €27Z on Qe N Qp N Q. (6.34)

The main result of this subsection is Proposition 6.16 below, whose formulation and
proof were motivated by the classical result of Uhlenbeck [41] on weak compactness
of connections with curvature bounded in L?”.

In order to state our result we need to specify the set O and the covering Q. For
this, we begin with the partition

R* = Uy Ry U R}

given in Proposition 6.7. Taking I = [0, 1] and r. = 1, (which suffices by scaling),
we define

O=IxRY Qo=1xR;, Qu=1IxL5R,.

The factor 1.5 above is what guarantees, in view of condition (4) in Proposition 6.7,
that this covering is locally finite.
We also consider a smaller, subordinated subcovering P = {P,} given by

Py =1 x 1.25R,, Py =1 x (1.001Rp)°, O =Uy Py

This is also locally finite. Using this notations we have:

Proposition 6.16 (Patching compatible pairs). Let (A[q], P[«]) 01 Qo be compatible
pairs associated to the above covering Q of O. Suppose furthermore that for every
a, B, the gauge transformation x[op) belongs to Y (Qq N Qp) (defined in Section 6.3),
which embeds into C;G* N ng(Qa N Qg).

Let {l[a /3]} be another collection of gauge transformations such that x wpl €
Y(Qu N Qp) for every a, B, and satisfies the cocycle condition (6.34). Assume more-
over that { x[ap} is CY close to {ilaﬂl}’ in the sense that

SUp X[l — X, al < Exsos (6.35)
0aN0p ~Hep]

where €., > 0 is a universal constant to be specified below.
Then there exists gauge transformations X[« € Y(Py) on each Py, depending
linearly on x[up) and Xiapr which satisfy

— X[l + X[p] T X181 = Xip " Py N Pg.

@ Springer



(4 + 1)-d MKG at energy regularity Page 45 0of 70 2

Moreover, x[q] 0bey the following bounds with a universal implicit constant:
sup eIy 599 (Ia v @nop +1tigp 1¥i0u00p)- (636
o o,

Remark 6.17 The role of the C” closeness condition (6.35) is to remove the 277
ambiguity in the cocycle condition (6.34). More precisely, since both x[«g) and x (o]
satisfy (6.34), we have

(Xl = X o) T X1BY1 = X1, + Kiyed = Xy, € 272

For a sufficiently small €, (say €. < QT”), the CY closeness condition (6.35) then
implies that the absolute value of the left-hand side is bounded by < 21 ; therefore, it
follows that

(a1 = X)) + Ottt = Xy, ) + Uyl = 2, ) = 0. (6.37)

Proof Our {Qqy} covering is locally finite, so let No = No(d) (which we can take
4* in dimension d = 4) be so that each Q, intersects at most Ny neighbors. Then
we define a reduction map R which decreases the cube size by a fixed factor, so that
RV (Q4) = P, for a # 0, with the obvious adjustment %_NO(QB) = Pj fora =0.
For uniformity of notation, we write RQq := i (03¢, so that RN Qg = P,.

Consider an enumeration of the elements in Q by positive integers 0, 1, ..., K, in
nonincreasing order of size, where we take Qg to be the first element. We proceed by
induction on this enumeration.

For the induction step, suppose that we have constructed an open covering Q1 =
{Qak—1}, with Py € Qu k-1 € Qu, O = Uy Qq k—1 and gauge transforms xpq] on
Qok—1 witha =1, ...,k — 1 such that

(1) Qaik—1 = R (oK) Q. wheren(a, k) is between 0 and Ny, and is zero fora > k—1,
(2) — X1+ X1 X185 = Xiap] forl <o, B < k—1provided Quk—1NQp k-1 # 0,
3 Xy @us S Xaforl <o <k —1,

where

Xo = sup (||X[aﬂ]||y(QaﬁQﬁ)+”X ||y<QmQ,s>)-
0aN0s 0 ~Hepl

Define the open covering Qy so that Oy = RQui—1if ¢ < k — 1 and Q, is
a neighbor of Oy, and Oy x = Qg k—1 otherwise. We shall then construct a gauge
transformation xx) on Qg « = Q such that the above properties hold with k£ — 1
replaced by k, where x[q] for o < k — 1 are defined by simply restricting to Qgq x <
Qu.k—1. From this statement, the proposition will follow by induction, starting with
Qa0 = Qo and xjo] = 0.

We remark that the uniformity in the estimate (3) is due to the fact that our covering
of O islocally finite, and also that Q is slowly varying. Indeed, it is obvious in the proof
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below that the construction in the induction step only involves Oy and its neighbors,
whose side length is comparable to that of Q. Thus, for each « the sets Q4 are
reduced in size only finitely many times, and the cutoff functions ¢« below can be
taken to be uniformly smooth with respect to the scale of Q.

We now proceed with the proof of the induction step. We begin by defining Xz} on
Ok N (Uy<k—1Qak—1) to be

Xkl = Xikel + Xial + X oy O0 Qk N Q-1 if it is nonempty. (6.38)

Observe that this definition is consistent on QO N (Uy<k—1Qa.k—1) thanks to property
(2) in the induction hypothesis and the exact cocycle condition (6.37) for x4 — Xiapy
Moreover, by considering a partition of unity subordinate to {Qx N Qo k—1}a=1....k—1
and using the induction hypothesis (3) and Lemma 6.11, we can derive the estimate

I Xty 0en0ur) Sciot Xk (6.39)

Now let ¢jx) : O — [0, 1] be a smooth function that satisfies the following proper-
ties:

¢k =0 on Ok \ (Ua<k—10Qak—1)s (6.40)
¢y =1 on Uy<k—1 Q- (6.41)

We remark that such a ¢ exists because by construction the two sets Qj \
(Ug<k—1Qa.k—1) and Uy <k—1 Oy k are separated by a distance which is proportional
to the size of Q. This also allows us to choose the functions ¢[] uniformly smooth

on Q.
Now we define

Xkl := S Xk on Qk = Ok (6.42)
Note that properties (1) and (2) are immediately consequences of the construction.
For the property (3), we observe that {[x) [g, can be extended as an element in
.3
C (R € B? 2 (R'*4). Thus property (3) follows from Lemma 6.11 (in particular,

.3
stability of ) by cutoffs in Blz’z), Lemma 6.11, (6.38), (6.39) and (6.42). m|

6.5 Proof of Existence and Continuous Dependence

Using the tools developed in the previous subsections, we are ready to prove the
existence and continuous dependence statements of Theorem 6.1. In what follows, we
will often use the shorthand £ := £[a, e, f, g].

Step 0. Preliminaries. Let (a,e, f, g) be an H! initial data set satisfying the
global Coulomb condition 8€ag = 0and £[a,e, f,g] < E. It suffices to assume
rcla, e, f, g] < oo, since otherwise the small data result (Theorem 1.2) is applicable.
By scaling, we may take

rela, e, f, gl = 1. (6.43)
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By time reversal symmetry, it suffices to restrict to + > 0 and consider the unit time
interval 7 = [0, 1]. Let {R3} U {Ry} be the covering of R* introduced in Section 6.2,
such that the local small energy condition (6.15) holds, and let Q = {Qy}, P = { Py}
be the associated covering of I x R* defined in Section 6.4.

In what follows, we will construct a local-in-time solution (A, ¢) in [ x R*, which
obeys the S! a-priori regularity property (6.4). Moreover, we will show that our con-
struction below also has the following two properties:

e Continuous dependence: the data-to-solution map is continuous as follows:
H' RY 5 (a, e, f,8)— (Ao, Ay, ¢) € YT x R*) x S1(I x R*) x S'(I x RY).

e Regularity: If in addition (a, e, f, g) € H*® (R*) then the solution (A, ¢) belongs
to COOH™(RY).

Theorem 6.1 will then follow by combining these statements with the uniqueness
statement proved in Section 6.1.

Step 1. Construction of local Coulomb solutions. The goal of this step is to show
that corresponding to the Q = {Q,} covering of I x R*, introduced in Section 6.4, we
can produce a compatible local solution (A, ¢[«]) on each Q, each of which is the
restriction of a small energy global Coulomb solution to (MKG) given by Theorem
1.2. We will in effect construct these solutions on the larger sets I x 3R, and then
simply restrict them to Q,,.

Claim 1 The following statements hold for each Coulomb initial data (a, e, f, g)
satisfying (6.15):

(1) On each set I x 3R, there exists an admissible C,H!'(I x 3R,) solution
(Afa]s #lo)) and a gauge transformation o] € G%(3R,) that satisfy the Coulomb

gauge condition
3°Apa1e =0 onl x 3Ry, (6.44)

and the initial condition
(Afalj» Fla10) dta) Diatbla)) = (@ = 8j 1,0 €j» € 1 f, e Helg) - on 3Ry .
(6.45)

Moreover, A[q]x, Pla] € st (I X3Ry), Ao € y! (I x3Ry) depend continuously
on the initial data in H!, and we have the smallness bound

||A[¢¥]0||Y1(I><3Ra) + ”A[a]xHSl(IXSRa) + ||¢[a]||51(1><3Ra) 5 €x, (6.46)

(2) Extend (o] to I X 3Ry by requiring 9; ] = 0; abusing the notation slightly,

]
we shall denote the extension by x (o] Then

Al[a] =0 onl x3R,. (6.47)
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Moreover, x ] € Y(I x 3Ry), depending continuously on the initial data, and
obeys the estimate

X 1Vx3R) SE L, (6.48)

(3) For every a and B, there exists x(q81 € Y(I x 3Ry N 3Rp)) that connects
(Afa]> 91a7) and (A(g), ¢1g)) in the sense of Definition 6.15 and satisfies

Ax™ =0 onlx (3R, N3Rp). (6.49)

Moreover, x[og] depends continuously on the initial data and obeys the estimate
I X1l (1x GRaM3Rg)) SE 1 (6.50)
Finally, the following C? closeness condition holds:

sup Xl — (X — X )| < € (6.51)
Ix3Ra 0 Bl = ) ~ Lyp) **

where €., > 0 is the universal small constant that appeared in Proposition 6.16.
(4) Higher regularity: if in addition (a, e, f, g) € H, then for each «, 8 we have

(Arl]. dia1) € CPH¥U X 3Ry). 1y, € G x 3Ry).
X[ap] € C,°°g°°(l x (3Ry N3Rp)).

We proceed to the proof of this claim.

Step 1.1. Construction of (A[q), ¢[«]) and x (o] for « > 1. Our starting point here
is the estimate (6.15). We insert a ball 3R, C B C 2B C 18R, which has radius
rq & £(Ry). Applying Proposition 4.1 with o1 = 4/3 and op = 2 to (a, e, f, g) with
respect to the ball B, we obtain an initial data set (d[«], e[a]> fla]> Zfa)) € H'(RY),
depending continuously on (a, e, f, g)in H!, such that we have the matching condition

(@a)» Ca)s flols Bla) = (a. e, f,g) on 4R, (6.52)
and small energy
Eldla); Cals fials Blal] < €2. (6.53)

However, our small localized data (@a], 2ja]. fia]> Za]) is N0 longer in the Coulomb
gauge. To rectify this we use a gauge transformation defined by

Xpgy =~ (=)0 e,
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where (—A)~! on the right-hand side is defined as convolution with the Newtonian
potential. In general, this expression may not be uniquely determined if we only knew
8%Gja1e € L2. However, note that we have the support condition

SUPP(ala[a]z) C 9Ry \ 4Ry, (6.54)

since @ = 0 outside 9R,. It follows that 3Gy € L1 N L2(R*) and therefore the
right-hand side is well-defined. The gauge transformed data set

(la e, flat> &1a)) = @ia) = AX ), Elats €419 fiay, €419 810, (6.55)

is a small energy ' (R*) Coulomb initial data set; hence Theorem 1.2 is applicable.
Let (A[g], ¢[a]) be the unique global small energy Coulomb solution to (MKG) given
by Theorem 1.2. By construction, (6.44) and (6.45) hold; moreover, (6.46) and the
continuous dependence property are consequences of Theorem 1.2.

We now verify (6.47) and (6.48) for Koy Indeed, by the support condition (6.54)
we directly get (6.47), as well as the uniform bounds

— ~ — 1
105 X o L0 G5R) SN o 19 Gratell 2 S rg M E? - forevery N > 0.

By Lemma 6.13 (see also Remark 6.12) this directly leads to (6.48). The continuous
dependence similarly follows.

Step 1.3. Construction of (A[q], Po)) and x, [e] for « = 0. Again we start with (6.15)

but with ¢ = 0. This time we insert the ball %Ro C BC2B C %Ro, which has

radius ry & £(Rp), and apply Proposition 4.2 with o1 = % and o = 2. We obtain an
initial data set (@0, €[o, f{o), g0;) € H'(R*) such that

@01, 201, fios Ziop) = (@, e, f, ) on (3 Ro)C, (6.56)
Elaoy eop» fion Zroyl < €2, (6.57)

where the last line follows from (4.4) and our choice of R(. As before, we define
. —1qt~
Koy = —(=A)" 9 aope,
which is unambiguously defined due to the support condition

supp(3‘@joy) € 1.5B \ B (6.58)

as ajo] = a on (1.5B)¢ is divergence-free. Again the gauge corrected data
(o). é101. flor. &1op) = (@0 — dx .- €01 €2 fiop. e Z01Z0)) (6.59)
£[0]
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is an H! (R*) Coulomb initial data set with energy < ef. Hence we can apply Theo-
rem 1.2 to define (A[o}, ¢107) as the unique global small energy Coulomb solution to
(MKG) given by Theorem 1.2. Then (6.44), (6.45), (6.46) as well as the the continuous
dependence property and the regularity property follow easily from construction.

As (6.47) is a direct consequence of (6.58), it remains to establish the bound (6.48)
for x o Using again the support condition (6.58) and the decay of the Newton potential
we obtain

1
0¥ Ko @ S oV A+ IR TES, N 20, x € @B)F

which suffices for (6.48).

Step 1.4. Properties of x[,). We now proceed to prove Statement (3). The existence
of x[ap) Will be a consequence of Proposition 5.2 (local geometric uniqueness); the
estimate (6.50) and the corresponding continuous dependence, on the other hand, will
follow from the global Coulomb condition satisfied by each solution (Aq], ¢[a])-

In what follows, we explain the details in the case o, § # 0; the case « = 0 is
handled by an obvious modification. By construction, the initial data for (A[q], @[«])
and (A, P1)) are gauge equivalent on 3R, N 3Rg, with the gauge transformation
given by x. @~ Xipy By scaling, each of these cubes has side length larger than 1, so

their domains of dependence satisfy
I x 2Ry N2Rg) C DT(3Ry) N DT (3Rp)

Hence, Proposition 5.2 shows that the two solutions are gauge equivalentin / x (2R, N
2Rg). We denote by x[ag] € C,G*(I x 2Ry N 2Rgp)) the transition map. A-priori this
is only determined modulo 27, but this ambiguity is easily fixed by requiring that

Xiepl = X1 ~ Xipy on {0} x 2Ry N2Rp).
Moreover, this satisfies
Axiepr =0 onl x 2Ry N2Rp), (6.60)

thanks to the fact that A x[gg) = 3° Ajg)e — 3 A[g)e = 0. Therefore, by the mean value
property of harmonic functions,

Xiep1(t, X) = / Xiap)(t X — V)rg to(y/re)dy  for (1,x) € Qg N Qp,  (6.61)

where we recall that ¢ is a smooth radial function on R* with J ¢ =1andsuppy C
{lx] < 1}. Here we have also used the fact that r, ~ rg, and that an O(r,) spatial
neighborhood of O, N Qg is contained in I X (2R, N 2Rg).

Itremains to prove (6.50) and (6.51). We begin with the following bounds for d; x[g)
and 8t2 Xiep): Differentiating (6.61) (in ¢, x), using Holder’s inequality and recalling
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the identity 0y X[ag] = Afain — A[g1n> We have for N > 0

N —1-N —1-N
1900 x Xt | L2 (0un0p) SN T M Al = Al Lo Li(xRar2Rg) ST €
(6.62)
N) 52 —2-N
105, Xiap1ll L2 (0an0p) SN To ™ 101 Afaio — 01 Agroll Lo 12 (1 x 2R,M2Rp))
S Ve, (6.63)

Taking N = 0 and integrating (6.62), the C 0 closeness statement (6.51) follows.
Moreover, we have

Ixtepi L ungp S €+ 1X  lLeasry + 1y 222 1.5R) SeEl (6.64)

thanks to (6.48). Finally, observe that Q, N Qg is pre-compact for any pair o, 8 such
that @ # S, since there is only one unbounded element in Q, namely Q¢. From the
bounds (6.62), (6.63) and (6.64), and the fact that O, N Qg is pre-compact, we may
easily construct an extension x[qg] of X[og] such that

I Xtep1ly@i+4) Sk 1 (6.65)

Finally, we note that x[4g) constructed above depend continuously on (A[q], ¢[4]) and
thus on the initial data (a, e, f, g) in H'.

Step 1.5. Completion of proof of Claim 1. Restricting (A[q4], $o]) and x (] t© (PR
and x[up) to Qy N Qg, Statements (1)—(3) follow from the previous steps. On the
other hand, Statement 4 (persistence of regularity) can be quickly read off from the
above construction, using the corresponding statements in Propositions 4.1, 4.2 and
Theorem 1.2. We omit the details.

Step 2. Construction of global almost Coulomb solution. We now construct a global
solution (A, ¢') on I x R* such that Al ¢ e S'[I] and Aj € Y'[I] by patching
together the compatible pairs obtained in the previous step. This solution will not
satisfy the global Coulomb condition (6.3) in general. Nevertheless, it will have the
redeeming feature that the spatial divergence 8¢ A}, obeys an improved bound compared
to a general derivative of a A’. This feature will be a consequence of the fact that (A’, ¢”)
will be constructed by patching together local Coulomb solutions (A[q], P[a])-
The above statements are made precise in the following claim.

Claim 2 For any initial data (a, e, f, g) of energy at most E, with r. > 1 and satis-
fying® (6.15) there exists an admissible C;H! solution (A’, ¢') to (MKG) on I x R*
such that the following statements hold.

(1) The data for (A’, ¢") on {t = 0} coincide with (a, e, f, g), i.e.,

(A/'7F6j7 ¢/7D;¢/) [{t:O}: (ajvej7 f7 g) (666)

6 The only reason for this requirement is to ensure a uniform construction of (A, ¢), which guarantees
its continuous dependence on the initial data.
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(2) The solution (A’, ¢') satisfies A’,, ¢’ € S'[I], Aj € Y '[1], depends continuously
on the initial data, and obeys

Aoyt + 1A sty + 19 g1y SEk 1 (6.67)

where K is the total number of cubes in the set { R, } constructed in Section 6.2.
In our case, K < (ro/re)*.

(3) The spatial divergence of A’ satisfies E)ZA/K € CtO Bgf(l x R*). Therefore, the
convolution with the Newtonian potential

3 1
- — %A, y)d
42 /IR‘* lx — y|? e y)dy

is unambiguously defined and belongs to C? Bfi% cc ,(fx. Moreover, it satisfies
the additional estimates

. —1q¢
x=—(—A)""o'A, =

Il SEx 1 (6.68)
loxx s Sek 1 (6.69)

(4) If additionally (a, e, f, g) € H*, then we have
(A, @) € COH®(I x RY) and x € C°G™(I x RY).

To prove the claim, we begin by applying Proposition 6.16 to the covering Q of
I x R4, the compatible pairs (A[y], ¢[]) and the gauge transformations x[4g) and
Loy = X — Xipph note that the CY closeness condition has been established
in (6.51). Then for the sub-covering P = {P,}, we obtain gauge transformations

Xia] € Y(Py) such that

I Xallycpyy SE 1 (6.70)
Xlp] = Xl + Xy = XIB) — Xppy- (6.71)

This identity motivates the following definition of the desired global solution (A’, ¢').
Let 1 be a smooth partition of unity adapted to the covering { P, }. Since P is a locally
finite covering where intersecting cubes have comparable sizes, we can choose this
partition of unity so that the n,’s are uniformly smooth on the scale of their respective
cubes. We define the global solution (A’, ¢”) as follows:

A;L = ZUQ(A[Q]M — O X[a] — aui[a]),
o

. (6.72)
¢ = > nge’ M e .
o
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Such a definition makes sense, since (6.71) implies that on every Py N Pg # ), we
have

Alalp — O Xla] — altl[a] = Agiu — duxip) — a/tl[f;y (6.73)

ei(X[“]Jrl[al)d)[a] _ ei(X[ﬂ]Jr&[,g])d,[ﬂ]. (6.74)

.39
For every o # 0, ny € Blz’ (Py) since ny is smooth and P, is pre-compact. On the

i
other hand for « = 0 we have 1 — 19 € B12’2(P0). By Lemmas 6.9, 6.10, 6.11 and
estimates (6.46), (6.48), (6.70), we have

1M (Afato = 3 Xial = 3 x (i Sel
176 (Afa1x — Ox X[a] — axi[a])”S'[l] Sel

o
Inee’ XX gl iy Sel

Adding up the preceding estimates, (6.67) follows. The continuous dependence on the
initial data and the persistence of regularity also follow directly from our construction.

Itremains to establish Statement (3) and the bounds (6.68), (6.69). This part depends
crucially on the special cancellation that occurs only for 8¢ A}, Indeed, thanks to (6.44),
(6.47) and (6.73) on each P, N Pg # (J, we have

¢ ¢
A, =2 ZHa(A[a]z = e Xl = Xy, = —ZnaAX[a],
o o

0° (A — AD) = = D" e AXial — Xia)-
o

Equipped with these formulae, we are ready to establish (6.68) and (6.69). Since 1y

.3 ~
extends naturally to Bf’z(l X R“) and o] € YI[I] € Y[I], we are in position to
apply Lemma 6.14 to each summand 1y A x[4]. Then (6.68) follows. To estimate the
S'[I] norm of (—A)—la,- BZA/K, simply observe that

I(=A) 188 AYllgipy S A sy Sek 1

Thus (6.69) follows.

Step 3. Gauge transformation to Coulomb solution. In this final step of the proof of
existence and continuous dependence, we perform a gauge transformationto (A’, ¢) in
order to impose the global Coulomb condition 3 A, = 0. The gauge transformation
cannot be put directly into Y[/], but this difficulty can be circumvented using the
elliptic equations of (MKG) in the global Coulomb gauge.

From the previous step, recall the definition

x=—(=A)"19%A, onl xR
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where the first term on the right-hand side is defined as in Statement (3) in Claim 2.
As 3° A}, [(1=0)= 0, it follows that

X T=0y=0. (6.75)

Directly taking the 9, derivative of x twice and using the fact that (A’, ¢’) satisfies
(MKG), we see that d; x and 8t2 X are given by

dix = (=)0, Ay = —(—&) ! (Im[@'D[¢] + AAy),
3y =—(=A) 13,0 For + 9, Ap) = —(—A) ! (a‘Im[gb/ngs/] + Aa,A()).
Since ¢, Ay € COH! and D) ,¢', 3 Ay € CVL2, we have Im[¢'D; .¢'] € COH L.
Therefore, (—A) ™! Im[¢>’@] and (—A)~! 8elm[¢’D2¢] are well-defined as convolu-

tion with the Newtonian potential. By the non-existence of non-trivial entire harmonic
functions in L}% and HXl C Li, it follows that

dx =—(—A)"'Im[¢'D¢'] + A € COH! (6.76)
2 x =— (—A)"'a Im[¢'D}¢'] + 8, A € COL2. (6.77)
Let (A, ¢) be defined by applying the gauge transformation x to (4’, ¢'), i.e.,
(A, ¢) = (A" —dx, e¢).
By (6.75), we have
(Aj. Fojo 6. Di) li—o= (A)j. Ff;. &' Di¢)) li=o= (a}.e;. f. 8).

Furthermore, thanks to the equation Ay = 8€A’Z, it follows that (A, ¢) satisfies the
global Coulomb condition (6.3) on I x R4, By (6.68), (6.69), (6.76), (6.77) and Lemma
6.10, we have Ag € Y'[ITand A, ¢ € S'[I] with

lAollyrpy + 1 Axlisipy + @llsipn SEk 1

Combining these statements, we conclude that (A, ¢) is an admissible C/H! solution
to (MKG) in the global Coulomb gauge on I X R* with the initial data (a,e, f, g,
which satisfies the conditions in Theorem 6.1. Further, from the previous step, it
follows that (A, ¢) is uniformly approximated by H°° solutions, thereby finishing the
proof of Theorem 6.1. We conclude the proof with two remarks:

Remark 6.18 Our construction yields a solution operator that depends continuously
on the initial data for a class of H! data which satisfy the uniform bounds (6.15).
However the final result does not depend on the choice of the partition {Ry}.
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Remark 6.19 Our proof gives an a-priori bound on the S! norm of (A, ¢) (as well
as the Y! norm of Ag) of the form < (ro/ re)* Ck, where the dependence on the
energy E of Cg is polynomial. By comparison with the gauge-free nonlinear wave
equation, one would conjecture that the bound should be independent of r¢/r., and
that Cg &~ E'/? 4 E by (6.7). However, our present argument is very far from that.

7 Proof of Gauge Transformation and Cutoff Estimates

The purpose of this section is to provide proofs of Lemmas 6.10, 6.11 and 6.14, which
were used in Section 6 in the proof of Theorem 6.1. In Section 7.1, we recall some
properties of the space S! needed for establishing these statements. In Section 7.2, we
give a proof of Lemma 6.10 concerning gauge transformation with x € Y. Finally, in
Section 7.3, we prove Lemmas 6.11 and 6.14.

In this section, when we omit writing the domain on which a norm is defined, it is
to be understood that the norm is defined globally on R'**. All functions considered
in this section will be assumed to be S (R1+4), unless otherwise stated. Furthermore,
we will follow the common abuse of terminology and refer to semi-norms as simply
normis.

7.1 Further Structure of S!

We recall the structure of the S' norm from [19]. The S! norm takes the form (see
also Remark 6.8)

1
2
lglls == (Z ||3z,ka</)||§k) +llgllx.
k

The X norm was defined in (6.19). For every k € Z, we define the S; norm as

l@lise == llellse +llll o1+ llgllgne
Xoo k

1
where the X 2’02 norm was defined in (6.17), (6.18), and we define

Lid o)k

gl = sup 29T gl gl gme = sup llpllgme

14313 * £<0 K2

(g.r):g+37<3
w 2 % ] —k
lpllgme = ( > P Q<k+ze¢||w)) . where £ =[=——].
a)ng
The preceding square sum runs over 2, := {w} consisting of finitely overlapping

covering of S by caps  of diameter 2¢, and the symbols of the multipliers P forma
smooth partition of unity associated to this covering. The angular sector norm S (£)
contains the square-summed L?L;" norm with gain in the radial dimension in Fourier
space (essentially as in [16]) and the null frame space (first introduced in the wave
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map context [31,38]). Fortunately, for most of our argument, we need not use the fine
structure of this norm. Hence we omit the precise definition, and refer the reader to
[19, Eq. (8)]. The following stability property for stgjo is our only necessity.

Lemma 7.1 Let kg, jo, ko € Z be such that jo < ko. Then for n, ¢ € Ht‘?i (R, we
have
I Preo (S<jo—30m Pk2<p)llszggj0 S Inliee | Poells, (7.1

Moreover, the left-hand side is vacuous unless ky € [ko — 5, ko + 51

Proof This lemma is essentially [31, Section 16:Case 2(b).3.(b).2(b)] and [39,
Lemma 9.1]. We sketch the proof, following the notation in [19, Section 3].
We may assume that kp € [kg — 5, ko + 5], as the left-hand side is clearly vacuous

. . . 0,1 ’ .
otherwise. Moreover, using the embedding X 2 C S;S%O, the case jo > ko — C for

any constant C > 0 is easy to handle. Hence we may assume that jo < ko — 20, and
in particular jo < k».

Let ¢y = (@] and fix w € y,. Thanks to the small space-time Fourier support
of S<j,—307n, we have

Pro Piy Q <kg+260 (S< jo—301 Py @)

= Py Piy Q<ko+20 (ngofaon > PLPY s Q<k2+2€0+10<ﬂ)

o' Cw

where we sum over caps o’ € ¢,—s such that @' C w. Similarly, given a radially
directed rectangular block Cx (£) € {2K0—5 < || < 2k0+5) of dimensions 2% x (2k+¢)3
withk < kg, £ < 0Oand k + £ > ko + 2£¢, we have

Py o) Pro Py @ <kog+2¢(S< jo—301 Pry @)

= Pe,0) Pro Piy Q <ko+260 (S§j073071 > D PowPuPf s Q<k2+2eo+1o<p)
'S Cy(£)

where o’ is summed over the same set and we sum over C,’( (¢) which is either equal to
or adjacent to Cy (£). The projections Pg, (¢, PCI/( 0y and Py, Pza(; O <ky+2¢ are disposable

(i.e., has a Schwarz kernel of L} , norm < 1), hence they are bounded in all functions
spaces under consideration. Moreover, from the definitions in [19, Section 3], it is
clear that

Inellx < iz llellx.

for X = S{, L?L°, NE, and PW.X(¢). For every sign + and cap o’ € €¢,—s with
o’ C w, we also have

”(p”pwg(go) =< ||§0||pwj/(/go_5)-
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Recalling the definition of the §;”(£) norm [19, Eq. (8)], we see that

| Py, Png<k+2£(S§jo—3077Pk2§0)||S,ﬁ6(€o)

/
Sl D0 1P0 P s QO <ta+200+109 Ml 50/ 4 —s5)-

o' Cw

We square sum this bound in @ € €24,. Note that if we replace Qx,+2¢9+10 by

O <ky+209—10, then the last factor is controlled by the Sl?:,gkz +ep—5 horm of Py,¢. For

. . 0,4 / .
the resulting error, we use the embedding X e S,‘(" (£) and estimate

2
2
( E ||PkPE’Qk+2Z—C§.<k+2z+c<PIISw/(D) Sc 1Pk Qry2e—c<-<k+2e+c @l 0l
k X

a)EQg 1

Se Pl o1,
Xoo
and apply this inequality to k = k», £ = {9 — 5 and C = 10. The lemma follows. O

7.2 Gauge Transformation Estimate

Here we establish Lemma 6.10. This is carried out in two steps. The first one deals
with the algebra type property for the space ):

Lemma 7.2 The space )7 is an algebra,
'y S sl (7.2)
Further, for any F of class C®(R) with F(0) = 0 we have the Moser type estimate

IFCONy < Uxlly + X150+ lx i), (1.3)

Proof The main step of the proof is to establish the result for a component of the y
norm, namely the £! Lo H2 norm. We begin with a simple observation, namely that
by Bernstein’s inequality we have
Ixlege S Ixlerpoe 2
This is the only place where the ¢! summation is used. The bound (7.2) for the £ L sz
norm is now an application of the standard Littlewood—Paley trichotomy, which in
effect yields the stronger bound
I %oz S I er oo 2l e + 1 g 1 g oo 2

A similar bound can be proved for the Y22 norm in an analogous manner.
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To estimate F(x) we use a continuous Littlewood—Paley theory decomposition,

s J
1 =/ Py dk, P_; =/ Py dk
-0 —00

where x is a continuous dyadic frequency parameter. See e.g. [39] for a similar argu-
ment. Representing x as

o0
X =/ Py x dk,

—00

for F'(x) we have the similar representation

o
F(x)=F(0) + / F'(P<ix) Pix dk
—00
which is easily seen to converge in L7,. Now it suffices to estimate the nonlinear term
in LY,

18 F'(Pax0lls, S27VF A+ lIxllz). N =0,1,2,3.
Then the integrand satisfies the bound

1Y F'(P<tx) Pex ez S 2% MM Pixl oo
After dyadic integration in k this yields the bound

IFCONa ez S Wxllo e a2+ X I3 ) (7.4)

which is the ¢! L% H? counterpart of (7.3).
To also estimate the Y22 norm of F( x) we differentiate twice,

O F() =7, xF'(x) + dy e xx.0 X F"' (0 (7.5)

L1
We need to estimate the terms on the right in L%Hﬁ. We have the Bernstein type
bounds

"GO = F O oo oyt S IF GOl Lo i

and similarly for F” (), where the norm on the right is further estimated as in (7.4).

.1
Also we control 83’[)( in L2ZH?, as well as

1

5 4
I9wexll 30 SN0 I Xl
LAWy LIH? '
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Hence for the first term on the right in (7.5) it remains to establish the bound

1
1£G iz S W N2 1G o pyois 8= 5

But this follows by interpolation from the s = 0 and s = 1 cases, which are straight-
forward.
Similarly, for the second term on the right in (7.5) we need to establish the bound

G < G NER
If1.f2 ”L?I-'IX% N”fl”L4W§’4”f1”L4W§’4” o0 e

which is again a simple exercise which is left for the reader. O
The second step deals with the stability of the § !'space with respect to multiplication
by ). Before we state it, we begin with a dyadic decomposition of the ¥”+% norms which

will be used repeatedly in the sequel. Precisely, for N = 0, 1, 2, ..., the following
square summability estimate holds:

1 1
5 . 2
(Zzwusexu’%;o,z) +(Z(W+2Nf)2||PkT,~x||2Yo,z) S Ixlywva. (7.6)

1 k.j

Lemma 7.3 The following estimate holds:

Ixellst S Ixlipliels (1.7)
Proof We begin by splitting
X0 =D PiyQ=kot25(X®) + D, Phy Q=ko125(x9) (7.8)
ko ko

Step 1. Contribution of Zko Piy O <ko+25(x ). In this step, we will show

1D Pio Q=kor2sx@llst S lxlly2anzze lglls. (7.9)
ko

We need different arguments for different parts of the S' norm. The common strat-
egy, however, is to divide into two cases, one in which x has a high space-time
frequency and the other in which x has very low space-time frequency.

In the former case, we will rely on the following simple lemma:
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Lemma 7.4 Let jo < ko + 30.

(1) Fort > ko — 5, we have

1.
2K02300)| Py Q) (Sex P2,

< 2300~k ko=023 k=0 (22|15, 1 || 02) (242 Pyl s, ),

and the left-hand side of (7.11) is vacuous unless ky < £ + 10.
2) If £ < ko — 5, we have instead

(7.10)

1 Lin—
2402200 Py Qy (Sext Pio®)l 2 S 2290702 Sexllyo2) @211 Piolls,)-

(7.11)

Moreover, the left-hand side of (7.11) is vacuous unless ky € [ko — 5, ko + 51.

Proof The claims regarding the range of k, are clear. We estimate the left-hand side

of (7.10) by
l.

S 292200 Sexll | s I Piowll oo

L3 ’

< 2200 02300=02k0=C 225, || 02) (22| Pyl s,,)-

For (7.11), we estimate

1. Lei—
S 292200 x Il 2 o I Pl o2 S 229070 2% 1Sex llyo2) @2 Pl )-

We now proceed to treat each constituent of the S! norm.

Case 1.1. S,i“ part of S'. Here we prove

1

2
2 2
(Zz kO||Pk0Q§ko+25(X§0)||Sz-tr) S Ixly2encz llels.
ko 0

We split the summand on the left-hand side as follows:

20 Piy Q k125 xllggr S D7 201 Pag Q sk 25 (Sex )l g
{>ko—5

+ 21011 Pry Q <k 25 (Sstg—5 X 0) -
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. . . 0.} ,
For the first term on the right-hand side, we use the embedding Py, (X, *) < Szg
and Lemma 7.4 to estimate

1.
S 2 > 29200 (Sex ol

£>ko—5 jo<ko+25

1/ 3 1
S D D D 2ot lem0 0215,y 402) 2| Piygllsy,)
C>ko—5 jo<ko+25 ka<€+10

3 (kn—
Slelst D 22%70 228, yoo
{>ko—5

which is square summable in kg, thanks to (7.6).
For the second term in (7.13), we can freely replace ¢ by Pp,—5x,+51¢. Then

removing Py, Q <ky+25, Which is disposable, and using Holder with S<4,sx € LS,
we see that
200 Py Qi Ssio-sxlgr S 20 Ixllegs 2% Pl
ko €[ko—5,ko+5]
which is acceptable.
o’l
Case 1.2. X, part of S'. We prove
2
(Z 220 Py Q <t 25 (x 9 II” ) Slxlyenee llels. (7.14)
Xoo

ko

The summand on the left-hand side is bounded by

l .
sup 202200 Py 0y (x @)l 2,
Jo<ko+25 ’

l.
S osup 200 D 200 Py QG (Sex o)l 2,
josko+25 I s :

1-
+ osup 200 T 220 P Qi (Sex @)l (7.15)
Jo=ko+25  perjo—30.k—5) '

l‘
+ sup 292300 Py Qo (S<jo-30x @) 2
Jo<ko+25 '

Let jo < ko + 25. Using Lemma 7.4 and proceeding as in Case 1.1, the first term
can be bounded by
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1.
20 D 220 Py Qi (Sexo)ll 2,
C>ko—5

S > D> 2ztho3tho=02302=0 0215, x | 0.2) (242 Pryllsy, )
C>ko—5 ko<€+10

1, 3
S 2200 g > 220070228, 0o,
{>ko—5

which is £2 summable in k¢ thanks to (7.6).
For the second term in (7.15), we can replace ¢ by Pjx,—5.x,—5)¢- Then we estimate

l.
20 DT 2P Qi (Sx oz,
Lel jo—30,ko—5]

Lea
0D > 22007028, xllye2) 22| Pryglls,,)
Leljo—30,ko—5] kaelko—5,ko+5]

k
Slxlye D @21 Pyols,).
kp€lko—5,ko+5]

which is acceptable.
For the third term in (7.15), we can replace ¢ by Px—5.k0—51 Q[ jo—5, jo+51%- There-
fore

1.
2102201 P Qo (S<jo-5x9) 12,

l .
Sl D > 2922 P, 0502,

ko€lko—5,ko+5] j2€ljo—3, jo+5]

which is acceptable.

Case 1.3. Szfljg part of S!. Here we prove

1

2
(Zzzko sup ||Pk0Q<,,-o<x¢>||§:ngl) S xlly22aze lels. (7.16)
0. ’

ko Jo<ko JO

Fix ko and jo < ko. As before, we split

290 Py Q< xp)llgme <5 D" 2R Py O jo (Sex ) | gue
k0..jo s ko..Jjo
>K(

+ D 2501 Pey O < jo (Sex @) Il gane
. ko+Jo
Leljo—30,ko—5]

+201Pry O <jo (S<jo-30x9)lgne
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. . 0,1
Using the embedding Py, O <, (X, ) C SZS%.O, the first two terms can be treated
by proceeding as in Case 1.2. On the other hand, for the third term, we use Lemma
7.1 to estimate

sup 2% Py Q< jy (S<jo-20x@)llgme S lixlles D, 2% Puglls,.
Jo o0 ka€lko—5,ko+51
which is square summable in kg, proving (7.16).

Step 2. Contribution of Zko Pry O~ko+25(x9). When the output is away from the

. . 0,1
cone, the X norm dominates the whole S ! norm. To see this, let ko € Z.As Py (X, ) C
Sky> We have

3.
186, Pho Qko+2519) 15, S D 22PN Pe Qg o)l 2
Jo>ko+25

1o
S D 220 p 04, (e)lix
j0>k0+25

S Py Qs kog+20n) 1 x-

Thus by L? almost orthogonality,

2

D PiyQuigis9) | S D I1Piy Qtgr20ne) 5 (7.17)
ko st ko

To conclude the proof of (7.7), it remains to estimate the right-hand side of (7.17).
This is the content of Lemma 7.5 below. O

Lemma 7.5 The following estimate holds.

1

2
(Z ||Pk0Q>ko+zo<xgo)||§) Slxlplels. (7.18)

ko

Proof Since the spaces have different regularity in space and time, we will need to
divide into cases depending on both the space and time frequency configurations. We
begin with the standard Littlewood—Paley trichotomy in the spatial Fourier variable:

Pry O~ ko4+20(X®) = Pry O > ko+20 (X <ko-+109[ko—5,ko+20])
+ Pry O ko420 (X[ko—5,ko+519P<kg—5)

+ Z Z Pko Q>ko+20(Xk1§0kz)-

k1>ko+10 kpe[k; —5,k1+5]

In each case we will further divide into cases, which will essentially correspond to
doing another round of Littlewood—Paley trichotomy in the temporal Fourier variable.
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Case 1. (LH) interaction. Here we treat the contribution of

Pry Q jo (X <ko+10P[ko—5,ko+201)

We divide further into two sub-cases, depending on the temporal frequency of x<,+10-

Case 1.1 yx has high temporal frequency, j; > jo — 20. Recalling that X is an Ltz’x
based norm, by orthogonality it suffices to estimate

(7.19)

D SR Y TRy Sty Y
kaelko—5,ko-+20] kg, jo /0= *0

We estimate each summand as follows:

| Py O jo (T jo—20 X <ko+10 Pko) | x

2jon—1k
<SS M T e ke
k1<ko+10 j1>jo—20

S DL D 22 as @I QN T ly02) 2 g, llsy,)

k1<ko+10 j1>jo—20

We now sum up k> € [kg — 5, ko + 20] and take the K,%O A (Jo > ko + 20) summation.
Then (7.19) is estimated by

L 3 j
Z Z 2200=iD 3 k1=ko) Q21| T x4 || yo2)
k1 <ko+10 j1>jo—20

< lells|
~ N El%Uij (jo>ko+20)

which in turn is bounded by < |l¢|ls1 || x ||y22 thanks to (7.6).
Case 1.2 x has low temporal frequency, j; < jo — 20. It suffices to bound

(7.20)

> 1P Qi (T<jp20x=kor100) x|,

(o>ko+20
kaelko—5,ko+20] k.o (0>k020)

By the restrictions on the Fourier supports of inputs and the output, we can freely
replace ¢, by ije[jofc,jﬁc] 0 j,¢k,. Thus throwing away Py, Q j,, estimating
T<jy—20X<ko+10 in LYY and Q j, ¢y, in L%X, we can estimate the summand in (7.20)
by

1P Qo (T<jo—20x=<kot100:)lx S D lxl=1Qpomlix
J2€ljo—C, jo+C]

Summing it up, we obtain (7.20) < || x e ll@llx as desired.

Case 2. (HL) interaction. Here we treat the contribution of
Pro Q jo (Xlko—5.ko+519<ko—5)
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As in the previous case, we divide into two sub-cases.

Case 2.1 x has high temporal frequency, j; > jo — 20. As in the previous case, we
need to consider

> D 1P Qi (T jo—20 Xk 91 1 x (7.21)

2 . (jo>ko+20
ki €lko—5.ko+5] ka<kg—5 ko.jo (Jo>ko+20)

Disposing Py, O j, and using Holder, we estimate each summand as

2jor— 1k
1Pty Qo (T jo—20xk, P x S D 22027 2K 0, 12 Nk g,
Jj1>jo—20

S > 22mingk R @iy g llye2) 2R ller, )
J1>Jjo—20

Thanks to the high-low gain 25270 this can be summed up in 61%0 jo (Jo > ko + 20)
using (7.6). We conclude (7.21) < || x Ily22ll¢lls1, as desired.

Case 2.2 x has low temporal frequency, j; < jo — 20. We consider

(7.22)

> > 1P Qio(T<jp20x090)llx |,

 (o>ko+20
ki €lko—5.ko-+5] ka <ko—5 k.o (J0>k0+20)

In this case, we can replace ¢y, by > Jr€ljo—C. jo+C] 0 j, ¢k, , thanks to the restrictions
on the Fourier supports. Then as before, we estimate

| Py O jo (T< jo—20 Xk1 Pha ) | x.

2jon— %k
S DL 2T a0k 2 1@ ko N2
J2€ljo—C. jo+C]

5 (kr—
S DL 20T g e 2 1Q ksl x
J2€ljo—C. jo+C]

Thanks again to the high-low gain 23ka=k0) this is again summable, and we obtain
(7.22) S I ez Il x.
Case 3. (HH) interaction. Here we treat the contribution of

Pk() Qj() (Xk] (pkz)

where |k — kp| <5, k1 > ko + 10.
Case 3.1 x has high spatial frequency, k1 > jo — 20. We first consider

H > > 1P Qo (a1 llx

k1> jo—20 kp€[k1—5,k1+5]

(7.23)

zz(m (jo>ko+20)
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Throwing away Q ;,, applying Bernstein in space and using Holder, we estimate each
summand by

in~3
1Pio Qo (k91 xS 270225 3k 01yl 211

. 3
< 220~k koD 2201 50k 11302) (2% iy Il s,

Using (7.6) and the square summability of 2k |0k, ||5k2, the last expression can be
summed up in the ¢! sense over {(ko, jo, k1, k2) : jo > ko + 20, k1 > jo — 20, |k; —
kz| < 5} and be estimated by < || x |ly22llellg1-

Case 3.2 x has high temporal frequency, k1 < jo — 20, j; > jo — 20. Next, we
estimate

(7.24)

> > 1P Qa T2t e)lx ,

(io>ko+20
Ky €lko—5, jo—20] kalki —5.k;+5] koo Jo=ko+20)

Throwing away Q j,, applying Bernstein in space and using Holder, we have

| Py © jo (T jo—20 XKy Pr2) Il X
2jon 2k
S DL 22T ekl 2
J1>jo—20

S D 22Uk Q2 Ty iy, [lyo2) 2% gy sy, )
J1>Jjo—20

Using the triangle inequality to pull out k1, k» summations out of E%O’ W (Jo > ko +20)
and performing the latter summation, we estimate (7.24) by

1

2

<> D 2T 5ee | @R Meklls,)-

ki koelki—5k1+5] \ j1>k1—20

which is estimated by < [ x[ly22ll¢|l g1 using (7.6) and the square summability of
2|gx, 15y, -
Case 3.3 y is close to frequency origin, k1 < jo — 20, j; < jo — 20. In this case,
we estimate

(7.25)

> > 1P Qi (Tj—20300) I x

2 (jo>ko+20
ki €lko—S, jo—20] ka €[k —5, k1 +5] Ko.jo U0 =H020)

As before, the restrictions on the Fourier supports allow us to replace ¢, by the
expression > (i iv+c] @ ¥k Throwing away Qj,, applying Bernstein and
using Holder (and furthermore the fact that 7,20 is bounded in L;’oLi), the sum-
mand in (7.25) is estimated by
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3 (ko—k1) 2k
1P Qo (T<jp—20xta i) llx S D 2200702 0 (1100 10) 1@y, [ x.
J2€ljo—C,jo+C]

The last expression can be summed up using (7.6) and £7
| O j,ox, 1l x, leading to (7.25) < ||X||L?0Hg||(p”é as desired.

i, ja summability of

7.3 Cutoff Estimates

In this subsection, we prove Lemmas 6.11 and 6.14.
.3
We begin with a brief discussion on Blz’z, which basically plays the role of the

232, . .
space of smooth cutoffs. Recall that B; "~ is an atomic space, whose atoms satisfy

n = Sp—1,041;1 and 2%£||;7||Ltz < 1 for some ¢ € Z. Note that the following ot
summability estimate holds:

> 23Sl 2, +22”||Sm||LooLz+||n||L,X Sl s (7.26)
¢ 1

Note furthermore that S s
Bl CcHANECIHICY (7.27)

which follows easily from Bernstein’s inequality.
We first establish Lemma 6.11. By the definition of restriction spaces, it suffices to
prove the following global statement.

Lemma 7.6 The following estimate holds for X = Y, S!, 37 or).

el x @i+ < ||77||Bg.2( )||‘P||X(R|+4). (7.28)
1

RI+4
Proof Before we begin, note that the following cutoff estimates hold:

Ingliyt2 < IIHIIB%_zllfpllyl,z, (7.29)

I
Ingllery22 S IIHIIB%lII(ﬂIIzlyM (7.30)
1

Indeed, both estimates can be proved in a similar manner as (7.2); we omit the details.
With (7.29) and (7.30) in our hand, we proceed to the proof of (7.28).

Case 1: X = Y'. Recall that Y' = Y12 N Y1, The desired estimate for the ¥ !-2
norm of n¢ follows from (7.29); thus it remains to bound [|n¢||y1.. By the Leibniz
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rule, Holder, Hx1 C Li Sobolev and (7.26), we have

10: x M) Iyo.0 S 13 x@ll o2 + 10,209l ooy 2
< (||3t,x77||Lt°°L§, + ||U||L?§)(||at,x€0||L,°°L_§ + ||<P||L,°°L§)
Sl sollelyr,
B

1

which completes the proof in this case.

Cases2 & 3: X = S'or 37 These cases are immediate consequences of (7.2), (7.7)
and the embedding (7.27).

Case4: X = ). Recall that Y = £1Y%2 N ¢1y2° For the £!Y?2 norm of ne, we
use (7.30). In order to bound the £! Y% norm of ¢, we first use the Leibniz rule to
compute

3 (@) = dne + ndp, 82(np) = 821 + 23,nd + nd2e.

. aN+E2 . -
By the embedding B, 2 - EICOH;V and the definition of the space £!Y>>, we

have at(N)n, Bt(N)w € £1C§)H§_N for N = 0, 1, 2. Thus the desired estimate is easily
obtained using the standard Littlewood—Paley trichotomy; we leave the details to the
reader. O

Finally, we give a proof of Lemma 6.14. Extending 1 and ¢ to the whole space in

.3 ~
such a way that ) € B} ’Q(R x R*) and ¢ € V(R x R*), it suffices to consider the case
I = R. Thus Lemma 6.14 would follow once we establish the following statement.

.3 ~
Lemma 7.7 Let € B2 2(R'**) and ¢ € YR'). Let x := (—=A)~ (nAg) (1) be
given as convolution with the Newton potential. Then we have

Ixly < Ilnllég,zllwlly- (7.31)
1

Proof From the embedding (7.27), it easily follows that nAg € £'COL2(R x R*)
with

InA@lgrer2 S Inllp e a2l A¢llp o2 S IIHIIB%_zllwlly-
I

Therefore, the estimate for | x || ;1 L®i? in the j/\ norm in (7.31) follows. It remains to

establish the estimate for the Y22 norm in (7.31); for this we will show that

Ixlly22 S IInIIBg,z lelly22 (7.32)

The left-hand side is equivalent to ||8f (MA@l L3 We apply the Leibniz rule to
' L t Hr

write

32 ,(nAp) = 37 NAQ + 35,11y, Ap + 032, A
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We can estimate

2 <
IIAwIILZH% + ||8x,tA(P||L2 1t Ilax,,Afplle DN llelly22

toAx i tHx

and, by the trace theorem,

2
0y mllLeer2 + 10xumll oo g + Il o2 S IIUIIB;Z
I

Hence it remains to establish the fixed time multiplicative estimates

1 L3 .1 . L3 L3 . L3
H? xL?>—H,>, H,°xH!'->H > H >xt'H>>H’

These in turn are easily obtained using the standard Littlewood—Paley trichotomy. O
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