
Fuzzy Portfolio with a Novel Power Membership Function Based
on GARCH and Black–Litterman Model

Xue Deng1
• Shiting Chen2

Received: 29 December 2023 / Revised: 22 April 2024 / Accepted: 23 April 2024

� The Author(s) under exclusive licence to Taiwan Fuzzy Systems Association 2024

Abstract We construct a fuzzy mean-semi-absolute devi-

ation portfolio with novel power membership functions.

The portfolio return is measured by the Black–Litterman

model, which combines the market’s objective information

and investors’ subjective preference by the GARCH model.

In addition, we use semi-absolute deviation to measure

portfolio risk instead of variance, which not only reduces

the computational complexity but also considers the cor-

responding risk lower than the expected return. Consider-

ing the investors’ psychological satisfaction with return

and risk, we propose two novel power membership func-

tions of return and risk, respectively. We fully demonstrate

the shapes of membership functions with different prefer-

ence parameters and medium satisfaction levels and deeply

discuss monotonicity, convexity and concavity using the

first- and second-order derivatives by strict mathematical

proof. Furthermore, a fuzzy mean-semi-absolute deviation

portfolio is proposed based on the satisfaction maximiza-

tion principle and the absolute value optimization theory.

Finally, we give a numerical example and present the

results of neutral, pessimistic, and optimistic portfolios. In

terms of Sharpe ratio and satisfaction degree, the portfolio

model with our proposed novel membership functions is

superior to those with S-type membership functions

(Watada (2001) Dynamical aspects in fuzzy decision

making. Physica, Heidelberg). Moreover, it is more

effective than that with standard deviation or absolute

deviation to measure risk.

Keywords Portfolio selection � Fuzzy decision � Nonlinear

membership function � Black–Litterman model � Semi-

absolute deviation

1 Introduction

The portfolio problem is a hot issue in current scientific

research. The mean–variance model proposed by

Markowitz [1] used mean and variance to measure the

return and risk of portfolio, respectively, which laid a

foundation for modern portfolio theory. To solve the

portfolio model, Markowitz [2] proposed the critical line

algorithm, which used the quadratic programming method

to solve this problem. Bitran [3] proposed an interval

programming. Zadeh [4] first proposed the concept of

fuzzy set, and then fuzzy portfolio decision-making had

gradually become an important method of the portfolio.

Bellman and Zadeh [5] put forward the maximization

principle to solve the fuzzy portfolio model. Zimmermann

[6] first proposed a fuzzy multi-objective linear program-

ming model, which transformed the multi-objective pro-

gramming problem into a single objective programming

problem. Tanaka and Asai [7] proposed a fuzzy linear

programming. Magoč et al. [8] showed how to express the

optimal portfolio selection problem from a decision-theo-

retic perspective and showed how to address this problem

using fuzzy measures and fuzzy integrals. Yaakob et al. [9]

introduced a novel extension of the technique for ordering

of preference by similarity to ideal solution (TOPSIS)

method and used fuzzy networks to solve multicriteria

decision-making problems where both benefit and cost
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criteria are presented as subsystems. Ferreira et al. [10]

considered legal aspects and investor’s preferences as an

input to the novel fuzzy multiple-attribute decision making

approach for sorting problems, and used the sorting results

for a fuzzy multi-objective optimization model that con-

siders the risk and return associated with the investor’s

profile over three objectives. Joshi et al. [11] developed a

hesitant probabilistic fuzzy set based MCDM method to

completely depict statistical and non-statistical uncertainty

in a single framework. He and Zhou [12] established an

optimized group decision-making portfolio strategy to

better achieve the goal of increasing group decision-mak-

ing investors’ returns or reducing risks. Mohammed [13]

provided and applied the concept and techniques of multi-

criteria decision-making under fuzzy environment in the

prioritization and selection of projects in a portfolio man-

agement, and the preference weights of the criteria were

identified using fuzzy AHP.

In view of the fact that the mean–variance model did not

consider investors’ psychological satisfaction of return and

risk, Bellman and Zadeh used fuzzy sets to define inves-

tors’ target levels of return and risk, where the membership

function is used to express fuzziness. Leberling [14]

defined a tangent-type membership function. Guua and Wu

[15] and Tang and Zhao [16] employed a two-phase

method to achieve the solutions of the multi-objective

programming problem, which used linear membership

functions to provide the satisfaction degree to the objec-

tives. Watada [17] proposed nonlinear S-type membership

functions, which represented the fuzzy target levels of

return and risk. Khanesar et al. [18] proposed a novel type-

2 fuzzy membership function, which is an ellipsoidal

membership function. De et al. [19] transformed the fuzzy

numbers which are the coefficient vectors of the concerned

minimization cost function into interval numbers, and

transformed the interval objective function into a classical

multi-objective EOQ model using intuitionistic fuzzy

technique. Liu and Zhang [20] proposed a fuzzy portfolio

decision-making model based on the S-type membership

function. Kocadağlı and Keskin [21] assumed the portfolio

return, risk and beta coefficient as objectives including the

possibilistic uncertainties, and constituted specific fuzzy

membership functions to define the uncertainty. Rutkowska

[22] studied the influence of membership function’s shape

on the result of fuzzy portfolio optimization. Kayacan et al.

[23] focused on the ellipsoidal membership function to

compare and contrast various ways of modeling uncer-

tainty. De [24] considered an EOQ model with fuzzy

parameters, and incorporated the concept of possibility

theory in the approximated fuzzy membership function.

Deng and Chen [25] combined the prospect theory and

possibility theory to provide investors with a portfolio

strategy that meets investors’ preference for assets. De

et al. [26] developed a new set named doubt fuzzy set the

real and imaginary parts of which are the membership

functions of fuzzy variables, and developed a backlogging

economic production quantity (EPQ) model the demand

function of which is disrupted due to the presence of

shortages. De and Nandi [27] studied a polygonal fuzzy set

by means of an interpolating polynomial function due to

different membership grades are found by different

researchers for a given problem.

When the number of assets in the portfolio is too large,

the calculation of the covariance would be difficult. At the

same time, investors usually only worried about the part of

risk lower than the expected return, but the mean–variance

model also took into account the part of risk higher than the

expected return. Therefore, Markowitz [28] proposed the

mean-semi-variance model, which only considered the part

of risk lower than the expected return. Konno and Yama-

zaki [29] proposed an absolute deviation risk function,

which greatly reduced the computational complexity of the

portfolio model. To better capture investors’ risk attitudes,

Deng et al. [30] extended the downside risk from stochastic

environment to hesitant fuzzy environment and define a

new hesitant semi-variance. Speranza [31] proposed a

semi-absolute deviation risk function, which reduced the

complexity of calculation and merely considered the part of

risk lower than the expected return. Subsequently, Fang

and Wang [32] extended the semi-absolute deviation to an

interval case, and proposed an interval semi-absolution

deviation model for portfolio selection. Gupta et al. [33]

applied multi criteria decision making via fuzzy mathe-

matical programming to develop comprehensive models of

asset portfolio optimization by morphing mean–variance

optimization portfolio model into semi-absolute deviation

model. Zhang [34] presented a new credibilitic multiperiod

mean-semi-absolute deviation portfolio selection. Meng

and Shan [35] proposed a fuzzy mean semi-absolute

deviation–semi-variance-proportional entropy portfolio

selection model with transaction costs.

The mean–variance model took the average of historical

return rate of assets as the expected return rate and assumed

that investors hold identical views, which had certain

limitations. Black and Litterman [36] put forward the

Black–Litterman model to calculate the expected return

rate and covariance matrix combining the market view and

subjective view, which was spread in 1992. Later, Black

and Litterman [37] and Black and Litterman [38] carried on

further research and found that the level of confidence of

opinions was not necessarily 100%. In addition, for the

definition of the scale factor s in the model, He and Lit-

terman [39] set the parameter to a small number of 0.05.

Idzorek [40] thought that the parameter could be set

according to the number of samples, which is defined as the

reciprocal of the number of samples. Some papers applied
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the Black–Litterman model to portfolio optimization

models. For example, Subekti and Rosadi [41] built two

portfolios using the Black–Litterman model and found the

results of weight allocation are similar. Subekti and Rosadi

[42] showed how the Black–Litterman approach to port-

folio optimization works. Murtadina et al. [43] applied the

Black–Litterman model to portfolio on the liquid index 45

(LQ45) with information ratio assessment. For the quan-

tification of subjective view, Litterman and Winkelmann

[44] used the GARCH model to forecast the expected

return rate and its volatility to quantify subjective view and

uncertainty, respectively. Palomba [45] provided an

empirical model for large-scale tactical asset allocation

with multivariate GARCH estimates. Arisena et al. [46]

formed the weight of the Black–Litterman model portfolio

with a single view investor using ARMA–GARCH. Kara

et al. [47] used the GARCH model for predicting indicators

for the stocks.

In view of the research on portfolio models, some

scholars constructed fuzzy portfolio decision-making

models with nonlinear membership function and employed

semi-absolute deviation to measure the risk of the portfolio,

but simply defined the average value of the historical return

rate as the expected return rate of assets, others applied the

Black–Litterman model to the portfolio model. However,

very few studies combined the Black–Litterman model

with the fuzzy decision-making method, where the Black–

Litterman model is used to calculate the expected return

rate with the GARCH model to measure investors’ sub-

jective preference.

In Table 1, we compare this paper with 20 pieces of

literature according to 7 criteria (the criterion of risk

measurement, whether membership function is used,

whether the Black–Litterman model is applied, whether the

GARCH model is applied, whether the portfolio is con-

sidered in fuzzy environment, whether satisfaction

approach is considered and whether it is a single-objective

model). The characteristics of our proposed model are as

follows:

(a) Our model considers semi-absolute deviation as

portfolio risk, which reduces the computational

complexity and only considers the part of risk lower

than the expected return.

(b) Our model proposes two novel power membership

functions of portfolio return and risk, and we can

change the shape of membership functions by setting

the preference parameters.

(c) Our model applies the Black–Litterman model to the

fuzzy portfolio model to calculate the expected

return rate by combining the market’s objective

information and investors’ subjective perspectives.

(d) Our model applies the GARCH model to predict the

expected return rate of each asset, the result of which

is input into the Black–Litterman model as investors’

subjective perspectives.

(e) Our model is considered in a fuzzy environment, and

the proposed membership functions denote the fuzzy

target levels of portfolio return and risk,

respectively.

(f) Our model considers a satisfaction approach solving

the fuzzy portfolio. Compared to the optimization

approach, the satisfaction approach aims to maxi-

mize the investors’ psychological satisfaction.

(g) Our model transforms the multi-objective program-

ming model into the single-objective programming

model based on the maximization principle, making

the portfolio solution more convenient and effective.

This paper aims to construct a fuzzy portfolio model with

novel power membership functions based on the GARCH

and the Black–Litterman models. The main contributions

of this paper are as follows:

(a) We propose two novel power membership functions

to describe the investors’ psychological satisfaction

with return and risk, respectively. On one hand, we

fully demonstrate the shapes of membership func-

tions with different preference parameters and

medium satisfaction levels. Our proposed power

membership functions can describe investors’ dif-

ferent preferences by changing the value of the

preference parameters. On the other hand, we deeply

discuss monotonicity, convexity and concavity using

the first- and second-order derivatives by strict

mathematical proof.

(b) We construct a single-objective programming fuzzy

portfolio model based on the satisfaction approach,

which aims to maximize the investors’ psychological

satisfaction.

(c) We consider semi-absolute deviation as portfolio

risk, and the Black–Litterman model as the way to

calculate the expected return rate, whereas the

GARCH model is used to measure investors’

subjective perspective.

(d) We compare our proposed model with the other

three comparison models (mean-semi-absolute devi-

ation portfolio with S-type membership function,

mean-standard deviation portfolio with our proposed

membership function, mean-absolute deviation port-

folio with our proposed membership function), and

show that our proposed model is superior.

The rest of the paper is organized as follows. In Sect. 2, we

introduce the theory related to the following sections. In

Sect. 3, we propose two novel power membership func-

tions, and construct a fuzzy portfolio model. In Sect. 4, we
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propose a numerical example and show the result in dif-

ferent cases. In Sect. 5, three comparison models are pro-

posed and solved and the effectiveness of our proposed

model is illustrated. Finally, Sect. 6 is the discussions and

conclusions of this paper.

2 Preliminaries

This section mainly introduces the theory related to the

following sections, including the basic concepts of fuzzy

sets, the fuzzy multi-objective programming model, the

mini–max solution, and the theory of the Black–Litterman

model.

First, the definition of variables which are used in this

paper are shown in Table 2.

2.1 The Theory of Fuzzy Sets

Definition 1: If the membership function of fuzzy number

A is lA xð Þ : U ! 0; 1½ �, then lA xð Þ has the following

properties:

(1) lA xð Þ is normal, that is 9x0 2 U; lA x0ð Þ ¼ 1;

(2) The necessary and sufficient conditions for lA xð Þ to

be convex are as follows: for 8x1; x2 2 U; k 2 0; 1½ �,
there is lA kx1 þ 1 � kð Þx2½ � � min lA x1ð Þ; lA x2ð Þf g;

(3) lA xð Þ is bounded upper semicontinuous function and

x 2 UjlA xð Þ� ef g is a closed set;

(4) lA xð Þ is a compact set.

Definition 2: If A is a fuzzy number, then the c-level set

A½ �c¼ x 2 UjlA xð Þ� cf g of A can be expressed as

A½ �c¼ a1 cð Þ; a2 cð Þ½ �, where

Table 1 Comparison between this paper and previous literatures

Attributes Risk measure Membership

function

Black–

Litterman

GARCH Fuzzy

environment

Satisfaction

approach

Single-objective

model

Markovitz (1952) Variance 9 9 9 9 9 9

Markovitz (1955) Variance 9 9 9 9 9 9

Markovitz (1959) Semi-variance 9 9 9 9 9 9

Bellman and Zadeh

(1970)

Variance Linear 9 9 4 4 4

Zimmermann (1978) Variance 9 9 9 4 4 9

Leberling (1981) Variance Tangent-type 9 9 4 4 4

Konno et al. (1991) Absolute

deviation

9 9 9 9 9 9

Speranza (1993) Semi-absolute

deviation

9 9 9 9 9 9

Litterman et al.

(2000)

Variance 9 4 4 9 9 9

Watada (2001) Variance S-type 9 9 4 4 4

Yong et al. (2006) Semi-absolute

deviation

9 9 9 4 9 9

Palomba et al.

(2008)

Variance 9 4 4 9 9 9

Tang et al. (2011) Semi-absolute

deviation

Linear 9 9 4 4 4

Liu et al. (2015) Semi-variance S-type 9 9 4 4 4

Zhang (2017) Semi-absolute

deviation

Linear 9 9 4 9 4

Arisena et al. (2018) Variance 9 4 4 9 9 9

Kara et al. (2019) Variance 9 4 4 9 9 9

Subekti et al. (2021) Variance 9 4 9 9 9 9

Murtadina et al.

(2021)

Variance 9 4 9 9 9 9

Meng et al. (2021) Semi-variance Linear 9 9 4 9 9

This paper Semi-absolute

deviation

Power-type 4 4 4 4 4
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a1 cð Þ ¼ min x 2 UjlA xð Þ� cf g; a2 cð Þ
¼ max x 2 UjlA xð Þ� cf g:

Definition 3: If A ¼ a; b; a; bð Þ is a fuzzy number, where

LA;RA are monotone non-increasing continuous functions

on 0; 1½ � ! 0; 1½ �, and

LA 0ð Þ ¼ RA 0ð Þ ¼ 1; LA 1ð Þ ¼ RA 1ð Þ ¼ 0. The membership

function of A is expressed as follows:

lA xð Þ ¼

LA
a� x

a

� �
; a� a� x\a;

1; a� x\b;

RA
x� b

b

� �
; b� x\bþ b;

0; other:

8>>>>>>><
>>>>>>>:

ð1Þ

When A ¼ a; b; a; bð Þ is a trapezoidal fuzzy number,

LA;RA degenerate into linear functions, and the member-

ship function of A is expressed as follows:

lA xð Þ ¼

1 � a� x

a
; a� a� x\a;

1; a� x\; b;

1 � x� b

b
; b� x\bþ b;

0; other:

8>>>>>>><
>>>>>>>:

ð2Þ

When A ¼ a; a; bð Þ is a triangular fuzzy number, LA;RA

degenerate into linear functions, and the membership

function of A is expressed as follows:

lA xð Þ ¼

1 � a� x

a
; a� a� x\a;

1 � x� b

b
; b� x\bþ b;

0; other:

8>>>><
>>>>:

ð3Þ

When A ¼ a; b½ � is an interval number, LA;RA degener-

ate into linear functions and a ¼ b ¼ 0;

When A ¼ a is a real number,LA;RA degenerate into

linear functions and a ¼ b; a ¼ b ¼ 0.

2.2 The Theory of Fuzzy Decision

and Maximization Decision

Bellman and Zadeh proposed fuzzy decision theory in 1970

to study the uncertainty in decision-making problems. In

1978, Zimmermann first proposed a fuzzy multi-objective

linear programming method, which is as follows:

max Z xð Þ ¼
Xn
j¼1

c1jxj;
Xn
j¼1

c2jxj; :::;
Xn
j¼1

cnjxj

" #

minW xð Þ ¼
Xn
j¼1

d1jxj;
Xn
j¼1

d2jxj; :::;
Xn
j¼1

dnjxj

" #

s.t:
Xn
j¼1

aijxj � bi; i ¼ 1; 2; :::;m;

xj � 0; j ¼ 1; 2; :::; n:

8>>>>>>>>>>>>><
>>>>>>>>>>>>>:

ð4Þ

The membership functions of fuzzy targets in the model

are linear functions, which are

lk zkð Þ ¼ zk xð Þ � z�k
zþk � z�k

; k ¼ 1; 2; :::; q; ð5Þ

ls wsð Þ ¼ zs xð Þ � z�s
zþs � z�s

; s ¼ 1; 2; :::; r; ð6Þ

where zþk ¼ max
x2X

zk xð Þ; z�k ¼ min
x2X

zk xð Þ;wþ
s ¼ max

x2X
ws xð Þ;

w�
s ¼ min

x2X
ws xð Þ.

Definition 4: Suppose G; C are fuzzy objectives in

decision space X, then fuzzy decision D ¼ G \ C is also a

fuzzy set, and its membership function is

lD xð Þ ¼ min lG xð Þ; lC xð Þf g; 8x 2 X: ð7Þ

From Formula (5), Formula (6) and Definition 4, the

fuzzy multi-objective programming problem (4) can be

transformed into the following problems:

max lD xð Þ ¼ min
k2 1;2;:::;qð Þ

s2 1;2;:::;rð Þ
x2X

lk zkð Þ; ls wsð Þf g: ð8Þ

Let k ¼ lD xð Þ ¼ min k2 1;2;:::;qð Þ
s2 1;2;:::;rð Þ

x2X

lk zkð Þ; ls wsð Þf g, then

Model (8) can be transformed into the following Model (9),

and the result of which is the minimax solution proposed

by Bellman and Zadeh:

max k

s.t:k� zk xð Þ � z�k
zþk � z�k

; k ¼ 1; 2; :::; q;

k� zs xð Þ � z�s
zþs � z�s

; s ¼ 1; 2; :::; r;

x 2 X:

8>>>>>>>><
>>>>>>>>:

: ð9Þ

2.3 Black–Litterman Model

The Black–Litterman model can be used to calculate the

expected return and covariance matrix combining market

view and subjective view by Bayes formula.

On the market view, the prior distribution of expected

return is
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r�N l;Rð Þ; ð10Þ

where l is the expected return rate in equilibrium; R is the

covariance matrix of historical return rate. In the Black–

Litterman model, l can be expressed by probability and

correspond to normal distribution, that is

l�N p; sRð Þ; ð11Þ

where p is the estimate of l; sR denotes the uncertainty,

where s ¼ 1
T, T represents the number of samples, then

Formula (11) can be transformed into Formula (12):

l�N p;
R
T

� �
: ð12Þ

To measure p, the Black–Litterman model assumes that

the market is equilibrium, which means that the estimation

error is zero, so s ¼ 0 in this case. For any N assets, the

return rate follows the following normal distribution:

r�N p;Rð Þ: ð13Þ

p can be calculated by the CAPM theory and the inverse

optimization formula, expressed as follows:

p � 2kRweq; ð14Þ

where weq denotes the market weight of portfolio and k is

the average risk aversion coefficient of the market, which

can be derived from the following formula:

k ¼ E rð Þ � rf
r2

; ð15Þ

where E rð Þ denotes market expected return, r2 ¼ wT
eqRweq

denotes the variance of market return, wT
eq represents the

transpose of weq and rf denotes the risk-free rate.

On the subjective view, suppose that an expert generates

K independent views on N assets, and expresses these

views into a K 	 N ‘viewpoint selection matrix’ P. Then

these views obey the normal distribution:

V ¼ Pl�N v;Xð Þ; ð16Þ

where v is the vector of expected returns of the views and X
is the covariance matrix, denoting expert opinion and the

uncertainty, respectively. This paper uses the GARCH

(1,1) model to estimate v and X. The GARCH (1,1) model

is expressed as follows:

r2
t ¼ xþ a1e

2
t�1 þ b1r

2
t�1: ð17Þ

Function ‘garchfit’ of R software can be used to estimate

the parameters mu; omega; alphal; betal of the model, and

then predict the return rate of the next period. The pre-

dicted value rtþ1;i and volatility htþ1;i are expressed as the

vector v and uncertainty matrix X, respectively, then v, X
and P are expressed as follows:

vT ¼ ðrtþ1;1; rtþ1;2; :::; rtþ1;kÞ; ð18Þ

X ¼ diag htþ1;1; htþ1;2; :::; htþ1;k

� �
; ð19Þ

P ¼ diag 1; 1; :::; 1ð Þk	k; ð20Þ

where vT represents the transpose of v.

By Bayes formula, we can derive the posterior distri-

bution of the expected return:

r�N lBL;RBLð Þ; ð21Þ

where lBL and RBL are expressed as follows:

lBL ¼ pþ sRPT sRPT þ X
� ��1

v� Ppð Þ; ð22Þ

RBL ¼ 1 þ sð ÞR� s2RPT sRPT þ X
� ��1

PR: ð23Þ

3 Fuzzy Portfolio with Novel Power Membership
Function Based on GARCH and Black–
Litterman Models

In this section, two novel power membership functions are

proposed to describe investors’ psychological satisfaction

for return and risk of the portfolio, respectively. At the

same time, a fuzzy portfolio decision-making model based

on the GARCH and the Black–Litterman models is estab-

lished based on the maximization principle.

3.1 The Proposal of Two Novel Power Membership

Functions

Since investors’ psychological satisfaction with return and

risk of the portfolio is not necessarily linear, this section

will propose two nonlinear power membership functions to

describe the changes of investors’ satisfaction for return

and risk, respectively.

3.1.1 Membership Function of Portfolio Return

Considering that investors’ psychological satisfaction with

return of the portfolio is nonlinear and monotonically

increasing, a novel membership function of return of the

portfolio is proposed as follows:

lrðxÞ ¼
1

1 þ rðxÞ
r

� ��kr
; ð24Þ

where r xð Þ is the return of the portfolio; kr [ 0 is a

parameter about the preference of return, which can be set

by investors, and the value of the parameter can reflect the

investors’ requirements for the return target. Let

kr ¼ 2; 3; 4; 5; 6, then the image of membership functions is

shown in Fig. 1; r represents the medium satisfaction level

of return of the portfolio, and its membership function

value is 0.5. For pessimistic investors, neutral investors and
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optimistic investors, let the value of r be the minimum

value rmin ¼ minfr1; r2; :::; rng, average value r ¼ 1
n

Pn
i¼1

ri

and maximum value rmax ¼ maxfr1; r2; :::; rng of the

average historical return ri of each alternative asset

iði ¼ 1; 2; :::; nÞ, and the image of relevant membership

functions is shown in Fig. 2.

Remark 1: From Fig. 1, the shape of the membership

function can be determined by the value of kr. The greater

the value of kr, the less fuzzy the membership function is.

Remark 2: According to Fig. 2, when rmin ¼
minfr1; r2; :::; rng is taken as the medium satisfaction level

of return, a pessimistic investor can achieve a higher sat-

isfaction level when his return is lower than the average

historical return; when rmax ¼ maxfr1; r2; :::; rng is taken,

the risk optimistic investors need to obtain more than the

maximum average historical return to achieve a greater

satisfaction degree; when taking r ¼ 1
n

Pn
i¼1

ri, rmin and rmax

correspond to lower and higher satisfaction, respectively,

which conforms to the psychology of neutral investors.

To further analyze the properties of the membership

function, take kr ¼ 3 as an example, calculate the first-

order derivative and the second-order derivative of lr xð Þ,
respectively:

l0rðxÞ ¼
3 � r3

rðxÞð Þ4� 1 þ rðxÞ
r

� ��3
� �2

; ð25Þ

l00r ðxÞ ¼
18 � r6

rðxÞð Þ8� 1 þ rðxÞ
r

� ��3
� �3

� 12 � r3

rðxÞð Þ5� 1 þ rðxÞ
r

� ��3
� �2

: ð26Þ

Without losing generality, take the same data as 4.3,

assume that the investor is a neutral investor, that is

r ¼ 0:0003, then the images of l0rðxÞ and l00r ðxÞ are shown

in Figs. 3 and 4, respectively:

Remark 3: The following conclusions can be derived

from Figs. 3 and 4:

Fig. 1 Membership functions with different values of kr
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(a) Function l0r xð Þ[ 0 r xð Þ[ 0ð Þ, that is, when

r xð Þ 2 0;þ1ð Þ, membership function lr xð Þ increa-

ses strictly monotonically, which shows that the

investors’ satisfaction increases continuously when

the return increases. In addition, when lr xð Þ ¼ 1, it

means that investors are very satisfied; when

lr xð Þ ¼ 0, it means that investors are very

dissatisfied.

(b) Function l0r xð Þ gets the maximum value at

r xð Þ ¼ 0:2381 	 10�3, and increases strictly mono-

tonically when r xð Þ 2 0; 0:2381 	 10�3ð �, decreases

strictly monotonically when

r xð Þ 2 0:2381 	 10�3;þ1½ Þ. According to the nec-

essary and sufficient condition of convex function,

when r xð Þ 2 0; 0:2381 	 10�3ð �, function lr xð Þ is

convex. At this time, with the increase of the return,

the investors’ satisfaction will increase faster. When

r xð Þ 2 0:2381 	 10�3;þ1½ Þ, function lr xð Þ is con-

cave, which shows that when the return exceeds

certain level, the increase rate of satisfaction grad-

ually decreases.

(c) The zero of function l00r xð Þ is r xð Þ ¼ 0:2381 	 10�3,

and when r xð Þ 2 0; 0:2381 	 10�3ð �, function

l00r xð Þ� 0; when r xð Þ 2 0:2381 	 10�3;þ1½ Þ, func-

tion l00r xð Þ� 0. According to the sufficient condition

of inflection point, point 0:2381 	 10�3; 0:3333ð Þ is

the inflection point of function lr xð Þ, and the

convexity of the function lr xð Þ changes on both

sides of the inflection point.

3.1.2 Membership Function of Portfolio Risk

Considering that investors’ psychological satisfaction with

risk of the portfolio is nonlinear and monotonically

decreasing, a novel membership function of risk of the

portfolio is proposed as follows:

lxðxÞ ¼
1

1 þ xðxÞ
x

� �kx ; ð27Þ

where x xð Þ is the risk of portfolio; kx [ 0 is a parameter

about the preference of risk, which can be set by investors,

and the value of the parameter can reflect the investors’

requirements for risk target. Let kx ¼ 2; 3; 4; 5; 6, then the

image of membership functions is shown in Fig. 5. x
represents the investors’ medium satisfaction level of risk,

Fig. 2 Membership functions with different medium satisfaction levels of return
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and its membership function value is 0.5. For pessimistic

investors, neutral investors and optimistic investors, let the

value of x be the minimum value

xmin ¼ minfx1;x2; :::;xng, average value x ¼
1=n

Pn
i¼1 xi and maximum value xmax ¼

maxfx1;x2; :::;xng of the semi-absolute deviation of

historical return rate with the same weight of each alter-

native asset iði ¼ 1; 2; :::; nÞ, respectively, and the image of

the relevant membership functions is shown in Fig. 6.

Remark 4: From Fig. 5, the shape of the membership

function can be determined by the value of kx. The greater

the value of kx, the less fuzzy the membership function is.

Remark 5: From Fig. 6, when the medium satisfaction

level of risk is xmin ¼ minfx1;x2; :::;xng, the investors’

satisfaction is low for the risk higher than xmin; when

xmax ¼ maxfx1;x2; :::;xng is taken, optimistic investors

are more satisfied with the risk level lower than xmax; when

taking x ¼ 1=n
Pn

i¼1 xi, xmin and xmax correspond to

higher and lower satisfaction, respectively, which is in line

with the psychology of neutral investors.

To analyze the properties of the membership function

better, take kx ¼ 3 as an example, calculate the first

derivative and the second derivative of lx xð Þ, respectively:

l0x xð Þ ¼ � 3 � xðxÞð Þ2

x3 � 1 þ xðxÞ
x

� �3
� �2

; ð28Þ

l00x xð Þ ¼ 18 � xðxÞð Þ4

x6 � 1 þ xðxÞ
x

� �3
� �3

� 6 � xðxÞ

x3 � 1 þ xðxÞ
x

� �3
� �2

:

ð29Þ

Without losing generality, take the same data as 4.3,

assume that the investor is a neutral investor, that is,

x ¼ 0:0063, then the images of l0x xð Þ and l00x xð Þ are shown

in Figs. 7 and 8, respectively:

Remark 6: From Figs. 7 and 8, we can derive the fol-

lowing conclusions:

(a) Function l0x xð Þ\0 x xð Þ[ 0ð Þ, that is, when

x xð Þ 2 0;þ1ð Þ, membership function lx xð Þ
decreases strictly monotonically, which shows that

the investors’ satisfaction decreases continuously

when the risk increases. In addition, when

Fig. 3 First derivative of lr xð Þ
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lx xð Þ ¼ 1, it means that investors are very satisfied,

and when lx xð Þ ¼ 0, it means that investors are very

dissatisfied.

(b) Function l0x xð Þ gets the minimum value at

x xð Þ ¼ 0:005, while decreasing strictly monotoni-

cally when x xð Þ 2 0; 0:005ð � and increasing strictly

monotonically when x xð Þ 2 0:005;þ1½ Þ. Accord-

ing to the necessary and sufficient condition of

convex function, when x xð Þ 2 0; 0:005ð �, function

lx xð Þ is concave. At this time, with the increase of

the risk, the investors’ satisfaction will decrease

gradually. When x xð Þ 2 0:005;þ1½ Þ, function

lx xð Þ is convex, which shows that when the risk

exceeds a certain level, the rate of decline in investor

satisfaction gradually accelerates.

(c) The zero of function l00x xð Þ is x xð Þ ¼ 0:005, and

when x xð Þ 2 0; 0:005ð �, function l00x xð Þ� 0; when

x xð Þ 2 0:005;þ1½ Þ, function l00x xð Þ� 0. According

to the sufficient condition of inflection point, point

0:005; 0.6667ð Þ is the inflection point of function

lx xð Þ, and the convexity of the function lx xð Þ
changes on both sides of the inflection point.

3.2 Fuzzy Portfolio Model with Novel Power

Membership Function

Suppose the portfolio of n assets is x ¼ ðx1; x2; :::; xnÞ,
where xi is the weight of asset i and satisfies

Pn
i¼1 xi ¼ 1;

rti is the historical return rate of asset i in period t; ri is the

expected return rate of asset i, which is calculated by

Black–Litterman formula (22), that is

ri ¼ liBL ¼ pþ sRPT sRPT þ X
� ��1

v� Ppð Þ; ð30Þ

Then, the return of the portfolio can be expressed as

follows:

r xð Þ ¼
Xn
i¼1

rixi ; i ¼ 1; 2; :::; n: ð31Þ

In this section, the semi-absolute deviation risk function

proposed by Speranza is used to measure the risk of the

portfolio, which is expressed as follows:

Fig. 4 Second derivative of lr xð Þ
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x xð Þ ¼ 1

T
�
XT
t¼1

min 0;
Xn
i¼1

rti � rið Þxi

( )�����

�����

¼ 1

T
�
XT
t¼1

Pn
i¼1

rti � rið Þxi
����

�����
Pn
i¼1

rti � rið Þxi
� �

2

¼ 1

2 � T �
XT
t¼1

Xn
i¼1

rti � rið Þxi

�����

������
Xn
i¼1

rti � rið Þxi

 !
; t ¼ 1; 2; :::; T

ð32Þ

3.2.1 Maximization Principle for Satisfaction

According to Definition 4, let h ¼ min lr xð Þ; lx xð Þf g, then

we can obtain the following fuzzy portfolio model:

max h

s.t:lr � h;

lx � h;
Xn
i¼1

xi ¼ 1;

0� xi � vi;

0� h� 1;

i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

ð33Þ

where vi denotes the upper limit of investment of asset i.

Substituting Formula (24) and Formula (27) into model

(33), we obtain the following model:

Fig. 5 Membership functions with different values of kx
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max h

s.t:
1

r
r xð Þ

� �kr

� h
1 � h

;

1

x
x xð Þ

� ��kx

� h
1 � h

;

Xn
i¼1

xi ¼ 1 ;

0� xi � vi;

0� h� 1; i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð34Þ

Let g ¼ h
1�h g� 0ð Þ , then because g is proportional to h,

maximizing h is also equivalent to maximizing g. There-

fore, Model (34) can be transformed into the following

model:

max g

s.t:
1

r
rðxÞ

� �kr

� g;

1

x
x xð Þ

� ��kx

� g;

Xn
i¼1

xi ¼ 1 ;

0� xi � vi;

g� 0; i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð35Þ

Substituting Formulas (31) and (32) into Model (35),

then we obtain the following model:

Fig. 6 Membership functions with different values of medium satisfaction levels of risk
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max g

s.t:
1

r

Xn
i¼1

rixi

 !kr

� g;

1

x � T
XT
t¼1

min 0;
Xn
i¼1

ðrti � riÞxi

( )�����

�����

 !kx

�g� 1;

Xn
i¼1

xi ¼ 1;

0� xi � vi;

g� 0; i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

ð36Þ

3.2.2 Absolute Value Optimization Theory

To make the model more concise, according to the absolute

value optimization theory, let

dþt ¼

Pn
i¼1

ðrti � riÞxi
����

����þ
Pn
i¼1

ðrti � riÞxi

2
; ð37Þ

d�t ¼

Pn
i¼1

ðrti � riÞxi
����

�����
Pn
i¼1

ðrti � riÞxi

2
; ð38Þ

Then, Model (36) can be further transformed into model

(39):

max g

s.t:
1

r

Xn
i¼1

rixi

 !kr

� g;

1

x � T
XT
t¼1

d�t

 !kx

�g� 1;

dþt � d�t ¼
Xn
i¼1

ðrti � riÞxi;

dþt � d�t ¼ 0; dþt � 0; d�t � 0;

Xn
i¼1

xi ¼ 1;

0� xi � vi;

g� 0;

i ¼ 1; 2; :::; n;

t ¼ 1; 2; :::; T :

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð39Þ

4 A Numerical Example

In this section, we conduct a numerical example, applying

our proposed fuzzy mean-semi-absolute deviation portfolio

with novel power membership functions [Model (39)].

4.1 Practical Data

This section selects ten industry indexes of CSI 300 index

from January 6th, 2020 to February 18th, 2022 for

numerical example, with a total of 513 	 10 data. The data

source is https://uqer.datayes.com/. To simplify the

description, 10 assets are abbreviated as asset

i i ¼ 1; 2; :::; 10ð Þ in this example. The codes of the 10

assets are shown in Table 3.

4.2 Application of Black–Litterman Model

On the market view, first, we calculate the logarithmic

return rate of price of the assets by the following formula:

Ri;t ¼ lnPi;t � lnPi;t�1; ð40Þ

where Pi;t denotes the price of asset i in period t. The return

rate of the risk-free asset in this section uses the Shanghai

Interbank Offered Rate (RShibor;t�1) with a lag of one

overnight(O/N), which is the annual return rate calculated

by the simple interest during 360 days. Therefore, the

excess return rate can be expressed as

ri;t ¼ Ri;t �
RShibor;t�1

360
: ð41Þ

According to Formula (14), we can obtain the return rate

on market view. In this numerical example, the average

return of CSI 300 index is E rð Þ ¼ 0:0004; the standard

deviation of CSI 300 index is r ¼ 0:0168; the return rate of

the risk-free asset is rf ¼ 1:6278 	 10�5; the market

weight vector is wT
eq ¼ 1:32%; 7:7%; 19:86%; 7:92%;ð

14:17%; 8:73%; 24:61%; 11:14%; 2:11%; 2:44%Þ; the

covariance matrix of excess return rate of the 10 assets R is

shown as follows:

R ¼

2:9164

1:7337

0:9552

0:6831

0:3254

0:1732

1:1968

0:7105

0:8807

0:9806

1:7337

3:4367

2:1998

1:8901

1:5110

1:4675

1:4171

1:9168

1:5892

0:6366

0:9552

2:1998

2:3302

1:9067

1:5888

1:5903

1:2178

1:9726

1:5798

0:5729

0:6831

1:8901

1:9067

2:8085

2:1919

1:9999

1:4117

2:2357

1:7723

0:4650

0:3254

1:5110

1:5888

2:1919

3:6333

2:5061

1:3226

1:9005

1:5113

0:4890

0:1732

1:4675

1:5903

1:9999

2:5061

3:5411

0:9156

1:9730

1:3782

0:3607

1:1968

1:4171

1:2178

1:4117

1:3226

0:9156

2:0371

1:3272

1:3060

0:7322

0:7105

1:9168

1:9726

2:2357

1:9005

1:9730

1:3272

3:5702

2:7486

0:5125

0:8807

1:5892

1:5798

1:7723

1:5113

1:3782

1:3060

2:7486

3:3260

0:5835

0:9806

0:6366

0:5729

0:4650

0:4890

0:3607

0:7322

0:5125

0:5835

1:4902

�10	10 	 10�4

2
666664

Then, we get the vector of the return rate on market

view:

p ¼
�
0:0215%; 0:0439%; 0:0415%; 0:0453%; 0:0462%;

0:0417%; 0:0346%; 0:0471%; 0:0393%; 0:0144%ÞT :

On subjective view, the traditional Black–Litterman

model uses the expert viewpoint in the form of terminology

to quantify the subjective view, which is subjective to a

certain extent. In this section, the method of time series is

used to predict the return rate and volatility in the next

period, which measures the subjective views and uncer-

tainties of experts, respectively.
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Taking Asset 1 (Code: 000908) as an example, using R

software for prediction and analysis. First, the time series

diagram of the excess return rate is shown in Fig. 9.

Remark 7: From Fig. 9, we can find that the series of

excess return rate is relatively stable.

Furthermore, the augmented Dickey–Fuller test is car-

ried out, and the result shows that the ADF statistic is

�8:1771, and the P value is 0:01\0:05, rejecting the

original assumption that there is a unit root, so no further

difference is required. The ACF and PACF images of the

sample are shown in Figs. 10 and 11, respectively.

Remark 8: As can be seen from Figs. 10 and 11, the

sample basically has no sequence correlation, so it meets

the mean equation in the GARCH model, that is, the return

rate rt is composed of a constant term c and a random

disturbance term et.

It can be seen from the time series diagram (Fig. 9) that

the sample may exist Auto Regressive Conditional

Heteroscedasticity (ARCH) effect. If there exists ARCH

effect, the GARCH model can be used to forecast. There-

fore, the ARCH–LM test in package FinTS is used for the

ARCH test. The result of the LM test shows that the Chi-

square statistic is 55.799, and the P value is almost zero,

that is, the original hypothesis is rejected at the significance

level of 1%, which indicates that the sample has the ARCH

effect, so the GARCH model can be used. Employ function

garchFit in package fGarch to fit the GARCH model. Since

GARCH (1,1) is the most suitable model for financial time

series modeling, the GARCH (1,1) model is used for

estimation first. The estimated result is shown in Table 4.

Table 4 shows that all coefficients are different from

zero at the significant level of 0.05, indicating that the past

volatility of the return rate has a significant impact on the

current volatility, with a volatility aggregation effect.

To determine the optimal order of the model, overfitting

operation is carried out, and the models GARCH (1,2),

GARCH (2,1) and GARCH (2,2) are fitted, respectively.

The values of information criteria of each model are shown

in Table 5.

Fig. 7 First derivative of lx xð Þ
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It can be seen from Table 5 that the information crite-

rion does not increase significantly with the increase of the

order, so GARCH (1,1) is selected for modeling and pre-

diction, and the prediction results are shown in Table 6.

Forecast the remaining nine assets, respectively, to

obtain the prediction results and standard deviations for the

next period, as shown in Table 7, which are used to mea-

sure subjective views and uncertainties, respectively.

These views and uncertainties can be expressed in

vector and matrix form, then the view vector is v ¼
ðrtþ1;1; rtþ1;2; :::; rtþ1;10ÞT and the uncertainty matrix is

X ¼ diag htþ1;1; htþ1;2; :::; htþ1;10

� �
. Since absolute opinions

have been expressed for 10 assets, the opinion selection

matrix is P ¼ diag 1; 1; :::; 1ð Þ10	10.

Finally, according to Formula (22), Formula (23) and

the above data, we can obtain the expected return rate lBL
and covariance matrix RBL combining the market view and

subjective view as follows (Table 8).

RBL¼

2:9221

1:7370

0:9570

0:6844

0:3260

0:1735

1:1991

0:7119

0:8824

0:9825

1:7370

3:4434

2:2040

1:8937

1:5139

1:4703

1:4198

1:9205

1:5922

0:6378

0:9570

2:2040

2:3347

1:9103

1:5918

1:5934

1:2201

1:9764

1:5829

0:5740

0:6844

1:8937

1:9103

2:8139

2:1961

2:0038

1:4144

2:2400

1:7757

0:4659

0:3260

1:5139

1:5918

2:1961

3:6403

2:5109

1:3251

1:9042

1:5142

0:4900

0:1735

1:4703

1:5934

2:0038

2:5109

3:5479

0:9174

1:9767

1:3809

0:3613

1:1991

1:4198

1:2201

1:4144

1:3251

0:9174

2:0410

1:3298

1:3085

0:7336

0:7119

1:9205

1:9764

2:2400

1:9042

1:9767

1:3298

3:5771

2:7538

0:5134

0:8824

1:5922

1:5829

1:7757

1:5142

1:3809

1:3085

2:7538

3:3324

0:5846

0:9825

0:6378

0:5740

0:4659

0:4900

0:3613

0:7336

0:5134

0:5846

1:4931

2
666666666666664

3
777777777777775

10	10

	10�4

So far, we have obtained the input data of the fuzzy

portfolio Model (39).

4.3 Application of Fuzzy Portfolio Model

In this section, we input the above lBL into Model (39), and

use the LINGO software to solve the fuzzy portfolio model.

First, assume the upper limits of investment are

vi ¼ 0:3; 0:4; 0:5; 0:6, respectively, and three sets of val-

ues of kr; kx are set to describe the preferences of different

investors, assuming that: kr; kxð Þ ¼ 3; 3ð Þ; kr; kxð Þ ¼
2; 4ð Þ; kr; kxð Þ ¼ 4; 2ð Þ: Next, for neutral, pessimistic and

optimistic investors, provide different medium satisfaction

Fig. 8 Second derivative of lx xð Þ
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Fig. 9 Time series diagram of the excess return rate

Table 2 Definition of variables

Variable Definition Variable Definition

lA xð Þ Membership function of fuzzy number A r xð Þ The return of the portfolio

A½ �c c-level set of A kr Return preference parameter

r Expected return r Medium satisfaction level of return

l Expected return rate lrðxÞ A novel membership function of return

R Covariance matrix of historical return rate x xð Þ The risk of portfolio

p Estimate of l kx Risk preference parameter

T The number of samples x Medium satisfaction level of risk

weq The market weight of portfolio lxðxÞ A novel membership function of risk

P K 	 N ‘viewpoint selection matrix’ vi The upper limit of investment of asset i

E rð Þ Market expected return Pi;t The price of asset i in period t

r2 The variance of market return RShibor;t�1 Shanghai Interbank Offered Rate

rf The risk-free rate ri;t The excess return rate

Table 3 Codes of 10 assets

Asset Code Asset Code

1 000908 6 000913

2 000909 7 000914

3 000910 8 000915

4 000911 9 000916

5 000912 10 000917

Table 4 Estimated result of GARCH 1; 1ð Þ model

Coefficient Estimate Std. error t value Pr([|t|)

Mu - 0.00016 - 0.00060 - 0.26300 0.79243

Omega 0.00004 0.00001 3.28400 0.00102

Alpha 0.02735 0.00655 4.17600 0.00003

Betal 0.06179 0.00734 8.42400 \2 	 10�16
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levels of return r and medium satisfaction levels of risk x,

respectively.

Case 1: For neutral investors, we assume that r ¼

1
n

Pn
i¼1

ri ¼ 0:0003 and x ¼ 1
n

Pn
i¼1

xi ¼ 0:0063.

Case 2: For pessimistic investors, we assume that r ¼
minfr1; r2; :::; rng ¼ 0:0002 and

x ¼ minfx1;x2; :::;xng ¼ 0:0044, since

they usually prefer lower risk under certain

return.

Case 3: For optimistic investors, we assume that r ¼
maxfr1; r2; :::; rng ¼ 0:0009 and

x ¼ maxfx1;x2; :::;xng ¼ 0:0073, since

they usually prefer higher return under certain

risk.

Then, the optimal weight xi of the portfolio for 10 assets

is shown in Table 9, and the corresponding return, risk,

satisfaction and Sharpe ratio of the portfolio are shown in

Table 10.

From Table 10, we can derive the following similarities

between investors with different preferences:

(a) When kr; kxð Þ ¼ 3; 3ð Þ, under the same upper limit

of investment, the return and risk of the portfolio are

at a medium level, and the investors’ satisfaction

degree and the Sharpe ratio of the portfolio are

higher than the other two cases, which indicates that

the portfolio model is better;

(b) When kr; kxð Þ ¼ 2; 4ð Þ, the return of the portfolio is

higher than the return when kr; kxð Þ ¼ 3; 3ð Þ, but in

turn the risk of the portfolio is higher with the same

upper limit of investment. In addition, the investors’

satisfaction degree and the Sharpe ratio of the

portfolio are lower than the case when

kr; kxð Þ ¼ 3; 3ð Þ;
(c) When kr; kxð Þ ¼ 4; 2ð Þ, the risk of the portfolio is

lower than the other two cases, which means that the

return in this case is also lower than the others.

What’s more, the investors’ satisfaction degree and

the Sharpe ratio of the portfolio only have little

difference with the case when kr; kxð Þ ¼ 2; 4ð Þ
We can derive the following differences between investors

with different preferences:

(a) For neutral investors, the return and risk of the

portfolio are both at a medium level;

(b) For pessimistic investors, who are more inclined to

obtain less risk under a certain return, the corre-

sponding return and risk of the portfolio are lower;

(c) For optimistic investors, who tend to get relatively

more return under certain risk, the return and risk of

the portfolio are higher.

In summary, investors with different preferences can

choose different medium satisfaction levels and values of

parameter kr; kx according to their needs, so as to meet

their needs to the greatest extent and make reasonable

portfolio decisions.

Table 5 Values of information criteria of each model

Model AIC BIC SIC HQIC

GARCH (1,1) - 5.4549 - 5.4218 - 5.4550 - 5.4419

GARCH (1,2) - 5.4525 - 5.4112 - 5.4527 - 5.4363

GARCH (2,1) - 5.4539 - 5.4126 - 5.4541 - 5.4377

GARCH (2,2) - 5.4501 - 5.4005 - 5.4504 - 5.4306

Table 6 Prediction results based on GARCH 1; 1ð Þ model

Mean forecast Mean error Standard deviation

- 0.00016 0.01567 0.01567

Table 7 Prediction results and

standard deviation for the next

period

Asset rtþ1;i 	10�3ð Þ
ffiffiffiffiffiffiffiffiffiffiffi
htþ1;1

p

1 - 0.1591 0.0157

2 0.8046 0.0151

3 0.7494 0.0136

4 0.4142 0.0135

5 1.0610 0.0154

6 0.0829 0.0180

7 - 0.0229 0.0140

8 - 0.0313 0.0155

9 - 0.0195 0.0143

10 0.2158 0.0119

Table 8 Expected return rate

Asset lBL 	10�4ð Þ Asset lBL 	10�4ð Þ

1 2.1352 6 4.1666

2 4.3854 7 3.4496

3 4.1420 8 4.6938

4 4.5223 9 3.9038

5 4.6227 10 1.4354
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5 Comparative Analysis

In this section, we provide three comparison models to

verify the superiority of Model (39).

5.1 Fuzzy Portfolio with S-Type Membership

Function

Employ the S-type membership function proposed by

Watada, then the membership functions of the objective

level of return and risk are

Table 9 Optimal weight of the portfolio under Model (39)

Preference kr; kxð Þ vi x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

Neutral 3; 3ð Þ 0.6 0.0000 0.1396 0.1592 0.0568 0.1376 0.0666 0.2485 0.0805 0.0662 0.0451

0.5 0.0000 0.1453 0.1405 0.0536 0.1428 0.0715 0.2240 0.0779 0.0945 0.0500

0.4 0.0116 0.1492 0.1536 0.0516 0.1321 0.0743 0.2138 0.0804 0.0900 0.0433

0.3 0.0000 0.1420 0.1527 0.0511 0.1465 0.0655 0.2477 0.0679 0.0841 0.0424

2; 4ð Þ 0.6 0.0000 0.2048 0.1490 0.1003 0.2185 0.0010 0.1046 0.2064 0.0155 0.0000

0.5 0.0000 0.1692 0.1259 0.1424 0.2082 0.0257 0.0816 0.1719 0.0752 0.0000

0.4 0.0000 0.2075 0.1663 0.0923 0.2218 0.0000 0.1058 0.2058 0.0005 0.0000

0.3 0.0000 0.2044 0.1138 0.1871 0.1758 0.0178 0.0956 0.1651 0.0404 0.0000

4; 2ð Þ 0.6 0.0018 0.0920 0.1625 0.0751 0.0950 0.0849 0.1973 0.0230 0.0929 0.1754

0.5 0.0000 0.0995 0.1695 0.0747 0.1002 0.0821 0.2053 0.0103 0.0841 0.1742

0.4 0.0072 0.0859 0.1682 0.0749 0.0974 0.0794 0.2132 0.0193 0.0876 0.1668

0.3 0.0071 0.0989 0.1188 0.0492 0.1195 0.0854 0.1812 0.0444 0.1151 0.1804

Pessimistic 3; 3ð Þ 0.6 0.0690 0.0000 0.1628 0.0000 0.0686 0.0590 0.1043 0.0000 0.0346 0.5019

0.5 0.0867 0.0222 0.0679 0.0959 0.0591 0.0941 0.0955 0.0000 0.0937 0.3850

0.4 0.0906 0.0048 0.1327 0.0016 0.0758 0.0746 0.1334 0.0000 0.0865 0.4000

0.3 0.1149 0.0000 0.1527 0.0000 0.0670 0.0763 0.2198 0.0000 0.6929 0.3000

2; 4ð Þ 0.6 0.0418 0.0316 0.1132 0.0000 0.0529 0.0912 0.1418 0.0000 0.0406 0.4870

0.5 0.0479 0.0195 0.1437 0.0000 0.0535 0.0790 0.1466 0.0000 0.0293 0.4805

0.4 0.0685 0.0135 0.0811 0.0731 0.0641 0.0958 0.1290 0.0000 0.0749 0.4000

0.3 0.1201 0.0000 0.1503 0.0000 0.0831 0.0698 0.2171 0.0000 0.0596 0.3000

4; 2ð Þ 0.6 0.0144 0.0000 0.1472 0.0000 0.0412 0.0756 0.1315 0.0000 0.0285 0.5106

0.5 0.0798 0.0000 0.1499 0.0251 0.0250 0.0838 0.1297 0.0107 0.0000 0.4961

0.4 0.0750 0.0000 0.1430 0.0140 0.0618 0.0776 0.1761 0.0000 0.0524 0.4000

0.3 0.1128 0.0000 0.1857 0.0000 0.0752 0.0727 0.1828 0.0000 0.0707 0.3000

Optimistic 3; 3ð Þ 0.6 0.0000 0.2577 0.0000 0.0992 0.2509 0.0000 0.0000 0.3922 0.0000 0.0000

0.5 0.0000 0.2157 0.0000 0.1999 0.1332 0.0000 0.0000 0.4512 0.0000 0.0000

0.4 0.0000 0.2511 0.0000 0.2896 0.1158 0.0063 0.0000 0.2798 0.0575 0.0000

0.3 0.0000 0.2047 0.0000 0.3000 0.1769 0.0132 0.0000 0.3000 0.0052 0.0000

2; 4ð Þ 0.6 0.0000 0.1873 0.0775 0.3278 0.1246 0.0000 0.0000 0.2828 0.0000 0.0000

0.5 0.0000 0.2711 0.0000 0.2475 0.1365 0.0041 0.0000 0.3408 0.0000 0.0000

0.4 0.0154 0.1821 0.0868 0.1787 0.0892 0.0696 0.0905 0.1744 0.1133 0.0000

0.3 0.0000 0.2885 0.0462 0.2111 0.1434 0.0000 0.0000 0.3000 0.0107 0.0000

4; 2ð Þ 0.6 0.0000 0.2573 0.0000 0.0098 0.2447 0.0000 0.0000 0.4881 0.0000 0.0000

0.5 0.0000 0.1886 0.0000 0.2571 0.1993 0.0000 0.0000 0.3550 0.0000 0.0000

0.4 0.0000 0.2232 0.0670 0.1278 0.1684 0.0000 0.0000 0.3949 0.0186 0.0000

0.3 0.0000 0.1716 0.0311 0.2321 0.1629 0.0019 0.0000 0.3000 0.1004 0.0000
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lr xð Þ ¼ 1

1 þ e�ar rðxÞ�rð Þ ; ð42Þ

lx xð Þ ¼ 1

1 þ eax xðxÞ�xð Þ ; ð43Þ

where rðxÞ is the return of the portfolio; xðxÞ is the risk of

the portfolio; r; x are the medium satisfaction level of

return and risk of portfolio, respectively; ar; ax are the

parameters to reflect investors’ satisfaction with objectives

of return and risk, and the larger the value of ar; ax, the

less fuzzy the membership functions are.

Combined with Model (33), the following model is

obtained after corresponding simplification:

Table 10 Return, risk,

satisfaction and Sharpe ratio of

the portfolio under Model (39)

Preference kr; kxð Þ vi Return 	10�4ð Þ Risk 	10�3ð Þ g h Sharpe ratio 	10�2ð Þ

Neutral 3; 3ð Þ 0.6 4.0079 4.7157 2.3844 0.7045 8.4989

0.5 4.0067 4.7171 2.3822 0.7043 8.4939

0.4 4.0061 4.7178 2.3812 0.7043 8.4915

0.3 4.0075 4.7161 2.3838 0.7045 8.4974

2; 4ð Þ 0.6 4.3800 5.2139 2.1316 0.6807 8.4005

0.5 4.3665 5.2220 2.1185 0.6793 8.3618

0.4 4.3812 5.2132 2.1328 0.6808 8.4041

0.3 4.3707 5.2194 2.1226 0.6798 8.3739

4; 2ð Þ 0.6 3.6242 4.3167 2.1300 0.6805 8.3959

0.5 3.6246 4.3158 2.1308 0.6806 8.3983

0.4 3.6244 4.3162 2.1305 0.6806 8.3972

0.3 3.6217 4.3227 2.1241 0.6799 8.3784

Pessimistic 3; 3ð Þ 0.6 2.8142 3.8397 1.5047 0.6084 7.3292

0.5 2.9182 3.8906 1.4464 0.5812 7.5005

0.4 2.8127 3.8371 1.5079 0.6013 7.3303

0.3 2.9734 3.9111 1.4239 0.5874 7.6024

2; 4ð Þ 0.6 2.6741 3.8052 1.7878 0.6413 7.0277

0.5 2.6757 3.8041 1.7898 0.6416 7.0338

0.4 2.8878 3.8631 1.6828 0.6273 7.4723

0.3 2.9742 3.9115 1.6012 0.6156 7.6038

4; 2ð Þ 0.6 2.5593 3.7936 1.3452 0.5736 6.7464

0.5 2.5855 3.8008 1.3402 0.5727 6.8027

0.4 2.8188 3.8314 1.3188 0.5687 7.3571

0.3 3.0065 3.9156 1.2627 0.5581 7.6782

Optimistic 3; 3ð Þ 0.6 4.5871 5.6790 0.1324 0.1169 8.0773

0.5 4.5930 5.7684 0.1329 0.1173 7.9624

0.4 4.5189 5.5857 0.1266 0.1124 8.0901

0.3 4.5634 5.6194 0.1304 0.1153 8.1207

2; 4ð Þ 0.6 4.5365 5.5825 0.2541 0.2026 8.1262

0.5 4.5642 5.6472 0.2572 0.2046 8.0822

0.4 4.2844 5.1817 0.2266 0.1847 8.2682

0.3 4.5325 5.5665 0.2536 0.2023 8.1425

4; 2ð Þ 0.6 4.6039 5.7900 0.0685 0.0641 7.9515

0.5 4.5854 5.6685 0.0674 0.0631 8.0893

0.4 4.5484 5.6275 0.0652 0.0612 8.0825

0.3 4.5019 5.5773 0.0626 0.0589 8.0718
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Table 11 Optimal weight of the portfolio under Model (45)

Preference ar; axð Þ vi x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

Neutral 50; 50ð Þ 0.6 0.0048 0.0011 0.0000 0.0000 0.0048 0.0011 0.0000 0.0000 0.0048 0.0011

0.5 0.0096 0.0000 0.1337 0.1272 0.0096 0.0000 0.1337 0.1272 0.0096 0.0000

0.4 0.0331 0.0000 0.0000 0.0000 0.0331 0.0000 0.0000 0.0000 0.0331 0.0000

0.3 0.0049 0.0000 0.2836 0.1436 0.0049 0.0000 0.2836 0.1436 0.0049 0.0000

20; 80ð Þ 0.6 0.0000 0.0781 0.0000 0.0517 0.1907 0.0000 0.0000 0.3606 0.3189 0.0000

0.5 0.0000 0.0000 0.0000 0.0003 0.0034 0.0000 0.0053 0.2257 0.3958 0.3695

0.4 0.0000 0.0000 0.0822 0.0000 0.0004 0.0000 0.0616 0.2969 0.2847 0.2742

0.3 0.0000 0.1455 0.0000 0.3000 0.2015 0.0000 0.0000 0.3000 0.0530 0.0000

80; 20ð Þ 0.6 0.0017 0.0326 0.0053 0.0000 0.0004 0.0076 0.0204 0.1546 0.3972 0.3800

0.5 0.0000 0.0096 0.0000 0.0135 0.0061 0.0000 0.0020 0.4123 0.2404 0.3161

0.4 0.0000 0.1629 0.0000 0.2557 0.2612 0.0000 0.0000 0.3201 0.0000 0.0000

0.3 0.0000 0.0559 0.0295 0.0619 0.0649 0.1089 0.1867 0.3000 0.1921 0.0000

Pessimistic 50; 50ð Þ 0.6 0.0047 0.0230 0.0052 0.0282 0.0445 0.0163 0.0260 0.0341 0.3541 0.4639

0.5 0.0096 0.0217 0.0154 0.0385 0.0097 0.0364 0.0171 0.0424 0.3465 0.4628

0.4 0.0065 0.0000 0.0082 0.0268 0.0144 0.0031 0.0000 0.0938 0.3937 0.4000

0.3 0.0029 0.0040 0.0092 0.0091 0.0074 0.0005 0.0253 0.3000 0.2412 0.3000

20; 80ð Þ 0.6 0.0000 0.0000 0.0000 0.0377 0.0019 0.0196 0.0000 0.0520 0.3630 0.5258

0.5 0.0037 0.0120 0.0000 0.0000 0.0167 0.0000 0.0000 0.0000 0.4824 0.4094

0.4 0.0193 0.0000 0.0000 0.0129 0.0110 0.0049 0.0000 0.1168 0.3812 0.4000

0.3 0.0549 0.0000 0.1193 0.0000 0.0722 0.4559 0.0576 0.1538 0.2221 0.2745

80; 20ð Þ 0.6 0.0367 0.5063 0.0000 0.0135 0.0336 0.0091 0.0255 0.0135 0.2985 0.5191

0.5 0.0106 0.0024 0.0000 0.0000 0.0000 0.0000 0.0000 0.0030 0.4851 0.4186

0.4 0.0538 0.0271 0.0000 0.0000 0.0000 0.0446 0.0541 0.1543 0.2661 0.4000

0.3 0.0000 0.0000 0.0229 0.0044 0.0052 0.0000 0.0629 0.3000 0.2209 0.3000

Optimistic 50; 50ð Þ 0.6 0.0000 0.0066 0.0310 0.0000 0.0000 0.0002 0.0056 0.2142 0.3710 0.3713

0.5 0.0000 0.4054 0.0000 0.3450 0.1066 0.0000 0.0000 0.5000 0.3184 0.0000

0.4 0.0000 0.0047 0.0000 0.0000 0.0000 0.0266 0.2502 0.2350 0.2314 0.2520

0.3 0.0000 0.0596 0.0575 0.2444 0.0909 0.0791 0.0829 0.3000 0.0855 0.0000

20; 80ð Þ 0.6 0.0066 0.0034 0.0000 0.0003 0.0032 0.0000 0.0000 0.2045 0.3924 0.3896

0.5 0.0000 0.0067 0.0179 0.0000 0.0000 0.0000 0.0000 0.3961 0.2723 0.3070

0.4 0.0000 0.0475 0.0077 0.1337 0.1339 0.0024 0.1590 0.4000 0.1157 0.0000

0.3 0.0000 0.0333 0.0342 0.1419 0.1853 0.1521 0.0004 0.3000 0.1529 0.0000

80; 20ð Þ 0.6 0.0000 0.0015 0.0235 0.0000 0.0068 0.0000 0.0339 0.2281 0.3844 0.3217

0.5 0.0000 0.0000 0.0255 0.0000 0.0010 0.0048 0.0969 0.3424 0.2468 0.2826

0.4 0.0000 0.1053 0.0000 0.2076 0.1954 0.0193 0.0000 0.4000 0.7234 0.0000

0.3 0.0000 0.0107 0.0042 0.1549 0.0713 0.1779 0.1759 0.3000 0.1051 0.0000
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Table 12 Return, risk, satisfaction and Sharpe ratio of the portfolio under Model (45)

Preference ar; axð Þ vi Return 	10�4ð Þ Risk 	10�3ð Þ g h Sharpe ratio 	10�2ð Þ

Neutral 50; 50ð Þ 0.6 3.2558 5.0481 0.0013 0.5003 6.4496

0.5 3.1442 4.8717 0.0007 0.5002 6.4540

0.4 4.5780 5.7510 0.0079 0.5020 7.9604

0.3 4.3892 5.4840 0.0069 0.5017 8.1762

20; 80ð Þ 0.6 4.4098 5.9173 0.0028 0.5007 7.4524

0.5 3.1860 4.9249 0.0004 0.5001 6.4691

0.4 3.4681 4.8983 0.0009 0.5002 7.0803

0.3 4.5500 5.6357 0.0031 0.5008 8.0735

80; 20ð Þ 0.6 3.1100 4.7370 0.0009 0.5002 6.5653

0.5 3.4803 5.0855 0.0038 0.5010 6.8437

0.4 4.5883 5.6647 0.0127 0.5032 8.0999

0.3 4.2165 5.3453 0.0097 0.5024 7.8882

Pessimistic 50; 50ð Þ 0.6 2.8442 4.3156 0.0042 0.5010 6.5904

0.5 2.8375 4.3162 0.0042 0.5010 6.5740

0.4 2.8142 4.4000 - 1.0437 0.2604 6.3959

0.3 3.0197 4.4000 - 3.4277 0.0314 6.8629

20; 80ð Þ 0.6 2.6901 4.3827 0.0014 0.5003 6.1378

0.5 2.6233 4.4000 - 2.6257 0.0675 5.9620

0.4 2.7948 4.4000 - 0.0725 0.4819 6.3518

0.3 3.3286 4.3668 0.0027 0.5007 7.6226

80; 20ð Þ 0.6 2.6276 4.1480 0.0050 0.5012 6.3345

0.5 2.5569 4.4000 - 10.4520 0.0000 5.8111

0.4 2.9564 4.3444 0.0011 0.5003 6.8052

0.3 3.0698 4.4000 - 6.9125 0.0010 6.9769

Optimistic 50; 50ð Þ 0.6 3.7876 4.8206 - 1.0000 0.2689 6.5961

0.5 4.4329 6.2468 - 1.0000 0.2689 7.0963

0.4 3.3768 4.6285 - 1.0000 0.2689 7.2959

0.3 4.3935 5.4717 - 1.0000 0.2689 8.0295

20; 80ð Þ 0.6 3.1117 4.8384 - 1.0000 0.2689 6.4313

0.5 3.4816 5.1256 - 1.0000 0.2689 6.7926

0.4 4.3640 5.5323 - 1.0000 0.2689 7.8883

0.3 4.4362 5.7148 - 1.0000 0.2689 7.7626

80; 20ð Þ 0.6 3.3015 4.9376 - 1.0000 0.2689 6.6865

0.5 3.4554 4.9014 - 1.0000 0.2689 7.0498

0.4 4.5545 5.7514 - 1.0000 0.2689 7.9189

0.3 4.2720 5.4192 - 1.0000 0.2689 7.8830
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Table 13 Optimal weight of the portfolio under Model (47)

Preference kr; kxð Þ vi x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

Neutral 3; 3ð Þ 0.6 0.0000 0.2577 0.0000 0.0992 0.2509 0.0000 0.0000 0.3922 0.0000 0.0000

0.5 0.0000 0.2157 0.0000 0.1999 0.1332 0.0000 0.0000 0.4512 0.0000 0.0000

0.4 0.0000 0.2511 0.0000 0.2896 0.1158 0.0063 0.0000 0.2798 0.0575 0.0000

0.3 0.0000 0.2047 0.0000 0.3000 0.1769 0.0132 0.0000 0.3000 0.0052 0.0000

2; 4ð Þ 0.6 0.0000 0.1873 0.0775 0.3278 0.1246 0.0000 0.0000 0.2828 0.0000 0.0000

0.5 0.0000 0.2711 0.0000 0.2475 0.1365 0.0041 0.0000 0.3408 0.0000 0.0000

0.4 0.0154 0.1821 0.0868 0.1787 0.0892 0.0696 0.0905 0.1744 0.1133 0.0000

0.3 0.0000 0.2885 0.0462 0.2111 0.1434 0.0000 0.0000 0.3000 0.0107 0.0000

4; 2ð Þ 0.6 0.0000 0.2573 0.0000 0.0098 0.2447 0.0000 0.0000 0.4881 0.0000 0.0000

0.5 0.0000 0.1886 0.0000 0.2571 0.1993 0.0000 0.0000 0.3550 0.0000 0.0000

0.4 0.0000 0.2232 0.0670 0.1278 0.1684 0.0000 0.0000 0.3949 0.0186 0.0000

0.3 0.0000 0.1716 0.0311 0.2321 0.1629 0.0019 0.0000 0.3000 0.1004 0.0000

Pessimistic 3; 3ð Þ 0.6 0.0875 0.0000 0.0797 0.0171 0.0057 0.1404 0.1303 0.0000 0.0470 0.4923

0.5 0.0875 0.0000 0.0797 0.0171 0.0057 0.1404 0.1303 0.0000 0.0470 0.4923

0.4 0.1234 0.0000 0.0921 0.0047 0.0125 0.1524 0.1613 0.0000 0.0537 0.4000

0.3 0.1628 0.0000 0.1019 0.0000 0.0180 0.1642 0.1932 0.0000 0.0599 0.3000

2; 4ð Þ 0.6 0.0875 0.0000 0.0797 0.0171 0.0057 0.1404 0.1303 0.0000 0.0470 0.4923

0.5 0.0885 0.0000 0.0820 0.0122 0.0068 0.1414 0.1322 0.0000 0.0478 0.4891

0.4 0.1234 0.0000 0.0921 0.0047 0.0125 0.1524 0.1613 0.0000 0.0537 0.4000

0.3 0.1628 0.0000 0.1019 0.0000 0.0180 0.1642 0.1932 0.0000 0.0599 0.3000

4; 2ð Þ 0.6 0.0875 0.0000 0.0797 0.0171 0.0057 0.1404 0.1303 0.0000 0.0470 0.4923

0.5 0.2050 0.0000 0.0248 0.0625 0.0747 0.1246 0.0049 0.0000 0.0645 0.4391

0.4 0.0727 0.0084 0.1938 0.0494 0.0336 0.0558 0.0955 0.0328 0.0578 0.4000

0.3 0.1628 0.0000 0.1019 0.0000 0.0180 0.1642 0.1932 0.0000 0.0599 0.3000

Optimistic 3; 3ð Þ 0.6 0.0000 0.2112 0.0910 0.0474 0.3528 0.0000 0.0644 0.2332 0.0000 0.0000

0.5 0.0000 0.1630 0.1642 0.1815 0.2197 0.0469 0.0103 0.2143 0.0000 0.0000

0.4 0.0068 0.1532 0.0798 0.2223 0.2470 0.0155 0.0378 0.2326 0.0050 0.0000

0.3 0.0000 0.1451 0.1500 0.1044 0.2507 0.0002 0.0496 0.3000 0.0000 0.0000

2; 4ð Þ 0.6 0.0000 0.0316 0.2014 0.0067 0.0062 0.1549 0.3655 0.0400 0.0506 0.1432

0.5 0.0469 0.0232 0.1874 0.0655 0.0982 0.1067 0.2089 0.0575 0.0401 0.1656

0.4 0.0469 0.0232 0.1874 0.0655 0.0982 0.1067 0.2089 0.0575 0.0401 0.1656

0.3 0.0469 0.0232 0.1874 0.0655 0.0982 0.1067 0.2089 0.0575 0.0401 0.1656

4; 2ð Þ 0.6 0.0000 0.0000 0.0000 0.0000 0.4000 0.0000 0.0000 0.6000 0.0000 0.0000

0.5 0.0000 0.0000 0.0000 0.0000 0.5000 0.0000 0.0000 0.5000 0.0000 0.0000

0.4 0.0000 0.0000 0.0000 0.2000 0.4000 0.0000 0.0000 0.4000 0.0000 0.0000

0.3 0.0000 0.1000 0.0000 0.3000 0.3000 0.0000 0.0000 0.3000 0.0000 0.0000
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max h

s.t: ar rðxÞ � rð Þ� ln
h

1 � hð Þ ;

� ax xðxÞ � xð Þ� ln
h

1 � hð Þ ;

Xn
i¼1

xi ¼ 1 ;

0� xi � vi;

0� h� 1; i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð44Þ

Let g ¼ ln h
1�hð Þ and substitute the return function rðxÞ

[Formula (31)] and risk function x xð Þ [Formula (32)] with

Model (44). Combined with the absolute value optimiza-

tion theory, Model (44) can be further transformed into

Model (45).

Table 14 Return, risk,

satisfaction and Sharpe ratio of

the portfolio under Model (47)

Preference kr; kxð Þ vi Return 	10�4ð Þ Risk 	10�3ð Þ g h Sharpe ratio 	10�2ð Þ

Neutral 3; 3ð Þ 0.6 2.5527 10.2530 0.2320 0.1883 2.4897

0.5 2.5527 10.2530 0.2320 0.1883 2.4897

0.4 2.6532 10.3430 0.2260 0.1843 2.5652

0.3 2.8767 10.5080 0.2155 0.1773 2.7377

2; 4ð Þ 0.6 2.5527 10.2530 0.1425 0.1248 2.4897

0.5 2.5527 10.2530 0.1425 0.1248 2.4897

0.4 2.7265 10.3480 0.1374 0.1208 2.6348

0.3 2.8767 10.5080 0.1292 0.1144 2.7377

4; 2ð Þ 0.6 2.5527 10.2530 0.3775 0.2741 2.4897

0.5 2.6591 10.3870 0.3679 0.2689 2.5600

0.4 2.7069 10.3120 0.3732 0.2718 2.6249

0.3 2.8767 10.5080 0.3595 0.2644 2.7377

Pessimistic 3; 3ð Þ 0.6 2.5527 10.2530 0.0790 0.0732 2.4897

0.5 2.5527 10.2530 0.0790 0.0732 2.4897

0.4 2.7069 10.3120 0.0766 0.0721 2.6249

0.3 2.8767 10.5080 0.0734 0.0684 2.7377

2; 4ð Þ 0.6 2.5527 10.2530 0.0339 0.0328 2.4897

0.5 2.5566 10.2530 0.0339 0.0328 2.4934

0.4 2.7069 10.3120 0.0331 0.0321 2.6249

0.3 2.8767 10.5080 0.0307 0.0298 2.7377

4; 2ð Þ 0.6 2.5527 10.2530 0.1842 0.1555 2.4897

0.5 2.5938 10.3470 0.1808 0.1531 2.5069

0.4 2.8982 10.4710 0.1766 0.1501 2.7678

0.3 2.8767 10.5080 0.1753 0.1492 2.7377

Optimistic 3; 3ð Þ 0.6 4.4707 14.6960 0.1226 0.1092 3.0422

0.5 4.4752 14.6810 0.1229 0.1095 3.0493

0.4 4.4770 14.6750 0.1231 0.1096 3.0508

0.3 4.4761 14.6780 0.1230 0.1095 3.0495

2; 4ð Þ 0.6 3.5373 11.6440 0.1545 0.1338 3.0378

0.5 3.5653 11.5980 0.1569 0.1356 3.0739

0.4 3.5653 11.5980 0.1569 0.1356 3.0739

0.3 3.5653 11.5980 0.1569 0.1356 3.0739

4; 2ð Þ 0.6 4.6740 16.6860 0.0727 0.0678 2.8012

0.5 4.6650 16.6030 0.0722 0.0673 2.8098

0.4 4.6380 16.0820 0.0705 0.0659 2.8839

0.3 4.5970 15.4860 0.0681 0.0637 2.9685
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Table 15 Optimal weight of the portfolio under Model (49)

Preference kr; kxð Þ vi x1 x2 x3 x4 x5 x6 x7 x8 x9 x10

Neutral 3; 3ð Þ 0.6 0.0714 0.0000 0.0895 0.0000 0.0315 0.0954 0.1967 0.0000 0.0816 0.4338

0.5 0.0752 0.0000 0.0863 0.0000 0.0335 0.0902 0.2022 0.0000 0.1012 0.4113

0.4 0.0838 0.0000 0.0963 0.0000 0.0236 0.0986 0.2099 0.0000 0.0878 0.4000

0.3 0.1112 0.0000 0.1005 0.0000 0.0346 0.0943 0.2626 0.0000 0.0968 0.3000

2; 4ð Þ 0.6 0.0712 0.0000 0.0874 0.0000 0.0317 0.0957 0.1975 0.0000 0.0826 0.4338

0.5 0.0785 0.0000 0.0864 0.0000 0.0292 0.0992 0.1921 0.0000 0.0830 0.4316

0.4 0.0838 0.0000 0.0964 0.0000 0.0236 0.0986 0.2098 0.0000 0.0877 0.4000

0.3 0.1076 0.0000 0.0930 0.0000 0.3307 0.1013 0.2676 0.0000 0.0974 0.3000

4; 2ð Þ 0.6 0.0747 0.0000 0.0908 0.0000 0.0336 0.0927 0.2044 0.0000 0.0912 0.4126

0.5 0.0747 0.0000 0.0908 0.0000 0.0336 0.0927 0.2044 0.0000 0.0912 0.4126

0.4 0.0838 0.0000 0.0934 0.0000 0.0236 0.0986 0.2099 0.0000 0.0878 0.4000

0.3 0.1107 0.0000 0.1015 0.0000 0.0342 0.0945 0.2622 0.0000 0.0968 0.3000

Pessimistic 3; 3ð Þ 0.6 0.0715 0.0000 0.0905 0.0000 0.0324 0.0941 0.1960 0.0000 0.0809 0.4346

0.5 0.0715 0.0000 0.0906 0.0000 0.0325 0.0940 0.1959 0.0000 0.0808 0.4347

0.4 0.0838 0.0000 0.0963 0.0000 0.0236 0.0986 0.2099 0.0000 0.0878 0.4000

0.3 0.1027 0.0000 0.1037 0.0000 0.0376 0.0932 0.2643 0.0000 0.0985 0.3000

2; 4ð Þ 0.6 0.0715 0.0000 0.0906 0.0000 0.0325 0.0941 0.1959 0.0000 0.0809 0.4346

0.5 0.0715 0.0000 0.0906 0.0000 0.0325 0.0940 0.1959 0.0000 0.0808 0.4346

0.4 0.0838 0.0000 0.0963 0.0000 0.0236 0.0986 0.2099 0.0000 0.0878 0.4000

0.3 0.1107 0.0000 0.1015 0.0000 0.0342 0.0945 0.2622 0.0000 0.0968 0.3000

4; 2ð Þ 0.6 0.0715 0.0000 0.0906 0.0000 0.0325 0.0940 0.1959 0.0000 0.0808 0.4347

0.5 0.0715 0.0000 0.0906 0.0000 0.0325 0.0940 0.1959 0.0000 0.0808 0.4347

0.4 0.0838 0.0000 0.0963 0.0000 0.0236 0.0986 0.2099 0.0000 0.0878 0.4000

0.3 0.1106 0.0000 0.1012 0.0000 0.0339 0.0948 0.2624 0.0000 0.0971 0.3000

Optimistic 3; 3ð Þ 0.6 0.0000 0.0043 0.0000 0.0918 0.2029 0.0000 0.0000 0.6000 0.0000 0.0000

0.5 0.0000 0.0000 0.0000 0.0830 0.4170 0.0000 0.0000 0.5000 0.0000 0.0000

0.4 0.0000 0.1457 0.0000 0.1695 0.2848 0.0000 0.0000 0.4000 0.0000 0.0000

0.3 0.0000 0.3000 0.0000 0.1695 0.2161 0.0000 0.0000 0.2737 0.0407 0.0000

2; 4ð Þ 0.6 0.0000 0.1535 0.0942 0.1649 0.1990 0.0000 0.1409 0.2475 0.0000 0.0000

0.5 0.0000 0.1667 0.0924 0.1565 0.1954 0.0000 0.1365 0.2465 0.0062 0.0000

0.4 0.0000 0.1630 0.0727 0.2479 0.1705 0.0026 0.1227 0.1927 0.0280 0.0000

0.3 0.0000 0.1538 0.1021 0.1536 0.2013 0.0000 0.1388 0.2505 0.0000 0.0000

4; 2ð Þ 0.6 0.0008 0.1583 0.0000 0.3188 0.1692 0.0062 0.0000 0.3179 0.0287 0.0000

0.5 0.0000 0.2891 0.0000 0.1050 0.2686 0.0000 0.0000 0.3029 0.0345 0.0000

0.4 0.0000 0.3035 0.0000 0.3590 0.1016 0.0000 0.0000 0.2358 0.0000 0.0000

0.3 0.0000 0.2732 0.0000 0.2368 0.2280 0.0026 0.0000 0.2593 0.0000 0.0000
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Table 16 Return, risk,

satisfaction and Sharpe ratio of

the portfolio under Model (49)

Preference kr; kxð Þ vi Return 	10�4ð Þ Risk 	10�3ð Þ g h Sharpe ratio 	10�2ð Þ

Neutral 3; 3ð Þ 0.6 2.6948 7.5549 0.5799 0.3670 3.5669

0.5 2.7408 7.5608 0.5785 0.3665 3.6250

0.4 2.7473 7.5634 0.5779 0.3663 3.6323

0.3 2.9302 7.6782 0.5524 0.3558 3.8163

2; 4ð Þ 0.6 2.6945 7.5549 0.4836 0.3259 3.5665

0.5 2.6882 7.5550 0.4835 0.3259 3.5582

0.4 2.7473 7.5634 0.4814 0.3250 3.6324

0.3 2.9333 7.6785 0.4532 0.3118 3.8201

4; 2ð Þ 0.6 2.7389 7.5584 0.6947 0.4099 3.6236

0.5 2.7389 7.5584 0.6947 0.4099 3.6236

0.4 2.7473 7.5634 0.6938 0.4096 3.6323

0.3 2.9314 7.6781 0.6732 0.4024 3.8178

Pessimistic 3; 3ð Þ 0.6 2.6936 7.5548 0.1976 0.1650 3.5653

0.5 2.6934 7.5548 0.1976 0.1650 3.5651

0.4 2.7473 7.5634 0.1969 0.1645 3.6323

0.3 2.9470 7.6799 0.1881 0.1583 3.8373

2; 4ð Þ 0.6 2.6935 7.5548 0.1151 0.1032 3.5652

0.5 2.6934 7.5548 0.1151 0.1032 3.5651

0.4 2.7473 7.5634 0.1145 0.1028 3.6323

0.3 2.9314 7.6781 0.1078 0.0973 3.8178

4; 2ð Þ 0.6 2.6934 7.5548 0.3392 0.2533 3.5651

0.5 2.6934 7.5548 0.3392 0.2533 3.5651

0.4 2.7473 7.5634 0.3384 0.2529 3.6323

0.3 2.9311 7.6782 0.3284 0.2472 3.8175

Optimistic 3; 3ð Þ 0.6 4.6674 12.3080 0.1392 0.1222 3.7901

0.5 4.6575 12.2090 0.1386 0.1217 3.8149

0.4 4.6072 11.5330 0.1342 0.1183 3.9947

0.3 4.5323 11.1720 0.1277 0.1132 4.0569

2; 4ð Þ 0.6 4.3844 10.4590 0.2373 0.1918 4.1920

0.5 4.3839 10.4600 0.2373 0.1918 4.1913

0.4 4.3801 10.4650 0.2369 0.1915 4.1866

0.3 4.3844 10.4590 0.2373 0.1918 4.1920

4; 2ð Þ 0.6 4.5589 11.2750 0.0658 0.0617 4.0434

0.5 4.5475 11.2570 0.0652 0.0612 4.0397

0.4 4.5391 11.2820 0.0647 0.0608 4.0234

0.3 4.5580 11.2370 0.0658 0.0617 4.5580
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max g

s.t: ar
Xn
i¼1

rixi � r

 !
� g;

� ax
1

T

XT
t¼1

d�t � x

 !
� g� 1;

dþt � d�t ¼
Xn
i¼1

ðrti � riÞxi;

dþt � d�t ¼ 0;

Xn
i¼1

xi ¼ 1;

0� xi � vi;

dþt � 0 ; d�t � 0;

i ¼ 1; 2; :::; n;

t ¼ 1; 2; :::T :

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

ð45Þ

Refer to Liu (2015), assume the value of ar; ax taking

the following three cases, respectively:

ar; axð Þ ¼ 50; 50ð Þ; ar; axð Þ ¼ 20; 80ð Þ; ar; axð Þ ¼ 80; 20ð Þ.

In addition, the medium satisfaction levels of different

investors can be classified as follows:

Case 1: For neutral investors, we assume that r ¼
1=n

Pn
i¼1 ri ¼ 0:0003 and

x ¼ 1=n
Pn

i¼1 xi ¼ 0:0063;

Case 2: For pessimistic investors, we assume that r ¼
minfr1; r2; :::; rng ¼ 0:0002 and

x ¼ minfx1;x2; :::;xng ¼ 0:0044;

Case 3: For optimistic investors, we assume that r ¼
maxfr1; r2; :::; rng ¼ 0:0009 and

x ¼ maxfx1;x2; :::;xng ¼ 0:0073.

Then, the optimal weight xi of the portfolio for 10 assets

under Model (45) is shown in Table 11, and the corre-

sponding return, risk, satisfaction and Sharpe ratio of the

portfolio are shown in Table 12.

5.2 Fuzzy Portfolio with Standard Deviation Risk

Function

Employ standard deviation to measure the risk of portfolio,

where the risk function is

Fig. 10 ACF of series of excess return rate
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x xð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn
i¼1

Xn
j¼1

rijxixj

vuut : ð46Þ

Then, model (35) can be transformed into Model (47):

max g

s.t:
1

r

Xn
i¼1

rixi

 !kr

� g;

1

x

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn
i¼1

Xn
j¼1

rijxixj

vuut
0
@

1
A

kx

�g� 1;

Xn
i¼1

xi ¼ 1;

0� xi � vi;

g� 0; i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>:

ð47Þ

Take the same input data as in 4.3, then for neutral,

pessimistic and optimistic investors, the optimal weight xi
of the portfolio for 10 assets under Model (47) is shown in

Table 13, and the corresponding return, risk, satisfaction

and Sharpe ratio of the portfolio are shown in Table 14.

5.3 Fuzzy Portfolio with Absolute Deviation Risk

Function

Employ absolute deviation to measure the risk of portfolio,

where the risk function is

x xð Þ ¼ 1

T

XT
t¼1

Xn
i¼1

rti � rið Þxi

�����

�����; t ¼ 1; 2; :::; T: ð48Þ

Then, Model (35) can be transformed into Model (49):

max g

s.t:
1

r

Xn
i¼1

rixi

 !kr

� g;

1

x
1

T

XT
t¼1

Xn
i¼1

rti � rið Þxi

�����

�����

 !kx

�g� 1;

Xn
i¼1

xi ¼ 1; 0� xi � vi;

g� 0; i ¼ 1; 2; :::; n:

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

ð49Þ

Take the same input data as in 4.3, then for neutral,

pessimistic and optimistic investors, the optimal weight xi
of the portfolio for 10 assets is shown in Table 15, and the

Fig. 11 PACF of series of excess return rate
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corresponding return, risk, satisfaction and Sharpe ratio of

the portfolio are shown in Table 16.

5.4 Comparison Results

For Model (39) and the comparison Model (44), Model

(47) and Model (49), the investors with different invest-

ment preferences are classified according to the upper limit

of investment and the value of preference parameters

kr; kx, then the Sharpe ratio and satisfaction are compared,

which are shown in Figs. 12, 13 and 14, respectively.

Remark 9: From Figs. 12, 13, and 14, we can find that the

Sharpe ratio of Model (39) is higher than the three com-

parison models, whether the preference of the investors is

neutral, pessimistic or optimistic. Compared with Model

(44), the Sharpe ratio of the portfolio with different upper

limits of investment in Model (39) is closer and more

stable. In addition, it can be clearly found that a fuzzy

portfolio with semi-absolute deviation risk function is

better than with standard deviation risk function or absolute

deviation risk function. In neutral and pessimistic cases, the

satisfaction degree of the portfolio in Model (39) is rela-

tively high, while in optimistic cases, since the risk of the

portfolio is high, the satisfaction degree becomes lower. In

conclusion, our proposed Model (39) performs better than

the comparison models.

6 Conclusion

6.1 Merits of This Study

This paper proposes two novel power membership func-

tions, which consider the investors’ psychological satis-

faction of portfolio return and risk. In addition, Black–

Litterman model is used to calculate the expected return

rate combining the market’s objective information and

investors’ subjective preference where the GARCH model

is used to predict the investors’ subjective preference,

making the result more reasonable. In terms of the methods

of measuring risk, this paper employs the semi-absolute

deviation risk function. A numerical example is given

based on our proposed model, and we compare our model

with three models to demonstrate the superiority.

More specifically, the merits of this study are as follows:

(a) In view of the fact that the traditional mean–variance

model did not consider investors’ psychological

satisfaction of return and risk, this paper proposes a

Fig. 12 Sharpe ratio and satisfaction degree of neutral portfolio for different parameter values
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fuzzy portfolio model, which can better reflect the

subjective preference and attitude of investors in

financial market.

(b) In generally, previous studies have mostly used

linear membership functions, which cannot effec-

tively reflect the subjective preferences of investors

in financial market. Therefore, this paper explores

novel nonlinear membership functions to more

comprehensively characterize the nonlinearity of

actual financial markets.

(c) The traditional mean–variance model took the

average of historical return rate of assets as the

expected return rate. In this paper, Black–Litterman

model is used to calculate the expected return rate

combining the market’s objective information and

investors’ subjective preference where the GARCH

model is used to predict the investors’ subjective

preference.

(d) In addition, the mean–variance model also took into

account the part of risk higher than the expected

return. This paper employs the semi-absolute devi-

ation risk function, and illustrates that the portfolio

model with it is better than with standard deviation

risk function or absolute deviation risk function.

(e) A numerical example based on our proposed model

shows the optimal weight and the corresponding

return, risk, satisfaction and Sharpe ratio of the

portfolio with different preferences, upper limits of

investment and values of parameters kr; kx.

(f) By comparing the Sharpe ratio and the satisfaction

degree, our proposed model is superior to the three

comparison models (mean-semi-absolute deviation

portfolio with S-type membership function, mean-

standard deviation portfolio with our proposed

membership function, mean-absolute deviation port-

folio with our proposed membership function).

6.2 Limitations and Possible Future Works

Pointing at the proposed fuzzy portfolio model with novel

power membership function, we can further improve it in

the future. First, we can continue studying intelligent

algorithms (GA, DE and NSGAII), making use of the big

data to solve the model more quickly and efficiently.

Second, we can further consider cardinality constraint in

the fuzzy portfolio model, and make comparisons with the

current models shown in this paper. Finally, we can con-

sider other method of measuring risk-like entropy and

Fig. 13 Sharpe ratio and satisfaction degree of pessimistic portfolio for different parameter values
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compare it to our proposed model, to better satisfy inves-

tors in real financial market.
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