Int. J. Fuzzy Syst.
https://doi.org/10.1007/s40815-024-01764-6

q

Check for
updates

Fused Decision Rules of Multi-Intuitionistic Fuzzy Information
Systems Based on the D-S Evidence Theory and Three-Way

Decisions

Tao Fengl

- Ju-Sheng Mi** - Shao-Pu Zhang* - Xin Zhang*

Received: 24 November 2023 /Revised: 3 March 2024/ Accepted: 13 April 2024
© The Author(s) under exclusive licence to Taiwan Fuzzy Systems Association 2024

Abstract The acquisition of decision rules in multi-intu-
itionistic fuzzy decision information systems is both chal-
lenging and important. To address this issue, it is necessary
to combine decision rules from various systems to obtain a
more reliable decision rule. Additionally, the use of three-
way decisions can help determine the optimal decision
value. In this research article, we explore the decision
problems of multi-intuitionistic fuzzy decision information
systems by utilizing the D-S evidence theory and three-way
decisions. We start by providing an overview of the belief
structure of intuitionistic fuzzy sets. Then, we propose a
fused mass function of decision rules that assists in
obtaining satisfactory or optimal decision value sets
through three-way decisions. To facilitate the fusion of
decision value sets, we present an algorithm that effec-
tively integrates them. Furthermore, we provide examples
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to illustrate the algorithm and demonstrate the effective-
ness and efficiency of our proposed approach.

Keywords D-S evidence theory - Three-way decision -
Mass function - Decision rule fusion

1 Introduction

Atanassov’s intuitionistic fuzzy set (IFS) [1] is a valuable
tool for managing uncertainty and imprecision in infor-
mation and knowledge. It surpasses traditional fuzzy sets
by incorporating both membership and non-membership
degrees, offering a more expressive framework. Numerous
researchers have investigated the properties and operations
of IFSs, leading to the development of various approaches
for approximating IFSs using rough sets [2-5]. Despite
these advancements, some previously proposed models for
IFS approximation have limitations in maintaining the
essential properties of IFSs, making them imperfect. Con-
sequently, idealized approximation models preserving the
properties of IFSs have been introduced in the literature
[6-8]. Moreover, various models have gained popularity
for different scenarios, such as handling arbitrary intu-
itionistic fuzzy (IF) binary relations, infinite universes of
discourse [9, 10], and variable precision [11]. These
models have been extensively quantified to measure
degrees of uncertainty [12] and to discuss system reduction
and decision-making processes [13] in intuitionistic fuzzy
approximation spaces. In this paper, we concentrate on the
development and application of IF rough sets, which have
demonstrated significant potential in various fields.
Decision rules (DRs) play a pivotal role in decision-
making and can be derived from various theories, such as
multiple attribute decision (MAD) [14-16] and rough set
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theory [17]. While MAD focuses on identifying the optimal
decision maker, rough set theory considers objects with
similarity relations as a single class to determine the best
decision values. Our research proposes that determining the
optimal decision value for an object is the key factor in
decision-making. Objects with similarity relations exhibit
consistent values and performance for the same attribute,
making them suitable for constructing information granules
to enhance decision-making accuracy. Therefore, rough set
methods are our preferred approach for addressing decision
problems. However, traditional rough set theory only cap-
tures DRs from individual IF information systems (IFISs),
while in practice, we often encounter situations where we
need to extract underlying information and knowledge from
multiple IFISs (MIFISs). Moreover, decision values for each
object in different IF decision information systems (IFDISs)
may vary, necessitating the fusion of DRs from multiple
IFDISs (MIFDISs) to obtain an integrated decision value. In
the process of decision synthesis, we need to tackle two
primary challenges: Firstly, determining the uncertainty
measure of each object with respect to different decision
values in the fused IFDIS. Secondly, selecting suitable de-
cision values (or value sets) for each object using the
uncertainty measure. Our study aims to tackle these chal-
lenges and offer an efficient approach for decision-making
using rough set-based DRs for MIFDISs.

Various techniques exist to handle uncertainty in DRs
across multiple information systems. One approach is the
employment of the MAD technique, which has been
investigated by Liang, Mu and Xu [14, 18, 19]. Another
method involves the use of the D-S evidence theory, as
introduced by Dempster and Shafer [20, 21]. This theory
enables the treatment of both uncertainty and conflicting
evidence [22, 23], a capability absent in previous fusion
operators utilized with fuzzy sets and MADs. The D-S
evidence theory is grounded in concepts such as focal
element sets, mass functions, belief functions, and plausi-
bility functions, which structure the basic belief system
[24-26]. By integrating rough set theory, the belief and
plausibility functions can function as probabilistic models
for lower and upper approximations [27-31]. The D-S
evidence theory offers a comprehensive framework for
combining different types and sources of knowledge, as
well as amalgamating cumulative evidence with prior
opinions [32-35]. Its applications extend across informa-
tion fusion, knowledge discovery, and decision-making
domains [36-41]. An important aspect of fusing informa-
tion in multiple integrated decision information systems is
the establishment of all focal elements [42-44]. Through
the utilization of an information fusion technique based on
the focal element set, it becomes feasible to streamline
fuzzy information systems and IFISs [9, 45-48]. This
strategy can lead to a more accurate fused mass function of
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decision rules in MIFDISs compared to utilizing a single
system. As a result, a new mass function fusion rule is
suggested to effectively manage conflicting evidence and
derive a fused mass function of decision rules in MIFDISs.

Currently, decision-making methods often face chal-
lenges when dealing with MIFDISs that have different
attribute sets. However, the combination of fused mass
functions and the three-way decision theory can effectively
address this problem. The three-way decision theory,
introduced by Yao in 2010 [49], divides objects into three
categories: acceptance, rejection, and non-commitment,
allowing for the identification of optimal strategies from
multiple decision values [50, 51]. These three categories
align with Pawlak’s rough sets, which have been widely
discussed in the context of three-way decisions in different
decision-theoretic rough sets [30, 31]. Several scholars
have discussed three-way decisions in different decision-
theoretic rough sets [52-54], particularly in IF environ-
ments [15, 18, 55-57]. In MIFDISs, the construction of a
suitable fused uncertainty measure can determine the fused
decision value sets and facilitate information extraction. By
establishing rules for acceptance, rejection, and non-com-
mitment, valuable information can be mined from MIF-
DISs. This paper proposes the use of mass function for
fused DRs as a replacement for the conditional probability
function of each object in three-way decisions, as the
probability function of DRs cannot be directly obtained or
calculated easily. Consequently, this study focuses on the
DR fusion and the selection of optimal fused decision
values in MIFDISs.

This paper focuses on decision-making in MIFDISs.
Section 2 reviews IF (Z,7) approximation spaces, belief
and plausibility functions. Section 3 introduces a mass
function proposed for all DRs within the same IFDIS. Sec-
tion 4 examines fused mass functions of DRs by employing a
suitable inclusion degree of two IFSs. Section 5 develops
two types of three-way decision models suitable for fused
DRs. Subsequently, the algorithm for determining the opti-
mal fused decision value set of each object of MIFDISs is
proposed by combining the fused mass functions of DRs and
the three-way decisions. The feasibility of the method is
demonstrated through examples. Finally, Sect. 6 summa-
rizes the key findings of this paper.

2 Basic Concepts

2.1 The IF Approximation Space

Firstly, we review intuitionistic fuzzy (IF) (Z,7) approx-
imation operators defined in [10].

Denote L = {(xl,)Q) S [07 l] X [O, 1] x1+x < 1}
An IF relation <. on L* is: ¥(x1,x2), (y1,y2) € L,
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(x1,%2) <1+ (y1,¥2) © x1 <y and x, > y;.

The pair (L*, <;.) is a complete lattice with the greatest
element 1;- = (1,0) and the smallest element 0, = (0, 1).
Andforall (x1,x2) € L*, wedefine y,, ) = X1, Yy, x,) = X2-

Suppose U is a nonempty and finite object set, called the
universe of discourse.

Definition 2.1
is defined as

A= {(x,,uA(x),yA(x)> RS U}a

where the map yu, : U — [0, 1] is called the membership
degree of x to A (namely p4(x)), and y,: U — [0,1] is
called the non-membership degree of x to A (namely
ya(x)), respectively, and (u,(x),y.(x)) € L* for each
x € U. The family of all IFSs of U is denoted by ZF (U).

[1] An intuitionistic fuzzy set (IFS) A on U

A fuzzy set A = {{x, u4(x)) : x € U} can be identified
by the IFS {{x,u,(x),1 — u,(x)):x € U}. The basic
operations of IFSs on ZF(U) are listed in [1].

We introduce two special IFSs: (IF singleton set)

Ly = {(x m, (5), 71, () s x € U} for y € U as follows:
ifx=y; (x) 0,
q X)) =
My 1, ifx+#y.

1,
Higy () = {0, ifx #y.

(IF constant set) If (a, b) € L*, then (a, b) is anIF constant set,

—

and (a,b)(x) = (a,b), Vx € U. In the following, the prop-
erties of an IF approximation space (IFAS) will be reviewed.

As stated in [9], an IF relation (IFR) R on U is an IFS of
U x U, namely, R is given by

R= {((x,y),uR(x,y),yR(x,y» : (xa)’) S U x U},

where pip : U x U — [0,1] and y; : U x U — [0, 1] satisfy
(ur(x,y),7r(x,y)) € L*, ¥(x,y) € U x U. We denote the
set of all IFRs on U by IFR(U x U). Then Vx € U, R(x) is
an IF class generated by x, where R(x)(y) = (ug
(xay)aVR(xvy))’ Vy ev.

(Special types of IFRs) Let R € IFR(U x U) and T be
an IF t-norm on L*, S be an IF t-conorm on L*. We say R is

ifx=y;

Serial if VyeyR(x,y) = 1;-, Vx € U.

Reflexive if R(x,x) = 1;-, Vx € U.

Symmetric if R(x,y) = R(y,x), V(x,y) € U x U.

T -transitive if
VyevT (R(x,y),R(y,2)) < :R(x,2), V(x,z) € U x U.
5. 7T -equivalent if R is a reflexive, symmetric, and 7 -
transitive IFR.

Ll

Definition 2.2 Suppose U is a nonempty object set and R is
an IFR on U, then the pair (U, R) is referred to as an IFAS.

Definition 2.3 [9] Suppose (U, R) is an IFAS and 7 (Z) is
a continuous IF t-norm (IF implicator, respectively) on L*.

A € IF(U), the T —upper and Z —lower approximations of

A denoted by R (A) and R;(A), respectively, w.r.t. (U, R)
are two IFSs of U and are, respectively, defined as follows:

R (A)(x) = \/ T(R(x,y).A(), x€U, (1)
yeU

Ry (A)(x) = \ Z(R(x,y),A(y)), x€U. (2)
yeU

The operators R” and R; : TF(U) — IF(U) are, respec-
tively, referred to as the 7 —upper and Z —lower IF approx-
imation operators of (U, R). The pair (R;(A), FT(A)) is
called the (Z,7)-IF rough set of A w.r.t. (U, R).

Theorem 2.1 [58] Suppose (U, R) is an IFAS, T and T
are IF t-norm and IF S-implicator based on an IF t-conorm
S, respectively, and ~ s is a standard IF negator. If T and
S are dual w.r.t. ~ y, then

L. Ry = ~wR (~xA), VA € TF(U);
2. TQT(A) = NNEI(NNA), VA € I]:(U)

In [10], the properties of 7 —upper and Z—lower IF
rough approximation operators, defined by Eq.(1) and
Eq. (2), and the properties of IF binary relations are listed.

2.2 The IF Belief Structure of an IFS

Because the IF probability (IFP) of an IFS serves as the
basis for the mass function, we firstly review the definition
of IFP of an IFS as defined in [43], and then introduce the
belief structure of an IFS.

Let (U,Q) be a measurable space, P be a normal
probability measure on (U, Q), i.e. P(x) > 0, Vx € U, then
(U,Q, P) is a normal probability space [43].

Definition 2.4 [43] Let U be a nonempty and finite set. If
P is the probability function of crisp sets of U, then an IFP
P* is defined as: VA € ZF(U),

P (A) =Y (1 =74(0))" = (1 = a () = 74 (x)")P().

xeU

Definition 2.5 [43] Let U be a nonempty and finite set, an
IF set function m : ZF(U) — [0, 1] is referred to as a basic
probability assignment function (also called mass function)
if it satisfies axioms (M1) and (M2):

M1 m(0) =0;
M2) Y mA)=1.
AEIF(U)

Suppose R is an IF reflexive binary relation on U, (U, R)
is an IFAS, M = {R(x) : x € U}.

@ Springer
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Theorem 2.2 [43] Let U = {x1,x2,...,%,} be a nonempty
and finite universe of discourse, R be an IF reflexive binary

relation on U. VA € TF(U), define

S P(l), AeM;

mR(A) = ¢ {xeU:A=R(x)}

0, otherwise.

Then mpg is a mass function. M is the focal element set.

Definition 2.6 [43] Assume (U, R) is a reflexive IFAS, P
is a probability function on U. Then VX € ZF(U),

Bey(X) = P*(Rz(X));
Plag (X) = P*(R7 (X)).
Bel is a belief function, and Pla}, is a plausibility function.

Theorem 2.3 [43] Suppose (U, R) is a reflexive IFAS, P is
a probability function on U. Then we have: YA € TF (U),

BeR Z mg(F

FeM

Plak (A Z mg(F

FeM

(1 =z FCA)) (1 = tg(pcay — Vz(FgA))Z);

2
(1 =yr FmA)) = (L= bgpray = Y7(roa)))-

Where Z(F CA) = /\yeUI(F()’)>
Vyev T(F(y),A())-

Let (x1,x2) € L* and

A(y)) and T(FNA) =

[(1,22) = (1 —x2) = (1 —x1 —x2)7,

then
Bek(A ZmR WIZ(F C A,
Fem
Plag (A) = Y mg(F)|T (F N A)|.
Fem
Definition 2.7 Assume A,B € ZF(U), denote
AN Bl
» 1Bl #0;

a(A,B) = Bl

1, otherwise.

L (21— 2
where ||A]| = ZXeU(M(xz)l;'(‘ 2O and U1 s the cardinal

number of U, VA € I}"AU). Then o(A,B) is called the
inclusion degree of A and B on ZF (U).

By this definition, the following results can be easily

obtained. 0 <||A|| <1, YA € ZF(U). ||(1,0)|| = 1, ||(0,
1)|| = 0. where (1,0)(x) = (1,0) and (0, 1)(x) = (0, 1),

Vx € U.VA,B,C € ZF(U),(1)if BC A, theno(A,B) =1,
(2)ifA C B C C,thend(A,C)<0a(A,B), (3)ifA C B, then
o(A,C)<a(B,C). Thus o(A, B) satisfies the concept of the
inclusion degree, which is introduced in [59]. o(A, (T,\O))
represents the degree of inclusion of A with respect to (ITO\)

Note: The fused quasi-probability function fr is also
applicable to a reflexive IFR R, that is, if the belief function
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is Be and the plausibility function is Plalg, we can define
an fz, VA € ZF(U),

Jr(A) = Beg(A) + o(A, (1,0))(Plag (A)
fr is a quasi-probability function with respect to an IFR R.

Definition 2.8 Assume R is a reflexive IFR on U.
VA,B € ZF(U), if fr(B) # 0, then
ﬁMﬂm

fx(B)

fr(A|B) is a conditional uncertainty measure of A given B, we
call it a conditional quasi-probability function of A given B.

— Beg(A)).

fr(AB) =

Example 2.1 Let U = {x|,x3,x3}, A= W—i—(oi—fj)
+099 Beg(A) =1, Pla(B) =2, B=10307, (0206,
099, Beg(B) =L, Pla(A) =1, then
1 0.49 4+ 0.64 + 0.09 + 0.25 + 0.81 + 1
fr(A) =+
3 6
2_1 —1+038><]—052
3 3) 3 7 37
And fR (B|A) fl‘?fA(Qf) _ é f (J.09+0,094»()(.)(?254;0.lé-O.SH»l><?17 _ 044

Proposition 2.4 Assume R is a reflexive IFR on U. fg
satisfies the following properties: YA, B € TF (U),

L fz(0) =0,

2. frU)=1,

3. 0<fr(A) <1,

4. If A C B, then fr(A) <fr(B),

5. IfAY # 0 and Beg(A) # Plag(A), then fz(A) # 0,

6. If fr(B) # 0, then fr((0)|B) =0, fe(U|B) = 1,

7. Iffr(B) #0, then 0 <fz(A|B) <1,

8. Iffr(B) #0, B C A, then fr(A|B) = 1.

Proof These proofs are quite straightforward. O

3 The Mass Function of Decision Rules in IF
Decision Information Systems

Let I = (U,At,d) be an IF decision information system
(IFDIS, in short) built by a professor, where Ar = {qg; : j =
1,...,|At|} represents a set of conditional attributes, R,
induced by Af, denotes a reflexive and symmetric IFR
(known as similarity IFR) on U, d represents a decision
attributes with a value range V,. Hence, we can denote the
antecedent of a possible decision rule (DR, in short) for an

N (aj.a5(x) = (d.v),
At(x) = /\‘A[‘ (a;,aj(x)) represents the conjunction of con-

attribute a; € Az, and (d, v)
consequent.

element x as g,(x) = where

ditional represents its
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Even though every decision rule is derived from an
object (or a class of objects) in U, the probability assign-
ment for every DR should not be 0. To overcome this
limitation, the IF quasi-probability function of each object,
considered as a weakened probability function, is utilized
to establish a mass function for each decision rule A#(x).
And there is no relation between this measure and decision
value v. In addition, each DR with a different decision
value is associated with its confidence level. The confi-
dence level of each possible DR can be defined by utilizing
the IF similarity classes generated by R as follows.

Definition 3.1 Let (U, At, d) be a nonempty and finite
IFDIS, P* the probability on U. For given A,B € IF(U),
we define the inclusion degree of A with respect to B,

EZU [I(A) ABGDIIP(v)

, AP (y
pum =]  TIAGIFO) 2 Kol
0, otherwise.
2 _ 2
where ||(x1,x)|| = M ((x1,x) is an IF number).

Proposition 3.1 Suppose (U, At, d) is a nonempty and
finite IFDIS, and P* is a probability on U. For given
A,B € IF(U), then

1. 0<D(A/B)<1;
2. IfACB,D(A/B)=1;
3. IfACC,D(B/A)<D(B/C).

Proof These proofs are quite straightforward. O

Definition 3.2 Let (U, At, d) be a nonempty and finite
IFDIS, P* a probability on U, R a similarity IFR on U
induced by At. For given x € U, Vv € V,;, we define

_D(/R(x)) i
(R = {2 DU/RD) ;WD(dv/R( )) #0

0, otherwise.

Then ¢, (R(x)) reflects the confidence level of the DR g, (x).

(1,0), d(y)=v
Where d, and R(x = R(x,y),
( ) = {(0 1), d(y)#v ( )(y) (x,y)
Vx,y € U.

D(d,/R(x)) is also regarded as a conditional probability
of R(x) for given decision value v.

We can also define the confidence level ¢, (R(x)) of the
DR of x for decision value —wv as

cw(R(x)) =1 = cu(R(x)).

In the following, we construct the belief structure of an
IFDIS by the quasi-probability function and the confidence
level. From the DR view, for given v € V;, Vx € U, R(x) is
a focal element.

Definition 3.3 Assume (U, At, d) is a nonempty and finite
IFDIS, R is a similarity IFR on U induced by At. Given
v € V4, m is a mass function for the DRs, M = {R(x) : x €
U} is the set of focal elements, then A € ZF(U),

> f(F)e(F)

{FjeM: Fi=A} AeM
m(A,v) = > f(Fe(F;) 7 "
{FjeM}
0, otherwise.
Similarly, for  decision  value -, suppose
DR(x,—w) = At(x) — (d,—w), then
{ > }f (Fj)e-v(F))
FjeM: F=A
7A € Mv
m(A, —v) = > f(Fj)ew(F))
FieM
0, otherwise.

By R is a similarity IFR on U, then () ¢ M, then

m(@,v) = 0 and m((), —v) = 0. Moreover, > m(A,v) =
A€IF(U)
> FEeF)
(EM: Fi=A}
SO — 1 and Y m(A,—v)=1. Thus
= F%f(mu(m i)

we can construct two mass functions for DRs Az(x) —
(d,v) and At(x) — (d,—wv) about v € V.

Example 3.1 Suppose U = {x1,x,x3}, R(x1) = R(x,)

10 0.3.05 03,07) |, (03,06) | (1,0
:(X])+( +( X3 ) R(x3):( x’l )+( X2 )+%’
dx)) =1, d(x) =2, d(x3) =2, P*(x;) =P*(xp) =P*
(43) = %

Then f(R(x;)) = %, (R(x3)) = 1. For different decision
values, ¢1(R(x1)) = a5 = 0.63, c2(R(x1)) :?ggg 0.37.
c1(R(x3)) = 22 = 0.138, c2(R(x3)) = 328 = 7 = 0.862.

2x0.63

ThllS, M = {R xl),R(_X’;)} m(R()Cl), 1) = m

OIS 0 1 m(R(x,), 1)

= 0.9 and m(R(x3), 1) = r5eirgms =

z><0 37
2x0.37+1x0.862

= 0.462 and m(R(x3), 1) = 0.538.

4 The Fused Mass Function of Decision Rules

For the same set of objects, different professors may offer
different evaluations, leading to distinct information sys-
tems and decision rules for each object. This means that the
multi-information system contains the same set of objects.
Therefore, it is crucial to address the fusion method of
these information systems before integrating decision rules.
In this section, we introduce a fuzzy information fusion
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approach for IF information systems. Suppose U is a finite
set of objects, R; is a reflexive IFR induced by the infor-
mation system given by the i-th professor.

Definition 4.1 Assume U = {xj,x2,...,%,}, R=
{R\,Ry,...,R,} is a set of reflexive IFRs on U. We call
(U,R) a MIFAS.

According to Sect. 2, we can acquire the IF information
granules constructed by Ry, ..., R, and an IF mass function
mg, for every IFDIS. Now our goal is to obtain a new fused
mass function using {mg,,...,mg,}, that can generate a
new IFDIS based on the set of all focal elements in the
fused information system.

Let M; be the set of all focal elements of mg, w.r.t. R;. We
denote an element of M; as Fj;, where the subscript j repre-
sents the j—th element of the i—th set of focal elements, thus
denoted as j;. The set {(\_,{Fy; € M;}: (N_,{Fy €
M;})) =0} represents the conflict evidence set, where
A) ={x € U:A(x) = (1,0)}. Each focal element of the
fused mass function m* is affected differently by the conflict
evidences. To quantify the influence of conflict evidences,
we introduce a novel inclusion degree of two IFSs. This
inclusion degree reflects the impact of conflict evidences on
each focal element of the fused mass function m*.

The inclusion degree can be utilized to adjust the fused IF
mass function, allowing us to allocate and manage conflict
evidences effectively. Denote = {NAFj € M} :

(NAFy € M; }) # (0}, which is the fused focal element set.

Definition 4.2 Assume (U, R;) is an IF decision system. If
{Fj,eM;:i=1,....,n} ({F; € M;}, in short) satisfies
(N, {F;, € M;})? = 0, then for each A € M, the signifi-
cance degree of A to {F;, € M;} is defined as

U(A, {Fljz S Ml})
> o(Ax {Fy € Mi})’
AreEMp
= Zlo(A,F,-j,.).
Example 4.1 Let U= {[a,b,c}, R ={R1,R:}, My =
{Ri(a) = {{a,1,0), (b,0.8,0.1), (c,0.2,0.6)},

R (b)={{a,1,0),(b,1,0),(c,0,1)},R (c) ={(a,0.2,0.8),
(0,0.4,0.4),{(c,1,0)}}, My ={Rz(a) = {{a,1,0),(b,0,1),
(¢,0.2,0.6)}, Ry(b) = {(a,0.7,0.1), (b, 1,0), (c,0.7,0.2)},
R>(c) ={(a,0,0.8),(h,0.7,0.1),(c,1,0)} }.

M={A1={{a,1,0),(b,0,1),(c,0.2,0.6)}.A,={(a,0.7,0.1),
(b,1,0),{c,0,1)},A3={(a,0,0.8),(b,0.4,0.4),{(c,1,0)},

Ay ={(a,1,0),(b,0,1),(c,0, 1) }}.

(Ri(@) N Ry(b))} = D(R1(a) N Rx(B))} = 0,
(Ri(a) NRy())) =0, (Ri(B)NRy (c)} =0, (Ri(c)N
Ry(a))] =0 and (Ri(c) N Rx(b))] =

SA{Fy e Mi}) =

where o(A, {F;, € M;})

@ Springer

For decision value 1, if

mb(Rl(a)71> %
m})(Rl(C)71):%- mp(Ra(a),1) =1,
m}(Ra2(c), 1) =2 We have (A, {R,

Ri(a)) + a(A1,R2(b)) = 0.94. Thus,

I

a(A 7{R1(a),R2(b)}) =094, (A2, {Ri(a),R2(b)}) = LS,
()'(A37 {Rl(a)7R2(b)}) = 0.597 O'(A4 {Rl(a),Rz(b)}) = 0.84.
o(Ar, {Ri(a), Ra(c)}) = 0.67,  a(As, {Ri(a) Ralc)}) = L.15,
(A3, {R1(a), Ry(c)}) = 0.97, (A4, {Ry(a),Rao(c)}) = 0.56.
O'(A], {Rl(b)7R2(0)}) =0. 57 O'(Az, {Rl(b),Rz(C)}) =1. 23,
(A3, {Ri(b),R2(c)}) =091, o(As, {R1(D),Ra(c)}) = 0.51.
O’(Al7 {Rl(c),Rz(a)}) = 111, G'(Az., {RI(C),Rz(a)}) =0. 82,
(A3, {Ri(c),Ra(a)}) = 1.09, (A4, {Ri(c),Rz(a)}) = 0.94.
o(A1,{Ri(c),Ra(D)}) = 045, (A2, {Ri(c),Ry(b)}) = 0.98,
(A3, {Ri(c),R2(b)}) = 1.38, 0(As,{Ri(c),Ra(b)}) =0.32
S(A1,{Ri(a),R2(D)}) = 0.24,  S(Az,{Ri(a), R2(b)}) = 0.39,
S(A}, {R](a),Rz(b)}) = 015, S(A4, {R] (a),Rz(b)}) =0.22.
S(A1,{Ri(a),Rz(c)}) =0.2,  S(A2,{Ri(a),Rz(c)}) =0.34,
S(A37 {Rl(a)7R2(C)}) = 0.297 S(A4, {Rl(a) Rz(c)}) =0.17.
S(A1, {R(b),Ro(c)}) = 0.18,  S(A2,{Ri(b),R2(c)}) = 0.38,
S(A3, {R1(b),Ra(c)}) = 0.28,  S(A4, {R1(]), Ra(c)}) = 0.16.
S(A], {Rl(c),Rz(a)}) = 0.28, S(Az, {Rl(C),Rz(a)}) = 0.21,

(A;, {Ri(c),Rz2(a)}) =027, S(A4,{Ri(c),R2(a)}) =0.24.

5

0.145,

c S(A2,{Ri(c),R2(b)}) = 0.315,
(A37{R1( ), Ra2(D)}) = 0.44,

S(As,{Ri(c),R2(b)}) = 0.10.

When encountering multiple DRs regarding an object, it
is essential to synthetically consider an ultimate DR.
Therefore, we aim to fuse all DRs regarding the same
object using the Dempster-Shafer (D-S) evidence theory.
Initially, let At; = {a; :j=1,...,]At;|} denote a set of
conditional attributes, R; be the relation induced by Az;, d
indicate the decision attribute, V; describe the value range
of the decision attribute d. The assumption is that the value
ranges for the decision attribute are the same for every
system being considered. Vv € V;, all possible fused DRs
w.art. v can be expressed as G, ={g(Ax)=A( A (a

i a;€AL

0 .
aij(xi,))) = (d,v) : (Miey Rixi))y # 0%, € U}, which
can be regarded as a targeted combination of all DRs in
every similar IFDS. Similarly, we can obtain all possible

fused DRs wurt. —v expressed as -6, ={e.(Ax)=A( A
(ag, ay(xi)) = (d,=v) = (g Rilxa))y # 0, x € U}

Especially, the antecedent of the fused DR g,(A x;) and
g-v(Ax;,) is denoted by g(Ax;). If x;, =...=x, =x,
x € U, then g,(A\x;) can be abbreviated as g,(x), and

g-v(Axi) as g (x).

In the following, we improve the method to compute the
fused mass function of the DR.

Every DR can be induced by an object in an IFDIS, thus

M; = {Ri(x) : x € U}, and M = {é Ri(x) - (é Ri(x)"

#0,x, € U}.VA € ZF(U), if A € M, which is related to
the fused DR g,(/A x;) for every decision value v € V,,

thus m*(( Ri(x;,),v) = m*(A,v), then define
i=1
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m*(A,v)
H m'(Ri(x;,),v)
(. Ril) =4
=) + Z S(A, {Ri(x; } Hm (%), V), A:ﬂR,v(x,k) eM
(), Rit)) = =1
0, else.

For —w, VA € ZF(U), we have

m*(A,—w)
H mi(R (xlk) “v)
n:,,lR(‘k):A
= + S(A{Ri(x;. } Hm i(x;,), ), A= ﬂR(x,k) EM;
(NN Rilw )0
0, else.

For given v € V;, m* is a fused mass function of DRs,
which can be proven easily.

Example 4.2 (Following Example 4.1) For A € Mg, we
compute

m* (A, 1) =m! (R (a), 1) x m*(Ray(a), 1)

+ (A {R xu Hm xlk )
(L, R =
_é X é-‘rS(AI {Ri(a),Ry(b)})m' (R, (a), 1) x m*(Ry(b), 1)
+S(A1, {Ri(a), Ra(c))m' (R1(a), 1) x m*(Ry(c), 1)
+ (A, {R1(b), Ra(e)))m! (Ri(b), 1) x mP(Rafc), 1)
+5(A1,{Ri(0). Ra(a)m' (Ri(0), 1) ' (Ra(a), 1)
+ (A1, {R1(€), Ra(B)})m! (R (€), 1) x e (Ra(b), 1)
_%+0.24x31—0+02><1170+018 L +028X%

!
0.145 x — — 0.14.
+ “10

In the same way, we have m*(A,, 1) = 0.24, m*(A3,1)
= 0.46, m*(A4,1) = 0.16.

Thus, we can give the basic probability function for
every possible DR.

5 The Decision-Making of MIFDISs

In this section, we employ three-way decisions to discuss
decision value selection problems. For v € V;, the state set
of decision value v is Q, = {v, —v}. The set of actions is
given by {P,B,N}, where, P represents an action of
accepting the decision value v for object x, resulting in the
decision x € POS(v), B represents an action of further
investigating the decision value of x, classifying

x € BND(v), and N represents an action of rejecting the
decision value v for the object x, leading to the decision
x € NEG(v).

Jpp, Agp and Jyp denote IF loss degrees with IF numbers
incurred by taking actions of P, B and N respectively,
when the decision value is v. Similarly, Zpy, Agy and Ayy
denote IF loss degrees with IF numbers incurred by taking
actions of P, B and N respectively, when the decision
value is -w, where A.=(w,,y,) (=P,B,N). If
(N Ri(x;) € M, then we can use every A x;, and all v € V,
to construct all possible fused DRs. We can not directly
obtain the conditional probability of possible fused DRs.
So in three-way decisions, we replace the conditional
probability by the fused mass function m*((\_; Ri(x;,),v)
or m*((_, Ri(x;,), —v) of DRs.

For possible fused DR g,(Ax;)s, R(t|gv(Ax;))(z =
P,B,N) is a DR expected loss function.

The expected loss R(+|g, (A xi,))(- = P, B, N) associated
with taking individual action is expressed as

R(Plgv(Axi,)) = m*(_ﬁ Ri(x;), v) App@m’( ﬁ Ri(xi.), =) Apns
R(Blg,(Axi.)) = m" ([ Ri(xi),

i=1
R(N|gv(Axi)) = m* ﬂR, Xi ), V) AnpEm( ﬂR Xie)s TW) A
i=1 i=1

where r x (x,y) = (x,y) x r=(1—-(1 —x)",y"), reR

and r>0, and (x1,y1)®(x2,y2) = (X1 + X2 — X1%2, Y1)2)5
(x1,y1), (x2,y2) € L* [18].

:H

v) App@m*( ﬂ Ri(x;), —v) s,

5.1 Three-Way Decisions of MIFDISs Based
on the Intuitionistic Fuzzy Relarion

We aim to minimize the value of the total loss function. As
the IF relation <;. only meets the conditions of a partial
order, we can only provide a satisfactory, albeit possibly
suboptimal, decision value using the following approach.

By considering a reasonable kind of loss functions with
condition (CO):

L> 5, > iy > Wipy >0, 1> 95, > 9, > 7, >0

1>y, > M > W 20, 129000 > %50 > Y >0,

we have

P‘gv /\xlk -

@ Springer
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RBlg(N\xi) = (1= (1=p,) = (1=, = :
m <ﬁRl<x1A>,v) ()Rl ))
Vige) View)
()R )
R(Nlg(Axi) = (1—(1—p,) =
() R )w)
(1 :uiNN) =l ’
m*(ﬁR[(x,-k),v) m*(ﬁR[(Xik)-ﬁV)
Vi) ™! Vi) = )
Thus, the expected losses R(P|g,(Axi)) = (up,7p)s
R(B|gy(Axi)) = (up,v8) and R(N|gy(Axi)) = (uy; )

are IF numbers.

If (\Ri(x;) € M, under condition (C0), we define the
following decision value rules, which can give a satisfac-
tory decision value.

(P1) If pp < pp, 7p=7p and pip < py, yp =7y, decide
8(Axi) € POS(v);

(ND) If py < pp, yy = 7p and py < pp, 7y = 7p, decide
8(Axi) € NEG(v);

(B1) If g(Ax;,) & POS(v) and g(A x;,) € NEG(v), then
we decide g /\x,k) € BND(v).

Suppose = 0, under condition (C0O), we simplify the
decision Value rules (P1)-(N1). For (P1), the first condition,

m‘(hR,(x, )v) yn>(ﬁk,<x,g.w>
legﬂgﬁl_(l_#/pp) =t (1_N/PN) =t

el —p,) = (=) O‘

(VR0 (Y Rig) )

> (1= p,) = (1= 1z,) 0

Ri(xi,), —v) log(1

.

em*((Ri(x,),v)log(1 = w3,,) +m'(

i=1 i

= ) 2
1

= ) +m () Ri(xi,), ) log(1 — )

i=1
ﬂR x;,),v)log((
n

(YR, ) log(1 = ) — (Y Riw), ) og(1 — )

i=1 i=1

ot (). gt

n

em ((\Ri(x),v) log(1 — py,,) —

i=1

= i) >

m*(Dl Ri(xi,),v) log(1 — p;,,) —log(1 — ;) m(ﬁ Rilx), ) £0;
o m*(r"] Ri(x;), ) ~ log(1 7/1/2,») —log(1 7,11,/‘”},)’ [ ’
m (rj (i) v) (log(1 — y,,) — log(1 = 1;,)) 0, m (rjR,«m ) =0
<r"1 5).v)
i=1

> log(l = o) —log(1 —py)
ARiGe ), -y 08— py,,) —log(l = p;,,) i1

155

1=, m s Ri(xi,).v) n
Lt QR0 (Y Rilx,), ~v) = 0.
1=, i=1

(

where log r is an abbreviation of log,,r, r € R.

@ Springer

m‘(hR,(}(,k )v) m (nR(x ) m’(hR,(.{, V) m (ﬂR
i=1

A Y 0y " i=1
TP =78 Vi View 2 Vi ’/s\

‘:’mx(m Ri(xi,),v)logy,, +m" (ﬂ Ri(xi,), =) log 7,
i=1 i=1

zm' (ﬂR i), v) log(vz,) +m" ﬂR (i), ~v) log(7z,,)

i=1

logy;,, —m" ﬂR Xi)s

om® (m Ri(x;,),v
i=1

v)logy,,

'D=

n
>m((\Rilx,), ) log 7, —m* (| Rilxi), ~v) log7;,,)
i=1

i=l

m* (| Ri(xi,),v)
= 108 Vi — 108 Vs o
"] Z]() —1lo : )M (ﬂRiOC'l)v_‘V)?éO%
m* ([ Ri(x;,), ~v) S Vipp 108 Vi i=1
i=1
= n
'"*(_ﬂl Ri(x;.),v)(logy,,, — logy,,,) >0,
m»«(Dl Ri(x;),—v) =0.
m*(( Ri(xi),v) R
= 108 75 — 108750, .
. Z e —To o (ﬂﬂ'(xu) ) #0
m*(( Ri(x;,), ) & Virp — 108 Vian i=1
< -1
e n
Lpey >1, m*([ | Ri(x;,),—v) = 0.
G > (&, )

Because when m*((._, Ri(x;,), —v) = 0, m* (., Ri(x;,),
v)(log(1 — p;,,) —log(1 — p;,,)) >0 and m* ([, Ri(x;,),
v)(logy;,, —logy;,,) >0 always hold, in this case up < pp

and yp > yp. Similarly, we also have up < py and yp > yy.
So, when m*((:_; Ri(x;, ), —v) =0, g(Ax;) € POS(v).

When m* () Ri(x, ), —v) # 0,

i=1

m (lﬂl Ri(xi), v) - log(1—p;,,)

up <y & =
A log(1 —
m* () Ri(xi,), —v) 2( Wy )

i=1

—log(1 — p,,)
—log(1 — i) '

m*(() Ri(x;,),v
(iDl i(x):v) logy,,, — 10275,
LS n §1014 —logy,
m (Y Rilw,), ) 08 Vi = OB T

For (N1), we conclude: m*((\R;(x;,), —v) # 0,
Ol Ri(xi,), v)

m () R ) O

- MANN)

< log(1 — p;,,) —log(1
- .UAPP)’

1 —w,,) —log(1

ty < pip

—logv,.,

; %
=1 < logy;,. _
— log Yiep

~ logy,.,
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* Ri i)
m (IQ (xrk) V) - 10g(1 _ :u/lBN) _

m*(q Ri(x;,), ) ~ log(1 - :“;WP) -

log(1 — ;)
log(l —p,,)’

And py < up =

m*(( Ri(x;,),v
(iDl i5).7) 1027;,,
VN Z VB <~ n S 1
Og Vine

m* ([ Ri(x;,), ~v)

i=1

Thus, (Ri(x;,) € M, under condition (CO0), the decision
value rules (P1) — (N1) can be re-expressed as:

If m*(N_, Ri(xi),—v) =0, then g(Ax;) e POS(v),
else

m i (i )v) log(1—p;, ) —log(1—p;,, ) logy;p, —logy;,,
(P2) If 70 U > ma oo ) 88y

—logv,.,
—log Vigp

(), RiGa = g (1 )—log(T=p;,,) 7 logy;,, —logy,,,
and Nmﬂfe,(m,w) z max{ll(og(ll o i 10(( 4”,1 lll;gg o kog M}s
then g(Ax;) € POS(v);
(N2) T 2 < i (it e
and 2t < ingE i o, P,

then g(Ax;,) € NEG(v).
(B2) If g(Ax;,) € POS(v) and g(A x;,) € NEG(v), then
we decide g(Ax;) € BND(v).
Let

log(1—p;, ) —log(1—p;,, )

) = max{aps = log((l ST e bpp = %}’
B = max{apy = oy o B bpy = e,
o2 = minfapy ~ TSR b~ R
o= min(o — ), i

If max{o, f,} > min{oy, fi,}, the decision Value rules
(P2)-(N2) can concisely be re-expressed as follows:

n m*(ﬁRi(Xik)v")
P2) 1f m*(NRi(x;),~v)=0 or —=——
i=1 m* ([ Ri(xi,),v)
i=1
> max{oy, f}, then g(A\x;) € POS(v);
m*(hR,-(x,-k),v) m*(ﬁR,-(x,-k),v)
(B2) If < max{oy, ff;}, and
m (Y Rixi),~v) m (Y Rixi),~v)
i=1 i=1
> min{oy, i, }, then g(A x;,) € BND(v);
m*(ﬁRi(xik),v)
(N2) If < min{oy, f,}, then g(Ax;,) €

m* () Rixi ) )

i=1
NEG(v).
Therefore, if (\Ri(xi) € M, max{a,f;} = min
{az, 5}, the decision value rules (P2)-(N2) can be con-
cisely re-expressed as:

m*(ﬁ R,-(x,-k),v)
i=1

-v)=0 o —H——
m* () Rixi )w)
i=1

P2 I m((\Rix),
i=1

> max{ay, f, }, then g(Ax;,) € POS(v);

(Y Ri))

(B2) If = max{oy, f,}, then g(Ax,) €
m* (") Ri(xi, ) )
i=1
BND(v);
m*(ﬁRi(Xik)W
(N2) If —& < min{oy, f,}, then g(Ax;,) €

m* () Ri(xi ) )

i=1
NEG(v).

In this case, for v € V;, we can give one satisfactory
decision value by using the above decision value rules. In
the following, we want to improve decision value rules by
improving the order method.

5.2 Three-Way Decisions Based on the Compromise
Rule

The estimation of the loss function involves both mem-
bership degree and non-membership degree. As <. is a
partial order relation, it is possible that some loss function
values cannot be compared directly. However, we can use a
compromise rule to transform a partial order set into a total
order set and facilitate three-way decisions. To achieve
this, we define a compromise function E as follows:
(x,y) € L,
E(x,y)=px+(1-p)(1-y), pe01]

E(R(P|g,(Axi)) = p(1 = (1 —p,,) = ) (1—
m*(ﬂ Ri(x;, ),7v)

Hipy) ! )+ (1 —p)

nl*(ﬁR,(xik),v) -
(1= () =

E(R(Blgv(Axi)) = p(1 = (1

Vipy) ),

ﬂR Xig ),
—MBP) = (1

(YR ) (Y Risy )
:uiBN) i=1 ) + (1 — p)(l — (y;LBP) i=1
m () Rilx,),~v)
(’y}‘BN) = >
m* () Ri(xi,)v)
E(R(N|gv(/\xik)) = [)(1 — (1 — 'u;”NP) i=1 (1_
m*(nRi(xi")’ﬁv> m*<ﬂRi<Xik),V)
Higy) )+ (1=p)(1—(y;,) =
m*(ﬂRi(xik),ﬁv)
(Vi) ™ ).
Notice:  E(R(P|g,(Axi,)), E(R(B|gy(Ax;)) and

E(R(N|gv(A x;,)) are real numbers. So, in this case, we can
utilize the total order < for operations.

If Ri(x;) € M, under condition (CO), we define the
following decision value rules:

(P) It E(R(P|gv(Axi)) <E(R(B|gv(Ax;)) and
E(R(Plgy(Axi,)) SE(R(N|gv(Axi)), decide g(Ax;) €
POS(v);
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(B) If E(R(B|gv(A\xi,)) <E(R(P|gy(/A\ i) and E(R(B|
&v(Axi)) <E(R(N|gy(Ax;)), decide g(Ax;,) € BND(v);

(N') If E(R(N|gv(Ax;)) < E(R(Plg,(A\xi,)) and E(R
(N>|gv(/\xik))SE(R(Blgv(/\xik)), decide g(Ax;,) € NEG
(v).

Special case 1: When p = 1, we only need to consider
the membership degree. Suppose é = 0, under condition
(CO0), the decision value rules (P") — (N’) can be simplified.
For the rule (P'), the first condition is described as:

E(R(Plg.(/\ i) SERBlg.(/\ %))

m* ([ | Rixi).v) m*([ | Ri(xy, ), )
el-(1-pw,) = (1= p,y)
m* ([ ) Rilxi)v) m* ([ ) Rixy),~v)
<U—=(1—p,) = (I = py,,) =
< Up < Up
m*( m Rf(xik)7 V)

E(R(Plg,(/\ %)) < ER(Ng.(/\ %))
< Up < Uy

m* (m?:I R (xik )7 V)

>a
m*(ﬂ?:lRi(xik)aﬁv) =

m* (N2 Ri(xi,), ~v) # 0;

1 — . ; n n
(e OB = 1 e () RiCx ), ) = 0.
Hone i=1

Since (e (ML R00Y > 1 and - (e (Y
Ri(x;,),v) > I"always hold, thus when i
m*((Niey Ri(xi,), —v) = 0, then g(A x;,) € Pos(v).
When m*((._, Ri(x;,), —v) # 0, for N',
m* (", Ri(xi,), v
m*(((rW?’;IR,-(ii,; )? ﬂz) <apy,

* = apn;
m (ﬂ?:l Ri(xik)= ﬁV)

E(R(N|gv(Axi)) SER(Plgv(Axi)) &

E(R(Nlg(Axi)) <E(R(Blgv(Axi,)) <

For B,

m* (O Rilxi), v)
N NN < )
m (Vo RelCe), )~
m*(ﬂ?ﬂ Ri(xik)7 V)
m* (2 Ri(xi,), —v)

E(R(Blgv(Axi)) <E(R(Plg(Axi,)) <

E(R(Blgv(Axi,)) <E(R(N|g,(Axi,)) < > agy;

Therefore, if apg > ayp, the decision value rules can be
concisely re-expressed as:

@ Springer

(PI) Tf m* (Y, R(xy),—v) = 0 or "Ola®e)s)
m*(ﬂR(x,-k)ﬁv)

max{apg,apy}, then g(A\x;) € POS(v);

(Bl/) If min{aBN,apN} S % Smax{ap&
apy}, then g(Ax;,) € BND(v);

m*(ﬂn R(x;, ),v)
1y 1f oL R
(NT) m*(ﬂi:]Ri(xik)ﬁV)

€ NEG(v).

<min{agy,apy}, then g(Ax;,)

Special case 2: When p = 0, we just need to take the non-
membership degree into account. Under condition (CO0), for
the rule (P'), we describe the first condition as follows:

E(R(P|g.(/\ %) <E(R(Blg(\ xi.))

e ((VRiCw)r) ()Rl )mw) e ((VRiCwip)r) ()Rl )w)
i=1 1 i=1

<1 <l—y, ™

= Vi View Iop Vigy
(V&) w (VR w (V&) m ()R
Voo Vi 2V Viay
< Vp 278

() Rixi),v) )
ln:I >bgp, m* ([ Ri(x;,), ) #0;
= m*(_Dl R[(x[k )’ _‘V) =1

Vipw m‘(ﬁR,(x,k),v) . n
oy L S () Rl ) = 0

AI’/',RP i=1
E(R(Plgo(Axi)) < E(R(N|gy(Axi))
e TP 2N
m“(Dl Rilxi),v)

: Sba, () Rilx,), ) £ 0;
o J m (ARG )
0

1= gy, (VR0
1=,

( >1, m'(ﬁk,(xu).ﬁv):().

since (e (L R6OY > 1 and ()
m* (), Rt ) ) > 1 always hold, thus when
m*(fr'l] Ri(x;),—v) =0, then g(A x;,) € Pos(v).
i=1
When m*(() Ri(x; ), —v) # 0, for (N),
i=1
m () Ri(x,).v)
E(R(N|go(A\xi)) ER(Plg,(\x;)) & ——— <bpy,
m*(g Ri(xiA)v _‘V)
m*(rn] Ri(xik)v V)
ER(N|g,(Axi) SER(Blg(Ax) & —— ' < by
m*(Dl Ri(xik)7 _‘V)
For (B'),
m (Y Ri(x,).v)
E(R(Blg,(Ax,) <ER(Plg,(\x,)) & —! <bpp,
m*(Dl Ri(x;), )
() Rilxi),v)
E(R(Blg,(Ax,) <E(R(N|g,(\x,)) & —! > bpy
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Therefore, if bpg > byg, the decision value rules can be

concisely re-expressed as: .\
n m* ((Ri(xi,)v)
If m*(ﬂRi(xik),—\v) =0 or 1,1:17
i=1 m*(ﬂR;(x;k)ﬁv)

> max{bpp,bpn }, then g(\ x;) € POS(v); 7

irz*(nRi(xik),v)
If  min{bgy,bpy} < —F——

m () Rixi ) w)
i=1

(P2)

(32/) Smdx{bp37
bpy}, then g(Ax;,) € BND(v);
i (\Ritw ) )

(N2') If 0*7 <min{bay,bev}, then g(A\x;,) € NEG(v).
m ((\Rix,)v)

By the above analyses, we find that these two special
cases of three-way decisions are the degradation forms of

three-way decisions of MIFDISs based on the IF relation.

5.3 Acquisition Algorithm of the Fused Decision
Value Set for DRs

The fused decision value set can be calculated by utilizing
the satisfactory decision value of three-way decision
methods of MIFDISs proposed in subsection 5.1, as
demonstrated in the following algorithm (the algorithm of
the fused decision value set with respected to subsec-
tion 5.2 can be similarly given).

Algorithm 1 The fused decision value set

These methods are applicable to handle complete IF
decision information systems, where the same set of
objects is considered, even if the attribute sets may differ.
These attribute sets can generate different reflexive binary
relations. And the probability of each object is not 0.
Because an IFDIS may be inconsistent, and even the fusion
system of multiple inconsistent IFDISs can still be incon-
sistent, leading to generate reasonable inconsistent DRs.
And the satisfactory fused decision value set relies on the
IF numbers 4. (- = P,B,N). In some cases, it is possible
that certain objects do not belong to any POS(v), Vv € V,
which means that we cannot obtain the satisfactory fused
decision value sets for these objects. In these situations, we
can adjust IF numbers A. so that each object is at least
belong in the acceptance region of some decision value.
And, in Algorithm 1, if x|, = ... =x,, = x, then D(A x;,)
denotes as D(x), Vx € U.

Of course, for different forms of three-way decisions of
MIFDISs, there are different algorithms. In these algo-
rithms, only Step 3, Step 5 and Step 6 are different. For the
case of the compromise rule, in Step 3, we need to compute
thresholds apB,apN,aNB,pr,pr,bNB. Step 5 and Step 6
are the operations for decision value rules, so we only need

to adjust specific operations to the cases of (P'), (B") and
(V).

Input: MIFDIS, Hxpps MAppsHAgp » MAgpr MNP ’YANPHand /"/)\pN7A//\pN7M)\BN7’Y>\BN7H'ANN7’7ANN’dv(') =10.

output: fused decision value sets of objects

Step 1: For every information system, for every object x € U, Vv € Vj, construct IFR R; and DR ¢, (R;(z)), and

=

compute ¢}, (R;(z)), ¢t (R;i(z)), Beg, (Ri(2)), Plagr, (Ri(z), fr; (Ri(z)), m*(R;(x),v) and m*((R;(z), —w);

Step 2: Compute M, then for every (| R;(z;, ) € M, Vv € Vg, compute m*( () R(x4,),v), m*( [\ R(z;, ), ) and
i=1 i=1 j

m*( A R(zi,)w)
m=
m (A R(i,)mw)

i=1

Step 3: Threshold compute: app, bpp, apn,bpN, anB, bDNB. a1 = max{apB, pr},ﬁl = max{apN, pr},
as = min{apy, bpy}. B2 = min{anyp, byp}. And a = max{a1,S1} and b = min{as, B2}.

If @ > b, then turn to Step 4;

else, turn to “Input”, re-input appropriate ix pps YApps HAgps YAgpsr MAnps YAnp: A4 Uxp s YAp s

PXpN BN MANN s TANN -

n
Step 4: Forevery () R;(xz;,) € M, Vv € Vy,
i=1

ifm*(.riﬁl Ri(z4, ), ) = 0, then g(A\ z;, ) € POS(v), and dv(/A x4, ) = dv(A x4, ) U{POS(v)},

else, switch(condition)

case 1: if max{a1, 81} > min{as, B2}, then turn to Step 5,
case 2: if max{a1, 81} = min{as, B2}, then turn to Step 6;
Step 5: If m > a, then g(A z;,) € POS(v), dv(A z;,,) = dv(A z5,,) U {POS(v)};
else if m < aand m > b, then g(A z;, ) € BND(v), dv(\ ;) = dv(Az;,,) U{BND(v)};
else g(A\zi),) € NEG(v), dv(A zs,) = dv(A\ z4,) U{NEG(v)}. Turn to Step 7.
Step 6: If m > a, then g(A z;,) € POS(v), dv(A zs,,) = dv(A z;,,) U {POS(v)};
else if m = a, then g(A z;,) € BND(v), dv(A z;, ) = dv(A x4, ) U{BND(v)};
else g(A\xzi),) € NEG(v), dv(A\ zs,) = dv(\ zs,) U{NEG(v)}. Turn to Step 7.

Step 7: Let D(A z;,,) = {v: POS(v) € dv(x1,,...,Zn,)}-
n
Rz(xzk) € M, output D(/\ xzk)
1

Then, for every

1=
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5.4 Example Analyses

Use the following examples to demonstrate this algorithm.
Firstly, demonstrate the calculation of various metrics in
Step 1 using Examples 5.1 and 5.2.

Example 5.1 Suppose U = {x|,x3,...,X¢} is an universe
of discourse, At' = {ay,as,a3} is an attribute set, d' is a
multi-valued decision attribute, the decision table is as
follows (Table 1).

Let P(x;) =4 Vx € U. And
(ttay (50) ey, (7)) + (7 (50) =7, (49))°
ﬂR(xiaxj):%Zz:I(l _\/!k & 2 : );

palin) =15 (1 — \/(lfluak(x,)*uuk(X,)\)Z;(lf\“/uk(x,)f'yuk(X,)Dz).
For this decision information system, we can compute
an IFR R; as follows (Table 2).
Thus we can compute the confidence level of every DR
as follows: for object x;, we have
0.65>+(1-0.35)*

o (Rif) = T~ 071 Ri) =
0.7624+(1-0.23)2 | 0.55%+(1-0.42)2
T — 045,
v 0532410472 | 0424(1-0.57)2
c§ (Ri(x)) = ———=—F—=10.229, then
¢} (Ri(x1) = grrrosssoam = 051,

(R (x1) = 0.32, c}(Ry(x1) = 0.17.
Thus for —1, we have

e (R (x1)) =049, ¢2(Ri(x1)) =0.68, ¢*(Ri(x1)) = 0.83.

Similarly, for object x,, we have
cl(Ri(x2)) =033,  ci(Ri(x2)) =0.51,
L‘Ll(Rl (XQ)) = 0.67, CLz(Rl (XZ) = 0497

cA(Ri(x2)) = 0.16;
CL3(R] (X2) =0.84.

For object x3, we have
C}(R|(X3)) :027. C;(R](.x%)) :021
CL](RI(-’@)) = 073, Clz(Rl()Q)) = 079,

(R (x3)) = 0.52;
CL3(R1(X3)) =0.48.

For object x4, we have
C%(Rl(X4)) = 023. C%(Rl(X4)) = 053
el (Ri(xg)) = 0.77, ¢, (Ri(x4)) = 0.47,

3 (Ri(xs)) = 0.24;
e (Ri(xq)) = 0.76.

For object xs, we have
cA(Ri(x5)) =022,  cA(Ri(xs)) =0.14,  c3(Ri(xs)) = 0.64;
CLl (R] ()65)) = 078. CLZ(RI (Xs)) = 086. CL3(R| (X5)) = 0.36.

For object x¢, we have

cl(Ri(x)) =043,  c(Ri(x6)) =0.26, ci(Ri(x6)) = 0.31;

el (Ri(x6)) = 0.57, c',(Ri(x6)) =0.74, c'5(Ri(x6)) = 0.69.

And we can also obtain the IF belief function and the IF
plausibility function, which are defined in Definition 2.6
and T((al, bl), (612, bz)) = (611 ANar,by V bz), I((Cll, b1)7

@ Springer

Table 1 IFDIS 1

a a as d'
X1 (0.6, 0.3) (1, 0) O, 1) 1
X7 0.9, 0) (0.8, 0.2) (0.1, 0.7) 2
3 (0.4, 0.5) 0.6, 0.2) 0.9, 0.1) 3
x4 «, 0) (0.4, 0.4) (0.3, 0.4) 2
X5 (0.3, 0.4) (0.3, 0.4) «,0) 3
Xg 0.2, 0.6) (0.8, 0.2) (0.5, 0.5) 1

(a2, b2)) = (b1 V az,a; A by), thus Vx; € U, we can further
calculate to get fg, (R;(x;)).

For object x;, by Be(Ri(x1)) =0.22, Pla(Ri(x;))
= 0.58, we have

Fro(Ri(01)) = Be(Ri (1)) + o(R: (x1), (1,0))(Pla(Ri (x1)) — Be(R (x,))) = 0.39.

Similarly, we have f, (Ri(x2)) = 0.44, fz,(R(x3)) =
0.46, fr,(Ri(x4)) = 0.46, f& (Ri(xs)) =04, fr (Ri(xs))
=0.51.

Using the quasi-probability function and the confidence
level of DRs, the probability of every DR based on the D-S
evidence theory can be obtained, that is, the mass function
of DRs can be obtained. Thus for decision value 1,

m' (R (x1), 1) = g3 ><0A5|+0.44><0A33+0A47x%g7i%f416><O,23+0A4><0.22+0.5]><0.43 =0.23.

Similarly, we have m!(R;(x2),1) = 0.16, m'(R;(x3), 1)
= 014, ml(Rl(.x4)7 1) = 012, ml(Rl(x5), 1) = 01, ml(Rl
(x6),1) = 0.25.

For decision value —1, we have

m'(Ry(x1),=1) = 0.1, m'(Ry(x2),~1)=0.17, m'(Ry(x3),—~1) = 0.19,
n’ll(R]()C4),‘|1):0,27 ml(Rl(XS),“l):O.l& ml(Rl(XG),“l):O.16.

For decision value 2, we have

ml(Rl(xl),2):O.l4, m!(Ry(x2),2) = 0.25, ml(R](X3),2)
m'(Ry(x4),2) = 0.27, m'(Ry(xs),2) = 0.09, 2

For decision value —2, we have

m'(Ry(x1),—2) = 0.15, m'(Ri(x2),=2) = 0.12, m'(Ry(x3),—2) = 0.21,
m'(Ry(x4),—2) = 0.12, m'(Ry(xs),—2) = 0.18, m'(R;(x),—2) = 0.22.

For decision value 3, we have

mI(R](Xl),:‘;) = 0077 ml(R|(X2),3> = 008. mI(R1<X3),3) =
ml(Rl()C4),3) = 013, ml(Rl(X5)73> = 0277 3) =

For decision value —3, we have

m'(Ry(x1),-3) = 0.18, m'(Ri(x),—3) = 0.21,

WII<R1 (X3), “3) = 0.12,
m'(Ry(x4),-3) = 0.2, m'(Ry(xs),-3) = 0.09,

m' (Ry(xg), —3) = 0.2.
Example 5.2 (Following Example 4.1) There are another
IFDIS (U,At?,d?*), where At> = {ay,as,ac} is an attribute
set, d? is a multi-valued decision attribute, the second
decision table is as follows (Table 3):

Let P(x;) =4 Vx € U.
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Table 2 IFR of IFDIS 1 R Y s x4 s e
X1 (1, 0) (0.76, 0.23) (0.53, 0.46) (0.55, 0.42) 0.4, 0.57) (0.65, 0.35)
X (0.76, 0.23) (1, 0) (0.55, 0.43) (0.79, 0.2) (0.43, 0.53) (0.68, 0.31)
X3 (0.53, 0.46) (0.55, 0.43) (1, 0) (0.59, 0.39) (0.85, 0.15) (0.77, 0.21)
X4 (0.55, 0.42) (0.79, 0.2) (0.59, 0.39) (1, 0) (0.6, 0.37) (0.6, 0.37)
X5 0.4, 0.57) (0.43, 0.53) (0.85, 0.15) (0.6, 0.37) (1, 0) (0.65, 0.33)
X6 (0.65, 0.35) (0.68, 0.31) (0.77, 0.21) (0.6, 0.37) (0.65, 0.33) (1, 0)
Table 3 IFDIS 2 DR*(x6,v),Vv € Vs, }, and the DR IF mass functions
as as a6 &~ are:
m2(R2(X1), l) = 017, mz(Rz(xz), 1) = 017~ m2(R2<X3), 1) = 021,
x (1,0) 0.1,0.7) 0.3,0.4) 1 m?(Ry(xs),1) = 0.18, m?(Ry(x6),1) = 0.27.
X7 (1,0) (0.1,0.7) (0.4,0.4) 2 .
© 0.09) (1.0) 02.0.8) 3 F?(r ((16():181())11 value —(|1,( v&;e h)ave o
m?(Ry(x1),~1) = 0.17, m?(Ry(x2),~1) = 0.18, m*(Ra(x3), 1) = 0.37,
x4 (0,0.9) (1,0) (0.2,0.8) 3 2 (Ro(xs), ~1) = 016, 12 (Ra(xa). ~1) = 0.12.
Xs (0.5,0.5) (0,0.9) (1,0) 3
X6 0.5,0.5) (1,0) (1,0 1 For decision value 2, we have

For this information system, we can compute the IFR R,
as follows (Table 4):

Thus we can compute the confidence level of every DR
as follows: for object x;, we have

ARa(x1)) =033,  A(Ra(x1)) =0.56, A(Ra(x1)) = 0.11;

Cil(Rz(xl)) = 067, C‘Zz(Rz(xl)) = 0.44, Cz3(R2(X1)) = 089

Similarly, for object x,, we have

F(Ra(x2)) = 032, 3(Ra(x2)) = 0.57,  ¢3(Ra(xz)) = 0.11;

Cil (Rz(Xz)) = 068. sz(RZ(XZ)) = 043, C33(R2(X2)) = 0.89.

For object x3, we have
AR (x3)) =022,  A(Ra(x3)) = 0.1, 2(Ra(x3)) = 0.68;
Cil(Rz()@)) = 0.787 Ciz(Rz(X3)) = 0.97 Ci3(R2()C3)) =0.32.

For object x4, we have
A (Ra(x4)) =022,  A(Ra(xa)) =0.1, E(Ra(xs)) = 0.68;
2 (Ra(x4)) = 0.78,  2,(Ra(xa)) = 0.9, 23(Ra(x4)) = 0.32.

For object x5, we have

C%(Rz()@)) = 0.35, C%(RQ(XS)) = 0.32, C%(Rz()@)) = 0.33;
Cil(RZ(XS)) = 065. Ciz(RZ(XS)) = 068, 633(R2(X5)) =0.67.

For object x¢, we have

C%(Rz()%)) = 0.52, C%(R2(X6)) = 0.14, C%(Rz()%)) = 0.34;

2 (R (x6)) = 0.48, %, (Ra(x6)) = 0.86, c?5(Ra(x6)) = 0.66.

And, we have the focal element set {R,(x;),Rx(x2), Ra
()C3) = RQ(X4),R2(X5),R2(X(,)}, then

Jry(Ra(x1)) = 0.35, fi, (Ra(x2)) = 0.35, f, (Ra(x3)) = f,
(Rz()C4)) = 0.32, ng (Rz()CS)) = 0.34, fR2 (Rz()%)) =0.35.

Then, the possible fused DR set is {DR*(x;,v), DR?
(x2,v), DR?*(x3,v) = DR*(x4,v), DR*(xs, V),

mz(RQ(xl),2) = 031, mz(Rz(X2)72) = 032,
m?(Ry(xs5),2) = 0.18, m?(Ra(xs),2) = 0.08.

m*(Ry(x3),2) = 0.11,
For decision value —2, we have

m*(Ry(x1),=2) = 0.11, m*(Ry(xy),—2) = 0.11,
mz(Rz(X5), —\2) = 0416, mz(Rz(X(‘), —\2) =0.21.

m*(Ry(x3), =2) = 0.41,
For decision value 3, we have

m?(Ry(x1),3) = 0.05, m?(Ra(x2),3) = 0.0,
m?(Ry(xs5),3) = 0.15, m?(Ra(x6),3) = 0.16.

(R (x3),3) = 059,

For decision value —3, we have

m?(Ra(x1),-3) = 0.24, m?(Ry(x2), =3) = 0.24, m?*(Ry(x3),-3) = 0.16,
m?(Ry(xs),—3) = 0.18, m?(Ry(xs),—3) = 0.18.

Furthermore, we consider the fused mass function of
DRs and the selection of optimal decision values using
three-way decisions.

Example 5.3 (Following Example 5.1 and 5.2) Step 2:
Thus M= {R] (xl) n Rz(xl),Rl(X2) ﬂRz(xZ)7R1 (X3) N Rz(X3)
=R ()C3) n RQ(X4),R1(X4) n RQ()C3) =R ()C4) n RQ(X4),R1
(x5) N Ry (x5), R1(x6) N Ra(x)}, we then obtain the fused
mass function of DRs:

2
m*(Rl(xl) mRz()Cl)7 1) = Hml(R,'(Xl), 1)+
i=1
> S(Ry(x1) N Ry (x1),
(L (R (1, )R (s ))i=0
2

{{R1 (x1x,), Ra(xa,)} 1) [ [ ' (Ri (i), 1) = 0.174
i1
Similarly, we have m*(R;(x;) N Ry(x;), 1) = 0.16.

By DR(x3,1) = DR(x3 A\ x4, 1), we only need to com-
pute m*(Rl(x3) mRz(X3>, 1), thus m*(Rl(x3) ﬂRQ(X3), 1)
= 0.152. By DR(x4,1) = DR(x4 A\ x3,1), we only need to
compute  m*(R;(x4) NRa(x4),1), thus m"(Ri(xs) N
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Table 4 IFR of IFDIS 2 R,

x| X X3 X4 Xs Xo

X (1,0 (0.98,0.02) (0.32,0.65) (0.32,0.65) (0.59,0.39) (0.37,0.6)
X2 (0.98,0.02) (1,0) (0.31,0.67) (0.31,0.67) (0.61,0.38) (0.39,0.59)
X3 (0.32,0.65) (0.31,0.67) (1,0 (1,0) (0.27,0.73) (0.58,0.42)
X4 (0.32,0.65) (0.31,0.67) (1,0 (1,0) (0.27,0.73) (0.58,0.42)
Xs (0.59,0.39) (0.61,0.38) (0.27,0.73) (0.27,0.73) (1,0) (0.68,0.31)
X6 (0.37,0.6) (0.39,0.59) (0.58,0.42) (0.58,0.42) (0.68,0.31) (1,0

R (x4),1) = 0.146. m*(Ry(xs) N Ry(xs),1) = 0.142, Table 5 Comparison table of satisfactory decision value sets

m*(R1 (X6) n Rz()%), 1) = 0.226.

Similarly, for decision value —1, we have

m*(Rl(xl) ﬂRz(xl), —\]) = 0.143,m*(R1(x2) ﬂRz()Cz), —\1) =
0.159,m*(R1(X3) ﬁRz()C3), _\1) = 0.192,m*(R1(x4) N R,
(X4), ﬂl) = 0.193,m*(R1(x5) ﬂRz(x5), —\1) = 0148,
m*(R])(Xﬁ N Rz()%), _\1) =0.165.

For decision value 2, we have

(R (x1) N Ry(x1),2) = 0.204,  m*(Ry(x2) N Ra(x2),2) = 0.24,  m*(Ry(x3) N Ra(x3),2) = 0.12,
m*(Ry(x4) N Rx(x4),2) = 0.141, m*(Ry(xs) N Ry(x5),2) = 0.136, m"(R(xs) N Ra(x6),2) = 0.159.

For decision value —2, we have

m* (R.(n)ﬂkz(n)
(R (xe) N Ra(xa),

=0.134, m*(Ry(x2) NRa(x2),2) = 0.131, m*(Ry(x3) N Ra(x3), 2) = 0.215,
=0.173,  m*(Ri(xs) N Ra(xs), -2) = 0.15,  m*(Ry(x6) N Ra(xs), 2) = 0.197.

For decision value 3, we have

My (R (x1) N Ra(x1),3) = 0.099,  mpy(Ri(x2) NRa(x2),3) = 0.1, my(Ry(x3) NR:
miy(Ry (xs) N Ra(x4),3) = 0.192,  mjy(Ry(xs) N Ra(x5),3) = 0.153,  my(Ry (x6) NR:

(x3),3) = 0.288,
(x6),3) = 0.168.

For decision value —3, we have
iy (Ri(x1) N Ra(x1),-3) = 0.191,  mij (R (x2) N Ra(x2),=3) = 0.198,  mj (R (x3) N Ra(x3), =3) = 0.134,

(R (x4) N Ra(xs),—3) = 0.149,  mj(Ry (x5) N Ra(xs),=3) = 0.139,  mj (R, (x6) N Ra(xg), —3) = 0.189.

In Example 5.3, we have used Step 2 of Algorithm 1 to
obtain the fused IF mass functions of DRs as above. In the
following, we discuss how to get the optimal decision value
set according to Step 3— Step 7 of Algorithm 1.

Example 5.4 (Following Example 5.3) Step 3: If
App = (0.1,0.9), Agp = (0.65,0.3), Anp = (0.85,0.1),
)\,NN = (O, ]), ;“BN = (057O4>, )”PN = (08,015)

Then we have o = max{apgp=0.97,bpg =0.89}
= 097, ﬁl = max{apN = O.9,bPN = 086} = 09, Oy =
min{apN = 0.9,pr = 086} = 086, ﬂZ = min{aNB =0.
82,byp = 0.83} = 0.82. Thus max{oy, f;} > min{oz, p,}.

2
By m* ([ Ri(x;),—v) # 0, then turn to Step 5. Thus,
i=1
according to Step 5, we can give the optimal decision value
of every object.

For decision value 1, we have

m*(Ry (x1) N Ry(x1), 1) —M—nm m*(Ry (x2) N Ry(x2), 1)
m*(Ry(x1) NRy(x1),=1)  0.143 ~ 77 m*(R,(x2) N Ra(x2), =1)
_0.16 m* (R (x3) NRy(x3), 1)
7059 ]‘006’1 *(R1(x3) N Ry(x3), 1)
0.13
=085 = 07%4
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object SDVSirpisi SDVSirpisz SDVSyirpis
X1 1 1,2 1,2

X2 1,2 2 1,2

X3, X3 A\ X4 3 3 3

X4, X4 \ X3 2 3 3

X5 3 - 3

X6 1 1 1

m*(Rl (X4) ﬂRz(X4)./ 1) o 0.115
m*(Rl(X4) mRz(X4),ﬁ1) o 0.19
7M7 m*(Rl (.X6) ﬂRz(xG),l)
=007 %09 R (xe) N RaCxe), 1)

m*(Rl()C5) mRz()C5)7 1)
m*(Rl(X5) mRz(X5), ‘\1)
~0.265
0.145

=0.754,

= 1.369,

by % > max{oy, 5, }, we have dv(x;)
POS(1). Thus, we conclude dv(x;) = POS(1), dv(x,)
POS(1),dv(x3) = NEG(1), dv(xs) =NEG(1), dv(xs)
BND (1), dv(xs) = POS(1).

For decision value 2, we have
m* (R (x)NRy(x1):2) _ 0.204 _ =1.524,

m* (Ry (2)NRy (x2),2)
m*(Ry(x1)NR2(x1),72) — 0.134 m*(Ry (x2)NR2(x2),72)

Ry (x3)NR2(x3),2) __
= (?12341 =1 83’ m*(gh(,(tg’;%Rzz(EC;)),ﬁz)) (?21125 =0. 555

m* (R (xa) Ry (x4),2) __ 0.142 _

7R )R ) ) 0.173 (R](Xs)ﬂRZ(XS)v_Q)
R X6 )R> (x, 2
0011356 0. 905’ % 0. 806

thus we conclude dv(x;) = {POS(1),POS(2)}, dv(xz)
= {POS(1),POS(2)}, dv(xs) = {NEG(1),NEG(2)}, dv
(x4) = {NEG(1),NEG(2)}, dv(xs) = {BND(1),BND(2)},

dv(xe) = {POS(1),NEG(2)}.

For decision value 3, we have

m* (Ry (x1)OR2 (x1),3) __ 0.099 __ —0.52,

m* (R (x1)NR2(x1),-3) — 0.191 m*(Ri (x2)NR2(x2),=3)
(R1(x3)NR2(x3).3) __ 0.288 __

=0.5, m* (Rl(x;)ﬁRzz(x:) -3) — 0.134 2.15,

m*(Ry(xa) R (xa).3) _ 0.192 _ 1 3, m* (R (xs)NR2(x5),3) __ 0.153
m*(R](X4)Ir‘IR2(X4),‘|3) 0.148 — m*(R|(xs)ﬂR2(X5),“3> — 0.139

o m* (R (x6)NR2(x6),3
- 1'1’ m*(gell(X(,fS%R;(E(gﬁ)?—‘g) 8 igg 0. 889

thus we conclude that
dv(x;) = {POS(1),POS(2), NEG(3)},
dv(xp) = {POS(1),POS(2), NEG(3)},
dv(x3) = {NEG(1),NEG(2), POS(3)},
dv(xs) = {NEG(1),NEG(2),POS(3)},

m* (R (x2) Ry (2),3)

O 198

S



T. Feng et al.: Fused Decision Rules of Multi-Intuitionistic...

Ratio of mass function for decision 1

xl x2 x3 x4 x5 x6

=§=IFDIS] ==@=[FDIS2 MIFDIS

Fig. 1 ratio of mass functions of IFDISs for d = 1

Ratio of mass function for decision 2

== [FDIS] ==@==[FDIS2 MIFDIS

Fig. 2 ratio of mass functions of IFDISs for d =2

dv(xs) = {BND(1),BND(2),POS(3)},
dv(xg) = {POS(1),NEG(2),BND(3)}.

Thus, comprehensively considering these two IFDISs,
we know the satisfactory fused decision value set generated
by x; is D(x;) = {1,2}, generated by x, is D(x;) = {1,2},
generated by x3 is D(x3) = {3}, generated by x4 is
D(x4) = {3}, generated by xs is D(xs) = {3}, generated
by X6 is D(x6) = {1}

From this example, we find that there are two satisfac-
tory DRs generated by using object xj, that is,
(a1,(0.6,0.3)) A (az,(1,0)) A (as, (0,1)) A (ag, (1,0))A
(as, (0.1,0.7)) A (as,(0.3,0.4)) — (d,1) and (a1, (0.6,0.
3)) A (az, (1,0)) A (as, (0,1)) A (a4, (1,0)) A (as, (0.1,0.
7)) A (as, (0.3,0.4)) — (d,2).

The satisfactory decision value set (SDVS) of all objects
of IFDIS 1 in Example 5.1 and IFDIS 2 in Example 5.2 are
studied according to their respective mass functions, and
compared with the case of MIFDIS, as shown in Table 5.

For three-way decisions based on the compromise rule,
when p =1, by max{apg,apy} = app = 0.97, min{ayg,
apy} = ayg = 0.82, so the fused decision value set of
every object in this case is the same to the satisfactory

Ratio of mass function for decision 3

/
. / / /*'.
// \/

xl x2 x3 x4 x5 x6

= [FDIS] ==@u=]FDIS2 MIFDIS

Fig. 3 ratio of mass functions of IFDISs for d = 3

Table 6 Decision values on U

U x x x3 x4 X5 X¢ X7 Xg X9 X

d' 1 2 1 3 1 3 2 1 3 2
a2 1 2 3 2 1 1 3 2

fused decision value set in Example 5.4. However, when
p =0, we have max{bpg, bpy} = 0.89, min{byg, bpy} =
0.83, thus,

dv(x;) = {POS(1),POS(2),NEG(3)},
dv(xy) = {POS(1),POS(2),NEG(3)},
v(x3) = {NEG(1),NEG(2),POS(3)},
dv(xg) = {{NEG(1),NEG(2),POS(3)},

dv(xs) = {POS(1),POS(2),POS(3)},
dv(x¢) = {POS(1),NEG(2),BND(3)}.

Thus the fused decision value set of x5 is
D(xs) = {1,2,3}, which is different from the satisfactory
fused decision value set of x5 in Example 5.4.

To provide a clearer representation of the satisfactory
decision sets for all objects, the ratios of mass functions of
different objects are depicted in blue, red, and gray lines
under IFDIS 1, IFDIS 2, and MIFDIS, as shown in Figs. 1,
2 and 3. In Figs. 1, 2 and 3, the horizontal axis represents 6
objects, while the vertical axis represents the ratio 7 of the
mass function corresponding to a given decision value 1, 2,
or 3. These figures also allow us to determine the satis-
factory decision sets of each object in the three IFDIFs with
varying loss functions.

Comparative analysis reveals that when the values of m
of both the first and second IFDISs are small, the values of
m in MIFDIS are also small; when the values of 7 in both
systems are large, the values of 7 in MIFDIS tend to be
large as well; when one system has a large value and the
other has a small value, the fused value of m typically fall
in between.

QL
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Table 7 IF relation on IFDIS 1

R! X1 X2 X3 X4 X5
X1 (1,0) (0.79, 0.2) (0.67, 0.29) (0.84, 0.12) (0.7, 0.28)
X (0.79, 0.2) (1, 0) (0.69, 0.24) (0.73, 0.22) (0.7, 0.28)
X3 (0.67, 0.29) (0.69, 0.24) (1, 0) (0.74, 0.25) (0.64, 0.33)
X4 (0.84, 0.12) (0.73, 0.22) (0.74, 0.25) (1, 0 (0.62, 0.33)
X5 (0.7, 0.28) (0.7, 0.28) (0.64, 0.33) (0.62, 0.33) 1, 0)
X6 (0.68, 0.3) (0.72, 0.23) (0.86, 0.12) (0.71, 0.27) (0.73, 0.24)
X7 (0.53, 0.42) (0.6, 0.35) (0.57, 0.42) (0.58, 0.36) (0.6, 0.38)
Xg (0.67, 0.29) (0.68, 0.24) (1, 0) (0.74, 0.25) (0.64, 0.33)
X9 (0.75, 0.23) (0.69,0.25) (0.57, 0.4) (0.64, 0.3) (0.62, 0.38)
X10 (0.74, 0.23) (0.74,0.22) (0.57,0.41) (0.69, 0.27) (0.63, 0.35)
X6 X7 X8 X9 X10
X1 (0.68, 0.3) (0.53, 0.42) (0.67, 0.29) (0.75, 0.23) (0.74, 0.23)
X (0.72, 0.23) (0.6, 0.35) (0.68, 0.24) (0.69, 0.25) (0.74, 0.22)
X3 (0.86, 0.12) (0.57, 0.42) (1, 0) (0.57, 0.4) (0.57, 0.41)
X4 (0.71, 0.27) (0.58, 0.36) (0.74, 0.25) (0.64, 0.3) (0.69, 0.27)
X5 (0.73, 0.24) (0.6, 0.38) (0.64, 0.33) (0.62, 0.38) (0.63, 0.35)
Xe (1,0) (0.63, 0.36) (0.86, 0.12) (0.61, 0.37) (0.59, 0.39)
X7 (0.63, 0.36) (1,0) (0.57, 0.42) (0.52, 0.44) (0.74, 0.21)
X3 (0.86, 0.12) (0.57, 0.42) (1, 0) (0.57, 0.4) (0.57, 0.41)
X9 (0.61, 0.37) (0.52, 0.44) (0.57, 0.4) (1, 0) (0.75, 0.23)
X10 (0.59, 0.39) (0.74, 0.21) (0.57, 0.41) (0.75, 0.23) 1, 0)
Table 8 IF relation on IFDIS 2
R? X1 X2 X3 X4 X5
X1 (1,0) (0.65,0.24) (1,0) (0.59,0.33) (0.58,0.3)
X (0.65,0.24) (1,0) (0.65,0.24) (0.62,0.33) (0.61,0.34)
X3 (1,0) (0.65,0.24) (1,0) (0.59,0.33) (0.58,0.3)
X4 (0.59,0.33) (0.62,0.33) (0.43,0.33) (1,0) (0.8,0.19)
Xs (0.58,0.3) (0.61,0.34) (0.58,0.3) (0.79,0.19) (1,0)
X6 (0.85,0.14) (0.61,0.3) (0.85,0.14) (0.51,0.44) (0.59,0.35)
X7 (0.67,0.26) (0.72,0.21) (0.67,0.26) (0.72,0.26) (0.68,0.28)
Xg (0.71,0.18) (0.88,0.1) (0.71,0.18) (0.69,0.3) (0.65,0.34)
X9 (0.65,0.33) (0.59,0.35) (0.65,0.33) (0.68,0.28) (0.73,0.21)
X10 (0.85,0.14) (0.61,0.3) (0.85,0.14) (0.51,0.44) (0.59,0.35)
X6 X7 X3 X9 X10
X1 (0.85,0.14) (0.67,0.26) (0.71,0.18) (0.65,0.33) (0.85,0.14)
X (0.61,0.3) (0.72,0.21) (0.88,0.1) (0.59,0.35) (0.61,0.3)
X3 (0.85,0.14) (0.67,0.26) (0.71,0.18) (0.65,0.33) (0.85,0.14)
Xy (0.51,0.44) (0.72,0.26) (0.69,0.3) (0.68,0.28) (0.51,0.44)
X5 (0.59,0.35) (0.68,0.28) (0.65,0.34) (0.73,0.21) (0.59,0.35)
X6 (1,0) (0.67,0.26) (0.65,0.26) (0.66,0.33) (1,0)
X7 (0.67,0.26) (1,0) (0.72,0.21) (0.65,0.32) (0.67,0.26)
X3 (0.65,0.26) (0.72,0.21) (1,0) (0.6,0.35) (0.65,0.26)
X9 (0.53,0.33) (0.65,0.32) (0.6,0.35) (1,0) (0.66,0.33)
X10 (1,0) (0.67,0.26) (0.65,0.26) (0.66,0.33) (1,0)
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Table 9 Comparison table of satisfactory decision value sets

object SDVSirpist SDVSirpisz SDVSyirpis

X1 1,3 1,2 1,2,3

X1 A X3 - - 1,2,3

X 2 1,3 1,2,3

X3, xg A\ X3 1 ,2 1

X3 A Xy, Xg A X; - - 3

X4 3 1,3

X5 1 2, 2.3

X6 1,3 1,2 2,3

X6 A\ X10 - - 1,2,3

X7 2 1,3 1

xg, x3 A\ Xg 1 3 2,3

X9 3 2 2,3

X10 2 1,2 2

X10 N\ X¢ - - 2
Ratio of mass function for decision 1

= \,,/7%/}\\{1

== [FDIS] =—@==[FDIS2 MIFDIS

Fig. 4 ratio of mass functions of IFDISs for d = 1

Ratio of mass function for decision 2

X
d

" 24

e [FDIS] ==@e]FDIS2 MIFDIS

Fig. 5 ratio of mass functions of IFDISs for d = 2
In some cases, the number of possible fusion decision

rules generated can exceed the number of elements, as
demonstrated in the following example.

Ratio of mass function for decision 3

=l [FDIS] ==le==]FD]S2 MIFDIS

Fi

i

g. 6 ratio of mass functions of IFDISs for d = 3

Example 5.5 LetU = {x;,x2,...,x10}, R and R? are two
IFRs on U,d = {1,2,3},P({x;}) = 75 Then (U,R",d") and
(U, R*,d?) are two IFDISs, as shown in Tables 6, 7 and 8.

In order to give the satisfactory decision sets of all objects
more clearly, when App = (0.1,0.9), Agp = (0.65,0.3),
np = (0.85,0.1), Ayw = (0,1), Agy = (0.5,0.4), Apy =
(0.8,0.15), we also can give the satisfactory decision sets of
each object in three IFDIFs as the following Table 9.

To provide a clearer representation of the satisfactory
decision sets for all objects, the ratios of mass functions of
different objects are depicted in blue, red, and gray lines
under IFDIS 1, IFDIS 2, and MIFDIS, as shown in Figs. 4,
5 and 6.In Figs. 4,5 and 6, the horizontal axis represents
10 objects, while the vertical axis represents the ratio m of
the mass function corresponding to a given decision value
1, 2, or 3. These figures also allow us to determine the
satisfactory decision sets of each object in the three IFDIFs
with varying loss functions.

In these three figures, We can conclude,

(1) As u,,, increases and p,, increases, and u,
decreases and u;,, decreases, apg monotonically does not
decrease. In this case, «; does not necessarily decrease, but
the positive region does not increase.

(2) As pu,,, increases and pu,;, increases, and p;
decreases and p, , decreases, apy monotonically does not
decrease. In this case, f/; and o, do not necessarily
decrease, thus the positive region does not increase, and the
negative region does not decrease.

(3) As u;,, increases and p,  increases, and p,
decreases and u;,,, decreases, ayg monotonically does not
decrease. In this case, 3, does not necessarily decrease, but
the negative region does not decrease.

(4) As vy,,, increases and 7y, increases, and 7y,
decreases and y,, , decreases, bpp monotonically does not
increase. In this case, ; does not necessarily increase, but
the positive region does not decrease.
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Table 10 Comparison table of
satisfactory decision value sets

with different loss functions

objects X1 X3 X3, X4 X5 X6 X, Xy %o 10
App = (0.1,0.9), Agp = (0.65,0.3)

Inp = (085,01),}_1\”\/ = (07 1)

gy = (0.5,0.4), ipy = (0.8,0.15) ,2,3 1,223 1 1,3 2,3 23 1 2,3 2,3 2

Jpp = (0.1,0.9), Jp = (0.65,0.3)

Jyp = (0.84,0.1),Ayy = (0,1)

Jgy = (0.5,0.4), ipy = (0.805,0.15) 2 3 1 1,3 3 23 1 2 232

App = (0.14,0.8), Azp = (0.65,0.3)

Jxnp = (0.85,0.1),Any = (0,1)

Jpy = (0.5,0.4), Jpy = (0.8,0.15) 2 3 1 1,3 3 23 1 2 23 2
Jpp = (0.1,0.9), Zzp = (0.65,0.3)

Jwp = (0.85,0.1),2yy = (0,1)

Jgy = (0.55,0.45), Jpy = (0.8,0.15) 2 3 1 1,3 3 231 2 23 2

Table 11 Comparison table of satisfactory decision value sets with different orders

object  ipp=(0.1,0.7)  gp=(0.6,025)  inp=(0.8,0.2)  ipp = (0.145,0.685)  igp = (0.61,025)  iyp = (0.799,0.201)
Ay = (0.1,0.7) gy = (0.55,0.4) Apn = (0.8,0.2) vy = (0.124,0.69) gy = (0.55,0.45) Apn = (0.79,0.209)
SDVSrr SDVScrp—i SDVScrp—o SDVSirx SDVScrp—1 SDVScrp—o

X1 2 2 1,2 2 1,2,3

X2 3 3 2,3 3 1,2,3

X3 1 1 1 1 1

X4 1,3 1,3 1,3 1,3 1,3 1,3

X5 3 3 3 2,3 3 2,3

Xg 2,3 2,3 2,3 2,3 2,3 2,3

x7 1 1 1 1 1

xg 2 2 2 2 2,3

X9 2,3 2,3 2,3 2,3 2,3 2,3

X10 2 2 2 2 2

Ratio of mass function for decision 1

i / ﬂv\f\.\‘/ PRI M’u\]
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Fig. 7 ratio of mass functions of IFDISs for d = 1

(5) As vy,,, increases and y,, increases, and 7y,
decreases and y; , decreases, bpy monotonically does not
increase. In this case, o, and f§; do not necessarily increase,
thus the positive region does not decrease, and the negative
region does not increase.

@ Springer

(6) As 7y, increases and 7y, = increases, and 7y,
decreases and y, , decreases, ayp monotonically does not
increase. In this case, 5, does not necessarily increase, but
the negative region does not increase.

Thus, for different values of loss functions, we can get
the fused satisfactory decision sets of each object shown in
Table 10.

From Table 10, it can be observed that the selected results
of satisfactory decision sets for fused decision values corre-
spond to the analysis of the impact of changes in loss function
values on positive domain changes of decision values.

In the following, we compare the satisfactory decision
sets of each object based on the IF relation and the com-
promise rule, as shown in Table 11.

The analysis above demonstrates that for some loss
functions, the satisfactory decision sets of each object from
the three different partial orders are identical, indicating
insensitivity of the loss function to these partial orders.
However, in certain cases, the satisfactory decision sets of
each object corresponding to the three partial orders can
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Fig. 9 ratio of mass functions of IFDISs for d = 3

vary, suggesting sensitivity of the loss function to these
partial orders. Therefore, by utilizing the monotonicity of
loss functions, we can adjust the values of the six loss
functions to better align with specific requirements.
Moreover, in this example, it is observed that the elements
in the positive region of the IF relation are included in the
positive region of the CO when p = 0. Similarly, the ele-
ments in the positive region of the CO when p =1 are
encompassed within the positive region of the IF relation.

5.5 Data Analyses

We apply our proposed method based on the IF relation to
analyze the satisfactory decision sets for each object in the
Computer Hardware dataset from the UCI repository. This
dataset consists of 209 objects with 10 attributes. Initially,
we conduct data preprocessing by identifying and remov-
ing data with significantly deviated values considered as
noise. Subsequently, we select the initial 200 objects and
divide them into two groups to establish two information
systems, with objects sorted from 1 to 100 within each
system. As the first two attributes are deemed unsuit-
able for IFS construction, we exclude these attributes and

Ratio of mass function for decision 4
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Fig. 11 ratio of mass functions of IFDISs for d = 5

focus on the remaining eight for our analysis. The values of
the remaining eight attributes are normalized to ascertain
their membership degrees. Next, we use random methods
within Excel software to calculate the non-membership
degrees of IF numbers. It is ensured that the sum of
membership and non-membership degrees is greater than
or equal to 0.5. Finally, decision values ranging from 1 to 5
are randomly assigned to each object.

Firstly, let the probability of every object is ﬁ,
)upp = (01,08), in = (065,03), /INP = (085,01),
vy = (0.1,0.9), Agy = (0.5,0.4), Apy = (0.8,0.15). The
calculations show trends in the changes of the values of m
for IFDIS 1, IFDIS 2, and MIFDIS as illustrated in Figs. 7,
8,9, 10 and 11.

The horizontal axis in the figure represents 100 objects,
while the vertical axis represents the ratio m of the mass
functions corresponding to decision values 1 — 5. The blue
line represents the curve of the values taken by m in the
first IFDIS, the orange line represents the curve of the
values taken by 7 in the second IFDIS, and the gray line
represents the curve of the values taken by m in the MIF-
DIS. Because the non-membership degrees of conditional
attributes and decision values in these systems are
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The number of elements in the satisfactory decision sets

ssion: |
]

J

0 10 20 30 40 50 60

IFDIS1 WIFDIS2 WMIFDIS

Fig. 12 The number of elements in the satisfactory decision value
sets for different decision values

randomly generated, then objects with completely identical
values are seldom encountered, and the values of 7 in each
information system oscillates around 1. Upon comparing
and analyzing the IFDISs of 100 objects, it becomes evi-
dent that the values of 7 in MIFDIS also tend to fluctuate
around 1. Furthermore, the trends observed in the varia-
tions of the values of m in MIFDIS generally align with
those in Example 5.4 and Example 5.5. From the above
figure, it can be observed that the use of conflict evidence
fusion rules may lead to situations in MIFDIS where some
values of m exceed or fall below the values of 7 in the two
original IFDISs. This does not hinder the identification of
satisfactory decision sets for each object using the three-
way decision method. Therefore, we can use Fig. 12 to
illustrate the satisfactory decision sets for IFDIS 1, IFDIS
2, and MIFDIS.

In Fig. 12, the vertical axis represents different decision
values, while the horizontal axis indicates the quantity of
objects corresponding to each value where satisfactory
decisions are made. The quantity of objects corresponding to
each value in IFDIS 1 is shown in gray, in IFDIS 2 in orange,
and in the MIFDIS in blue. The graph shows that the number
of objects in the fused system typically falls between those of
the original two IFDISs. Additionally, due to significant
inconsistencies in the original information systems, the fused
system also exhibits notable inconsistencies.

6 Conclusion

This paper provides a comprehensive study of decision-
making in multi-information fuzzy decision information
systems (MIFDISs). Firstly, the definitions of belief
structures of the D-S evidence theory in IFASs are
reviewed. Next, a fused mass function is defined to capture
the influence of conflicting evidence, taking into account
the inclusion degree of two IFSs and utilizing basic IF

@ Springer

information granules as focal objects. The IF information
granules specific to MIFDISs are then introduced. Fol-
lowing this, a fused mass function of decision rules is
proposed, and the fused decision value sets of all objects
are determined through innovative three-way decisions
based on the fused mass functions of decision rules. In
future research, the reduction of multi-information systems
will be further explored.
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