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Abstract Takagi—Sugeno (T-S) fuzzy model is an effec-
tive technology for describing complex nonlinear industrial
processes and dynamic systems with unmeasurable
parameters. However, to stabilize this type of system,
feedback linearization techniques and complex adaptive
schemes usually need to be adopted. This paper focuses on
the stabilization of uncertain fractional-order (FO) systems
with unmeasurable states, external disturbances, and time
delays, where certain “IF-THEN” rules based on an FO T-
S model are proposed to describe FO systems. A new FO
H,, performance model is established to provide stabi-
lization sufficient conditions. A fuzzy observer is imple-
mented to reconstruct system states, and a feedback
controller is established to stabilize the integrated system.
Benefiting from a continuous frequency distribution model,
the stabilization can be discussed through integer-order
stabilization theories, and several stabilization conditions
are obtained. Moreover, the proposed control approach
avoids the usage of feedback linearization techniques,
which effectively reduces the computational complexity.
Apart from theoretical analysis, through a numerical
experiment, the feasibility of derived results is verified.
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1 Introduction

Recently, fractional calculus has been broadly investigated
because of its unique heritability and memorability in
system modeling and controlling, and has been used in
many fields, such as bioengineering, physics, economics,
and electronics [1-4]. Compared with integer-order sys-
tems, it can be found that nonlinear systems described by
fractional calculus are more consistent with real dynamic
systems. Consequently, stabilization of fractional-order
nonlinear systems (FONSs) has been a research hotspot
[5-8], and researchers have provided different control
methods, including Takagi—Sugeno (T-S) fuzzy control
[9-11], sliding mode control [12, 13], neural network
control [14, 15], adaptive fuzzy control [16, 17], sampling
control [18, 19], and backstepping control [20, 21]. It is
well known that with the help of “IF-THEN” rules, some
FONSs can be described through a fractional-order (FO)
T-S fuzzy model. The main characteristic of this model is
linearizing the local of complex nonlinear systems, and the
whole system can be obtained through “mixed” linear
subsystems. Compared with ordinary fuzzy systems, T-S
systems usually has fewer fuzzy rules, and some interesting
consequences have been reported recently, e.g., Refs.
[10, 22, 23]. An FO T-S fuzzy model was obtained to
precisely approximate unknown dynamics systems in [22].
A switched fuzzy control for FONSs was introduced by T—
S fuzzy models in [23]. Adaptive T-S fuzzy schemes for
FONSs were discussed in [10]. However, one of the basic
assumptions in above works is that system states are
measurable.

In fact, because of sensor faults and the objective exis-
tence of measurement errors in practical systems, usually,
only part of states are available. In addition, there exist
some states that are hard to be measured directly, such as
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the temperature of the combustion furnace and wind speed.
A common method to deal with this problem is designing
an observer, whose main advantages include saving the
cost of sensors, improving the accuracy of output values,
and providing a good window to observe system states. For
FONSs with unmeasurable states, some interesting works
have been reported, e.g., Refs. [10, 24, 25]. T-S fuzzy
tracking control of FONSs based on an observer was
introduced in [24]. An adaptive T-S fuzzy scheme for
uncertain FONSs was considered in [10]. A predefined
finite time impulsive observer for chaotic FONSs was
designed in [25]. Unfortunately, the prevalent time delays
are not considered in the above literature.

Note that time delays can result in system instability and
performance deterioration in actual application. So, it is a
challenging but meaningful work to study the stabilization
of FO delayed systems, and some interesting results have
been reported [26-31]. A direct Lyapunov—Krasovskii
function was proposed for FO time-delay systems in
[26, 27]. A new Lyapunov—Krasovskii functional was
established for FO time-varying delay systems in [28].
Stability analysis of FO time-delay systems was obtained
by Lyapunov—Krasovskii functions and linear matrix
inequalities in [29]. Stable sufficient conditions for an FO
time-delay interconnected system were provided by cal-
culating linear matrix inequality (LMI) in [30]. The posi-
tivity and stability of FO systems with time delays were
verified in [31]. However, in the above literature, it is often
necessary to solve some complex linear programming
problems to design feedback controllers, which may have
no solution or cannot be optimally solved [32, 33]. How to
simplify the computation is worth further investigation.

Inspired by the above analysis, this article presents a
new T-S fuzzy control method with FO H, performance,
which effectively solves the stabilization problem of
FONSs with time delays, unmeasurable states, and boun-
ded external disturbances. This method not only imple-
ments a fuzzy observer to reconstruct system states but also
proposes a new FO H,, performance model to guarantee
the observer’s performance. In addition, it is proven that
systems are stable when the FO H,, performance is
decreased to the prescribed attenuation level by utilizing a
frequency distribution model. The main contributions of
this article are given as follows: (1) A new FO H,, per-
formance model is proposed, which can avoid solving a
traditional nonlinear Hamilton—Jacobi partial differential
equation. It is also shown that even the FO H, tracking
performance is decreased to a prescribed attenuation level,
the system is stable. In addition, to obtain the stabilization
condition, only a simple LMI needs to be solved, which

effectively reduces the computational complexity com-
pared with related works, e.g., Refs. [30, 34]; (2) By
introducing an FO H,, performance model, a fuzzy
observer is designed to reconstruct unmeasurable states,
which can improve the accuracy of the output and provide
a good window to observe system states; (3) Based on a
frequency distribution model, an indirect Lyapunov stabi-
lization condition is derived.

The frame of the article is arranged below. In Sect. 2, a
T-S fuzzy model of FONSs is introduced, and some basic
lemmas and concepts are provided. In Sect. 3, the main
results are introduced, in which the performance analysis of
a fuzzy observer is proposed in Sect. 3.1, and the stabi-
lization of FONSs with time delays, unmeasurable states,
and bounded external disturbances is analyzed in Sect. 3.2.
Section 4 verifies the efficacy and feasibility of the control
scheme by a simulation example. Finally, Sect. 5 con-
cludes the article.

Throughout the article, some notations must be pre-
sented in advance. R" denotes n-dimension vector space.
R™™ represents the space of matrices with n row and m
column. R is the set of nonnegative real numbers. I'(-)
represents the Gamma function. The exponent “7” denotes
the rank transformation of a vector or matrix. For a matrix
A = [a;] € R"" means that A is a nonnegative matrix,
denoted by A > 0(A>0), ie, a;>0(a; >0), and
[A];; = aj. Particularly, for A = [a;] € R"" is a Metzler
matrix if a; > 0 holds for all i # j.

2 Problem Description and Preliminaries
2.1 Fractional-Order Calculus

In this section, to facilitate subsequent theoretical analysis,
some fractional definitions and related lemmas need
introduced first for system modeling, controller design, and
stabilization analysis.

Definition 1 [29] The fractional integral of a continuous
0(r) is given by
. 1 ! el
I0(r) = —/ (t—n)"" 0(n)dn,
! () Jo
where y € (0, 1).
Definition 2 [29] The y-th Caputo fractional derivative is
, 1 (1)
D!p(t) = / -do, 1
O=FT) y oy W
where y € (0, 1).
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Definition 3
+00 ki
k) = ; [(ia +b)’ 2)

with k € C, and a,b > 0.

[29] The Mittage—Leffler function is

Lemma 1 [35] Supposing V(¢) is a continuous function,
one has

%D7’(VT(t)V(t)) <VI)D'V(1). (3)

Lemma 2 [35] By considering the frequency distributed
model, an FONS D"5(9) = f(5,9) with y € (0,1) can be
represented as

SBD) g 0) +106,9),
% (4)
50) = [ w(p)eCp. 0N,
with x,(f) being a weighting function satisfying

() =
2.2 Problem Description

In this section, a T-S fuzzy model is introduced, which is
described by fuzzy “IF-THEN” rules. A type of T-S time-
delay FONSs are considered, whose fuzzy rule is expressed
as

Plant rule / :

IF py(t) is Fy and ... and pg(t) is Fig, THEN

D'x(t) = Aix(t) + Awx(t — di(t)) + Bu(t) + Ho(t),

y(t) = Clx(t) + C]dx(t — d[(l‘)) +Jw(t), [=1,2,...,L

x(0) = ¥(o),

0 c [7170]7

(5)
x,l]T € R" being the
.,yq]T € RY being

withy € (0,1),t € R, x = [x,x0,.. .,
unmeasurable state vector, y = [y1, 2, ..
the measurable output, w = [w;, ®,, . . ., wn}T € R" being a
bounded external disturbance, u = [u;,uy, .. .,um]T e RrR”
being the control input, p, being a premise variable, Fi,
being a fuzzy membership function, g = 1,..., G, G being
the number of membership functions, / =1, ..., L, L being
the number of rules, A; € R"™", Ay € R™", B; € R™"™,
C e R, Cy e R, He R¥™ |, and J € R?*" being
constant matrices, d;(¢) being a bounded time delay which
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satisfies the following Assumption 1. In the following, [ =
1,2,...,L if the range of / is not specified.

Assumption 1 Time delays d;(z) satisfies 0<d(t) <t for
a known positive constant 7, and the initial condition
W(o) € [—1,0] is a known continuous function.

Using the T-S fuzzy method to “mix”
linear systems, one has

S () [Alx(t) + Ax(t — di(t)) + Bu(r) + H(u(t)]

multiple FO

= S )
i {Alx + Ax(t — dy(t)) + Buu(t) + Hw(t)} ,
(©)
and
g = S ) |Cx(r) + Cun(t = di(e)) + Jo(1)|

i vilp(0))
Z [Clx 1) + Ciax(t — di(t)) + Jw(t)] ,

(7)

G .
= Hg:l Flg(:ug)’ Flg(.ug) 18
in which p, belongs to Fj,.

where (1) = ——, vi(u)

the membershlﬁv-”dbgrge
Moreover, it holds v;(u) >0, ZIL:I vi(p) > 0 for all ¢, and
as a result fiy(x) >0, in which 35 f(u) = 1.

The objective of this article is to provide a feedback
controller that satisfies an FO H, performance and
achieves the stabilization of the system (6). To accomplish
this purpose, a new FO H,, performance model is pro-
posed, and several stabilization sufficient conditions are
provided.

The following FO H,, performance related to x(f) is
given as follows:

o), [ (00x(1)] <5 (0)Px(0) + 93T}, [0 (Deo(r)].

(3)

with Q € R™", P € R"™" being two positive matrixes, p
being the prescribed attenuation level, and # being the
terminal time of control.

Note that system states are unmeasurable, they can be
reconstructed through the following observer.

Observer rule / :

IF p(t) is Fyy and - - - and pg(¢) is Fig, THEN
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{ DIx(1) = Ax(t) + Ax(t — dy(1)) + Bu(t) + Li(y(r) — ¥(1)),
}5(1) = C[)f(l) + C[d)f(l — d[(l)),
)

with x(¢) being the observation of x(¢), L; being an observer
gain for the /th rule.
Then, consider the whole fuzzy observer, one has

DX Z T

+ Bu(r) + Li(y(1)

[Alx 1)+ Apx(t — di(t))
(10)

—y(0) ]

In addition, a feedback controller is provided through the
parallel distributed compensation (PDC) method.

Control rule j :

IF p;(t) is Fj and . ..

u(t) =Kix(t), j=1,2,...,L (11)

with K; being a control gain.
The whole fuzzy feedback controller is

=" () Kik(). (12)
j=1

Remark 1 A traditional integer-order H,, performance
model was proposed in [24]. Compared with this model,
the considered system (8) generalizes the integer-order
research result to an FO case and considers the effect of
time delays, which is a new mathematical tool with wider
application and is expected to exhibit better performance.

If d(t) = 0, the same conclusion can be obtained by the
proposed model. If d;(7) > 0, values of time delays do not
influence final results. The performance of the fuzzy
observer (10) is only dependent on its internal matrices. In
this case, it is difficult to directly find control gains K; and
observer gains L;, which will be designed later.

and pug(t) is Fjg, THEN

3 Main Results
3.1 Performance Analysis of the Fuzzy Observer

The stabilization analysis of observation errors is intro-
duced to ensure the fuzzy observer performance superior-
ity, as shown in Fig. 1. In addition, for simplicity and
convenience, the time variable ¢ will be omitted in some
subsequent functions.

The observation error is defined as

e(t) = x(r) — x(¢). (13)
By differentiating (13), according to (6) and (10), one has
— D'x(1)

D'e(t) = D'x(1)

I
M~

y [Alx(t) —Alf(l‘) +Aldx(t — d[)
[

— A[d.f(l‘ — d[) + H(D(Z)

1

— LiCi(x(r) — x(1))

— LICId(x(t — dl) — )E(t — d])) — L;Jw(t)

L
Z [ — LiCr)e(t) + (Aig — LiCia)e(t — dp)

+(H- L;J)w(t)} .
(14)

Defining A =A;,— LG € R™" Ap =A, — LCy €
R™", and E; = H — L;J € R™", one obtains

De( Zhl [Ane( ) +Ape(t —di) + Ew(r)|. (15)
=1

In this paper, the Lyapunov method is utilized to stabilize
the system (6). The following theorem indicates the main
results.

Theorem 1 For the FONS (15) with time delays, if there
exist two positive matrices P,S > 0 such that

1
Q +ALP + PAy + — PEETP + PApS~'ALP + KS <0,
0?

(16)

then the FO H,, performance of observer errors e(f) is
decreased to a specified p?, i.e

T} [eT(t)Qe(t)} < (0)Pe(0) + pAT, [wT(t)w(z)]

(17)
Proof: By integrating (13), one can obtain
0T} (70 =0 T}, [(x— 9700 - 5)], (18)
where #; > 0.
If the observation error is 0 and # = 0, one has
oL}, [e” Qe] = " (0)Pe(0) + pZOZ;’f [ o). (19)
Otherwise,
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Fig. 1 The structure of the proposed T-S fuzzy system
OI;; [eTQe]
= e7(0)Pe(0) — ¢ (1) Pe(ty) + 0 T} [eTQe +0oD] (eTPe)]

< (0)Pe(0) + o T}, [eTQe +oD} (eTPe)]

L
+o0 I’ {eTQe + Z hy |:(A11€)TP6
=1

+ (Alze(t - d,))TPe + (Elw)TPe + eTPA“e
+e"PApe(t — d)) + " PEjo — po’o

= e"(0)Pe(0)

_l T i T T
o ePE,E,Pe—J—pww—l—p e’ PE|E| Pe

= e (0)Pe(0) + o I;’f {eTQe + Z i [eTA,TlPe +e"PAe
=1

+e"(t — di)AhPe + " PApe(t — dy)

T
1 1

- (—ElTPe - pw) <—E,TPe - pa)) + pszco} }
p p

L
< (0)Pe(0) + o T}, {eTQe w3 [eTA,TlPe T eTPAye
=1

1
+— ¢ PEE[ Pe
P

1
+ oo o+ FeTPE,E,TPe +2eTPApe(t — dl)] }
L 1
<e"(0)Pe(0) + 0 T Dy [er (AﬁP +PAy + ;PE,E,TP
=1
+ PARST'ALP + Q)e + e (t—dy)Se(t — dj) + pszw] .

When e(7)
Otherwise, there exists a constant K > 1, such that

@ Springer

=0, the observation objective is completed.

e’ (t — d))Se(t — dj) <Ke” (t)Se(t). (20)

From (20), one can obtain

oL} [eTQe} <e'(0)Pe

)+ o) zm[
T 1 T
+ALP + PAn + 5 PEE] P
+ PApST'ALP + KS)e + p2ch0] .

If (16) holds, one has

T} [eT(t)Qe(t)]<eT(0)Pe(0)+pzozg [wT(t)a)(t)}.

(21)

To sum up, the FO H,, performance (17) holds, which is
guaranteed to the specified p?. That completes the proof.ll

In addition, the design thought of the proposed
scheme is summarized in Fig. 2.

Remark 2 According to [10], from a view of energy
point, the influence of all bounded external disturbances on
the state vector should be decreased to a specified standard
p?. To achieve this goal, the general practice is utilizing an



Y. Liu, X. Zhang: Stabilization of Fractional-Order T-S Fuzzy Systems...

1305

adaptive law to adjust fuzzy systems and a control
scheme to weaken the influence of external interference.
Different from the above method, the FO H,, performance
with a fuzzy observer is considered for all bounded inputs,
which can avoid complex updating rules of the adaptive
law and effectively reduce the influence of bounded
external disturbances.

Remark 3 Note that the fuzzy observer (10) is designed to
reconstruct unmeasurable states, which can improve the
accuracy of output values. The performance of the fuzzy
observer is excellent enough through the stabilization
analysis of e(f). Furthermore, to receive excellent control
performance, control problems can be converted into the
minimized sum of squares problems by utilizing the FO
H,, performance model. However, it should be pointed out
that this model can only simplify the calculation, but it
inevitably needs to solve a simple linear matrix inequality
problem (LMIP).

3.2 Stabilization Analysis

In the subsection, the stabilization analysis for FONSs with
unmeasurable states, bounded external disturbances, and
time delays is given. Obviously, stabilization of the system
(5) can be achieved by equivalently discussing the system
(6).

Through the suitable fuzzy observer (10), the system (6)
is reconstructed as

DVx Zhl l:Azx ) +A1dx(t - dl) —|—Bﬂ/l( ) + L[J(U( ):| .

) (22)

Based on the PDC in [36, 37], by using the controller (12),
it follows from (22) that

L
Z hyh |:A]x + Aldx(t — d]) + B]KX( ) + L]JU)([):| s
=1

M“

S O> hub { Aj + BiK;)i(t) + Ai(t — dy) + L,Jw(t)} .

=1 j=1

(23)

Defining Bj = A; + B/K; € R™",
system (23) is expressed as

>oh

1 j=1

=LJ e Rnxn’ the

D'i(t) =

L
=

1h; [Blj)f(l) + Apx(t —dy) + F[(U(l)] .
(24)

Based on the above stabilization condition of FONSs,
Theorem 2 is proved in a similar way.

Theorem 2 For the FONS (24) with time delays, if there
exist two positive matrices Py, Sy > 0 such that

1
Q+B Py + PyBj + — P()F]F Py

T p? : (25)
+ PoAaSy 'AL,Po + KSy <0,

then the FO H,, performance of states X is decreased to a

specified p?, i.e

0T [ (10%(1)] < (0)Poz(0) + AT, [0 (No(1)],
(26)

with 0<y<1.

Proof: Using the similar method as Theorem 1,
if the state X(¢) = 0 or #r = 0, one has

oZ, [X (1Qx(1)] = &' (0)Pox(0) + p{ T, [0 (eo(1)].
Otherwise,
0T}, [€08] = & (0)Po(0) — &7 () Pos(y)

+oT] [)ETQ)H— 0D} ()ETPO)E)]

< (0)Po(0) + 0 T} [x“TQ;H— 0D} ()efpo;e)]

= £ (0)Pox(0) + 0 T, [;eTQx + D} Pyt + ;eTPoD;'f;e}
L L
<& (0)Pe(0) + 0 T} {)ETQ)E +Y 0D by [)eTB;PO)e
=1 j=1
1
+ X" PoByx + p*0’ @ + — " PoF F| Pox
P
+ Z)ETpoA[d)f(l‘ — d]):| }

L L
<)ET(O)P0X +OI' {ZZH J|: Q+B P0+PoB[J

=1 j=1

1
+— PoFiF| Po + PoA1aSy ' AjPo + KSo )% + pszw} }
p

From (25), one can obtain
oZi, [¥" 0x] <XT(0)Pox(0) + p% I [0 w].

Considering all cases, the FO H, performance (26) holds,
which is decreased to the specified p?. This proof is
finished. |

According to the preceding derivation, the system (24)
is stable. In addition, noting that the system (24) contains
external disturbances, a simple closed-loop system

) =323 [B,,f(t) At — d) (27)

=1 j=1

D'x(t
is considered.

@ Springer



1306

International Journal of Fuzzy Systems, Vol. 26, No. 4, June 2024

Select membership Construct fuzzy Consider p? as the
functions plant rules attenuation levels
Given an initial Fractional-order y A
attenuation level » performance ~
p? model
L
l No
LMI optimization ‘ —
instrument B fia
1 1
Yes Output parameters 5
P,_,ands;_, by (16)

Fig. 2 Design procedures

According to the preceding derivation, the following
conclusion can be reached.

Theorem 3 If the system (24) satisfies the FO H., per-
formance (26), then the closed-loop system (27) is
quadratically stable.

Proof: From (4), the following frequency distribution
model is used to reconstruct the system (27), one can
obtain

0z
a_(:l = _(Ulzwl +fd7
0 (28)
£(1) = / tonden,
0
where
fu = DUE(t) = S5y S Iy | Byk(o) + Aua(e — i)
Defining the Lyapunov function as
Vi (t) = / ZZ;IPlZwldwl s (29)
0

with P; being a weighting matrix.
By differentiating (29), one has

@ Springer

l i=i+1

Vl (t) = ( - 6012 +fd )PIZwld(ul
0

oo

o0
T T
012, P12, doy + [ P1/ Zo doy
0

o]

)
T T
zwllelzwldwl + A Zwldwlplfd

i
!

=-2 CO]ZZ:)]P1ZwId(1)1 +fJP1)E(Z‘) +)€T(I)P]fd.
(30)
Substituting f; = D"x(¢) into (30) yields
Vi(t) <D'xT (1)P1#(t) + £ (t)P1D"%(t)
L L
=2l (1) [BfP + P18y (31)
=1 j=1
+ PlA[dS_lAlZPI + KS:|)E(Z‘)
From Theorem 2, one has
V(1) <0. (32)

Then the closed-loop system (27) is quadratically stable.
This proof is finished. |

Obviously, if the matrix inequality (25) holds and
Vi () <0, the system (6) is stable.
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Remark 4 The Lyapunov function is a serviceable theo-
retical instrument for solving stabilization problems.
However, for some complex systems, it is challenging to
discover suitable Lyapunov functions, which makes the
effectiveness of Lyapunov theories worse. Note that the
system (27) is a complex polynomial, which will increase
the computational complexity when designing Lyapunov
functions directly. Therefore, FONS (27) can be trans-
formed into a simple integer-order system (28) by the
frequency distribution model, which is helpful for theo-
retical analysis.

Remark 5 Theorems 1 and 2 about the FO H,, perfor-
mance can stabilize any FONSs with unmeasurable states,
bounded external disturbances, and time delays. Compared
with some related literature, such as [38—40], this FO H,
performance design can avoid the calculation of nonlinear
partial differential equations, and apply to more complex
FO systems. Moreover, the stabilization of the closed-loop
system (27) without external perturbations can be achieved
through a suitable Lyapunov function in Theorem 3.

4 Simulation Results

Next, a numerical simulation example is proposed to verify
the effectiveness of the control strategy.

Considering the following FO time-delay T-S fuzzy
system,

4
Dix(t) =3 hi(p) [Alx(t) + Agx(r — dy) + Bu(r) + Hw(z)} .,
=1

B

Y1) = mmﬂaﬁo+qﬂumeme}1:L;“”4

=1

where fuzzy rules are given by
Rule 1: IF x(¢) is F}(x1(1));
Rule 2: IF x(2) is F1(x1(1));
Rule 3: IF x(¢) is Fi(x1(1));
Rule 4: IF x(¢) is F}(xi(1));
THEN,

{ D'x(t) = Aix(t) + Ax(t — dj) + Bju(t) + Ho(t),
y(l) = C;x(t) + C;dx(t — d]) +Ja)(t), | = 1,2,.. .4,
(34)

i

withn=3, m=3,¢g=3,x= [xl,xz,x3]T being the state
vector, y = [y1,y2,y3]" being the output of the system, u =
[u1,uz,u3]" being the control input, F} being a fuzzy
membership function. 4; € R¥3, Ay € R¥3, B, € R,

C e R, Cpy e R¥3, H e R, and J € R¥3, external
disturbances w;(t) = 0.1sin2¢, w,(¢) = 0.1 cos 2z, w3(r) =

0.1cos2t , and the bounded time delay d;(t) = 2cos’t. In
the following, [ = 1, ...,4 if the range of / is not specified.
To convenience the design, trigonometric membership
functions are supplied in fuzzy rules, as shown in Fig. 3a.

Note that the state x(f) is unmeasurable, it can be
reconstructed through the fuzzy observer (10). Observer
gains are found as L; = 0.8, L, = 15, Ly = 18, Ly = 20.
The trajectory of x;(¢) and x;(¢) is shown in Fig. 3b—d.

Next, based on Theorems 2 and 3, the stabilization of
the system (34) can be achieved. First, matrices A; and Ay
are chosen as

[—0.82  0.44 —1.06
A =|-116 —-041 04 |,
| —0.11 —034 —0.44]
[—0.14 —0.35 045 ]
Ay=1 016 —-043 —1.04],
| —0.44 —-052 0.14 |
[ 0.35 0.80 —2.16
A3y =|—-143 —-048 —1.46],
| 0.03 0.05 —0.08 |
[-1.50 —1.43 039 ]
Ay =|-011 —-1.02 —-043
| 0.55 0.31 0.42 |
[0.47 041 0.84]
A= 1069 0.80 0.54],
10.03 0.68 0.02 |
[0.73 0.64 0.54]
Ayg = [0.82 0.63 0.06 |,
10.56 0.28 0.59 |
[0.02 0.08 0.20] 0.32 0.68 0.33
Asg= 1016 0.71 0.84 [,A4s = |0.27 0.07 0.53
10.03 0.58 0.02 | 0.65 0.37 0.59
Matrices B, are given as
[0.64 0.54 0.38] [0.47 0.14 0.78]
B;=10.16 0.15 084 |,B,= (001 029 0.84],
10.58 0.10 0.23 | 10.64 0.58 0.43 |
[0.02 0.73 0.13] [0.18 0.56 0.47]
B;=10.03 0.14 0.71(,Bs= (024 0.24 043
10.14 0.70 0.24 | 10.50 0.72 0.80 |

The values of all elements of C; and Cj; are in the range
of [0, 1], and the matrix formed by randomly selected
values is as
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C =

Cuu=

Coy =

Gy =

Cia =

[0.18 0.28 0.05]
0.65 046 0.43
10.65 0.07 0.67 |
(042 0.16 0.64]
0.16 0.55 0.35
10.50 0.58 0.08 |
[0.8619 0.7173
0.0046 0.7687
| 0.6749  0.0844
[0.3314 0.1638
0.8106 0.1455
0.1818  0.1361
[0.0450 0.2510
0.7530 0.4132
0.5221 03018
[0.1839  0.0497
0.1400 0.8027
0.3173 08448

0.2998 ]
0.1599
0.7001 |
0.7693 ]
0.4797
0.4499 |
0.0760 ]
0.1399
0.0233 |
03909
0.3893

0.2377 |

[0.83
0.02
| 0.46
[0.12
0.81
0.05

0.36
0.01
0.23
0.72
0.43
0.89

0.06]
0.69
0.21 |
0.07]
0.34

0.10

o o o
> ) ©
T T T

Degree of membership

o
[N
T

10 12
Time(second)

(c)

In this simulation example, the control gain Kj is shown in
Table 1. Therefore, the system (34) is stable through the
condition (26) in Theorem 2, which can be observed in
Fig. 4a and b. Obviously, trajectories of x(#) and y(f) con-
verge to zero asymptotically, which shows that the control
method is effective. The time responses of x; (¢),x2(¢), x3(t)
are plotted in Fig. 4a, and the time responses of
v1(#),y2(), y3(t) are plotted in Fig. 4b. Figure 5a shows the
time response of the controller (12), which shows that the
control performance is superior.

Furthermore, we compare the performance of the pro-
posed feedback controller (12) with the controller in [28].
For the fairness of comparison, the controller in [28] also
selects the same control gain k; in Table 1. Therefore, we
compare the performance of different controllers in Fig. 5,
which explicitly shows that the designed feedback con-
troller (12) has better control performance with less energy
loss. Simultaneously, it is obvious that trajectories of
x(t) and y(f) converge to zero faster by using the proposed
feedback controller (12), which is shown in Fig. 4.

Note that the system (34) contains external disturbances,
a closed-loop system is expressed as

0.8

P S I NN SNPS SSPTS SIS S SIS S

0.2

i
0 2 4 6 8 10 12 14 16 18 20
Time(second)

(b)

) 2 4 6 8 10 12 14 16 18 20
Time(second)

(d)

Fig. 3 Simulation results: a Fuzzy membership functions for x; (¢); b The trajectory of x; (¢) and x;(¢); ¢ The trajectory of x,(¢) and x»(¢); d The
trajectory of x3(¢) and x3(¢)
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Table 1 Simulation results for Variable Value Variable Value
LMIP in [37]
K [1.7135 1.8560 2.6011 K> [0.0013 0.0615 0.0493
1.8560 20.1034 2.8173 0.0615 0.2569 0.2238
[2.6011 28173 3.9483 10.0493 0.2238 0.1735
K; [0.0003 0.0023 0.0062 K, [1.7135 1.8560 2.6011
0.0023 0.0001 0.0049 1.8560 20.1034 2.8173
| 0.0062 0.0049 0.0167 [2.6011 28173  3.9483
Py [1.6311 1.7668 2.4760 Py [0.0095 0.0617 0.04957]
1.7668 19.1366 2.6819 0.0617 0.2738 0.2321
| 2.4760 2.6819 3.7584 10.0495 0.2321 0.1721 |
P3 [0.0006 0.0024 0.0067 Py [1.9926 3.9886 4.0611]
0.0024 0.0034 0.0061 3.9886 9.7662 1.3525
| 0.0067 0.0061 0.0124 | | 4.0611 1.3525 2.4604 |
N [9.0037 6.6236 4.1293] S [1.3953 1.4387 1.0452]
6.6236 1.0511 1.0581 1.4387 1.2999 6.0448
| 4.1293  1.0581 9.3841 | | 1.0452  6.0448 1.2730 |
S3 [3.6540 2.1339 4.0927] S4 [4.5774 3.2474 1.0618]
2.1339 3.6624 1.2655 3.2474 4.2465 4.6875
| 4.0927 1.2655 3.5528 | | 1.0618 4.6875 5.3815 |

States

—_— o (t)
— - 7 ()

— 4 (1)

~o 2 4 6 8 10 12
Time(second)

(a)

20

States

— wm(t)
— = (1)

— 5 (1)

"o 2 4 6 8 10 12
Time(second)

(c)

14

Outputs

0 2 10 12 14 16 18 20
Time(second)
(b)
T T T T
»
el = —u® |

Outputs

10 12
Time(second)

(d)

Fig. 4 Simulation results: a State variables x; (), x2(), and x3(¢); b Output y; (), y2(¢), and y3(¢); ¢ State variables x (¢), x2(¢), and x3(¢) in [28];

d Output y, (1), y (). and y3(1) in [28]
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inputs

-10 L L L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

Time(second)

(a)

inputs

2 4 6 8 10 12 14 16 18 20
Time(second)

(b)

Fig. 5 Simulation results: a State feedback controller u(f) by (12); b State feedback controller u(f) in [28]

D”x(t) = Alx(t) —|—A1dx(t — dl) + Blu(t). (35)

Based on Theorem 3, to verify that the system (35) is
quadratic stable, a sufficient condition must be satisfied,
which is similar to the condition (25). The sufficient con-
dition for the stabilization analysis is that there exist two
positive matrices P € R**® and S € R**® such that

A]P + PA; + PA,,S™'A[,P + KS <O0. (36)

The inequality in (36) is transformed to the following
LMIP by the Schur complements,

ATP+PA/+KS PAy -0 (37)
AlLP )
To solve (37), the LMI optimization instrument is used for
LMIP in [41], and the result is shown in Table 1. Based on
the previous experimental data, Theorem 3 can be verified.
Simulation results ensure the internal stabilization of the
model and its boundedness.

5 Conclusions

In this article, the stabilization analysis of FONSs with
time delays, unmeasurable states, and bounded external
perturbations has been discussed by utilizing the T-S fuzzy
method. Several sufficient stabilization conditions are
proposed by introducing an FO H,, performance model
and a frequency distribution model. It is shown that the
effect of uncertain parameters and time delays is solved
through a new FO H, performance model. It is also proven
that the frequency distribution model can use the integer-
order stabilization theory to stabilize FO systems, which
effectively reduces the computational complexity. More-
over, an observer is implemented to reconstruct unmea-
surable states, and a fuzzy feedback -controller is

@ Springer

established to satisfy the FO H, performance and stabilize
the system. The advantage of the design scheme is that the
method avoids the use of feedback linearization techniques
and complex adaptive schemes, which is a simple and
systematic stabilization analysis algorithm. To sum up, it is
an open question to consider the stabilization of FO real
systems with uncertainties. Furthermore, how to establish
sufficient conditions for the y-passivity of FONSs is also an
important content of further research.
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