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Abstract This paper investigates the problem of feedback
control for a class of affine T-S fuzzy models using piece-
wise Lyapunov functions. Although a large number of
works on the issue have been published, several crucial
problems still remain open. First, the paper shows what
problems arise when using the affine T-S fuzzy model to
design a controller, and in turn by employing the S-pro-
cedure, what kind of quadratic inequalities are required to
help solve the resulting LMIs. It turns out that by parti-
tioning the state space into certain cells based on the
information of the antecedents of fuzzy rules, the required
quadratic inequalities can be formularised. Taking advan-
tage of the cell partition, a fuzzy controller is proposed
using piece-wise Lyapunov functions, in which ensuing
problems such as continuity functions used in the piece-
wise Lyapunov functions and control input chattering also
are addressed. Finally, examples are provided to illustrate
the effectiveness of the proposed approach.

Keywords Affine T-S fuzzy model - Partition - Piece-wise
Lyapunov function - LMIs - S-procedure

1 Introduction

With the stability of the system in mind, the Takagi—
Sugeno (T-S) model is widely employed in fuzzy control
systems. The model describes system dynamics in the
manner of state space equations with fuzzy rules. On the
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basis of the model, a rule-based feedback controller can be
designed; and all parameters pertinent to the controller are
obtained by solving certain linear matrix inequalities
(LMIs) [1].

Alternatively, as an extension of the T-S fuzzy model,
the so-called affine T-S fuzzy model, which possesses
additional affine terms, is known to be more capable of
describing the plant of the system [2, 3]. The more preci-
sion a model has the better it is in terms of control per-
formance to be expected, therefore, instead of the regular
T-S fuzzy model, we focus on the affine T-S fuzzy model
in this paper.

One of the main reasons why we focus on this model is
because the traditional control design approach for the T-S
fuzzy model, which involves solving certain LMIs to
determine the relevant parameters, cannot be applied to this
case due to the presence of additional affine terms in the
model. This has been demonstrated in earlier works such as
[2, 3], where system stability conditions are formulated as
bilinear matrix inequalities (BMIs) that are eventually
converted into iterative LMIs (ILMIs). However, in some
cases, this process can be highly conservative. In recent
years, a large number of theoretical results have appeared
for control designs based on the affine T-S fuzzy model
[4-21]. All the recent works give the system stability
conditions in the manner of LMIs. Although at first glance,
the works dress different issues in the context of the affine
T-S fuzzy model with uncertainties, such as output feed-
back control [5-8, 10-16, 18-20], filtering design
[4,9, 14, 17, 21], time-varying delay [8-10, 12], the way to
treat the affine terms is the same. That is, after augmenting
the system states where 1 is viewed as one of the states so
that the affine terms can be involved in the system matrices
of the state space equations just like the regular T-S fuzzy
model, the control design approach based on the T-S fuzzy
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model is applied, where the S-procedure [22] with some
inequalities is used to relax the conservativeness of the
resulting LMIs. It is worth noting that when viewing 1 as
one of the system states, because the derivative of 1 is zero
and it is not influenced at any rate by whatever control
input, the structure of the augmented state space equations
is kind of special, though it looks like the regular one. As a
result, when using the control design approach based on the
regular T-S fuzzy model to design controllers for this
augmented system, the resulting LMIs, as we will make it
clear in this paper, are innately infeasible unless we
introduce some quadratic inequalities with certain proper-
ties by using the S-procedure. Therefore, the aforemen-
tioned reason when introducing S-procedure in the existing
works should be a necessity for the feasibility of the
resulting LMIs rather than relaxing their conservativeness.
It is crucial to note that in the case of affine T-S fuzzy
models, not all quadratic inequalities can help us solve the
final LMIs when using the S-procedure. The inequalities
involved must possess certain properties. Despite this
requirement, we found that all of the existing works barely
manage to meet it. This means that some quadratic
inequalities involved in the S-procedure fail to overcome
the necessary requirements.

Recently, some works such as [23, 24], by locating the
position of the local sub-system in state space through
checking the information of the antecedent part of each
fuzzy rule, the resulting region away from the origin could
yield a quadratic inequality possessing the properties we
need; however, the one-size-fits-all quadratic inequality
worked at cost of a stringent assumption. Our previous
works [25, 26], partitioned the state space in accordance
with the corner points of the membership functions of the
fuzzy rules into cells, and found that the cells away from
the origin possess certain attributes that could be taken
advantage of to guarantee preferable quadratic inequalities.
However, the controller design was based on a common
quadratic Lyapunov function (CQLF), which tends to be
conservative in many cases, particularly when it comes to
highly nonlinear complex systems.

The conservativeness in CQLF can be reduced by con-
sidering continuous piecewise quadratic Lyapunov func-
tions (PQLF) [27, 28]. Among existing works, by
employing the Filippov solutions a (possibly discontinu-
ous) PQLF is introduced [29, 30], in which certain condi-
tions for the partition boundaries must be satisfied. In [31],
a PQLF was proposed on the basis of iteratively refining
partitions. The work [32] constructs system stability con-
ditions through PQLFs in form of BMIs. In view of the
affine T-S fuzzy model in which the local system infor-
mation is stipulated in the antecedent part of the corre-
sponding fuzzy rule, the approach [33, 34] to PQLFs, as the
works in [4-21], is widely used. Based on the information

provided by the antecedent parts of the the affine T-S fuzzy
model, the whole state space is partitioned into certain
cells. Then cell-wise Lyapunov functions, that is a kind of
PQLFs, are introduced to synthesize the controller with
certain LMIs to guarantee the asymptotic stability of the
closed-loop system. In doing so, the so-called continuity
functions that are involved in the PQLFs must be found in
advance to ensure the continuity of the PQLFs when the
system state traverses between cells. Among the continu-
ous functions, the ones of cells containing the origin are
different from the others of the cells away from the origin.
Although the work [34] provides a general way of
obtaining the continuity functions for the latter, how to
obtain the ones for the former simultaneously remains an
open question, which is the reason why in the mentioned
existing works they are just slightly citing the work [34]
and not elaborating any further when it comes to the con-
tinuity functions.

Encouraged by the issues mentioned above, in this
paper, without any extra terms such as uncertainties and
time-varying delay et cetera, a pure affine T-S fuzzy model
is considered in order to provide a clear methodology of
controller design based on the PQLFs in the context of the
model.

In this paper, first, we show what problems are behind
there when using the affine T-S fuzzy model to design a
controller and what kind of quadratic inequalities we need
when using the S-procedure to help us solve the resulting
LMIs. Then, after partitioning the state space into cells, we
find that cells away from the origin possess certain attri-
butes that can be used to form the required quadratic
inequalities when using the S-procedure. In a controller
based on the PQLFs, a way of obtaining the necessary two
kinds of continuity functions is also provided. This is
because the controller based on the PQLFs eventually leads
to a cell-based controller, which implies that when the state
traverse between cells, the chattering phenomenon in
control input occurs. It is clear that such a chattering
phenomenon in control input is undesirable in a control
system, though the works mentioned above pay no atten-
tion to it. Therefore, the smoothing of control input
between cells is also discussed after controller design.

Finally, the effectiveness of the controller and the
smoothing method are demonstrated in simulations.

Therefore, besides the approach of controller design, the
main contributions of this paper are threefold. The first
contribution of the paper is the method of how to find and
form the required quadratic inequalities when using the
S-procedure to help solve the resulting LMIs by parti-
tioning the state space into certain cells. The second one is
to provide a way of obtaining the two kinds of continuity
functions used in the piece-wise Lyapunov functions
simultaneously. The way to prevent the chattering
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phenomenon in control input is the third contribution of
this paper.

Throughout the paper * is used to denote either the
symmetrical elements of a matrix, or the transpose of the
sum of the previous terms in an expression.

2 Problem Statement

Consider a continuous non-linear system that can be
expressed by the following affine T-S fuzzy model:

Rule i :

If x; is &) and .. .x, is &}, then

X=Ax+ Bu+a,

(1)

..,xn]T € R" denotes the state, and

Ej’ (I=1,2,...,n,), denotes the fuzzy sets corresponding

where x = [x1,x2, .

to x; of the i-th fuzzy rule, u € R™, denotes the control
input, (A;,a;, B;), denote the local system and a; is the
affine term, Accordingly, the overall affine T-S fuzzy
model is given below:

ny

X = Z o (Aix + B,‘M + ag) s (2)

i=1

where o;(x) = wamr >0 that is called firing level of i-th

i=1 @ @)
rule in this paper, w;(x) = [[;_, Ei(x).

Compared to the regular T-S fuzzy model, in the model
above there are extra affine terms «g;, and such a model is
referred to as affine T-S fuzzy model in this paper. It has
been shown that the inclusion of the affine terms increases
the approximation capabilities of the model [3].

To see what problem arises when using such an affine
T-S fuzzy model to design a controller, let us consider the
following PDC controller:

u = iaiFix, (3)
i=1

where F; € R™" are the control gains to be determined.
Then, the closed-loop control system becomes

n, n,

X = Z Z 00 ((Ai + BiFj)x + ai) . (4)

i=1 j=1

The system stability can be investigated by using Lya-
punov stability theory. Defining following Lyapunov
function candidate:

V = x"Px, (5)
where P = PT > 0, the system (4) will be asymptotically
stable so long as V <0.

Computing the time derivative V along the trajectory of
(4), we have

@ Springer

V =xTPx + x"'Px

S 1] [P B0 e 1]

(6)

from which a condition maintaining V <0 can be obtained:

P e o

Defining

=L #=lo )

X = 5 P: s
1 0 p

_ Ai a; _ B,‘

Ai: ) Bi: )
0 O 0

where p > 0, thus (7) is rewritten as

(P& + BiFy) + ()£ <0, (8)

F]:[FJ 0]’

which will hold as long as
P(A; + BiF)) + (+) <0. 9)

Pre- and post-multiplying above inequality by Q = P!
where

=Ll w0

we obtain its equivalent form in the form of LMIs:
®ij <0, (1 1)

where @; = A;Q + BiM, + (x), M; = F;Q. Looking into

the details of ®;;, we have

ijs
AiQ +BM; + (%) aq

Q; =
v * 0

(12)
It is known that for an LMI to be feasible all its principle
minors must be less than zero. However, as shown in (12),
due to the existence of the O on the diagonal, the LMI in
(11) is definitely infeasible.

On the other hand, (11) is eventually a condition for
maintaining
¥ @;x<0. (13)

Therefore to this end, if we can manage to find a quadratic
inequality such as

#Xx<0, (14)

where X = X7,
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X, X
X = X ) X3 > 07 (15)

* 3

then, by using the S-procedure, the inequality in (13) is
transferred to

¥ @ r<tx! Xx, (16)

where V1 > 0, which leads to

0; — 1X<0, (17)
specifically,
M) | (4) — @ _
Aij + (*) ’EX] AU ’CX2 <0. (18)
* —1X3

At this stage, it is easy to verify that the O on the diagonal
in (12) is replaced by —1X3 that is negative definite owing
to X3 =X} >0.

However, how to find such quadratic inequalities is still
an open question, which will be discussed in the next
section.

3 Fuzzy Partition

In this paper the state space is split into certain cells based

on the antecedents of the fuzzy rules [33]. Let {S,-}ll-‘: bea
cell denoting a polyhedral partition of R” with Iy = I\ |n,,
being the finite number of the cells, where n,, is the number
of partitions on x;. Let K(i) be the set of indexes (rule
numbers) of the subsystems within the cell of S; such that
such ZJK:(;) o; = 1, where o is the firing level of j-th rule.
Let 7 ={1,2,...I;}, and divide it further into two cate-
gories: one is 7y, that includes cells that do not have affine
terms, and the other is 7, that includes the remaining cells.
It is evident that the origin is in a cell in Z, and all cells in
7, are away from the origin.

Therefore, based on the partition, the system (2) can be
rewritten as

X = Z Z l)kOC,‘(A,')C + B,‘M + ai), (19)

k€T ieK (k)

where Z,K:(]f) o; =1, and

1 xe S
l%:{’ *E S (20)
O, x¢8k.

To begin with, let us consider an affine T-S fuzzy model,
in which there is only one variable, x| in its antecedents.
Focusing on the cell S; where k € 71, let the cell be

defined by the section (lix,rx), that is, ljy <x; <ri. As
k € I, the signs of both /j; and r; are the same, which
means that [y - rix > 0 all of the time. In addition, we have

(x1 = li) (x1 — rix) <O, (21)

which leads to

i = (i + r)x + herie <0, (22)
equivalently
AW x<0, (23)
where
[ L + e
1 0 0o -
2
* 0 ... 0 0
P = (24)
* x ... 0 0
o Lixrik

We see that the bottom right corner is always positive, this
makes it a favourable inequality as we guarantee a negative
value on the diagonal of the LMI whenever k € 7.

Next, let us consider the case, where, besides x;, there is
another variable x, in the antecedents of the fuzzy rules,
and the support is x, € (I, ra), then we have

()Cz — lzk)()cz — rzk) <0. (25)
Therefore, inequalities (21) and (25) yield
)ET‘szf<O (26)
with
(10 0 ... o —letru]
2
£ 00 0 lwtrx
2
Yy= | .o : , (27)
*x x 0 ... 0 0
* ok ox .. 1 0
2
x %k * Zlikrik
L i=1 i

where the bottom right corner, is positive again owing to
b - oy > 0.

Generalizing the inequality for an arbitrary number of
variables in the antecedents of the fuzzy rules, and for any
cell S; where k € 7| we can always obtain the following
quadratic inequality:
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A Wx<0, (28) In summary, the procedure of the partition and obtaining
with the required quadratic inequalities are given as follows.
- L+ rix T Step 1:  On the basis of the antecedents of the fuzzy
10 0 - 5 rules, partition the state space into certain
L + 7oy cells sych that the sum of the related firing
x 1 0o - Y levels is 1 at each cell;
o _ ) Step 2:  Using (x, — L) (x, — 7px) <O where x,, is one
We=|: @+ - : J (29) of variables to form the k-th cell and x, €
% 1 — Ik & Tk (Ipk, Tpr) to establish the quadratic inequality
o2 (28) for the k-th cell;
% % " Z Liri Step 3:  Check if the term at the bottom right corner of
L P ] Y, is greater than zero; if not, remove

and Z?:z Lixrix > 0. It can be noted that the inequality (28)
only holds if x € S, which will be used in the control
designs in the next section.

As long as a cell is away from the origin, there is one
inequality like (21) for each variable in the antecedent of
the fuzzy rules. However, it is not necessary to involve all
the inequalities in the final ¥} in (29) in the case of
erle lxri <0. For example, let us consider cell S, in
Fig. 1. We have two inequalities:

(x1 — L) (x1 — ri2) <0,
(x2 — 12) (X2 — r22) <O,

where l12 = —2,1’12 = —1,[22 = —2, and Iy = 2. If we
involve both the two inequalities in ¥,, then Ziz:l lorin
would be (—2) - (—1) + (=2) - 2 = —2 which is not posi-
tive as required. Therefore, in this case only the first
inequality will be involved in the final ¥;:

1o lp+m
N 2
27 1% 0 0
E O 112 Al
3
S S Sy
2
1
g o Sh S5 Sg
-
2
S Sy Sr

Fig. 1 Partition example
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pertinent contents in W related to variables
X, such that /7, <O to guarantee the term at
the bottom right corner of ¥, is greater than
Zero.

4 Control System Design

Under the fuzzy partition described above, the system (2) is
equal to (19), which means the system behaviour in each
cell S; is irrelevant to the rest of the cells. In other words, a
controller working in a cell S; will not have influence over
any of the others, which encourages us to design cell-based
controllers. First, let us provide the following lemma.

Lemma 1 Given compatible matrices A, Q, LMI
AQ + QA" <0, (30)

where Q9 = QT > 0, is equivalent to LMI

AX| + () Q— AT + AX,

§ k() <0, (31)

where X; and X, are free parameters with compatible
dimensions.

Proof By the elimination procedure for matrix variables
[22], for a given G, X and V with compatible dimensions,
the following inequalities are equivalent:

G+X'v+vix<o, (32)
V' GV <0, (33)

where V is the orthogonal complement of V, that is,
VV = 0. Setting

VolAT ], V= LH, (34)
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Gz[g f] X=[x X, (35)

it follows that
VGV = AQ+ oA, (36)

Furthermore, substituting G, X and V in (34) and (35) into
(33), it leads to (31). This completes the proof. O

Then, with the asymptotic stability of the origin in mind,
the following assumption is made:

Assumption 1 The affine terms a; = 0 in cells S; where
k € Iy.

Therefore, we have

=" no(Ax+ B). (37)

ke€Zy icK (k)

For the convenience of description, we provide the fol-
lowing definition:

{n+1 for k € 7,
ny =

. (38)
n fork € 7,

4.1 Controller Design

On the basis of the partition, we design controllers for cells
Ski

u = ka (39)
where Gy =[Gy g] € R™™ is to be determined,

Gy € R™" which means Gy = Gy for k € Z,. Therefore
the closed-loop system becomes:

X=> 0(Ai+BGx (40)
i—1
which is reduced to X = Y " o;(A; + BiGy)x for k € Z,.

Now, a piecewise Lyapunov function candidate is then
given as:

Vi(x) = &' Pix, (41)
where
P, = F.PF,, (42)

P =Pl c RP?P is positive definite with
p=>",(n,+1)+n, and Fy=[F; fi] € RP”"™ with
F) € RP*" satisfying

Fix = Fjx, xe&Sins; (43)
which is called the continuity function. It is constructed in
order to guarantee the Lyapunov functions (41) are con-
tinuous across the cell boundaries [33]. It is clear that the

Lyapunov function (41) becomes Vi (x) = x” P;x, where
Py = FIPFy, for k € Z,.

As for the continuity functions Fy, it is clear that they
are not unique for cells Sy, which means Fy, if constructed
in a different way can have different forms including the
dimension of p, where p>n+ 1. Some works [33, 34]
provides a systematic way to construct F satisfying (43) in
accordance with the corner points of the membership
functions in the antecedents of the fuzzy rules. However,
this method does not guarantee that f; = 0 for k € Zy; and
a practical extension is given in Appendix A.

Although Py, as a whole, is square and can be made
invertible, it is of no use solving the whole Py in the final
LMIs, as in doing so we cannot maintain the relation in
(43); in other words, the structure in (43) must be retained
in the final LMIs; to meet this end, apart from P, Fy is
necessary to be square and invertible:

ﬁk:[FOk Fk}ERle) (44)

where Fp, € RPXP~m)  are  free parameters such that

rank(Fy) = p. Then we have
= = . |:)C() =0

ol

F,’)?: Fj)?, :| ER (45)

X
where xy € RP™"™ is a newly added auxiliary state vector
chosen by

Xo = —Mo, 4> 0. (46)

From (40) and (46), we have an augmented system:

)é_ = Z O(,'Aik)? (47)
i=1
where
- -l 0
Ay = P
0 A+ BGy

in which A;, B; and G; become A;, B; and Gy, respectively
for k € Z. It is clear that the system (40) is stable as long
as the system (47) is. Therefore, now we focus on this
augmented system.

Thus, by using (45), the Lyapunov function (41)
becomes:

Vk (x) = )?Tﬁk)a (48)
where
P, = F.PF,. (49)

Taking the derivative on the trajectory of (47), we get the
asymptotic stability condition:
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XITkﬁk -+ IS_kA__,‘k <0 (50)

which is equivalent to

AxOy +ék1§?1;<0 (51)
where
O =P =F'P'F" = L,0Ll >0 (52)

It is worth noting that not only }_5;( as a whole is invertible
but also each of the elements within such as F, ¢ 1s also
invertible.

Now by applying Lemma 1 to (51), we have

AaXi+ (%) Qp — X1+ AuXy <0 (53)
* — XZk + (*)
Defining X, € RP*P and &X'y, € RP*P as follows [5]:
(1) (2) (1) (2)
X X X X
Xy = 1k g) ’ = | 2(1;) (54)
0 X/ 0 oXyy
where X&) € RP—m)x(p—me) Xﬁ) € RP—m)xne

Xﬁ) c Rnkxnk, Xg{) c R(p—nk)x(p—nk), ch) c R(p—nk)Xnk and &
is scalar, (53) becomes following LMIs:

Ay + (5 LoL] — X + AP
<0 (55)
* — X2k - ng
where
_}ux(l) _ M(z)
Ag =TT (56)
* A,-Xl’k + BiMk
—ax —x%
AE/E) _ 2k . 21<_ ) (57)
* AiXZk + (SB,‘Mk

and Mk = kag?
However, the LMIs (55) are still structurally infeasible
for k € 7, because certain diagonal block of the bottom

right corner of Af,:), which is on the diagonal of the LMIs,
is zero. As shown in the preceding section, each of cells for
k € 1 contains a favourable quadratic inequality (28) that

helps us solve the LMIs (55). As a result, by using S-
procedure as in (17), A,(»kl) of (55) is replaced as:
(1)
' * AilX(li) + BiMk — ¥

where V7 > 0.
To summarise, we have the following theorem.

Theorem 1 Given the affine T-S fuzzy model (2), the state
space is partitioned to be a collection of cells {S;};.1,

@ Springer

where E,’,i@l o, = 1 with K(i) being the set of the rule
numbers associated with the cell. Further dividing 1T into
Ty and Iy, where L denotes the index set of cell indexes
that contain the origin and I, does not, each of cells Sy, for
k € 1| contains a quadratic inequality (28). For all of the
cells, with continuity functions Fy = [Fy fi] € R”™ with
Fi € RP*" subject to (43), and some given scalars A > 0
and &, if there exists matrix Q = QT € RP*?, matrices Gy, =
(G gi] € R™™ with Gy € R™" in each of the cells,
XSL), X(Z}c) € RP—m)x(p=ne) Xﬁ), XS() € Rp—m)xm

Xﬁ) € R"*™ and M) € R™ ", such that LMI t > 0, LMIs

(52), where matrices Ly are the inverses of F, « defined in
(45), along with LMIs (55) with (57) and

(56) for k € 7,
.(38) for k € T,

are held, then controller given in (39) with G; =

Mk(xﬁ?)*l guarantees the closed-loop system (40) under
Assumption 1, is to be asymptotically stable. O

Remark 1 Although the piecewise Lyapunov functions
(cell-wise precisely) P; are used, they depend on the
common matrix P. Nevertheless, Py is to be expected to be
found easier than in the regular case such as P in (7).

Remark 2 Tn order to expand F} to square matrices Fyin
(44), it is necessary to insert some prescribed matrices Fy,
which may have much influence over the feasibility of
LMIs in Theorem 1.

4.2 Preventing Chattering Phenomenon

Whilst the piece-wise Lyapunov function is continuous when
the state travels from one cell to another thanks to the conti-
nuity functions, the cell-based controller may cause chattering
between cells. It is clear that the chattering phenomenon in a
control system should be best avoided. Therefore, in this
section we consider how to transfer the proposed controller to
one that such a phenomenon does not occur.

To convey the idea clearly, let us consider a simple case
where there is only one antecedent variable x; in the affine
T-S fuzzy model. Now, we suppose that, as shown in (a) of
Fig. 2, the triangular membership function Z; is used to
define the fuzzy set in the antecedent part of the i-th fuzzy
rule. At the corner point d; at which E;(x;) = 1, the space
is divided into two cells S;_; on the left side and S; on the
other side, which means

(Fact 1:) both controllers G;_ %, and G;X can stabilise
all sub-systems corresponding with the fuzzy rules with
indexes defined in K(i — 1), and K(i), respectively.

Furthermore, as long as the fuzzy partition is performed
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Siz1 S
(a) Fuzzy set =4

Fig. 2 Smoothing control input with triangular membership functions

at such a corner point like d;, the rule index i is definitely
included in both K(i — 1) and K(i); therefore,

(Fact 2:) both controllers G;_i%, and Gx can stabilise
the sub-system corresponding with i-th rule. For

simplicity, let us say the system is X = A;x + Bju.

Now let us approximate the fuzzy set Z;,1, as shown in
Fig. 2, by moving its left corner point from d; to d; + ¢
where ¢ > 0 is to make small neighbourhood such that in
which only the firing level of i-th rule is not zero. There-
fore, considering the facts 1 and 2, in the neighbourhood
[d; d; + €] the whole system behaviour is determined by
X = A;X + Bju, which can be stabilised by either controller
G,‘,lf or G_,‘)E.

On the other hand, the discontinuity between the two
controllers, (G;_; — G;)x, can be prevented by introducing
a controller u = (o;_1G;_1 + o;G;)X where o; 1 +o; = 1,
which means the closed-loop system

(59)

must be stable. A condition of the asymptotic stability is
that there exists a compatible symmetric P > 0 such that
PA; + PB,G; <0 where j = i — 1,i.

©i ©;

X1

Fig. 3 Fuzzy sets smoothing control inputs between cells

di1 ditq X1
e S g—————— ]
Siz Si

(b) Approximating fuzzy set =;,q

Consequently, the discontinuity of the controllers
between cells S;_; and S; can be prevented by introducing
a controller in the neighbourhood as follows:

If X1 is @ifl,
If x; is ©;,

then u = Gilf}

_ 60
then u = G;x (60)

where the fuzzy sets ®;_; and ©; are defined as in Fig. 3,
subject to that there is a P = PT > 0 such that

PA; + PB,G; + (%) — 1¢ <0, (61)
where j =i — 1,i, VT > 0, and
1 0 2di2—|- €
¢ = x 0 0 (62)
x o« di(di+e)

When it comes to the trapezoidal membership functions
as shown in (a) of Fig. 4, a similar neighbourhood of d;
inside S; can be established. As a result, by using the fuzzy
sets ®;_; and ®; shown in (b) of Fig. 4, the two rules in
(60) are able to smooth the control input between the two
cells.

S Simulation Examples

In order to demonstrate the effectiveness of our proposed
controller, we apply it to two systems. The first one is the
inverted pendulum system, in which the approach of
obtaining an affine T-S fuzzy model by using the Taylor
series expansion is shown. The second one is an affine T-S
fuzzy model with two antecedent variables of fuzzy rules.

5.1 Inverted Pendulum on a Cart
A pendulum is mounted on top of a vehicle, where the
bottom of the pendulum is connected via a pivot and a mass

is attached to the top. The goal is to keep the pendulum
from falling over by moving the vehicle below.
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(i disa

l— !

Sic1 S
(a) Fuzzy partition at d;

di+2 X1

Fig. 4 Smoothing control input with trapezoidal membership functions

The dynamics of the system can be described by the
following non-linear equations:

1,0 = F,Isin 0 — Flcos 0

F, —mg = —ml(fsin 6 + 6 cos 0) (63)
Fy = my +ml(0 cos 6 — 0 sin 0)

u— Fh = My

where 6 is the angular position of the pendulum in relation
to the equilibrium point, 2/ the length of the pendulum, m
the mass of the pendulum, y the position of the vehicle, M
the mass of the vehicle, F), the vertical force at the pivot, F},
the horizontal force, I,, = %lz is the moment of inertia of
the pendulum, g =9.81m/s* the gravity constant, and
finally the control input « is the driving force of the vehicle.

Defining x” =[0 0] we can obtain the following
dynamic equations:

X =x

. (64)
Xy =f(x,u)
where

gsin(x;) — amix3 sin(2x1)/2 — acos(x;)u
(o = 83001 = a3 sin(20)/ ()
41/3 — aml cos?(x;)

and a = WFLM In order to linearize the system and obtain an

affine T-S fuzzy model, we employ the Taylor series
expansion. Expanding f into the Taylor series around the
equilibrium points (x,, u,)

Xy = f(xe,tte) + Ae(x — xe) + be(u — 1)

65
= aex + bou — (a.x, + b.u,) (65)
where
_9 s
Ge = axTlx=x." 7~ qulx=x (66)
u=1u, u=1u,
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(b) Smoothing input at the neighbourhood of d;

Table 1 Operating points

x.(1) X (2) U,

88 - 7/180 0 ~2.8064 x 10°
—45 - 7/180 0 —98.0000
0-7/180 0 0

45 -7/180 0 98.0000

88 - 71/180 0 2.8064 x 103

and (x.,u,) is an operating point chosen so that
f(xe,u.) =0, and the higher-order terms in the Taylor
series expansion are ignored. Therefore, the system can be
linearized around (x, u,)

X= L? I]H [Z]H [_(aexeojtbeue)}

Using the operating points listed in Table 1 we obtain
the following affine T-S fuzzy model:

(67)

R; If x| is E;, then X =A;x + Bju + a;,

where 5; (i =1~5) are fuzzy sets whose membership
functions are shown in Fig. 5,

0 1 0
A = =As, By = = Bs
1421.2865 0 ~0.0052
ae| O 1}—A B—{ 0 }—B
> 224745 o) 7 TP | —oana7] !
17200 o #=|oves) @~ o]
Az = , B3= , az =
[17.2941 0 —0.1765 0
_- () _ _ O —
M7 6323559 T P T |ea1a2) T

With the range of x; = [—88, +88]-x/180, we can par-
tition the state space into the following cells
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— 45] - 7/180
—5]-7/180

Therefore we also have

K(l):{l,Z}, K(Z):{zas}a
K(3)={3}, K(4)={3,4},
K(S) = {475}7

I :{1727475}7 10:{3}7

for which, it can be verified that 35"} o, = 1.

By a similar approach as in the works [33, 34], we can
obtain continuity matrices Fy € R'®*3 (k = 1 ~5), which
are not all shown here for the sake of space but F; ~ F3 just
for example. It is easy to confirm that F|x = F,x, and
Fox = F3f.

[—13325 0 —1.04657
13325 0 2.0465
0 0 0
_ 114592 0 0
Fy =
0 0 0
0 0 0
1.0000 0 0
0 1.0000 0 |
r0 0 0 7
~14324 0 —0.1250
14324 0 1.1250
_ 114592 0
Fy =
0 0 0
0 0 0
1.0000 0 0
L 0 1.0000 0 |
[0 0 0]
0 0 0
~114592 0 0
Fy=| 114592 0 0],
0 0 0
1.0000 0 0
0 1.0000 0 |

In addition, Fy in (44) are made by random numbers as

long as rank(F, ) = 8. Consequently, the control gains G
for each cell are obtained:

Membership functions

—88 —45

ay (deg.)

Fig. 5 The membership functions on x; in the inverted pendulum
system

Gi = 10° x [2.3036  0.1526 0.7043]
G, = 10° x [1.9464 0.1717 —0.8217]
G3 = 10° x [2.6065 0.2085 0]

Gy = 10° x [1.9464 0.1717 0.8217]
Gs = 10° x [2.3036 0.1526 —0.7043].

Setting the initial state xo = [-70 0]" - 7/180, 4 = 0.1,
and 0 =2 we obtain the simulation results shown in
Figs. 14 and 15. We can see from Fig. 6 that both x; and
x, converge to 0 by the control effort shown in Fig. 7. The
controller is basically cell-wise, which means the controller
input is discontinuous when the state traverse from one cell
to another.

In order to prevent the input from the discontinuity, let
us us the idea given in Sect. 4.2, and transfer the cell-wise
controller into the following fuzzy controller:

R;: If x; is ©;, then u = Gif (68)

where i =1~5, ®; are fuzzy sets whose membership
functions are shown in Fig. 8 where & = 3 x 7/180.

The control performance is shown in Figs. 9 and 10.
Compared to Fig. 7, it is clear that the discontinuity in
control input is no longer existing.

Some level surfaces of the computed Lyapunov func-
tions are shown in Fig. 11.

5.2 An Affine System

Consider an affine system that is described by the follow-
ing affine T-S fuzzy model [35]:
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1 and o

Fig. 6 The transient response of state x by the cell-based controller
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0.9

. . . . . . . .
0.1 0.2 0.3 0.4 0.5 06 0.7 0.8
t (sec.)

Fig. 7 The behaviour of the cell-based controller u

L
0.9

T
O, C2) O3 O,

©5

=4 e o 14
) N @ ©
T T T

Membership functions
s o
N

e
w
T

0.2

0.1

l/ﬁfs

—5+¢

Fig. 8 The membership functions on x; in the fuzzy controller

—88 —45 —45+4¢

= 5 Boc 1
7y (deg.)
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R;: 1If x; is | and x, is E), then
X :ij+BiM +Cli,

where i = 1~9, Ej’ (j = 1,2) are fuzzy sets whose mem-
bership functions are shown in Fig. 12, and

Al = 7 _7.7],142[_1 _2} =A; = A5 = Ag,
|7 63 2 —3

Ay = [—10 — 11:| Ay Ag = [—10 — 10:|7
10 9 0 s

—14  — 14 0
7BiE )
| 14 7 :| |:1:|

[0 0
ay = 9 =ar,az = ) )

[0
L0

Ay =

a; =

:|:a4:515:a6:a8:5197

Then, based on these membership functions the state-
space is partitioned into 9 cells Sy (k=1~9) that is
shown in Fig. 13. Therefore, we have
K(l):{1727475}7 K(Z):{Z,S}, K(3):{2,3,5,6},
K(4) ={4,5}, K(5)={5}, K(6)={5,6},

K(7) = {4’57778}7 K(S) = {5,8}, K(Q) = {5a6a8a9}7
11:{132333436777879}7 10:{5}a

where I denotes the cells near the origin, and /; denotes

those away from it. It can be verified that Z]K:(f) o; =1 for
any cell Sy,

As in the first example, we can obtain continuity
matrices Fy € R'>*3 (k = 1~9), which are not all shown
here for the sake of space but F; ~F3 and Fs just for

1 and o

. . .
0 0.1 02 03 04 05 06 07 08 09 1
t (sec.)

Fig. 9 The transient response of state x by the fuzzy controller (68)
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Fig. 10 The behaviour of the fuzzy controller u in (68)
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Fig. 11 Level surfaces of the Lyapunov functions
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Fig. 12 The membership functions on x; and x, in the affine system

5
ol
3t S; S Sy
ol
1
g o S Ss Sy
e
oL
3+ Si Sy Sr
4l
5 | | | | |
5 4 3 2 0 1 2 3 4 5
xr1

Fig. 13 Fuzzy partition

example. It is easy to confirm that Fix = F,x, Fox = F3x

and Fox = Fs5x.
[—1 0 — 17
1 0 2
1 0 0
0 0 0
Fl = 0 -1 -1
0 1 2
0 1 0
0 0 0
1 0 0
L O 1 0
r—1 0 —17
1 0 2
1 0 0
0 0 0
P = 0 0 0
0 —1 0
0 —1 2
0 1 —1
1 0 0
L O 0

1
|l coco—~rococococo~~—~ |
—_ —_

S = O O O O O =

S O O O O = O O

\
—_

—_— 0 O

1 O O O O O O O O N

S O O O O o o o o o

In addition, Fy; in (44) are made by random numbers as

long as rank(I:: ) = 12. Consequently, the control gains Gy

for each cell are obtained:

@ Springer



1042 International Journal of Fuzzy Systems, Vol. 26, No. 3, April 2024
4 5
b
3 S3 Se Sy
A
~ 1
]
i 2o S5 Ss
~ -1
8
-1
2k
— 1 2r
3
3 S Sy S
4+ s
0 0.5 1 15 2 25 3 35 4 45 5 -5 -4 -3 2 -1 ] 1 2 3 4 5

t (sec.)

Fig. 14 The transient response of state x by the cell-based controller

T T
close-up

, , , , , , , , ,
0 05 1 15 2 25 3 35 4 45 5
t (sec.)

Fig. 15 The behaviour of the cell-based controller u in (39)

Gy =[—15654 —59374 —0.6439],
G, = [—0.5472 23723 0.1353],
Gs = [—6.0847 —6.9501 —2.2955],
Gy =[—2.6395 —2.5735 0.0814],
Gs = [—0.7340 22792 0],

Go = [—1.5053 0.2986 —0.1354],
G, =[-2.5281 —23450 0.3628],
Gs = [—0.5574 23934 —0.1341],
Go=[—11.5225 —9.3201 1.4113].

Setting the initial state xp = [-3 4]", A =0.1, and 6 =2
we obtain the simulation results shown in Figs. 14 and 15.
We can see from Fig. 14 that both x| and x, converge to 0
by the control effort shown in Fig. 15. The controller is
basically cell-wise, which means, as shown in the close-up
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Fig. 16 Newly inserted neighbourhoods between cells
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Fig. 17 The membership functions on x; and x, in the fuzzy
controller

of the inset, the controller input is discontinuous when the
state traverse from one cell to another.

In order to prevent the input from the discontinuity,
again let us employ the idea shown in Sect. 4.2, and make
some neighbourhoods as in Fig. 16.

As a result, the cell-wise controller can be transferred
into the following fuzzy controller:

R;: If x; is @) and x, is @), then u = Gix,

where i = 1~9, G)} (j = 1,2) are fuzzy sets whose mem-
bership functions are shown in Fig. 17.

Setting & = 0.3, the control performance is shown in
Figs. 18 and 19. Although the transient response of state
x is almost the same as in Fig. 14, the discontinuity in
control input is no longer existing.
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xp and T2

—x

. . . . . . . . .
0 05 1 15 2 25 3 35 4 45
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Fig. 18 The transient response of state x by the fuzzy controller

T T
close-up

0 05 1 15 2 25 3 35 4 45
t (sec.)

Fig. 19 The behaviour of the fuzzy controller u in (39)

Fig. 20 Level surfaces of the Lyapunov functions

Some level surfaces of the computed Lyapunov func-
tions are shown in Fig. 20.

6 Conclusion

In this paper, the problem of feedback control for a class of
affine T-S fuzzy models using piece-wise Lyapunov
functions has been investigated. In designing a controller
based on the affine T-S fuzzy model, this paper has first
made clear that the resulting LMIs are in fact innately
infeasible. To overcome the problem, it is shown that some
quadratic inequalities with certain properties are necessary
to be involved by using the S-procedure. Then, by parti-
tioning the state space into certain cells, the required
quadratic inequalities are obtained. Along with the pro-
posed feedback controller using the piece-wise Lyapunov
functions, the issue to obtain the continuity functions
involved in the piece-wise Lyapunov functions has also
been addressed. In particular, in order to prevent the
chattering phenomenon in control input when the state
traverses between cells, neighbourhoods inserted between
cells have been proven effective as shown in the
simulations.

In the piece-wise Lyapunov functions, there is still a
common positive definite matrix that exists within the
continuity functions. The presence of the common positive
definite matrix within could hinder the ability of relaxing
the conservatism of the piece-wise Lyapunov functions,
which will be explored further as one of our future tasks. In
addition, the results established in the paper are based on
continuous time, its discrete time version also needed to be
done in due course.

Appendix
Continuity Matrix

The way to construct the continuity matrices is based on
the existing works works [33, 34]. Without loss of gener-
ality, let us consider there are two antecedent variables x|
and x,, and cell Sy is corresponding to the i-th partition on
x1 and j-th partition on x;.

[F;C

F, = FjC2 S RPX3, (69)
|1 0

where k = (i — 1) X ny, +j, p = S0 (ny, + 1) +n,

oL oo o010 70)
"“lo o 1] *“lo o 1)
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and the last row may be removed if the resulting F; are of
full column rank, and subsequently p = 212: ((ny, +1) in
this case. In the following, constructing F; = [F; f;] is
given, while F_j can be obtained in the same manner.

Let v= [vl,...,v,,X]H] be corner points on x;, which
means there are n,, partitions on x;, and S; = [vi,vit1]

(i=1,...,ny).

Step 1:  Let F; be a (n,, + 1)-by-2 zero matrix, and
P [Vi Vi+1:|;
1 1
Step 2:  replace i-th and (i + 1)-th rows of F; by £7".

However, f; in F; cannot be guaranteed to be zero for S; for
i € Ty. Therefore, we modify F; for i € I, and subse-
quently others related to the modification. Let F;(j), and
F;(j, k) be the j-th row, and the element in row j, column k
of F;, respectively.

Step 1:  Calculate:
r= (Fi_l(i, 1) cV 4 F,’_l(i,Z))/Vi = I/Vi7
I=(Fir(i+ 1,1) - vigr + Fipg (i 4+ 1,2)) /vip
= 1/vis1;
Step 2:  Update F;:
F,(i)=1[r 0], F,(i+1)=1] 0]
Step 3: Update F] NFi_l.'
Fj(iJr )= 0], forj=1~i—1;
Step 4:  Update Fi Nanl :
F;(i)=[r 0], forj =i+ 1~n,,.
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