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Abstract The Aczel-Alsina t-norms ware proposed by
Aczel and Alsina in 1982, which are a very effective and
dominant technique used in the construction of any kind of
aggregation operators. Moreover, the Algebraic t-norms are
a special case of the Aczel-Alsina t-norms because of the
parameter 0 <p< 4 oco. Additionally, a complex intu-
itionistic fuzzy (COIF) set is an essential and valuable part
of the fuzzy set to handle vague and awkward situations in
many real-life problems. Motivated by the above valuable
and dominant ideas, the major contribution of this study is
to propose the aggregation operators by involving the pri-
ority degree based on Aczel-Alsina t-norms for managing
the COIF values, such as COIF Aczel-Alsina prioritized
weighted averaging (COIFAAPWA), COIF Aczel-Alsina
prioritized ordered weighted averaging (COIFAPOWA),
COIF Aczel-Alsina prioritized weighted geometric (COI-
FAAPWG), and COIF Aczel-Alsina prioritized ordered
weighted geometric (COIFAAPOWG) operators. The
fundamental properties of these operators are also exam-
ined. Afterward, we develop a decision-making technique
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to process the multi-attribute decision-making (MADM)
problem based on the COIF information and proposed
operators. Lastly, we use some examples to show the
supremacy and effectiveness of the developed approaches
by checking the influence of the parameters and the com-
parison between proposed techniques with some existing
techniques.

Keywords Prioritized aggregation operators - Complex
intuitionistic fuzzy sets - Aczel-Alsina t-norm and
t-conorm - Multi-attribute decision-making

1 Introduction

Multi-attribute decision-making (MADM) is an important
part of decision theory, which can give the best choice or
ranking result for some alternatives under some attributes.
At evaluating an attribute for alternatives, sometimes, it is
difficult to express the evaluation value by a real number.
In order to express this evaluation information without
distortion, Zadeh [1] proposed the fuzzy set (FS), which is

expressed by i : Zy — [0,1], where the value of

Zy(7) €[0,1] is represented as a membership grade
(MG). Various valuable applications have been described
by scholars in mandelbrot sets [2] and decision-making
methods [3, 4]. Furthermore, because the FS can only
consider the MG, it cannot deal with the information from
non-membership grade (NMG), to solve this problem,
Atanassov [S5] proposed intuitionistic FS (IFS), where two
functions are defined in IFS, which are stated as:

m:: Zy = [0,1), ¥=: Zy — [0,1], and Zy(5%) + V=

z >}

(#a) € [0,1], m= and y== are represented as MG and NMG.
>)


http://crossmark.crossref.org/dialog/?doi=10.1007/s40815-023-01541-x&amp;domain=pdf
https://doi.org/10.1007/s40815-023-01541-x

P. Liu et al.: Prioritized Aggregation Operators for Complex Intuitionistic Fuzzy Sets... 2591

Further, various valuable applications have been explored
by scholars in distance measures [6], aggregation operators
[7], COVID-19 problems [8], enhancement algorithms [9],
support vector machines [10], dynamic perspective [11],
and soft set [12] described based on IFSs.

The FSs and IFSs are the essential parts for describing
fuzzy information, and they have been used in different
fields such as game theory, artificial intelligence, neural
networks, road signals, and machine learning. Although
The FSs and IFSs are very valuable and dominant tech-
niques, they also contained some limitations. Further,
Ramot et al. [13] proposed the complex FS (CFS) which is

described as m?/\:z(}fa) = ﬁ;}(%)elz%mf(%“)), M?,ﬁ; : Zy
— [0, 1], and (%), WE(7) € [0, 1], T (), FE(5,) are
represented as a complex-valued MG (CVMGQG). Further,
various valuable applications have been developed by
scholars in entropy measures [14], complex fuzzy N-soft
sets [15], complex multi-fuzzy sets [16], and decision-
making methods [17]. Furthermore, Alkouri and Salleh
[18] proposed complex IFS (COIFS), which is the general
of FSs, IFSs, and CFSs to manage various real-life
dilemmas. COIFS contained two main functions, which are

_ _ 27 | T (7o _
stated as mA:(Z,) =m (Za)el n(mf( )) s, m: : Zy —

) 2

[0,1] and y:A:Z(?a) = y:%(;;;)eﬂ”(y:i(;)) V=, v:: 2y

~
-1

— [0,1], where the (%) + V5(%a), Me(%a) + V2(5a) €
[0,1] are represented as a CVMG and complex-valued
NMG (CVNMG). Noticed that the functions included in
the COIFS are the modified version of FSs, IFSs, and CFSs.
Various valuable applications have been developed by
scholars, for instance, prioritized aggregation operators
[19], decision-making [20, 21], and averaging/geometric
aggregation operators [22, 23].

Different types of t-norms were extended by scholars
and a lot of aggregation operators based on these all-ex-
isting norms are also developed. Among the different t-
norms, the AA t-norm and t-conorm were proposed by
Aczel and Alsina [24] in 1980, which are very modified
and more general than the existing t-norms based on
parameter 0 <p < + oco. Furthermore, Pamucar et al. [25]
proposed the ordinary priority approach and AA norms.
However, all these norms were developed based on clas-
sical information, further, Senapati et al. [26] first devel-
oped the aggregation operators based on AA t-norms using
hesitant FSs. Senapati et al. [27] again developed the
aggregation operators based on AA t-norms for IFSs.
Similarly, Yu and Xu [28] proposed the prioritized aggre-
gation operators based on IFSs. Arora and Garg [29]
developed the prioritized averaging/geometric aggregation

operators for IFSs with soft sets and described their
application in decision-making.

After a brief discussion, we noticed that the COIF
information covered the pair of truth and falsity grades in
the form of complex-valued information. Furthermore, the
amplitude information and phase grade of the truth (falsity
grade) indicated the extent of supporting (supporting
against) and given additional information (in general we
relate it with periodic function) of the term in a COIF
value. The major difference is a phase term between COIF
values and simple IFSs because the IFS copes with only
one-dimensional data but the COIF information deals with
two-dimensional data at a time which is more accurate and
effective than the prevailing IFSs. In our many real-life
scenarios, decision-makers have faced two-dimensional
data in a lot of places, whereby including the second
dimensional data, the complete data can be projected in one
valued set and the issue of loss of data can be secured.
Furthermore, to demonstrate the significance or importance
of the phase or periodic term, we simplify it with the help
of some suitable examples, for instance, a well-known
university decided to install new software for processing
the university’s important data. For this, the president and
the committee of the university meet with the supervisor of
the company for looking at different types of software,
where the supervisor of the company gives the following
information concerning each software, (i) Distinct alter-
natives of software and (ii) distinct version of each soft-
ware. The university members select the finest one and the
latest one from all of them. Here, the complexity of two-
dimensional data, namely, choosing the finest and latest
software, this kind of problem cannot be evaluated in the
presence of the simple or traditional IFSs. So, the finest and
most valuable way to evaluate the above type of problem,
we needed to use the COIF information, because it covered
the truth and falsity of information in the form of the
complex number, where the real part expressed the name,
and the imaginary part represented the version of the
software.

Moreover, the Aczel-Alsina (AA) t-norms are more
general than the algebraic t-norms, because we can easily
obtain the existing ones using the different parameter
involved in the AA t-norms. Additionally, the COIFS is the
generalization of the FSs, IFSs, and CFSs, at the same time,
prioritized aggregation operators can consider the priority
degree among the attributes. Therefore, keeping the dom-
inancy and feasibility of the COIF set and taking the
importance and reliability of the aggregation operators,
prioritized information, and Aczel-Alsina t-norms, the
major goal of this paper is to develop some novel aggre-
gation operators based on the AA t-norm and t-conorm
considering priority degree among the attributes with the
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decision information of COIFNs. The advantages of the
proposed operators are listed below:

(1) When ﬁ%(za)zy:%(z‘,)zo, we can obtain the
Aczel-Alsina prioritized aggregation operators for
IFSs (a special case of the proposed technique).

(2) When yzi(za):y:;(;n)zo, we can obtain the
Aczel-Alsina prioritized aggregation operators for
CFSs (a special case of the proposed technique).

(3) When V(%) = m (%) = ¥5(%a) =0, we
obtain the Aczel-Alsina prioritized aggregation
operators for FSs (a special case of the proposed
technique).

(4) Prioritized aggregation operators for FSs, IFSs,
CFSs, and COIFSs are the special case of the
proposed operators.

(5) Aczel-Alsina aggregation operators for FSs, IFSs,
CFSs, and COIFSs are the special case of the
proposed operators.

(6) Averaging aggregation operators for FSs, IFSs,
CFSs, and COIFSs are a special case of the proposed
operators.

(7) Geometric aggregation operators for FSs, IFSs,
CFSs, and COIFSs are a special case of the proposed
operators.

can

Inspired by the above analysis, we concentrate to derive the
following main contents which are shown as follows:

(1) To develop some operational laws for COIFNs based
on AA t-norm and t-conorm.

(2) To develop the COIFAAPWA operator and COI-
FAAPOWA operator.

(3) To develop the COIFAAPWG operator and COI-
FAAPOWG operator.

(4) To discuss their valuable properties and some
important results.

(5) To develop a MADM method with the decision
information of COIFNS.

(6) To compare the developed operators with some
existing operators for showing the flexibility of the
proposed approach by some application examples.

The main construct of this article is shown as In Sect. 2, we
address some basic concepts, called the COIFS and their
algebraic and Aczel-Alsina operational laws. In Sect. 3, we
develop the COIFAAPWA, COIFAPOWA, COI-
FAAPWG, and COIFAAPOWG, and explain their basic
properties. We also analyze their special cases. In Sect. 4,
we propose a MADM method with COIF information
based on obtained operators, then we give some examples
to show the decision steps and the superiority of the pro-
posed approach. In Sect. 5, we compare the developed
operators with some existing operators by illustrating
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examples and showing the flexibility of the derived
approaches. Final and valuable remarks are listed in
Sect. 6.

2 Preliminaries

In this section, we give some basic knowledge about
COIFS and their algebraic and Aczel-Alsina operational
laws, where the term Zj is used as a fixed set. The COIFS
is the generalization of FSs, IFSs, and CFSs to process
various real-life dilemmas. COIFS contained two main

=(%)

functions, which are stated as

(Fa)e (=),
me G0, wr,

S
=l

T

: Zy — [0,1] and V= (%)

7 Z] - [07 1]7

m=(%a) + V5(%a), (%) + V2(%a) €
as a CVMG and complex-valued NMG (CVNMG).
Noticed that the functions included in the COIFS are the
modified version of FSs, IFSs, and CFSs. The COIFS is
defined below.

where the

[0, 1] are represented

Definition 1 [18] The COIFS A:z is described as

As = {(——mA:Z(Za),y::Z(ZQ)) o eizg} (1)
J— 27| mz Za
the term m=(%.) = mE(Za)‘f (m[( )) and the term
. ,
— = en(F)
y/\:z(za) =V=(%a)e t are used as supporting and

supporting-against with a condition: 0< ﬁ;(%a) +

V=(%a)<1  and 0<ﬁ§ %) TV V=(%4) <1,  where

e = ~ 127[( (ﬂ ) —

R=(%a) = Re(%a m=(%.)  +V;
z

2| 1— (ﬂ
(%4))) e ( ( ) )) is used as a refusal grade.
Finally, the COIF number (COIFN) is defined by:

i2n <:) 2n (y::)
— -] =
m=e y7: 7

%

As, = =12 .. .n

Moreover, for developing the any kind of aggregation
operators, we need some valuable operational laws, there-

fore, here we discuss or revise the algebraic operational
laws for COIFNs.

Definition 2 [18] there are two COIFNs

N i2n <W;) i2n (y_—>
r— pr— f prm— i . = .
Az, = | m=e " y=e J ,j=1,2, and @y is a

K j

positive real number, then
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N prm— prm— p— V)
A @B Az, = (mﬁ + M= — M=m=e'™"

7 n

(T + s e ), (Vvs)e )

I izn(ﬁ)i .
A_2|®AEz: ((m:m:)e h b/ y=+4+Yy=

@ K 21 K

L Ve—v=p2T (Y= 4 V= — V=
V-Vze (ya +VE yayg))

(),

To further compare with the COIFNs, we need to define
the score values and accuracy values, because they can
help us to convert the COIFN into a real number, and in a
real number, we can easily take a decision about which
number is finest, and which one is not.

Definition 3 [18] the score and accuracy functions of
] —__ i2n (ﬁ) ___ i2n (y::)
COIFN Ay, = (m;e W, yze u/,j=1,2, are

defined as

Sov (M) = 3 (7 + - 7 - 7). 5o (W)

Then we have

M 13y (As) > Sw(As) = As, > As,
@ 1 Sov(As,) <8 (Ax) = Az, <As.

G) If szsv(ﬁ) — Sy (f) then

) IfH—AV( 21) >H:AV(A:22> = As, > As,.

() If H—AV(A_EI) <H—AV(A_22) = Ay, <As,.
(i) If H—AV(/E) - H—AV(E) = Ay, = As,.

It is also clear that the algebraic operational laws are
very famous and helpful for accommodating or construct-
ing any kind of operators. But we noticed that the Aczel-
Alsina operational laws are the superior or general form of
the algebraic operational laws because of parameter
oo > @ > 0, whereby using the value of @ = 1, then we can
easily derive the Egs. (2, 3, 4, 5). Moreover, the Aczel-
Alsina operational laws for COIFNs are defined below.

Definition 4 The Aczel-Alsina operational laws of two

S _in (mf) _im (_V:)
COIFNs Ay, = | m=e i) V=e y ,Jj=1,2, are

» Y —
%

defined as (9:5 is a positive real number)

Q«qﬂuwﬂw}cq(m(”m
. (G, (Y-
(8)
- @wquwuj(%wﬁ<M)
9)
oy o[-
(1 7e’(i(—LOG(,7m;ﬁ)) >)e |
Az, = . 2n(<u<<7—‘>>”>)
(e("(LG(y)) ))e
(10)
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(11)

Moreover, based on the Aczel-Alsina operational laws,
we define the simple averaging and geometric aggregation
operators for COIFNs, which are stated below.

Definition 5 The Aczel-Alsina Weighted Arithmetic
operator for COIFNs (COIFAAWA) is defined by:

— Y — —T —% —T
COIFAAWG(AZ‘.AZE,....,Azu) =As;, ®As, ®...®As,

i
L (=T
:®J:| A)_-’ = f
- =1 "x/

— = = =\T =
Noticed that T = (Tl,Tz, . .,Tn) s with 350, Ty =1,

is a weight vector.

Definition 6 The Aczel-Alsina Weighted Geometric

operator for COIFNs (COIFAAWG) operator is defined by:
COIFAAWG (A:z, Ao f)

—T, —T, —T, —T,
=A;z, ®A;, ®...0A;, =@L|As

(13)

@ Springer

= pu— p— = T pu—
Noticed that T = (Tl N I Y —”—n) » with er'lil =1

is a weight vector.

3 Aczel-Alsina Prioritized Aggregation Operators
for COIFSs

Explore the Aczel-Alsina prioritized aggregation operators
for COIF information is a very challenging task because
many scholars have developed the Aczel-Alsina, priori-
tized, and simple averaging and geometric aggregation
operators for FSs, IFSs, CFSs, and COIFSs, but up to date,
no one can obtain the Aczel-Alsina prioritized aggregation
operators for COIF information. In this section, we develop
the novel COIFAAPWA, COIFAAPOWA, COIFAAPWG,
and COIFAAPOWG operators which are the combination
of the three different structures such as the aggregation
operators, prioritized aggregation operators, and Aczel-
Alsina operational laws based on the COIF information.
So, from the above information, it is clear that the simple
averaging\geometric aggregation operators, prioritized
averaging\geometric aggregation operators, and Aczel-
Alsina averaging\geometric aggregation operators for FSs,
IFSs, CFSs, and COIF sets are the special cases of the
proposed operators. Furthermore, some feasible properties
are also explored in this section under the COIFNs:

i2n <WT_) i2n (y__>
pr— t; prm— i .
m=e J =e / J=12,...n

Definition 7 The COIFAAPWA operator is defined by:
COIFAAPWA (ﬁ Asye.o f)

As, =

)

<

T \— T, \—
L_|A 2_ A5, ...

Noticed that T; = S S:S‘/(A:zk> and T; = 1.

Theorem 1 The result of Eq. (14) is also a COIFN, and
have.
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COIFAAPWA (A;‘ A - ﬁ)

(15)  corraaPwa (A:LA:&) - ( Lk _)A—Zl

T,
Additionally, from the Eq. (15), we can easily get the o) ( Tzz As,

Aczel-Alsina (averaging/geometric) aggregation operators, Z};I j

prioritized (averaging/geometric) aggregation operators, ,

and simple averaging/geometric aggregation operators for ) ( (%) ((E,)))

FSs, 1IFSs, CFSs, and COIFSs, because these all are the [ ((;) ( (Hf:))”)" | 1-e

special cases of the presented operators. Furthermore, the oo N ‘

relation among these operators is shown in Fig. 1.

Proof To prove Eq. (15), we use the induction method.

(1) when n =2, then (8< <%> (Lw(y,))WY]:n [

B B\ i2n| 1-e " p
Xl 5o ) (s
—e =1 . ! e
COIFAAPWA - ,
operator 2 i = ’
W o (Z <z;;.f)( Q) )
( (= () ) J
e e
COIFAAPOWG APrOPSOf.d COIFAAPOWA
t ggregation o — :
operator operators operator So, when n = 2, Eq. (15) is kept.
(B) Suppose Eq. (15) is also kept for n =k, i.e.,
COIFAAPWG
operator

Fig. 1 The relation between some existing operators and the
proposed operators
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Then when n = k + 1, we have

COIFAAPWA (A, As,. ., As.., )

? fr—

= EBJI'Z_JI n : = AZ]
Zj:] 11—j

Tj —

i.e., when n = k + 1, Eq. (15) is also kept.

Finally, we can get Eq. (15) kept for all n.

Further, we verify the main properties of the COI-
FAAPWA operators, including idempotency, boundedness,
and monotonicity.

Property 1 (idempotency) When AZZ/ = X then we get.

@ Springer

COIFAAPWA (A:& Az, f) =A (16)

Proof Because

A:zj R <ﬁ;ei2n (ﬁ) ,yzieizn (yzf) ) ,

we have.

COIFAAPWA (A:X, Asyr- s f)

Property 2

(monotonicity): When

_,i2n (rr[rT[:,) ., i2n (EI>

m=e ) y=e I , then we get.
2 2j

COIFAAPWA (Az,,Ax,. ., As, )

:/ —/ :/ (17)
< COIFAAPWA (Agl As, ..o As, )



P. Liu et al.: Prioritized Aggregation Operators for Complex Intuitionistic Fuzzy Sets... 2597

Proof Considering

Further, we have

then

Similarly, we get

A=)

Then, by combining the above information, we can
easily get

L
@

alll

COIFAAPWA (A:):, Asys- - o ﬁ)

gcomAApWA@—zl,A—zz,...,Azn).

Property 3 (boundedness): When A =
i2n (minﬁ) i2n (maxy_—>
o J i; —_— A
minm=e 7/ maxy=e ’ and
o i
—t _i2m <max$> _i2m <m_iny_—)
A =|maxm=e \' %/ miny=e \' %/ |, then
j j Jj K
we get.
— —_— — — —
A gCOIFAAPWA(Az”AEN...,Azn) <A (18)

Proof Because

— i2n (mjnm?f:) _ i2m (maxE)
A = | minm=e b maxy=e "%/ and
, axys

J 7 ’

—+ i2n maxm;: i2n mjny::
A = = Iy inv= Ty h
maxms=e , miny=e , then.

Jj J J %
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- (= () (el2))) .
(=) et )

a-

Based on the above information, we can easily obtain
e _— — f—— —+
A < COIFAAPWA (Azl As- . Az”) <A .

Definition 8 The COIFAAPOWA operator is defined by:

COIFAAPOWA (Az_m Asaos s Az_w)

= = | Az, = | Asy, @
Zj:] T; Ej:] J
T,
& | —"=|Awm, (19)
Zj:] J

Noticed that ?j: {;IIS:SV(AZZJ and Tzlzl and
H(j—1)<H()).

@ Springer

Theorem 2 Equation (19) is also a COIFN, and has.

COIFAAPOWA(AZZ‘,A::,MA:;)

(20)

Additionally, from Eq. (20), we can easily get the
Aczel-Alsina (averaging/geometric) aggregation operators,
prioritized (averaging/geometric) aggregation operators,
and simple averaging/geometric aggregation operators for
FSs, IFSs, CFSs, and COIFSs, because these all are the
special cases of the presented operators.

The proof is omitted.

Further, the main properties of the COIFAAPOWA
operators include idempotency, monotonicity, and
boundedness.

Property 4 (idempotency): When A:; = X, then we get.

>l

COIFAAPOWA(AZZI, As,.. ﬁ) = (21)

Property 5 (monotonicity): When A:zng:;., then we
get.

COIFAAPOWA (A:& Ay, f)

:/ :/ ! (22)
< COIFAAPOWA (Agl Az, .. Ay, )
Property 6
— _i2m <m_1nm—>
(boundedness):  Let A = |minm=e \' "/,
J )
_i2n <maxE>
maxy=e \' /) and
J 7
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A < COIFAAPOWA (A:LAZZZ . ﬁ) <A (23)

Definition 9 The COIFAAPWG operator is defined by:
COIFAAPWG (A:& As.y ..o As,

— A_&<Z,1“/> ® M(Zj]%) ® L ® /\Z,,<Zjl Tf)

(24)

]

Noticed that f =Sy S:SV(A:&) and T, = 1.

Theorem 3 The result of Eq. (24) is again a COIFN, and
have

COIFAAPWG (/\:z, Asre o f)

(25)

Additionally, from Eq. (25), we can easily get the
Aczel-Alsina (averaging/geometric) aggregation operators,
prioritized (averaging/geometric) aggregation operators,
and simple averaging/geometric aggregation operators for
FSs, IFSs, CFSs, and COIFSs, because these all are the
special cases of the presented operators.

Property 7 (idempotency): When A:; = X, then we get.

COIFAAPWG (Azl Asye . ﬁ) Sy (26)

Property 8 (monotonicity): When

— !

, 2n| m= , 2n| y=
= | m=e V) Y=e b then we get
= = s get.

- » Yo
j G

COIFAAPWG (A:& Az, f)

<c01FAAPWG(A:21,A:227...,A:zn>

Property 9
— i2ﬂ:<m_inm>
(boundedness): ~ When A = | minm=e o/
J 7
_i2n (maxy::>
maxy=e Ve and
joT
— i2n (maxm?:) _i2m <mjny_:)
A = | maxim=e " minyze \' '/ |, then
J 7 J 7
we get.
e —_— — — —+
A gcozFAAPWG(AZ,,AZZ,...,Azn)gA (28)

Definition 10 The COIFAAPOWG operator is defined
by:

COIFAAPOWG (Az_m Asas Az_("))

(ﬁ =
o =
— A):-(l) ! X A):.(z) ! X...

T
® AZ.(@ (Z/] T/) (29)

Noticed that f: i;llS:g/(Azk) and TT:1:1 and
H(j— 1) <H()).

Theorem 4 The result of Eq. (29) is again a COIFN, and
we have

COIFAAPOWG (f Aseohs,)

(30)
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Table 1 Qualitative comparison of the proposed work with some
existing methods

Methods Truth  Falsity Priority Phase Parameter
grade  grade degree  term )
FSs vV X X X X
IFSs V4 Vv X X X
CFSs Vv X X Vv X
COIFSs Vv Vv x Vv X
Simple Vv Vv X X X
aggregation
operators
Aczel-Alsina Vv Vv X X Vv
aggregation
operators
Prioritized V4 Vv v Vv X
aggregation
operators

Proposed work v/ vV v v v

(Theorems and
Properties)

Additionally, from Eq. (30), we can easily get the
Aczel-Alsina (averaging/geometric) aggregation operators,
prioritized (averaging/geometric) aggregation operators,
and simple averaging/geometric aggregation operators for
FSs, IFSs, CFSs, and COIFSs, because these all are the
special cases of the presented operators.

Property 10

When A—zj = K then we get.

COJFAAPOWG(A—EI,A—ZZ, N f) =A (31)
Property 11
— / ., im (mﬁl) ., in (y::/)
When Ay <Ay = [m=e \ "/ 3F=e \V/ |,

then we get.

COIFAAPOWG (AZE, Asor. - f)

gcomAAPOWG(A:L,A:M..,A:&)

@ Springer

Property 12
When A = <m'in[m?fei2" (mjnﬁ),

J 5

27| maxy=
pr— J [/
maxy=e )
i T

and
— _i2n (maxm#:) _i2n <mjny_:)
= | maxm=e " %) miny=e \’ Y/ |, then
Jj j Y
we get.
— — e —
A < COIFAAPOWG(A;I A Azn) <A (33)

The qualitative comparisons of the proposed work with
some existing methods based on Theorems 1-4 and prop-
erties 1-12 are shown in Table 1.

From Table 1, we can easily get that the proposed
techniques are very superior and reliable, because every
structure has a lot of limitations, but only the derived
technique has very complete and perfect, therefore, in the
following, we use these operators to propose the MADM
method.

4 Application

Decision-making procedures, clustering analysis, pattern
recognition, and artificial intelligence are some valuable
and dominant applications in fuzzy set theory. The MADM
technique is an important section of the decision-making
procedure. For selecting the finest optimal from the family
of preferences, the MADM technique is a very suitable and
reliable procedure to get the best one. In this part, we
propose a MADM method based on developed operators
for COIF information.

Suppose the set of alternatives is Ay =

{A:&, A:zz,...,Azzm which are evaluated by the finite

attributes Ay = {Alzl , Alzz, cn A/z,l} under the consider-
ation of priority information Tj: E],:l Sgy (Azk) and
T, = 1, and the evaluation information for alternative A_z]

under the attribute A—/Zk is expressed by a COIFN A:z,k =

<—m: i
2jk
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the procedure of MADM technique for the proposed operators.

Compute
the matrix

Evaluate
the finest
prefrence

Examine the
score values of
the aggregated

values

Normalize
the decision
matrix

Aggregate the
normalized
decision matrix

Compare the proposed operators with some existing operators.

Fig. 2 Graphical abstract of this Section

O\ ___ i2m y::>

(m),Fe < %/),j=1,2,...,mk=1,2,... n, then
i ik

we can give the decision-making method as follows (the

graphical abstract of this section is shown in Fig. 2).

4.1 The Decision Procedure

The decision steps are shown as.

Step 1:  Organized a decision matrix for a MADM
problem based on COIFNs, which is expressed
by

i2n (E) i2n (E)
m=e */  y=e * for benefit

2k 2k

2r| y= 2n| m=
= Gk Uik
y=e ,M=e for cost

Step 2:  Aggregate all attribute values which are given
in the decision matrix by the COIFAAPWA
operator or COIFAAPWG operator.

Table 2 Decision matrix (COIF numbers)

7 7

C C

>
>

N

Ac (0.6,0.5),(0.2,0.3))

1

Ac (0.4,0.6), (0.4,0.2))
2

( ); ) (
( ); )
A, ((0.7,08),(0:2,0.1))
( ); )
( ); )

((0.41,0.61), (0.41,0.21

(0.61,0.51), (0.21,0.31))
( ( )
((0.71,0.81),(0.21,0.11))
( ( )
( ( )

(0.4,0.3),(0.2,0.1))
(0.5,0.1

((0.41,0.31), (0.21,0.11
((0.51,0.11), (0.31,0.11

7

As, 5,
Ac (0.62,0.52), (0.22,0.32) ((0.63,0.53), (0.23,0.33

( ); ) ( ( )
Ac, ((0.42,0.62), (0.42,0.22)) ((0.43,0.63), (0.43,0.23))
Ac. ((0.72,0.82), (0.22,0.12)) ((0.73,0.83), (0.23,0.13))
( ); ) ( ( )
( ); ) ( ( )

Ac,
Ac,

(0.3,0.1))

(0.42,0.32), (0.22,0.12) 0.43,0.33),(0.23,0.13
(0.52,0.12), (0.32,0.12) 0.53,0.13),(0.33,0.13

Ac,
Ac,

—_— o~

Step 3: get the score or accuracy values of the
aggregated information based on Eq. (6) and
Eq. (7).

Step 4:  Obtain the ranking order based on the obtained
score or accuracy values.
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Table 3 The aggregated values
for w =2

Alternatives

COIFAAPWA operator

COIFAAPWG operator

Ac,

0.3396,0.2699), (0.5123,0.6051
0.2079,0.3396), (0.6822,0.5123

0.8094,0.7493), (0.1000,0.1517

A,

Ac,
Ac.

0.2079,0.1517),(0.5123,0.3893

(( ) ( )
(( ) ( )
Ac ((0.4207,0.5202), (0.5123,0.3893))
(( ) ( )
((0.2699,0.0520), (0.6051,0.3893))

(( ) ( )
((0.6822,0.8094), (0.2079,0.1000))
((0.8641,0.9147), (0.1000,0.0520))
((0.6822,0.6051), (0.1000,0.0520))
((0.7493,0.3893), (0.1517,0.0520))

4.2 Practical Example
4.2.1 Problem Statement

A well-known enterprise wants to invest its money in some
businesses, for this, the owner of the company found the
following businesses which are represented as a family of

alternatives, such as:A—Cj, j=1,2,3,4,5, where the com-

plete information is as follows: A—cl: Laptop business; /\:C2 :
Mobile business; A_Q : Software; A—Q : Book shops;

andA—CS: Car business, where for each alternative the owner
of the company provided two types of information such as
the name and version of each item. For these all alterna-
tives, they are evaluated by attributes represented by dif-
ferent features, which are described by.

’

A7C1: Comfortability.

— _
Ac,: Chance of succession.

7

c.: Price level.
3

Ag,: Other dues.
4

To handle the above problem, we give the below
procedure.

>

4.2.2 The Decision Procedure for this Example

Based on the developed operators, we give the decision
steps as follows:

Step 1:  We obtain a matrix by COIFNs which are shown

in Table 2.

Because all information is the benefit type, the infor-
mation in the decision matrix is not needed to be
normalized.

@ Springer

Step 2 Aggregate all attribute values which are given in
the decision matrix by the COIFAAPWA operator
and COIFAAPWG operator, shown in Table 3.
The mathematical calculation for one grade is

stated below, the other values are obtained in the

same way. We know that the value of TZI =1
(according to Definition 7), then to find the values
of others, we use the idea of

f’ =>4 S:sv(/\:):k> such that

o
[
i
Al
7]
NG
I
]
&l
—
2
N
Il
4l
7]
N

|
(98]
|
<
<
—
>
™M
~
N—
I
(7~
A4
<
/N
7l
™M
~
—

I
N
I
gl
<
~
>
L
N—
I
(7~
A4
<
/N
7
=
—

Then we get the values of

COIFAAPWA (AZZI, /\:zz,/\:x,/\Zn> , such that where
27:1 f = 2.8, then we have
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Table 4 The score values for the aggregate

d results

Table 7 The aggregated values based on Table 6 for w =2

Alternatives COIFAAPWA operator

COIFAAPWG operator

Alternatives COIFAAPWA operator

COIFAAPWG operator

A:Q — 0.2593
A_Cz — 0.3234
A_C3 0.0196
A_Q - 0.2709
A_C5 — 0.3362

0.6535
0.5918
0.8133
0.5676
0.4674

Ac (0.3396,0.5123)
A (0.2079,0.6822)
A (0.4207,0.5123)
A (0.2079,0.5123)
A (0.2699,0.6051)

(0.8094,0.1000)
(0.6822,0.2079)
(0.8641,0.1000)
(0.6822,0.1000)
(0.7493,0.1517)

Table 5 Contained ranking order

COIFAAPWA operator
COIFAAPWG operator

Ac,

> AC1 > AC4 > ACZ > AC5

Ac, > Ac, > Ag, > Ac, > A,

=0.3396

Similarly, we get the falsity of the information, such as:

Table 8 Availability of the score values from Table 7

Alternatives COIFAAPWA operator COIFAAPWG operator
A:Q — 0.0863 0.3547
A, —0.2371 0.2371
Ac, — 0.0458 0.3820
Aic; — 0.1521 0.2910
Ac. — 0.1675 0.2988

Table 9 The ranking results are based on Table 8

COIFAAPWA operator
COIFAAPWG operator

Ac, > A, > A, > Ac, > Ac,

Ac, > A, > A, > Ac, > Ac,

Table 6 The intuitionistic

Alternatives/Attributes

7 7 7

7

fuzzy information produced Ac, Ac, Ac, Ac,
from Table 2 -
Ac, (0.6,0.2) (0.61,0.21) (0.62,0.22) (0.63,0.23)
1
A (0.4,0.4) (0.41,0.41) (0.42,0.42) (0.43,0.43)
2
E (0.7,0.2) (0.71,0.21) (0.72,0.22) (0.73,0.23)
3
E (0.4,0.2) (0.41,0.21) (0.42,0.22) (0.43,0.23)
4
E (0.5,0.3) (0.51,0.31) (0.52,0.32) (0.53,0.33)
5
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((0.3396, 0.2699),

2604 International Journal of Fuzzy Syst.
_ — 4 =0.5123
T, _\\" T .\
((z;‘lf) (1e0() >+ ((2?17) (el )+ N
e () | (2 (0) (=)
— e ( Sh m) DVERY e 2T ! = 0.6051
Therefore, the final value is
(0.5123,0.6051)), which is given in Table 3.
_ 55)(—L0G(0.2))*)+((32) (—LoG(0.21))*)

0.6

: >(—L0G(0.22))2) + < <0

.9

2.9

) (—LoG(0.23))2) )

Step 3 Get the score or accuracy values of the aggregated

1

2

information by Eq.

)

Table 10 The ranking results for the different values of parameter s

(6) and Eq. (7), see Table 4.

Parameter Operator Score values Ranking values

=1 COIFAAPWA operator —0.2542,-0.3238,0.019, —0.2715, —0.3368 A:G ~ /\:q > A:a, > /\:07 > f
COIFAAPWG operator 0.6538,0.5921,0.8139,0.5681, 0.468 A:G > /\:q -~ A:cz > A:C4 ~ A:Q

w=2 COIFAAPWA operator —0.2539, —0.3235,0.0196, —0.271, —0.3362 Ac, > A:q -~ A:Q > T - A:C5
COIFAAPWG operator 0.6535,0.5918,0.8134,0.5676,0.4675 A:G > A:Q -~ A:Cz -~ A:C4 > /\:C;

w=>5 COIFAAPWA operator —0.2528, -0.3224,0.0214, —0.2694, —0.3345 A:a - A:a - A:Q > T . A:cs
COIFAAPWG operator 0.6525,0.5908,0.812,0.5663,0.4658 A:a N A:Q > A:Cz -~ A:Q > /\:cs

=17 COIFAAPWA operator —0.2521,-0.3217,0.0226, —0.2684, —0.3335 A:a > A:Q > A:Q ~ A:Cz > A:Q
COIFAAPWG operator 0.6518,0.5902,0.8111,0.5655,0.4647 A:& > A:C, ~ A:G > A:Q ~ A:Cs

@ =10 COIFAAPWA operator —0.251, —-0.3206,0.0244, —0.2669, — — 0.3319

COIFAAPWG operator

0.6509, 0.5892,0.8099,0.5643,0.4632

A:c3>A:C1>A:c4>A:Cz>AC5

AC3>TQ>TQ>AC4>AC5

Table 11 The ranking results for the different values of the parameter |y based on the information in Table 6

Operator

Score values

Ranking values

Parameter
@ =1
w =2
w=35
=7
@ =10

COIFAAPWA operator
COIFAAPWG operator
COIFAAPWA operator
COIFAAPWG operator
COIFAAPWA operator
COIFAAPWG Operator
COIFAAPWA operator
COIFAAPWG operator
COIFAAPWA operator
COIFAAPWG operator

—0.0865, —0.2373, —0.046, —0.1524, —0.1678
0.3549,0.2373,0.3823,0.2913,0.299

—0.0863, —0.2371, —0.0458, —0.1522, —0.1676
0.3547,0.2371,0.3821,0.2911,0.2988
—0.0857, —0.2367, —0.0451, —0.1516, —0.1671
0.3542,0.23670.3815,0.2905, 0.2983

—0.0853, —0.2364, —0.0447, —0.1512, —0.1668
0.3538,0.2364,0.3811,0.2902,0.298

—0.0847 — 0.2359, —0.044, —0.1506, —0.1663
0.3533,0.2359, 0.3806, 0.2897,0.2976

Ac, > A, > A, > Ac, > Ac,
Ac, > Ac, > Ag, > A, > Ac,
Ac

T vl vl vl vey

> AC1 > AC4 > AC5 > AC;

Ac, > A > Ao, > Aci > A,
Ac, > A, > Ae, > Ac; > Ac,
Ac, > A, > Ae, > Ac; > Ac,
Aco > A, > Ae, > e > Ac,
Ac > A, > Ae, > e, > Ac,

Ac, > A, > A, > Ac, > Ac,
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Table 12 The comparative Methods

Score values

Ranking values

analysis is based on the

information in Table 2 Senapati et al. [27] XAEXEXAEXREXAE XX XAEXEXEXAEXE XX
Yu and Xu [28] XREXEXEXAEXE XX XEXEXAEXEXE XX

Arora and Garg [29] XXX XEXE XX XXX XEXE XXX

Garg and Rani [21] 0.3002,0.2003,0.6007,0.2005,0.1005 E - T ~ E > E > E

3 1 4 2 5

COIFAAPWA operator —0.2539, —0.3235,0.0196, —0.271, —0.3362 Ac. > T >Ac, > Ac, > Ac

3 1 4 2 5

COIFAAPWG operator 0.6535,0.5918,0.8134,0.5676,0.4675 E - T > Ac, > Ac, > Ac.

3 1 2 4 5

Obtain the ranking order based on the obtained
score values, see Table 5.

Step 4:

From Table 5, we can see that two operators can get the

same best choice, i.e.,A_Q, of course, the ranking results are
the almost same.

Moreover, to show the advantages of the proposed
operators, we use the information in Table 2 by excluding
their imaginary part, then the final information is given in
Table 6.

Further, we aggregate all attribute values which are
given in Table 6 by the COIFAAPWA operator and COI-
FAAPWG operator, and get the aggregated results (see
Table 7).

Then we get the score values of the aggregated infor-
mation by Eq. (6), see Table 8.

Moreover, we get the ranking results based on Table 8,
see Table 9.

From Table 9, we can obtain the same ranking results,

and the best choice is A:c3
Furthermore, we can check the stability of the developed
operators by different values of parameter @.

4.2.3 Stability or Influence of Parameter @

Based on the different values of the parameter, we can
aggregate the decision information described in Table 1 by
the COIFAAPWA and COIFAAPWG operators, and then
check the ranking results which are shown in Table 10.
From Table 10, we can obtain the same ranking results,

and the best decision is Ac,.

Further, we can also get the ranking results based on the
information in Table 6 by the COIFAAPWA and COI-
FAAPWG operators, which are shown in Table 11.

From Table 11, we can obtain the same ranking results,

and the best decision is Ac;,.

S Comparative Analysis

Here, we compare the developed operators with some
existing operators based on the information given in
Table 2 and Table 6. To do this work, we use the following
existing operators: Senapati et al. [27] proposed aggrega-
tion operators based on AA t-norms for IFSs. Yu and Xu
[28] proposed the prioritized aggregation operators based
on IFSs. Arora and Garg [29] proposed the prioritized
averaging/geometric aggregation operators for IFSs with
soft sets. Garg and Rani [21] developed aggregation
operators based on COIF information. Then, we use the
information in Table 2, the comparative analysis is
described in Table 12.

From Table 12, three existing operators in [27-29]
cannot process this decision problem because they can only
deal with the decision information in IFSs. The operators
proposed by Garg and Rani [21] and in this paper can
obtain the same best choice, further, the operators proposed
by Garg and Rani [21] can get the same ranking result as
the COIFAAPWA operator, and are a little different from
COIFAAPWG operator.

Further, we use the decision information in Table 6 and
the same existing operators in Table 12 to solve this
decision problem and get the results in Table 13.

From Table 13, all operators except in [29] can obtain
the same best choice, only the operators in [21] cannot
solve this problem because they can only process the
information in IFSs with soft sets. Further, all operators
except in [29] and [28] can obtain the same ranking result

Ac, > Ac, > Ac, > Ac, > Ac,, only the operators in [28]
produce a slightly different result from the others.

Therefore, the proposed operators are very feasible to
cope with vague information and complicated decision-
making problems.

6 Conclusion

The major contributions of this work are listed below:
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Table 13 The comparative analysis based on the information in Table 6

Methods Score values

Ranking values

Senapati et al. [27]
Yu and Xu [28]

Arora and Garg [29]
Garg and Rani [21]

COIFAAPWA operator
COIFAAPWG operator

XRXREXAEXRXRE XA X
0.2002, 0.0001, 0.2502, 0.1002, 0.1002 TQ > Ale > A:Q ~ A:CS > /\:cz
—0.0863,-0.2371, —0.0458, —0.1522, —0.1676
0.3547,0.2371,0.3821,0.2911, 0.2988

—0.0854, —0.2365, —0.0449, —0.1511, —0.1669 Ac > Ac > Ae > A > Ac.
0.3167,0.1253,0.3614,0.2121,0.2263

Ac, > Ac, > A, > Ac, > Ac,

XXX XITXIXXIX

Ac, > A, > Ac, > Ac, > Ac,

Ac, > A¢, > Ac, > Ac; > Ac,

(1) We developed some operational laws for COIFNs
based on AA t-norm and t-conorm.

(2) We proposed the COIFAAPWA, COIFAPOWA,
COIFAAPWG, and COIFAAPOWG, and explained
their basic properties.

(3) We analyzed some special cases of the proposed
AA-prioritized aggregation operators.

(4) We developed a MADM process for COIF informa-
tion based on obtained operators.

(5) We compared some existing operators with the
proposed operators to show the flexibility of the
derived approaches.

Where the Aczel-Alsina, prioritized, and simple aver-
aging/geometric aggregation operators based on FSs, IFSs,
CFSs, and COIFSs are the special cases of the proposed
works.

6.1 Limitations

Although the Aczel-Alsina prioritized aggregation opera-
tors based on the COIFSs are a very powerful and domi-
nant technique for processing awkward and unreliable
information in genuine-life problems, in some cases, the
proposed information has been not working effectively,
especially, when we talked about the triplet such as truth
grade, abstinence grade, and falsity grade by complex
values, therefore, for solving the above problems, we
requires to propose these operators based on complex
picture fuzzy sets, complex spherical fuzzy sets, and
complex T-spherical fuzzy sets.

6.2 Future Directions

In the future, we will explore some new ideas by extending
the proposed operators to complex linguistic FSs [30], the
TOPSIS method [31], linear Diophantine sets [32, 33], an
extension of N-soft sets [3, 34, 35], Aczel-Alsina aggre-
gation operators [36], similarity measures [37-39], and
complex spherical FSs [40].

@ Springer
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