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Abstract In comparison to probabilistic linguistic term

sets (PLTSs), dual probabilistic linguistic term sets

(DPLTSs) reveal the complexity and uncertainty of this

realistic world more accurately. The power average oper-

ator can mitigate the consequences of some decision-

makers’ strong biases while evaluating data. Additionally,

the Dombi operators during the phase of aggregation are

very adaptable with general parameter. Inspired by these

topics, we propose some dual probabilistic linguistic

Dombi power aggregation operators to aggregate the

decision-making expert’s preferences and various elegant

properties of these proposed dual probabilistic linguistic

(DPL)-aggregating operators. Further, we establish an

integrated method with the combination of proposed DPL-

aggregation operators, full consistency method (FUCOM)

and additive ratio assessment (ARAS) model called the

‘‘DPL-FUCOM-ARAS’’ methodology for solving multi-

criteria decision analysis problems under dual probabilistic

linguistic environment. In this methodology, the FUCOM

is applied to determine criteria weight, while the ARAS

model is presented to prioritize the options from dual

probabilistic linguistic perspective. We present a case study

on the selection of a medical equipment supplier to high-

light the applicability and show the usefulness of the pro-

posed DPL-FUCOM-ARAS methodology. Further, we

discuss the sensitivity investigation and comparative dis-

cussion to check the stability and robustness of the pro-

posed DPL-FUCOM-ARAS methodology.

Keywords Linguistic term sets � Probabilistic linguistic

term set � DPLTSs � Power operator � Dombi operators �
FUCOM � ARAS � Multi-criteria decision analysis

1 Introduction

With the increasing complexity of decision-making prob-

lems and irrationality of human behavior, ‘‘decision-mak-

ing experts (DMEs)’’ find it difficult to provide decision

information as clear values. Despite the inaccuracy or

uncertainty of the evaluation information collected from

experts, DMEs are unable to articulate their preferences by

delivering a definite, crisp number. Herrera and Martinez

[1] provided ‘‘linguistic term sets (LTSs)’’ to easily depict

qualitative evaluation information. However, there may be

hesitancy among numerous ‘‘linguistic terms (LTs)’’ when

DMEs attempt to accurately characterize their views with

only one LT. For instance, a DME may use any LT
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occurring in the LTS, wherein Y = {y0: very bad, y1: bad,

y2: quite bad, y3: fair, y4: quite good, y5: good, y6: very

good}, to represent the performance of a medical-claim

policy. The policy can be rated as ‘‘5’’ if a DME believes it

to be good. However, in a real ‘‘multi-criteria decision

analysis (MCDA)’’ dilemma, DMEs may arrive at various

performance ratings for the same problem because of the

disparity between their cognitive abilities and the difficulty

of the MCDA environment. To conquer this issue, Rodri-

guez et al. [2] initiated the idea of a ‘‘hesitant fuzzy lin-

guistic term set (HFLTS)’’, which enables DMEs to

express their prioritization for alternatives with diverse

potential LTs, in order to get over the drawback of the LV.

But in order to emphasize the scenario of reluctance,

HFLTSs give equal weights or relevance to all potential

assessment values. It is well recognized that while DMEs

may have varying degrees of preference with respect to a

number of potential LTs, the weights of linguistic judg-

ments cannot be neglected in real MCDA problems. In

contrast to reality, the HFLTS gives all of its items a same

weight. Due to the fact that DMEs offer a variety of LTs,

the HFLTS’s objects should be relevant in variable

degrees. For instance, the evaluation information includes

probabilistic data in addition to LTs if a DME is 70%

confident that a medical-claim policy is good and 30%

confident that the policy is fair. Pang et al. [3] created

‘‘probabilistic linguistic term set (PLTS)’’ to portray the

LTS with certain probable linguistic term and related

probabilistic information in order to circumvent this issue.

PLTSs provide more perspective to articulate the prefer-

ences with the associated probability data for each LT.

With the PLTS, Liao et al. [4] created a programming

framework for evaluating hospitals. In the context of

PLTSs, Zhang and Xing [5] introduced a decision support

system to tackle with green supplier assessment. Kobina

et al. [6] presented several ‘‘aggregation operators (AOs)’’

for PLTSs and further applied to solve MCDA problem.

Additionally, Liu and Teng [7] created a brand-new

‘‘TOmada de Decisao Interativa Multicriterio (TODIM)’’

technique based on PLTSs to assess online goods using

user-generated content.

Han et al. [8] proposed a PLTS-based three-way MCDA

model and its application in air quality index assessment.

Teng et al. [9] gave an improved power AOs for PLTSs.

Zhou et al. [10] suggested a hybrid MCDA framework by

uniting the ‘‘best–worst method (BWM)’’ and TODIM

method under PLTS context. Han and Zhan [11] designed a

three-way MCDA-based consensus model on PLTSs

environment. As a result, the PLTS has recently received

increased attention [12–15]. Xie et al. [16] extended the

PLTS to dual PLTS (DPLTS), which can express the

decision analysis data with combination of the ‘‘member-

ship grade (MG)’’ and ‘‘non-membership grade (NG)’’.

They suggested the use of arithmetic AO to address the

MCDA issues in the context of DPLTSs. An integrated

DPLTS-based MCDA model with preference relations and

information fusion has been developed by Xie et al. [17].

A DPL methodology with generalised Dombi and Bon-

ferroni mean operators was presented by Saha et al. [18]. In

order to deal with the difficulty of choosing a biomass

feedstock, Saha et al. [19] addressed ‘‘measurement alter-

natives and ranking based on compromise solution

(MARCOS)’’ employing the generalised Dombi operator in

a dual probabilistic linguistic environment.

There are several concerns for dealing with DPL data

are identified from thorough analysis discussed as.

1. The approach outlined by Xie et al. [16] cannot

completely rule out the influence of highly skewed

assessment criterion values from various biased

DMEs with a range of preferred views.

2. It is obvious that not all criteria are taken into

account equally in some situations that are

grounded in reality. For the position of sales

manager, for instance, a candidate’s working his-

tory is given preference over their educational

background and age. As a result, preference must

be carefully considered while choosing the right

criteria weight. The authors of the current technique

[16] set the attribute weights for the final aggrega-

tion procedure randomly, which has an impact on

the final ranking order. Additionally, the earlier

DPLTS studies [16–19] are unable to address a

scenario in which the preferred association among

the attribute is only identified for the purpose of

determining the weights of criteria.

3. Arithmetic AOs [16] are used only for aggregating

the information, however, a more flexible operator

that can be modified in accordance with the actual

decision needs is still urgently needed.

4. Till now, no one has used any of the well-known

ranking techniques, such as ‘‘technique for Order

preference by similarity to ideal solution (TOPSIS)’’,

‘‘complex proportional assessment (COPRAS)’’,

TODIM, ‘‘multi attributive ideal-real comparative

analysis (MAIRCA)’’ or ‘‘additive ratio assessment

(ARAS)’’ in order to determine the ranking prefer-

ences for alternatives. Therefore, prioritizing alter-

natives by extending common ranking techniques in

a DPLTS scenario is still a difficult problem.

In order to address the aforementioned problems, the

key contributions of the paper are given by

1. This paper presents some operations for DPLTSs by

making use of Dombi and Power operations [20].
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2. To lessen the effects of absurd information from

some biased DMEs during the MCDA practice, the

Dombi power weighted averaging and geometric

AOs are presented on DPLTSs context. These AOs

have a parameter called ‘‘Q’’ that allows for change

in accordance with the actual decision-making

requirements.

3. The criteria weights are calculated using ‘‘full consis-

tency method (FUCOM)’’ [21]. However, FUCOM

provided the lesser deviations of accomplished degree

of the criterion from the most desirable values

compared to the ‘‘analytic hierarchy process

(AHP)’’, BWM and another subjective weighting

processes [21].

4. Allowing to Zavadskas and Turskis [22], the ARAS

model is more logical as a result of the combining of

reference point sorting and ratio approach results. By

leveraging the aforementioned power weighted AOs

and the advantages of the ARAS method, a unique

FUCOM-ARAS model is provided in this study to

address ‘‘multi-criteria group decision analysis

(MCGDA)’’ difficulties with dual probabilistic lin-

guistic (DPL) data.

5. A case study of selecting a ‘‘medical equipment

supplier (MES)’’ is discussed in the context of a

DPL setting to clarify the applicability and value of

the suggested approach. To validate the findings of

the suggested framework, a sensitivity investigation

is presented. In order to prove that the introduced

model is superior, a comparison is presented last.

The rest part is organized as we provide thorough lit-

erature survey on Dombi operations and the ARAS

approach in Sect. 2 of this article. In Sect. 3, we provide

some key ideas about DPLTSs, Dombi operations, and

power average operator. We create Dombi operating reg-

ulations for DPL elements (DPLEs) in Sect. 4 and inves-

tigate their characteristics in relation to DPL Dombi power

AOs like ‘‘dual probabilistic linguistic Dombi power

weighted averaging aggregation (DPLDPWAA)’’ and

‘‘dual probabilistic linguistic Dombi power weighted geo-

metric aggregation (DPLDPWGA)’’ operators. Section 5

discusses a novel FUCOM-ARAS methodology that makes

use of the suggested power AOs and expresses the criteria

values as DPLEs. A case study of selecting a MES is used

to explain the proposed technique in Sect. 6. The discus-

sion of the results is the only focus of Sect. 7. This includes

how the parameter affects the rankings. A comparative

discussion is used to demonstrate the advantage of the

created approach at the conclusion of this section. A few

conclusions on the study are discussed in Sect. 8.

2 Related Works

This section shows the comprehensive literatures related to

the current work.

2.1 Dombi Operators

The Dombi operator, introduced by Dombi [20], is unusual

since it has high parameter flexibility and can tell by the

parameter’s sign whether it is conjunctive or disjunctive.

He [23] looked at the Dombi operations in a tentative, hazy

environment when assessing typhoon disasters. In a

Pythagorean fuzzy environment, Akram et al. [24] gave a

set of Dombi AOs with important properties as idempo-

tency, monotonicity, boundedness, reducibility, and com-

mutativity. Ashraf et al. [25] developed numerous Dombi

AOs under the framework of ‘‘spherical fuzzy set (SFS)’’,

including the geometric, hybrid, Dombi weighted averag-

ing, and discussed their features in detail. Kurama [26]

used some Dombi AOs through aggregation of similarities

using the classifier. Karaaslan and Dawood [27] proposed a

series of Dombi weighted AOs for T-spherical fuzzy set.

Saha et al. [18] developed a set AOs on HFSs by com-

bining the advantages of Archimedean and Dombi AOs,

and utilized these AOs to deal with personnel selection

problem under HFSs. Liu et al. [28] presented some gen-

eral as well as flexible AOs combining the benefits of

Dombi and Archimedean AOs to solve MCDA problems

with the HFSs settings. Saha et al. [19] discussed the

MARCOS using generalized Dombi operator under dual

probabilistic linguistic setting to deal with biomass feed-

stock selection problem. Kavitha et al. [29] utilized the

hesitant q-rung orthopair fuzzy Dombi AOs for feature

selection. However, there is no work about the unification

of PAO and Dombi AOs with DPL setting.

2.2 ARAS Method

The ARAS model considers a utility degree determining the

relative efficiency of a feasible option is directly proportional

to the relative degree of options and weight of key criteria.

Zavadskas and Turkis [22] pioneered the ARAS model,

indicating that the events of this intricate world may be

implicit using easy relative comparisons. ARAS makes use

of the concept of an optimality degree in order to achieve

prioritization. The most important benefits of ARAS include:

(1) direct and proportional relationship with attribute

weights [30], (2) having the ability to solve complicated

problems [31], (3) involving some simple and direct steps for

the assessment of a number of options or choices based on

their performance in comparison with the chosen evaluation

criteria that obtained suitable, sensible, and comparatively

3218 International Journal of Fuzzy Systems, Vol. 25, No. 8, November 2023
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accurate results [22]. In recent years, this approach has been

elaborated in various uncertain fields [32–38]. Karimi and

Nikkhah-Farkhani [39] assessed the performance of workers

in an academic center of education through augmented

ARAS method. Jovčić et al. [40] studied an integrated pic-

ture fuzzy ARAS methodology for freight distribution

assessment. Gul [41] generalized the ARAS method from

Fermatean fuzzy perspective with an application in COVID-

19 testing lab selection. The classical ARAS method has

extended under ‘‘q-rung orthopair fuzzy sets (q-ROFSs)’’

setting by Mishra and Rani [37]. In that study, the authors

have proven the applicability of the developed model

through comparative and sensitivity analyses. Liu and Xu

[42] presented the literature survey on ARAS method with its

applications and challenges. Karagöz [43] incorporated

ARAS with ‘‘interval type-2 fuzzy sets (IT2FSs)’’ for the

evaluation of recycling facility locations from SD context.

Rani et al. [44] presented a Fermatean fuzzy information-

ARAS method with the application in a food waste treatment

technology selection problem. Liu and Mishra [45] aimed to

rank and evaluate the challenges to implement the green

internet of things (G-IoT) towards the sustainable develop-

ment achievements (SDA) using an integrated approach with

the SWARA and the ARAS under Pythagorean fuzzy sets

(PFSs). Hu et al. [46] evaluated and ranked the IoT risks for

supply chain management (SCM) by utilizing the ‘‘Stepwise

Weight Assessment Ratio Analysis (SWARA)’’ and the

ARAS tools under q-ROFSs. Dahooie et al. [47] combined

the classical approach with ‘‘Data envelopment analysis

(DEA)’’ and fuzzy information. A biomass crop selection

problem has evaluated through a hybrid Pythagorean fuzzy

ARAS method [48]. Mentes and Akyildiz [49] suggested a

MCDA model using AOs and ARAS tool and used for crit-

icality analysis. Yet, there is no study regarding the hybrid

ARAS methodology with FUCOM and DPL information.

3 Preliminaries

3.1 Fundamental Definitions

Definition 3.1 [50] If k is a natural number and lb denotes

a linguistic variable, then T ¼ flb : b ¼ �k; . . .; kg denotes

a LTS provided as follows:

1. neg(lb) = ld; where bþ d ¼ 2k.

2. lb � ld if b� d.

Gou et al. [51] defined two mappings L : ½�k; k� ! ½0; 1�
and L�1 : ½0; 1� ! ½�k; k�½0; 1�! ½�k; k� and is given by

LðlbÞ ¼
b
2k

þ 1

2
ðb ¼ �k; . . .:; kÞ

L�1ðdÞ ¼ lð2d�1Þk ðd 2 ½0; 1�Þ

Definition 3.2 [16] If T ¼ flb : b ¼ �k; . . .; kg is a LTS,

then a DPLTS Hlð=Þ on U ¼ fy : y 2 Ug is expressed as

Hlð=Þ ¼ f\y; llð=ÞðyÞ; clð=ÞðyÞ[ : y 2 Ug;

where llð=ÞðyÞ ¼ fluðcÞ ð=ðcÞÞ : luðcÞ 2 T ;=ðcÞ � 0;
P

c=ðcÞ � 1 g&clð=ÞðyÞ ¼ flgðdÞ ð=ðdÞÞ : lgðdÞ 2 T;=ðdÞ � 0;
P

d =ðdÞ � 1 g and the associated probabilities of luðcÞ and

lgðdÞ are, respectively, =ðcÞ and =ðdÞ.

If Hlð=Þ is singleton, then we call it a ‘‘DPL element

(DPLE)’’ and express it by Hlð=Þ ¼
\fluðcÞ ð=ðcÞÞg; flgðdÞ ð=ðdÞÞg[ .

Definition 3.3 [16] Let Hm
l ð=Þ ¼ \flumðcÞ ð=mðcÞÞg;

flgmðdÞ ð=mðdÞÞg[ ðm ¼ 1; 2Þ be two DPLEs. For sake of

simplicity, let us take, Lmu ¼ LðlumðcÞ Þ and

Lmg ¼ LðlgmðdÞ Þ ðm ¼ 1; 2Þ. Then

(i) NegðH1
l ð=ÞÞ ¼ \flgmðdÞ ð=mðdÞÞg; flumðcÞ ð=mðcÞÞg[

(ii) H1
l ð=Þ � H2

l ð=Þ ¼ L�1 L1
u þ L2

u � L1
u

�nD

L2
uÞ ð=1ðcÞ=2ðcÞÞg; L�1 L1

g L
2
g

� �
ð=1ðdÞ=2ðdÞÞi

(iii) H1
l ð=Þ � H2

l ð=Þ ¼ L�1 L1
uL

2
u

� �nD

ð=1ðcÞ=2ðcÞÞg; L�1 L1
g þ L2

g � L1
g L

2
g

� �
ð=1ðdÞ=2ðdÞÞi

(iv) kH1
l ð=Þ ¼ L�1 1 � ð1 � L1

uÞ
k

� �nD

ð=1ðcÞÞg; L�1 ðL1
gÞ

k
� �

ð=1ðdÞÞi

(v) ðH1
l ð=ÞÞ

k ¼ L�1 ðL1
uÞ

k
� �D

ð=1ðcÞÞ; L�1 1 � ð1 � L1
gÞ

k
� �

ð=1ðdÞÞ
n o

i

Theorem 3.1 [16] For any k; k1; k2 [ 0, we have

(1) H1
l ð=Þ � H2

l ð=Þ ¼ H2
l ð=Þ � H1

l ð=Þ
(2) H1

l ð=Þ � H2
l ð=Þ ¼ H2

l ð=Þ � H1
l ð=Þ

(3) kðH1
l ð=Þ � H2

l ð=ÞÞ ¼ ðkH1
l ð=ÞÞ � ðkH2

l ð=ÞÞ
(4) ðH1

l ð=Þ � H2
l ð=ÞÞ

k ¼ ðH1
l ð=ÞÞ

k � ðH2
l ð=ÞÞ

k

(5) ðk1 þ k2ÞH1
l ð=Þ ¼ ðk1H

1
l ð=ÞÞ � ðk2H

1
l ð=ÞÞ

(6) ðH1
l ð=ÞÞ

k1þk2 ¼ ðH1
l ð=ÞÞ

k1 � ðH1
l ð=ÞÞ

k2

The score and accuracy values of a DPLE were defined

by Xie et al. [16]. But the mathematical structures of the

calculations they utilized are extremely sophisticated. The

procedure is described below to simplify those.

A. R. Mishra et al.: Dual Probabilistic Linguistic Full Consistency Additive Ratio... 3219
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Definition 3.4 Let Hlð=Þ ¼ \fluðcÞ ð=ðcÞÞg; flgðdÞ
ð=ðdÞÞg[ be a DPLE. Then the score value of Hlð=Þ is

given by

SðHlð=ÞÞ ¼
X

c

LðluðcÞ Þð=ðcÞÞ �
X

d

LðlgðdÞ Þð=ðdÞÞ ð1Þ

The better the DPLEs, the higher the value of SðHlð=ÞÞ.
However, using the same score values to compare the

DPLEs are insufficient. In the following, the idea of

accuracy value is introduced:

Definition 3.5 Let Hlð=Þ ¼ \fluðcÞ ð=ðcÞÞg;
flgðdÞ ð=ðdÞÞg[ be a DPLE. Then the accuracy value of

Hlð=Þ is given by

SðHlð=ÞÞ ¼
X

c

LðluðcÞ Þð=ðcÞÞ þ
X

d

LðlgðdÞ Þð=ðdÞÞ ð2Þ

Definition 3.6 [16] Let Hm
l ð=Þ ¼ \flumðcÞ ð=mðcÞÞg;

flgmðdÞ ð=mðdÞÞg[ ðm ¼ 1; 2Þ be two DPLEs. Then, an

ordering scheme for DPLEs is given by

A. If SðH1
l ð=ÞÞ[ SðH2

l ð=ÞÞ, then H1
l ð=Þ	H2

l ð=Þ;
B. If SðH1

l ð=ÞÞ ¼ SðH2
l ð=ÞÞ, then

(a) If AðH1
l ð=ÞÞ[AðH2

l ð=ÞÞ, then H1
l ð=Þ	H2

l ð=Þ;
(b) If AðH1

l ð=ÞÞ ¼ AðH2
l ð=ÞÞ, then

H1
l ð=Þ ¼ H2

l ð=Þ;

3.2 Dombi Operations

Dombi operations [20] are the t-norm and t-conorm oper-

ations that were created in 1982. They are detailed below:

Definition 3.7 [20] If 0 B p, q B 1, then the Dombi t-

norm and Dombi t-conorm are presented as:

Domðp; qÞ ¼ 1 þ ð1 � pÞ=pð ÞQþ ð1 � qÞ=qð ÞQ
n o1

Q

� ��1

;

Domcðp; qÞ ¼ 1 � 1 þ q=ð1 � qÞð ÞQþ p=ð1 � pÞð ÞQ
n o1

Q

� ��1

ðQ� 1Þ;

3.3 Power Average Operator (PAO)

Definition 3.8 [52] If t1; t2; . . .; tn are crisp values, then

the power average operator (PAO) operator is expressed as

PAðt1; t2; . . .; trÞ ¼
Pr

j¼1 1 þ qðtjÞ
� �

tj
Pr

j¼1 1 þ qðtjÞ
� � ; where q tj

� �

¼
Xr

i¼1;j 6¼i

ST ti; tj
� �

: ð3Þ

Here, STðti; tjÞ signifies the support for ti from tj and

holds subsequent axioms as

(i) 0� STðti; tjÞ� 1

(ii) STðti; tjÞ ¼ STðtj; tiÞ
(iii) (STðti; tjÞ� STðts; tuÞ provided ti � tj

�
�

�
�\ ts � tuj j;

where i; j; s; u are all natural numbers.

4 Dombi Power Weighed Aggregation Operators

In certain cases the probabilities and the LTs in the DPLEs

H1
l ð=Þ and H2

l ð=Þ are different. In the process of aggre-

gating information, multiplying with probabilities and their

consequent linguistic ratings may result in irrational out-

comes. We use the probability adjustment approach, whose

process is illustrated in the example below, to deal with this

problem.

Fig. 1 Adjustments of DPLEs

3220 International Journal of Fuzzy Systems, Vol. 25, No. 8, November 2023
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Example 1 [19] Let T ¼ fl�3; l�2; l�1; l0; l1; l2; l3g be a

discrete LTS. Take two DPLEs H1
l ð=Þ ¼

\fl2ð0:7Þ; l3ð0:3Þg; fl�1ð0:6Þ; l�2ð0:4Þg[ and H2
l ð=Þ ¼

\fl0ð1Þg; fl2ð0:4Þ; l3ð0:6Þg[ : Then their corresponding

adjusted DPLEs are: ~H1
l ð=Þ ¼ \fl2ð0:7Þ; l3ð0:3Þg;

fl�1ð0:4Þ; l�1ð0:2Þ; l�2ð0:4Þg[ and ~H2
l ð=Þ ¼ \fl0ð0:7Þ;

l0ð0:3Þg; fl2ð0:4Þ; l3ð0:2Þ; l3ð0:4Þg[ . The technique of

adjustment is (see Fig. 1).

Definition 3.9 For the adjusted DPLEs Hm
l ð=Þ ¼

flumðcÞ ð=mðcÞÞg; flgmðdÞ ð=mðdÞÞg
	 


;m ¼ 1; 2; the Dombi

operations are defined by

(a)
~H1
l ð=Þ ~� ~H2

l ð=Þ ¼ L�1 1 � 1 þ
X2

j¼1

L j
u

1 � L j
u

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ

8
><

>:

9
>=

>;
;

*

L�1 1 þ
X2

j¼1

1 � L j
g

L j
g

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðdÞÞ

8
><

>:

9
>=

>;

+

ð4Þ

(b)

~H1
l ð=Þ ~� ~H2

l ð=Þ ¼ L�1 1 þ
X2

j¼1

1 � Lj
u

L j
u

 !Q
8
<

:
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=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ
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*
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j¼1

L j
g

1 � L j
g

 !Q
8
<

:

9
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;

1
Q

0

B
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1

C
A

�10

B
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1

C
A ð=ðdÞÞ

8
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9
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+

ð5Þ

(c)

k ~H1
l ð=Þ ¼ L�1 1 � 1 þ k

L1
u

1 � L1
u

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ

8
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>:

9
>=
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;

*

L�1 1 þ k
1 � L1

g

L1
g

 !Q
8
<

:

9
=

;

1
Q

0

B
@
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C
A

�10

B
@

1

C
A ð=ðdÞÞ

8
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9
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+

ð6Þ

(d)

ð ~H1
l ð=ÞÞ

k ¼ L�1 1 þ k
1 � L1

u

L1
u

 !Q
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<

:
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 !Q
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Theorem 3.2 For any k; k1; k2 [ 0, we have

(1) ~H1
l ð=Þ ~� ~H2

l ð=Þ ¼ ~H2
l ð=Þ ~� ~H1

l ð=Þ
(2) ~H1

l ð=Þ ~� ~H2
l ð=Þ ¼ ~H2

l ð=Þ ~� ~H1
l ð=Þ

(3) kð ~H1
l ð=Þ ~� ~H2

l ð=ÞÞ ¼ ðk ~H1
l ð=ÞÞ ~�ðk ~H2

l ð=ÞÞ
(4) ð ~H1

l ð=Þ ~� ~H2
l ð=ÞÞ

k ¼ ð ~H1
l ð=ÞÞ

k ~�ð ~H2
l ð=ÞÞ

k

(5) ðk1 þ k2Þ ~H1
l ð=Þ ¼ ðk1

~H1
l ð=ÞÞ ~�ðk2

~H1
l ð=ÞÞ

(6) ð ~H1
l ð=ÞÞ

k1þk2 ¼ ð ~H1
l ð=ÞÞ

k1 ~�ð ~H1
l ð=ÞÞ

k2

Proof Follows from Definition 3.9. h

For rest of the paper, we assume that ~Hm
l ð=Þ ¼

flumðcÞ ð=mðcÞÞg; flgmðdÞ ð=mðdÞÞg
	 


;m ¼ 1; 2; . . .; n be a set of

adjusted DPLEs.

Definition 3.10 We define DPLDPWAA operator as

DPLDPWAA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �

¼ ~�
n

m¼1
-m

~Hm
l ð=Þ

� �
: ð8Þ

Here -m ¼
1 þ

Pn

r¼1;r 6¼m

SPð ~Hm
l ð=Þ; ~Hr

l ð=ÞÞ
 !

wj

Pn

m¼1

wj 1 þ
Pn

r¼1;r 6¼m SPð ~Hm
l ð=Þ; ~Hr

l ð=ÞÞ
� � ;

ð9Þ

where wmð[ 0Þ is the weight of ~Hm
l ð=Þ such that

Pn
m¼1 wm ¼ 1, SP ~Hm

l ð=Þ; ~Hr
l ð=Þ

� �
¼ 1 � D ~Hm

l ð=Þ;
�

~Hr
l ð=ÞÞD ~Hm

l ð=Þ; ~Hr
l ð=Þ

� �
being the distance between

~Hm
l ð=Þ and ~Hr

l ð=Þ.

Theorem 3.3 The aggregated value

DPLDPWAA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �
is again a DPLE

and

DPLDPWAA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �

¼ L�1 1 � 1 þ
X2

j¼1

-j

L j
u

1 � L j
u

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ

8
><

>:

9
>=

>;
;

*

L�1 1 þ
X2

j¼1

-j

1 � L j
g

L j
g

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðdÞÞ

8
><

>:

9
>=

>;

i ð10Þ

Proof Follows from Definitions 3.9, 3.10 and

Theorem 3.2. h

Theorem 3.4 (Idempotency) Suppose Hm
l =ð Þ ¼

H0
l =ð Þ 8m : Then, DPLDPWAA ~H1

l ð=Þ; ~H2
l ð=Þ;...; ~Hn

l ð=Þ
� �

¼H0
l =ð Þ:

Theorem 3.5 (Monotonicity) Let H0
l
mð=Þ ¼

fl0umðcÞ ð=mðcÞÞg; fl0gmðdÞ ð=
mðdÞÞg

D E
; m ¼ 1; 2; . . .; n be

another collection of adjusted DPLEs such that Vm,

lumðcÞ � l0umðcÞ and lgmðdÞ � l0gmðdÞ . Then,

DPLDPWAA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �

�DPLDPWAA ~H0
l
1

�
ð=Þ ; ~H0

l
2ð=Þ ; . . .; ~H0

l
nð=ÞÞ:
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Theorem 3.6 (Boundedness) If ~Hm�
l =ð Þ ¼

fmin
c

lumðcÞ ð=mðcÞÞg; fmax
d

lgmðdÞ ð=mðdÞÞg
� �

and ~Hmþ
l =ð Þ ¼

fmax
c

lumðcÞ ð=mðcÞÞg; fmin
d

lgmðdÞ ð=mðdÞÞg
� �

then

~Hm�
l =ð Þ 
 DPLDPWAA ~H1

l ð=Þ ; ~H2
l ð=Þ ; . . .; ~Hn

l ð=Þ
� �


 ~Hmþ
l =ð Þ:

Definition 3.11 We define the DPLDPWGA operator by

DPLDPWGA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �

¼ ~�
n

m¼1

~Hm
l ð=Þ

� �-m
: ð11Þ

Here -m ¼
1 þ

Pn

r¼1;r 6¼m

SPð ~Hm
l ð=Þ; ~Hr

l ð=ÞÞ
 !

wj

Pn
m¼1 wj 1 þ

Pn

r¼1;r 6¼m

SPð ~Hm
l ð=Þ; ~Hr

l ð=ÞÞ
 ! ;

ð12Þ

where wmð[ 0Þ is the weight of ~Hm
l ð=Þ such that

Pn
m¼1 wm ¼ 1, SP ~Hm

l ð=Þ; ~Hr
l ð=Þ

� �
¼ 1 �

D ~Hm
l ð=Þ; ~Hr

l ð=Þ
� �

and Dð ~Hm
l ð=Þ; ~Hr

l ð=ÞÞ being the dis-

tance between ~Hm
l ð=Þ and ~Hr

l ð=Þ.

Theorem 3.7 The aggregated value

DPLDPWGAð ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ Þ is again a

DPLE and DPLDPWGA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �

¼ L�1 1 þ
X2

j¼1

-j

1 � L j
u

L j
u

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ

8
><

>:

9
>=

>;
;

*

L�1 1 � 1 þ
X2

j¼1

-j

L j
g

1 � L j
g

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðdÞÞ

8
><

>:

9
>=

>;

+

ð13Þ

Theorem 3.8 (Idempotency) Suppose Hm
l ð=Þ ¼

H0
l ð=Þ 8m : Then,

DPLDPWGA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �
¼ H0

l =ð Þ:

Theorem 3.9 (Monotonicity) Let ~H0
l
mð=Þ ¼

fl0umðcÞ ð=mðcÞÞg; fl0gmðdÞ ð=
mðdÞÞg

D E
; m ¼ 1; 2; . . .; n be

another collection of adjusted DPLEs such that Vm,

lumðcÞ � l0umðcÞ and lgmðdÞ � l0gmðdÞ . Then,

DPLDPWGA ~H1
l ð=Þ ; ~H2

l ð=Þ ; . . .; ~Hn
l ð=Þ

� �

�DPLDPWGA ~H0
l
1ð=Þ ; ~H0

l
2ð=Þ ; . . .; ~H0

l
nð=Þ

� �
:

Theorem 3.10 (Boundedness) If ~Hm�
l ð=Þ ¼

fmin
c

lumðcÞ ð=mðcÞÞg; fmax
d

lgmðdÞ ð=mðdÞÞg
� �

and ~Hmþ
l ð=Þ ¼

fmax
c

lumðcÞ ð=mðcÞÞg; fmin
d

lgmðdÞ ð=mðdÞÞg
� �

then ~Hm�
l =ð Þ 


DPLDPWGA ~H1
l ð=Þ ;

�
~H2
l ð=Þ ; . . .; ~Hn

l ð=ÞÞ
 ~Hmþ
l =ð Þ:

5 DPL-FUCOM-ARAS Method

Below is a description of the DPL-FUCOM-ARAS meth-

od’s operational procedures (see Fig. 2).

Step 1 Suppose that under n different attributes

Cj ðj ¼ 1; 2; . . .; nÞ, m different options Ai ði ¼ 1; 2; . . .;mÞ
are to be assessed by the experts Dk ðk ¼ 1; 2; . . .; rÞ with

DPL data. Assume that the initial assessment of the DME

Dk is represented by <k ¼ Hijk
l =ð Þ

h i

m�n
¼

fluijkðcÞ ð=ðcÞÞg; flgijkðdÞ ð=ðdÞÞg
	 

 �

m�n
: Suppose, the given

LTS is T ¼ lb : b ¼ �k; . . .; k
� �

:

Step 2 Obtain the DMEs’ initial assessment results

expressed as adjusted DPLEs ~Hijk
l ð=Þ.

Step 3 Compute the supports SP ~Hijk
l ð=Þ; ~Hijt

l ð=Þ
� �

; k 6
¼ t and is shown as

SP ~Hijk
l ð=Þ; ~Hijt

l ð=Þ
� �

¼ 1 � D ~Hijk
l ð=Þ; ~Hijt

l ð=Þ
� �

; k 6¼ t;

ð14Þ

where D ~Hijk
l ð=Þ; ~Hijt

l ð=Þ
� �

is distance between DPLEs

~Hijk
l ð=Þ & ~Hijt

l ð=Þ as follows:

Dð ~Hijk
l ð=Þ; ~Hijt

l ð=ÞÞ

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

0:5
X

c

=ðcÞ � LðluijkðcÞ Þ � LðluijtðcÞ Þ
�
�

�
�

� �
þ
X

d

=ðdÞ � LðlgijkðdÞ Þ � LðlgijtðdÞ Þ
�
�

�
�

� �
 !v

u
u
t :

ð15Þ

Step 4 Calculate the values -ijk utilizing Eq. (15).

-ijk ¼
dk 1 þ

Pr

t¼1;k 6¼t

SPð ~Hijk
l ð=Þ; ~Hijt

l ð=ÞÞ
 !

Pr
k¼1 dk 1 þ

Pr

t¼1;k 6¼t

SPð ~Hijk
l ð=Þ; ~Hijt

l ð=ÞÞ
 ! ð16Þ

where dk is weight of the DME Dk and clearly,
Pr

k¼1

-ijk ¼1.

Step 5 Aggregate the individual matrices.

Utilize DPLDPWAA or DPLDPWGA operator to gen-

erate the aggregated dual probabilistic linguistic decision
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matrix (ADPLDM) ~Hij
l =ð Þ


 �
m�n

¼ fluijðcÞ
	


ð=ðcÞÞg;
flgijðdÞ ð=ðdÞÞgi�m�n:

~Hij
l ð=Þ ¼ DPLDPWAA ~Hij1

l ð=Þ; ~Hij2
l ð=Þ; . . .; ~Hijr

l ð=Þ
� �

¼ L�1 1 � 1 þ
Xr

k¼1

-ijk

Lijku

1 � Lijku

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ

8
><

>:

9
>=

>;
;

*

L�1 1 þ
Xr

k¼1

-ijk

1 � Lijkg

Lijkg

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðdÞÞ

8
><

>:

9
>=

>;

+

ð17Þ

or

~Hij
l ð=Þ ¼ DPLDPWGA ~Hij1

l ð=Þ; ~Hij2
l ð=Þ; . . .; ~Hijr

l ð=Þ
� �

¼ L�1 1 þ
Xr

k¼1

-ijk

1 � Lijku

Lijku

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðcÞÞ

8
><

>:

9
>=

>;
;

*

L�1 1 � 1 þ
Xr

k¼1

-ijk

Lijkg

1 � Lijkg

 !Q
8
<

:

9
=

;

1
Q

0

B
@

1

C
A

�10

B
@

1

C
A ð=ðdÞÞ

8
><

>:

9
>=

>;

+

ð18Þ

Step 6 Use FUCOM for estimation of attribute weights.

In the context of making decisions, the determination of

criteria weights is seen as a real issue because it can border

on subjectivity in some cases. This approach has been

acquiring significant importance and affects the outcome of

DM situations due to the significant influence that weight

coefficients have on the solution in various methods. The

criteria weights in this study are calculated using the

FUCOM approach. The complete consistency method

(FUCOM) is the best in accordance with doctrine of

comparisons in pairs of characteristics and the validation of

outcomes by expressing divergence from the utmost con-

sistency [21]. This method has further utilized for various

purposes [53–57]. Here, we present the FUCOM model

under DPL settings.

The steps of FUCOM are as below:

Step 6.1 This stage attempts to rank the assessment

attributes C1, C2, …,Cn from the very beginning.

The importance of the qualities is used to define the

priority order, which runs from the most considerable cri-

teria to the least considerable criteria. As a result, the

weights’ achieved desired values allow us to construct the

criteria’s ranking, which is as follows:

Cj 1ð Þ [Cj 2ð Þ [Cj 3ð Þ [ � � � [Cj rð Þ; ð19Þ

where lijk denotes the observed criterion’s rank [21].

Fig. 2 The representation of the DPL-FUCOM-ARAS method
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Step 6.2 This stage aims to carry out a comparative

analysis of ranked criteria as well as gr= rþ1ð Þ : r 2 Kn

� �
to

establish the relative importance of the evaluation criteria.

Importantly, when compared to Cj rþ1ð Þ that of the Cj rð Þ; the

relative priority gr= rþ1ð Þ of the rank-related evaluation

criterion is given preference. This leads to the following

expression:

w ¼ g1=2; g2=3; . . .; gr= rþ1ð Þ

� �
; ð20Þ

wherein significance is followed by gr= rþ1ð Þ, the rank of

criterion Cj rð Þ being evaluated by rank of criterion Cj rþ1ð Þ:

Step 6.3 The results of the weighted consideration

w1;w2; . . .;wnð ÞT of criteria must be computed for this

phase. The two restrictions that the final criteria weight

results abide with are listed below.

• The criterion outlined below must be met, as the

relative importance of the selected criteria is corre-

lated with the ratio of weight coefficients:

wr

wrþ1

¼ gr= rþ1ð Þ: ð21Þ

• The constraint gr= rþ1ð Þ � g rþ1ð Þ= rþ2ð Þ ¼ gr= rþ2ð Þ
should be satisfied by weights of attributes. Since
wr
wrþ1

¼ gr= rþ1ð Þ and wrþ1

wrþ2
¼ g rþ1ð Þ= rþ2ð Þ, so

wr
wrþ2

¼ wr
wrþ1

� wrþ1

wrþ2
; so, for establishing the final ratings

of weights of considered characteristics, an addi-

tional constraint must be defined. This restriction’s

definition is as follows:

wr

wrþ2

¼ gr= rþ1ð Þ � g rþ1ð Þ= rþ2ð Þ: ð22Þ

It is crucial to note that successful transitivity is a

requirement for the smallest deviation from ‘‘full consis-

tency (DFC)’’ (X), i.e., only when wr
wrþ1

¼ gr= rþ1ð Þ and
wr
wrþ2

¼ gr= rþ1ð Þ � g rþ1ð Þ= rþ2ð Þ are considered. For imple-

mentation, the criteria weights must satisfy

wr
wrþ1

� gr= rþ1ð Þ

�
�
�

�
�
��X and

wr
wrþ2

� gr= rþ1ð Þ � g rþ1ð Þ= rþ2ð Þ

�
�
�

�
�
��X; with the minimization

of X: The following addresses the required method to

achieve the final weights of considered criteria:

min X

wr

wrþ1

� gr= rþ1ð Þ

�
�
�
�

�
�
�
��X; 8r

wr

wrþ2

� gr= rþ1ð Þ � g rþ1ð Þ= rþ2ð Þ

�
�
�
�

�
�
�
��X; 8r

wj � 0; j ¼ 1; 2; . . .; n with
Xn

j¼1

wj ¼ 1:

9
>>>>>>>>>>>=

>>>>>>>>>>>;

ð23Þ

Solution of (22) gives the final weights of criteria.

Step 7 Create the extended ADPLM <�.
Here, the extension is done based on optimal perfor-

mance rating (OPR). Depending on profit and cost criteria,

the OPR is given by

~Hjþ
l =ð Þ ¼

fmax
i

max
c

luijðcÞ ðmax
c

=ðcÞÞg; fmin
i

min
d

lgijðdÞ ðmin
d

=ðdÞÞg
� �

; forCj 2 QB

fmin
i

min
d

lgijðdÞ ðmin
d

=ðdÞÞg; fmax
i

max
c

luijðcÞ ðmax
c

=ðcÞÞg
� �

; forCj 2 QC;

8
>>><

>>>:

ð24Þ

where QB;QC being the set of all beneficial and non-ben-

eficial attributes, respectively.

The extended ADPLM <� is given by

C1 C2 � � � Cn

A1

A2

..

.

Am

OPR

~H11
l ð=Þ ~H12

l ð=Þ � � � ~H1n
l ð=Þ

~H21
l ð=Þ ~H22

l ð=Þ � � � ~H2n
l ð=Þ

..

. ..
. ..

. ..
.

~Hm1
l ð=Þ ~Hm2

l ð=Þ � � � ~Hmn
l ð=Þ

~H1þ
l ð=Þ ~H2þ

l ð=Þ � � � ~Hnþ
l ð=Þ

0

B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
A

Step 8 Obtain the normalized extended ADPLM (NE-

ADPLM)-

where

Ĥij
l ð=Þ ¼

lLiju=Ljþu ð=
ðcÞÞ

n o
; lLijg=Ljþg ð=

ðdÞÞ
n oD E

; if Cj 2 QB

lLjþu =Liju
ð=ðcÞÞ

n o
; lLjþg =Lijg

ð=ðdÞÞ
n oD E

; if Cj 2 QC

8
><

>:

ð25Þ

where QB and QB represent the benefit-type and cost-type

attributes, respectively.

Step 9 Establish the weighted NE-ADPLM <�NW ¼

Ĥ0
l
ijð=Þ


 �
m�n

¼ \fl̂0uijðcÞ ð=ðcÞÞg; fl̂0gijðdÞ ð=ðdÞÞg[
h i

m�n

where

Ĥ0
l
ijð=Þ ¼ lwj�Lðl̂

uijðcÞ Þ
ð=ðcÞÞg; flwj�Lðl̂

gijðdÞ Þ
ð=ðdÞÞ

� �

: ð26Þ

Step 10 Find the overall performance index (OPI) of

Ai ði ¼ 1; 2; . . .; nÞ.
With the use of Eq. (26) and weighted NE-ADPLM

<�NW ; the OPI of each option is obtained as

Ni ¼
Xn

j¼1

S Ĥ0
l
ijð=Þ

� �
; i ¼ 1; 2; . . .; n: ð27Þ

Step 11 Evaluate the ‘‘utility degree (UD)’’ of each

option.

The UD of each option is obtained using Eq. (27) as

UDi ¼
Ni

N0

; i ¼ 1; 2; . . .; n; ð28Þ
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where N0 is score value of OPR, which is given in Eq. (24).

Step 12 Prioritize the options Ai ði ¼ 1; 2; . . .; nÞ and find

the most suitable one.

Alternatives are ranked according to how useful they are

overall.

6 Case Study: Medical Equipment Supplier
(MES) Assessment

6.1 Problem Description

With the increasing development of urban population, the

number of ‘‘advanced medical equipment (AME)’’ in

hospitals is increasing worldwide. Advanced medical

equipment not only improve the medical diagnose levels

but also provide an important part in evolving scientific

research in hospitals. The selection of medical equipment

depends of number of different criteria and uncertain

information; therefore, it is important to develop an

MCGDA for assessing the MES problem. In the literature,

few authors have suggested some assessment models to

deal with the MES problem. In a study, Bahadori et al. [58]

assessed the barriers and drivers of MES evaluation prob-

lem and then rank the equipment through ‘‘Vise Kriteri-

jumska Optimizacija I Kompromisno Resenje (VIKOR)’’

method. A study has provided to scrutinize the relationship

between hospitals and their suppliers. These studies are not

able to tackle with DPL data. For the first time, we apply

the proposed DPL-FUCOM-ARAS approach for dealing

with the MES selection problem from DPL perspective.

For this purpose, a team of three DMEs is created to find

the rank of MESs. After initial screening and literature

review, we consider three suppliers as options A1, A2, and

A3 and four criteria C1, C2, C3 and C4 as beneficial types.

Table 1 presents the detail description of considered cri-

teria for MES problem [58–60].

6.2 Solution

We use the created DPL-FUCOM-ARAS model for eval-

uating the considered MESs. The following sequential

steps are involved in the introduced framework:

Step 1 Consider the LTS T ¼ fla : a ¼
�3;�2;�1; 0; 1; 2; 3g; where l�3 = extremely poor,

l�2 = poor, l�1 = moderately poor, l0 = fair, l1 = good,

l2 = very good, and l3 = excellent. The evaluation out-

comes by experts are: <k ¼ Hijk
l =ð Þ

h i

3�4
¼ fluijkðcÞ
	


ð=ðcÞÞg; flgijkðdÞ ð=ðdÞÞgi�3�4; k ¼ 1; 2; 3 (see Table 2).

Step 2 The DMEs provided the initial assessment results

DMEs using DPLTSs. Additional results are given in

Table S1 of supplementary file.

Step 3 We calculate the supports

SP ~Hijk
l ð=Þ; ~Hijt

l ð=Þ
� �

; k 6¼ t using Eqs. (14) and (15) and

we signify as SðktÞ ð k 6¼ tÞ and are given in Table 3.

Step 4 Using Eq. (16), -ijk are obtained in Table 4 by

taking d1 ¼ 0:32; d2 ¼ 0:35; d3 ¼ 0:33.

Step 5 The ADPLM (see Table 5) is formed by making

use of Eq. (17) and taking Q ¼ 3.

Step 6 We obtain the attribute weights by FUCOM.

Step 6.1 The priority order is as C4[C1[C3[C2.

Step 6.2 Based on the scale 1; 9½ � and in relation to the

top-ranked C4 criterion, a comparison was established (See

Table 6).

Step 6.3 Corresponding to the determined prioritization

of criteria, we present the analysis model as

min v

s:t:

w4

w1

� 1:6

�
�
�
�

�
�
�
�� v;

w1

w3

� 1:75

�
�
�
�

�
�
�
�� v;

w3

w2

� 1:64

�
�
�
�

�
�
�
�� v;

w4

w3

� 2:80

�
�
�
�

�
�
�
�� v;

w1

w2

� 2:88

�
�
�
�

�
�
�
�� v;

X4

j¼1

wj ¼ 1; wj � 0; 8j:

8
>>>><

>>>>:

The final weights and DFC of the findings are achieved

by resolving the issue with Lingo 17.0 software, as dis-

cussed in Table 7.

Step 7 In accordance with Eq. (24), the OPR is obtained

and mentioned in last row of Table S2 of Supplementary

file. The extended ADPLM }� is given by Table S2 in

Supplementary file.

Step 8 Using Eq. (25) the normalized extended ADPLM

is made (Table S3 in Supplementary file).

Step 9 The weighted NE-ADPLM is constructed using

Eq. (26) and presented in Table S4 of Supplementary file.

Steps 10–11 The OPI of an alternative in relation to OPR

is calculated using Eq. (27). The UD in relation to the OPR

is determined through Eq. (28) (see Table 8).

Table 1 The assessment criteria for MES selection

Criteria Description

Package and transport

quality (C1)

Considers the total package and

transportation qualities in MESs

assessment

Quality (C2) The degree of medical consumer products

provided by the supplier

Imbursement terms

(C3)

MESs’ skill to submit with the hospital

terms of compensation

Timeliness (C4) Measures the delivery time and daily

protection efficiency
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Step 12 Based on the utility value, rank the MESs as

A1	A3	A2 and thus,A1 is an appropriate choice among

others.

7 Discussion

The current part of this study is broken down into two

parts: (1) we analyze the effect of the parameter Q and (2) a

comparison of the created MCGDA methodology with the

relevant current methodologies. Below, we cover the spe-

cifics of these two sub-sections.

7.1 Effect of the Parameter ‘Q’

We use the operator DPLDPWAA for various values of

Q that fall within the range [1, 10] for investigating the

Table 2 Initial assessment matrix

C1 C2 C3 C4

D1 A1 \ {l-2(0.3), l-1(0.4),

l1(0.3)},{ l-1(0.3),

l0(0.7)}[

\ { l1(0.6), l2(0.4)},

{ l-2(0.6), l1(0.4)}[
\ { l-1(0.6), l1(0.4)},

{ l0(0.1), l2(0.9)}[
\ { l0(1)},

{ l-2(0.3), l-1(0.6),

l1(0.1)}[
A2 \ { l-1(0.1), l0(0.9)},

{ l-2(0.6), l-
1(0.3),l1(0.1)}[

\ { l-2(0.7), l1(0.3)},

{ l1(0.3), l4(0.6)}[
\ { l0(0.2), l2(0.8)},

{ l-1(0.8), l1(0.2)}[
\ { l-2(0.2), l-1(0.3),

l1(0.5)},{ l0(1)}[

A3 \ { l1(1)},

{ l0(0.1), l2(0.9)}[
\ { l-1(0.3), l0(0.7)},

{ l-2(0.5), l-1(0.3),

l1(0.2)}[

\ { l-2(0.8), l-1(0.2)},

{ l-1(0.2), l0(0.8)}[
\ { l2(1)},

{ l-2(0.3), l1(0.7)}[

D2 A1 \ { l-1(0.7), l1(0.3)},

{ l-2(0.7), l-1(0.3)}[
\ { l-2(0.6), l-1(0.4)},

{ l2(1)}[
\ { l-2(0.1), l-1(0.5), l1(0.4)},{ l1(1)}[ \ { l1(0.5), l2(0.5)},

{ l-1(1)}[
A2 \ { l0(0.1), l2(0.9)},

{ l-1(0.9), l1(0.1)}[
\ { l-2(0.5), l-1(0.3), l1(0.2)},{

l0(1)}[
\ { l-1(0.2), l0(0.8)},

{ l-2(0.1), l-1(0.7), l1(0.2)}[
\ { l-2(0.3), l1(0.7)},

{ l1(0.3), l2(0.7)}[
A3 \ { l-2(0.9), l-1(0.1)},

{ l-1(0.8), l1(0.2)}[
\ { l2(1)},

{ l-2(0.7), l-1(0.3)}[
\ { l1(1)},{ l-2(0.2), l-1(0.7), l1(0.1)}[ \ { l-1(0.3), l0(0.7)},

{ l1(0.3), l0(0.7)}[
D3 A1 \ { l0(0.3), l2(0.7)},

{ l-2(0.4), l-1(0.6)}[
\ { l-2(0.4), l-1(0.5), l1(0.1)},{

l2(1)}[
\ { l-1(0.1), l1(0.3), l0(0.6)},{ l1(1)}[ \ { l-2(0.5), l1(0.5)},

{ l-1(0.6), l0(0.4)}[
A2 \ { l-2(0.8), l-1(0.2)},

{ l0(0.6), l2(0.4)}[
\ { l2(1)},{ l-2(0.2), l-1(0.2),

l1(0.6)}[
\ { l1(1)},

{ l-1(0.1),l0(0.9)}[
\ { l-1(0.3), l0(0.7)},

{ l-2(0.3), l1(0.7)}[
A3 \ { l-1(0.9), l1(0.1)},

{ l-1(0.8), l1(0.2)}[
\ { l0(1)},{ l-1(1)}[ \ { l-2(0.1), l-1(0.7), l1(0.2)},{ l-2(0.2), l-

1(0.7), l1(0.1)}[
\ { l1(0.3), l2(0.7)},

{ l1(1)}[

Table 3 Support degrees for each criterion

C1 C2 C3 C4

Sð12Þ ¼ Sð21Þ� �
0.6995 0.2988 0.6445 0.5654

0.6218 0.5420 0.5575 0.5286

0.3365 0.4664 0.4836 0.3888

Sð32Þ ¼ Sð23Þ� �
0.5670 0.8419 0.6730 0.5590

0.4275 0.3888 0.5718 0.6348

0.7673 0.4986 0.6292 0.4769

Sð31Þ ¼ Sð13Þ� �
0.4972 0.3169 0.5257 0.6163

0.4877 0.3809 0.5670 0.5850

0.3786 0.7261 0.6406 0.6838

Table 4 Values of -ijk

D1 C1 C2 C3 C4

A1 0.33654 0.273144 0.324569 0.336605

A2 0.347298 0.341951 0.332332 0.325324

A3 0.28754 0.343534 0.32646 0.33982

D2 C1 C2 C3 C4

A1 0.347227 0.361902 0.346602 0.32777

A2 0.337392 0.343356 0.333089 0.332997

A3 0.352696 0.307885 0.324706 0.305904

D3 C1 C2 C3 C4

A1 0.316234 0.364955 0.32883 0.335626

A2 0.31531 0.314693 0.334578 0.341679

A3 0.359764 0.348581 0.348834 0.354275
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effects of parameter ‘Q’ on final result. The utility values

corresponding to diverse values of ‘Q’ are shown in Fig. 3.

From Fig. 3, we can observe that the total UDs that are

derived from the DPLDPWAA operator are growing, with

the rise in Q falling in the range of [1, 10]. Table 9 displays

their matching ranking positions. According to different

values of ‘Q’, we obtain that MES A1 has highest prefer-

ence in all cases, A2 is ranked third in every instance, and

A3 is ranked second in every instance. These findings

indicate that, in comparison to all other alternatives,

alternative A1 is more palatable. The ‘‘Spearman rank

correlation coefficient (SRCC)’’ for various values of Q in

[1, 10] that are invoked in Table 9 were then calculated

[61]. Table 9 shows that the SRCC is 1, indicating the

validity and dependability of our suggested methodology.

In other words, during our designed procedure, the

parameter Q did not exhibit any sensitive nature.

7.2 Comparative Study

This part presented an exploration into comparisons from

both theoretical and numerical angles. We compare the

proposed approach with some of the extant approaches,

notably Xie et al. [16], Xie et al. [17], and Saha et al. [19]

methods, which have good results in DPL settings. We

implement the methods given by Xie et al. [16], Xie et al.

[17] and Saha et al. [19] on the aforesaid case study that

was previously described to demonstrate the efficacy of the

created technique. Table 10 provides a summary of the

findings.

Table 10 outlines the benefits of our suggested approach

in detail. The following can be deduced from analysis:

(1) To manage uncertain data representation, we

presented the dual probabilistic linguistic

Table 5 Aggregated-DPLM for MES assessment

C1 C2 C3 C4

A1 \ { l-0.502(0.3),

l1.639(0.2),

l1.639(0.2),

l1.683(0.3)},

{ l-1.890(0.3),

l-1.882(0.1),

l-1.692(0.3),

l-0.842(0.3)}[

\ { l0.389(0.4),

l0.399(0.2),

l1.587(0.3),

l1.61(0.1)},

{ l-1.586(0.3),

l-1.586(0.3),

l1.471(0.1),

l1.471(0.3)}[

\ { l-1.170(0.1),

l0.494(0.3),

l-0.439(0.2),

l0.846(0.4)},

{ l0.443(0.1),

l1.157(0.3),

l1.157(0.3),

l1.157(0.3)}[

\ { l0.536(0.2),

l0.536(0.3),

l1.675(0.3),

l1.675(0.2)},

{ l-1.700(0.3),

l-1(0.3),

l-0.842(0.3),

l-0.543(0.1)}[
A2 \ { l-0.475(0.1), l1.663(0.5),

l1.663(0.2),

l1.664(0.2)},

{ l-1.694(0.6),

l-0.828(0.1),

l-0.828(0.2), l1.152(0.1)}[

\ { l1.636(0.5),

l1.637(0.2),

l1.660(0.1),

l1.681(0.2)},

{ l-1.640(0.2),

l-0.527(0.1),

l-0.520(0.1),

l0.472(0.6)}[

\ { l0.551(0.2), l1.679(0.2),

l1.679(0.5),

l1.679(0.1)},

{ l-1.697(0.1),

l-0.843(0.6),

l-0.843(0.1), l0.433(0.2)}[

\ {}-1.400(0.2),

l-1.162(0.1),

l0.550(0.2),

l0.839(0.5)},

{ l-1.668(0.1),

l-1.668(0.2),

l0.491(0.6), l0.491(0.1)}[

A3 \ { l0.423(0.6), l0.423(0.1),

l0.423(0.2),

l0.806(0.1)},

{ l-0.869(0.1),

l-0.846(0.5),

l-0.846(0.2), l1.136(0.2)}[

\ { l1.632(0.2), l1.632(0.1),

l1.635(0.1),

l1.635(0.6)},

{ l-1.885(0.5),

l-1.675(0.2),

l-1(0.1),

l-0.812(0.2)}[

\ { l0.474(0.1),

l0.481(0.6),

l0.481(0.1),

l0.824(0.2)},

{ l-1.894(0.2),

l-0.847(0.2),

l-0.847(0.5), l0.441(0.1)}[

\ { l1.685(0.1), l1.685(0.2),

l1.895(0.6),

l1.895(0.1)},

{ l-1.664(0.2),

l-1.664(0.1),

l0.463(0.2), l0.463(0.5)}[

Table 7 Criteria weight for MES assessment

Criteria w1 w2 w3 w4

wj 0.2844 0.0988 0.1623 0.4544

Table 6 Priorities of attributes Attribute C4 C1 C3 C2

-CjðkÞ 1 1.6 2.8 4.6
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information-based decision support system, which

actually increases the consistency and flexibility of

the standard MCDA approaches.

(2) The ‘‘reversible transformation functions (RTFs)’’

serve as the foundation for the suggested AOs.

RFT’s ability to be used to convey the semantics

of RFT, which give the semantic to LTs on

various settings, is one of its advantages.

(3) We have employed the idea of adjusted DPLEs to

prevent situations when the output in the aggre-

gate process is inappropriate.

(4) Because Dombi operators have a parameter ‘Q’

with values that can be selected in accordance

with actual decision needs, the proposed Dombi

Power weighted AOs can more successfully

aggregate the dual probabilistic linguistic infor-

mation. Consequently, the methodology we dis-

cuss in this study can be considered one of the

most useful tools created to date for tackling

MCGDA challenges in a DPL setting.

(5) To establish the weights of the criterion, the

suggested method employed the FUCOM tech-

nique. FUCOM exhibited lesser departures of the

realized degrees of the criterion from the most

desirable values than other subjective weight-

determining tools (the AHP, the BWM, and

others) [21]. As a result, our approach lessens

MCGDA process errors.

Table 8 Utility values of MESs C1 C2 C3 C4 OPI UD Ranking position

A1 0.14184 0.02348 - 0.04568 0.13614 0.2557 0.4498 1

A2 0.14349 0.03509 0.06364 - 0.07924 0.1630 0.2866 3

A3 0.03575 0.06554 0.04222 0.08088 0.2244 0.3946 2

OPR 0.16304 0.05682 0.09306 0.25573 0.56865 –
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Fig. 3 UDs of alternatives for different Q

Table 9 Prioritization of MESs

with respect to diverse values of

‘Q’

Options Q = 1 Q = 2 Q = 3 Q = 4 Q = 5 Q = 6 Q = 7 Q = 8 Q = 9 Q = 10

A1 1 1 1 1 1 1 1 1 1 1

A2 3 3 3 3 3 3 3 3 3 3

A3 2 2 2 2 2 2 2 2 2 2

SRCC 1 1 1 1 1 1 1 1 1 1
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8 Conclusions

As a generalized form of PLTSs, DPLTSs have been taken

into consideration in this study to address the uncertainty

and imprecision related to MCGDA problems. The arith-

metic AOs have several limitations and lack of flexible

parameters. In this context, some innovative operational

laws for DPLTSs using Dombi operations have been pro-

posed. Additionally, utilizing the idea of PAOs, we have

proposed two aggregation operators as the DPLDPWAA

and DPLDPWGA operators. We then have examined some

of the generated AOs’ key properties, including idempo-

tency, boundedness, monotonicity, etc. The most favorable

alternative in a DPL setting is then obtained using an

integrated DPL-FUCOM-ARAS-based MCGDA model

based on the proposed AOs. In the DPL-FUCOM-ARAS

model, the DPL-FUCOM model is used to calculate the

criteria weights, and the DPL-ARAS model is proposed to

rank the alternative. We have taken a case study of

selecting of MES to further explain the practicality of the

proposed DPL-FUCOM-ARAS methodology. By consid-

ering the sensitivity of the weighted criteria, we have

demonstrated the feasibility of the proposed DPL-

FUCOM-ARAS approach. We observe that the presented

DPL-FUCOM-ARAS framework can be applied success-

fully in MCGDA problems in a DPLTS setting.

These findings have managerial implications that

include as follows:

(a) The proposed DPL-FUCOM-ARAS methodol-

ogy complements the DPL theory by offering a

framework for decision-making that combines

imprecise judgments that are essential to the

selection of medical equipment suppliers.

(b) By suggesting novel operational rules, aggrega-

tion operators, and analytically realizing their

essential properties, this study strengthens the

theoretical foundation of DPLTSs.

(c) The PA operation combined with the Dombi

operations decreases the impact of DME priori-

tizations and the methodical computation of

weights of DMEs and criteria lessens errors and

partialities in the MCGDA process with multiple

experts.

(d) The sensitivity analysis and comparison inquiry

demonstrate that the suggested method’s prefer-

ence ordering for the alternatives are consistent

with those of the other MCGDA strategies now in

use. As a result, the suggested format is useful for

capturing decision-makers’ opinions on the sub-

ject of choosing a medical equipment provider.

In the future, new MCGDA models with diverse inte-

grated tools can be established for determining a practical

Table 10 Comparison of proposed model with extant tools

Dynamics Saha et al. [19] Proposed Xie et al. [16] Xie et al. [17]

Type of data DPLTS DPLTS DPLTS DPLTS

Whether individual/group decision-making

(GDM)?

GDM GDM GDM GDM

Usage of probabilistic information Yes Yes Yes Yes

Adjustment of probabilities Considered Considered No No

Whether captures hesitation in preferences No Yes Yes Yes

If lessens the effects of reviewing information

that is outrageously biased from some

experts

Yes Yes No No

Estimation of attributes weights Criteria importance through inter-

criteria correlation criteria

(CRITIC)

FUCOM Direct Optimization

technique

Relationship among attributes Obtained Computed

(C4[C1[C3[C2)

Not

considered

Not

considered

Operator(s) used Generalized Dombi operator Combination of PAO

and Dombi operator

AOs Preference

relations

Operator’s flexibility High Very high Very low NA

Applied tool MARCOS ARAS Nil Nil

Sensitivity Investigated Investigated Not

investigated

Not

investigated

Priority order A1	A3	A2 A1	A3	A2 A1	A3	A2 A1	A2	A3
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solution to decision analysis problems, such as selection of

‘‘electric vehicle charging station (EVCS)’’ location, the

treatment technology for medical waste, the choice of a

technological forecasting method, the problem of choosing

a cloud vendor, etc. Additionally, it is possible to build

information measures for DPLTSs to determine the weights

of the DMEs.

Funding This paper is funded by ‘‘Researchers Supporting Project

number (RSP2023R389), King Saud University, Riyadh, Saudi

Arabia’’.

Declarations

Conflict of interest The authors declare that they have no conflict of

interest.

Ethical Approval This article does not contain any studies with

animals performed by any of the authors.

Informed Consent Informed consent was obtained from all indi-

vidual participants included in the study.

Supplementary InformationThe online version contains

supplementary material available at https://doi.org/10.1007/s40815-

023-01526-w.

Open Access This article is licensed under a Creative Commons

Attribution 4.0 International License, which permits use, sharing,

adaptation, distribution and reproduction in any medium or format, as

long as you give appropriate credit to the original author(s) and the

source, provide a link to the Creative Commons licence, and indicate

if changes were made. The images or other third party material in this

article are included in the article’s Creative Commons licence, unless

indicated otherwise in a credit line to the material. If material is not

included in the article’s Creative Commons licence and your intended

use is not permitted by statutory regulation or exceeds the permitted

use, you will need to obtain permission directly from the copyright

holder. To view a copy of this licence, visit http://creativecommons.

org/licenses/by/4.0/.

References

1. Herrera, F., Martinez, L.: A 2-tuple fuzzy linguistic representa-

tion model for computing with words. IEEE Trans. Fuzzy Syst. 8,

746–752 (2000)

2. Rodrı́guez, R.M., Martı́nez, L., Herrera, F.: Hesitant fuzzy lin-

guistic term sets for decision making. IEEE Trans. Fuzzy Syst.

20, 109–119 (2012)

3. Pang, Q., Wang, H., Xu, Z.S.: Probabilistic linguistic term sets in

multi-attribute group decision making. Inf. Sci. 369, 128–143

(2016)

4. Liao, H., Jiang, L., Xu, Z., Xu, J., Herrera, F.: A linear pro-

gramming method for multiple criteria decision making with

probabilistic linguistic information. Inf. Sci. 416, 341–355 (2017)

5. Zhang, X., Xing, X.: Probabilistic linguistic VIKOR method to

evaluate green supply chain initiatives. Sustainability 9(7), 1–18

(2017)

6. Kobina, A., Liang, D., He, X.: Probabilistic linguistic power

aggregation operators for multi-criteria group decision making.

Symmetry 9(12), 1–21 (2017)

7. Liu, P., Teng, F.: Probabilistic linguistic TODIM method for

selecting products through online product reviews. Inf. Sci. 485,

441–455 (2019)

8. Han, X., Zhang, C., Zhan, J.: A three-way decision method under

probabilistic linguistic term sets and its application to Air Quality

Index. Inf. Sci. 617, 254–276 (2022)

9. Teng, F., Du, C., Shen, M., Liu, P.: A dynamic large-scale

multiple attribute group decision-making method with proba-

bilistic linguistic term sets based on trust relationship and opinion

correlation. Inf. Sci. 612, 257–295 (2022)

10. Zhou, Q., Ye, C., Geng, X.: A hybrid probabilistic linguistic term

set decision-making evaluation method and its application in the

site selection of offshore wind power station. Ocean Eng. 266(3),

112959 (2022). https://doi.org/10.1016/j.oceaneng.2022.112959

11. Han, X., Zhan, J.: A sequential three-way decision-based group

consensus method under probabilistic linguistic term sets. Inf.

Sci. 624, 567–589 (2023)

12. Wei, G., Wei, C., Wu, J., Guo, Y.: Probabilistic linguistic mul-

tiple attribute group decision making for location planning of

electric vehicle charging stations based on the generalized Dice

similarity measures. Artif. Intell. Rev. 54, 4137–4167 (2021).

https://doi.org/10.1007/s10462-020-09950-2

13. Xue, W.T., Zu, Z.S., Mi, X., Ren, Z.L.: Dynamic reference point

method with probabilistic linguistic information based on the

regret theory for public health emergency decision-making.

Econo. Res. Ekonomska Istrazivanja 34, 3355–3381 (2021).

https://doi.org/10.1080/1331677X.2021.1875254

14. Saha, A., Senapati, T., Yager, R.R.: Hybridizations of General-

ized Dombi operators and Bonferroni mean operators under Dual

probabilistic linguistic environment for group decision-making.

Int. J. Intell. Syst. 36(11), 6645–6679 (2021)

15. Krishankumar, R., Sivagami, R., Saha, A., Rani, P., Arun, K.,

Ravichandran, K.S.: Cloud vendor selection for the healthcare

industry using a big data-driven decision model with probabilistic

linguistic information. Appl. Intell. 52, 13497–13519 (2022)

16. Xie, W, Xu, Z.S., Ren, Z.: Dual probabilistic linguistic term set

and its application on the multi-criteria group decision-making

problems, In: 2017 IEEE International Conference on Industrial

Engg. and Engg. Management, pp. 1469–1474. IEEE (2017)

17. Xie, W., Xu, Z.S., Ren, Z., Viedma, E.H.: A new multi-criteria

decision-making model based on incomplete dual probabilistic

linguistic preference relations. Appl. Soft Comput. 91, 106237

(2020)

18. Saha, A., Dutta, D., Kar, S.: Some new hybrid hesitant fuzzy

weighted aggregation operators based on Archimedean and

Dombi operations for multi-attribute decision making. Neural

Comput. Appl. 33(14), 8753–8776 (2021). https://doi.org/10.

1007/s00521-020-05623-x

19. Saha, A., Mishra, A.R., Rani, P., Senapati, T., Yager, R.R.: A

dual probabilistic linguistic MARCOS approach based on gen-

eralized Dombi operator for decision-making. Iran. J. Fuzzy Syst.

(2022). https://doi.org/10.22111/IJFS.2022.7290

20. Dombi, J.: A general class of fuzzy operators, the De Morgan

class of fuzzy operators and fuzziness measures induced by fuzzy

operators. Fuzzy Sets Syst. 8, 149–163 (1982)

21. Pamucar, D., Stevic, Z., Sremac, S.: A new model for deter-

mining weight coefficients of criteria in MCDM models: full

consistency method (FUCOM). Symmetry 10, 393 (2018)

22. Zavadskas, E.K., Turskis, Z.: A new additive ratio assessment

(ARAS) method in multi-criteria decision-making. Technol.

Econ. Dev. Econ. 16(2), 159–172 (2010)

23. He, X.: Typhoon disaster assessment based on Dombi hesitant

fuzzy information aggregationoperators. Nat. Hazards 90(3),

1153–1175 (2018)

3230 International Journal of Fuzzy Systems, Vol. 25, No. 8, November 2023

123

https://doi.org/10.1007/s40815-023-01526-w
https://doi.org/10.1007/s40815-023-01526-w
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.oceaneng.2022.112959
https://doi.org/10.1007/s10462-020-09950-2
https://doi.org/10.1080/1331677X.2021.1875254
https://doi.org/10.1007/s00521-020-05623-x
https://doi.org/10.1007/s00521-020-05623-x
https://doi.org/10.22111/IJFS.2022.7290


24. Akram, M., Dudek, W.A., Dar, J.M.: Pythagorean Dombi fuzzy

aggregation operators with application in multicriteria decision-

making. Int. J. Intell. Syst. 34(11), 3000–3019 (2019)

25. Ashraf, S., Abdullah, S., Mahmood, T.: Spherical fuzzy Dombi

aggregation operators and their application in group decision

making problems. J. Ambient Intell. Hum. Comput 11,

2731–2749 (2020)

26. Kurama, O.: A new similarity-based classifier with Dombi

aggregative operators. Pattern Recogn. Lett. 151, 229–235 (2021)

27. Karaaslan, F., Dawood, M.A.D.: Complex T-spherical fuzzy

Dombi aggregation operators and their applications in multiple-

criteria decision-making. Complex Intell. Syst. 7, 2711–2734

(2021)

28. Liu, P., Saha, A., Dutta, D., Kar, S.: Multi attribute decision-

making using hesitant fuzzy Dombi-Archimedean weighted

aggregation operators. Int. J. Comput. Intell. Syst. 14(1), 386–411

(2021). https://doi.org/10.2991/ijcis.d.201215.003

29. Kavitha, S., Janani, K., Kumar, J.S., Elkhouly, M.M., Amudha,

T.: Multi label feature selection through dual hesitant q-Rung

orthopair fuzzy dombi aggregation operators. IEEE Access 10,

67771–67786 (2022)

30. Iordache, M., Schitea, D., Deveci, M., Akyurt, İZ., Iordache, I.:
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