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Abstract This article introduces a robust H-infinity fuzzy

static output feedback (RHF-SOF) control with norm-boun-

ded strategy to enhance the path-following performance for

the four-wheel-independent-driven electric vehicles (FWID-

EVs). Firstly, taking the parameter uncertainties including

vehicle mass, moment of inertia, longitudinal velocity, and

tire cornering stiffness into account, a fuzzy optimization

model is constructed to approximate the nonlinear charac-

teristic of the vehicle system using both the parameter

uncertainty reduction strategy and polytope reduction strat-

egy. Secondly, with consideration of the difficulty of the

online lateral velocity measurement, a Lyapunov stability-

based RHF-SOF control with the gain scheduling method is

proposed to control the variables of the path following.

Thirdly, since the actuator saturation can deteriorate the

control performances, a norm-bounded strategy is designed to

address the nonlinear saturation problem. The proposed

controller is verified and evaluated through the hardware-in-

the-loop experimental test with different maneuvers.

Keywords Path following � H infinity � Fuzzy � Output
feedback control � Actuator saturation

Nomenclature

m Mass of vehicle

mmax=mmin Maximum/minimum value of mass

Iz Moment of inertia

Izmax=Izmin Maximum/minimum value of moment of

inertia

CG Center of gravity

Cf =Cr Front/rear cornering stiffness

Cf max=Cf min Maximum/minimum front cornering

stiffness

Crmax=Crmin Maximum/minimum rear cornering

stiffness

lf =lr Distance between CG to front/rear axle

Fyf =Fyr Front/rear lateral forces

vx=vy Longitudinal/lateral velocity of vehicle

r Yaw rate of vehicle

Mz External yaw moment

af =ar Slip angles of front/rear wheel

wd=wh Desired/actual heading angle

w Heading error

e Lateral offset

q Curvature of the desired path

d Front wheel steering angle

Lij Distance between the vertex coordinates

sat(u) Saturation function of actuator input
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1 Introduction

Under the dual crisis of serious environmental pollution

and oil resource shortage, many auto manufacturers have

dedicated to the development of the electric vehicles (EVs)

to reduce vehicle exhaust emissions and fuel consumption

[1, 2]. For the purposes of stability and safety of the EVs,

the electric vehicle control system needs to be further

studied. Due to its unique dynamic system and drive sys-

tem, the FWID-EVs have independent controllable torque

of each drive wheel compared with the ordinary EVs,

which brings enormous advantages to the vehicle control

system [3]. In addition, the path-following performance is a

crucial factor of the FWID-EV control systems that con-

cern with vehicle active safety and did draw much attention

in automotive technology research in recent years [4–6].

Consequently, this research intends to study the FWID-

EVs to enhance the vehicle path-following performance.

Regarding the practical application of control system of the

EVs, the vehicle parameters are uncertain, such as the vehicle

mass,moment of inertia, and tire cornering stiffness [7–9].AT–

S fuzzy-based sliding mode control approach was adopted to

address the parameter uncertainty problem of tire cornering

stiffness and ensure control performance [10]. These uncertain

parameters will impact the analysis of the vehicle lateral

dynamics and controller performance. The observer-based

fuzzy controller for EVs was constructed with the uncertainties

of vehiclemass andmoment of inertia in consideration [11]. By

means of the IT-2 fuzzy method, Ren et al. discussed the lateral

stability control issue for EVs with actuator saturation and

sensor failures [12]. To address the path-following problem in

autonomous ground vehicles, a linear fractional transformation

(LFT)-based H1 SOF controller was developed [13].

Even though the above research can properly handle the

parameters problem, the velocity is regarded as fixed in

most studies, which does not correspond to the actual sit-

uation. And the gain scheduling control strategy that uti-

lizes polytope to deal with the varying velocity is regarded

as an effective method [14, 15]. Therefore, this paper

intends to combine the LFT strategy and the gain

scheduling control strategy to deal with the EVs’ uncer-

tainty problem with varying speed.

In the existing investigations, vehicle state information

is usually used for constructing the feedback loop of the

control system. For FWID-EVs, accurate vehicle state

measurements are required for the path-following control

[16, 17]. And the lateral velocity is closely associated with

the vehicle motion state. Because of the complex working

environment, it is difficult to guarantee the precise mea-

surement of the lateral velocity [18]. Zhang et al: trans-

formed the output to state feedback problem and proposed

an observer-based output feedback control method for a

class of interconnected systems [19]. Chang et al. discussed

the output feedback stabilization problem for a class of

cascade nonlinear ODE-PDE systems [20].

However, theLMIvariablesconstructedbytheabovemethods

tend to have more structural constraints that do not provide more

degrees of freedom to solve the inequality. Recent research

indicates that the Robust H-infinity output feedback method can

properly manage uncertain system models and noise character-

istics, and effectively reduce the structural constraints on LMI

variables and improve the degree of freedom of LMI solutions

[21–24]. Zhao et al. proposed an H-infinity SOF controller based

onmulti-objective frequencydomain toobtainunmeasuredactive

suspension systems status information, thereby improving the

stability of the suspension [25]. Since the conceptual simplicity,

ease of implementationof theH-infinity output feedbackmethod,

the robust H-infinity fuzzy static output feedback (RHF-SOF)

control strategy which can online obtain the state information of

the lateral velocity is investigated in this work.

With the measured state variables, the control variables of

the control strategy can be confirmed. Then, the output vari-

ables are generated and transmitted to the actuator. The

desired control effect will be attenuated when the actuator is

saturated, because of the certain physical limitation of the

actuator [26, 27]. In [28], an active vibration control approach

was presented to handle the actuator saturation of the seismic

excited building. For nonlinear 3-DOF helicopters, the dis-

tributed cooperative control with actuator saturation and

faults was investigated in [29]. Moreover, the synchronous

optimal control problem for the actuator saturation of non-

linear systems was discussed in [30]. So far, the research on

the actuator saturation of FWID-EVs is rather limited.

Hence, the actuator saturation is still a challenging issue for

the path-following control design of nonlinear FWID-EVs.

Inspired by all the problems mentioned above, this

research describes the RHF-SOF path-following control

strategy, and the actuator saturation of the nonlinear

FWID-EVs are considered. The innovative points of this

work can be summarized as follows:

(1) An RHF-SOF control approach is developed for

nonlinear FWID-EVs with consideration of param-

eter uncertainties, nonlinear characteristics, and

actuator saturations;

(2) A fuzzy optimization model is developed by com-

bining the LFT strategy and the gain scheduling

control strategy to handle the nonlinearities of the

parameters;

(3) A norm-bounded strategy is designed to guarantee

the stability of the controller in the presence of

actuator saturation.

The rest research is organized as follows. The system

modeling is covered in Section 2. The main results of the

RHF-SOF are explained in Section 3. In Section 4,
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experimental results are discussed. Finally, Section 5 pre-

sents the conclusion.

2 Problem formulation

2.1 Description of Vehicle Lateral Behavioral

Model

In this work, lateral dynamics is taken into account and the

typical vehicle lateral behavioral model is shown in Fig. 1.

The lateral behavioral model can be derived as [31] follows:

_vy ¼ Fyf =mþ Fyr=m� vxr þ d1

Iz _r ¼ Mz þ lf Fyf � lrFyr þ d2

_w ¼ _wh � _wd ¼ r � qvx

_e ¼ vy þ vxwþ d3

8
>>>>><

>>>>>:

ð1Þ

Among them, m, vx, vy, Iz, Fyf , Fyr , r, Mz and e are

unknown parameters that change over time. All unknown

parameters are explained in Nomenclature. Choose xðtÞ ¼
vy r w e½ �T as the state variable. Then, motivated by

the above discussions, the dynamic description of the

vehicle model is described as follows:
_xðtÞ ¼ AxðtÞ þ B1xðtÞ þ B2uðtÞ ; ð2Þ

where xðtÞ ¼ d1 d2 q d3½ �T , uðtÞ ¼ d DMz½ �T , and

Ai ¼

�Cf þCr

mvx
� lf Cf � lrCr

mvx
� vx 0 0

� lf Cf � lrCr

Izvx
�
l2f Cf þ l2rCr

Izvx
0 0

0 1 0 0

1 0 vx 0

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

;

B1 ¼

1 0 0 0

0 1 0 0

0 0 vx 0

0 0 0 1

2

6
6
6
6
6
4

3

7
7
7
7
7
5

;B2 ¼

Cf

m
0

lf Cf

Iz

1

Iz

0 0

0 0

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

2.2 Fuzzy Model of FWID-EV

As shown in Fig. 2, the parameter uncertainty of the

vehicle longitudinal velocity is represented by a triangular

polytope [32]. Time-varying parameters vx and 1=vx are

bounded in vxmin vxmax½ � and 1=vxmax 1=vxmin½ �. In trian-

gular polytope, it covers all the possible choices for the

parameter pair vx 1=vx½ �. The vertex coordinates are

expressed as Ki ¼ uxi;uyi

� �
; ði ¼ 1; 2; 3Þ. The intersection

of the tangents of the velocity curve at points K1, K2 , and

K3.

The coordinates of Ki can be given as follows:

ux1 ¼ vxmin;ux2 ¼ vxmax;ux3 ¼
2vxmaxvxmin

vxmin þ vxmax

uy1 ¼
1

vxmin

;uy2 ¼
1

vxmax

;uy3 ¼
2

vxmin þ vxmax

:

The sum of the vertex coordinates is utilized to represent

the premise vector vx and 1=vx by

vx ¼
X3

i¼1

aiðtÞuxi;
1

vx
¼
X3

i¼1

aiðtÞuyi ; ð3Þ

where the weighting functions aiðtÞ are chosen as

a1 ¼
L34
L35

L25
L12

; a2 ¼
L34
L35

L15
L12

; a3 ¼
L45
L35

with Lij representing the distance between the points Ki and

Kj. For i ¼ 1; 2; 3, Eq. (3) meets aiðtÞ[ 0,
P3

i¼1 aiðtÞ ¼ 1,

and the vehicle model is characterized as

_xðtÞ ¼
X3

i¼1

aiðtÞ AixðtÞ þ B1ixðtÞ þ B2uðtÞ½ � ; ð4Þ

where

Fig. 1 Vehicle lateral behavioral model

Fig. 2 Triangular polytope of the longitudinal velocity parameter
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Ai¼

�
uyi CJ þ Crð Þ

m
�
uyi lf CJ � lrCr

� �

m
� uxi 0 0

�
uvi lf CI � lrCr

� �

Iz
�
uyi l2f CJ þ l2rCr

� �

Iz
0 0

0 1 0 0

1 0 uxi 0

2

6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
5

;

B1i¼

1 0 0 0

0 1 0 0

0 0 � uxi 0

0 0 0 1

2

6
6
6
6
6
4

3

7
7
7
7
7
5

;

Considering the variation of the driving condition, the

parameters of the tire cornering stiffness are unknown and

need to be considered in the concerned system. Therefore,

it is defined that

Cf ¼ Cf0 þ kfDCf

Cr ¼ Cr0 þ krDCr

�

ð5Þ

where the time-varying parameters kf and kr meet

jkij � 1; ði ¼ f ; rÞ, and

Cf0 ¼
Cf max þ Cf min

� �

2
;DCf ¼

Cf max � Cf min

� �

2
;

Cr0 ¼
Crmax þ Crminð Þ

2
;DCr ¼

Crmax � Crminð Þ
2

:

In addition, vehicle mass m and moment of inertia Iz also

change since the payload variation. Then, 1/m and 1=Iz can

be represented as follows:

1

m
¼ 1

m0

þ km
1

Dm
;
1

Iz
¼ 1

Iz0
þ kIz

1

DIz
; ð6Þ

where km and kIz are time-varying parameters that meeting

jkij � 1; i ¼ m; Izð Þ, and

1

m0

¼
1

mmax
þ 1

mmin

� �

2
;
1

Dm
¼

1
mmin

� 1
mmax

� �

2
;

1

Iz0
¼

1
Izmax

þ 1
Izmin

� �

2
;
1

DIz
¼

1
Izmin

� 1
Izmax

� �

2

:

Furthermore, the varying Cf =m, Cr=m, Cf =Iz , and Cr=Iz
can be constructed by

Cf

m
¼ Cf0

m0

þ kmCf0

Dm
þ kfDCf

m0

þ kf kmDCf

Dm

¼ Cf0

m0

þ k1#1;

Cr

m
¼ Cr0

m0

þ kmCr0

Dm
þ krDCr

m0

þ krkmDCr

Dm

¼ Cr0

m0

þ k2#2

Cf

Iz
¼ Cf0

Iz0
þ kICf0

DIz
þ kfDCf

Iz0
þ kf kIzDCf

DIz

¼ Cf0

Iz0
þ k3#3

Cr

Iz
¼ Cr0

Iz0
þ kmCr0

DIz
þ krDCr

Iz0
þ krkIzDCr

DIz

¼ Cr0

Iz0
þ k4#4

;

where the unknown parameters jkij\1; ði ¼ 1; 2; 3; 4Þ, and

#1 ¼
Cf0

Dm
þ DCf

m0

þ DCf

Dm
;

#2 ¼
Cr0

Dm
þ DCr

m0

þ DCr

Dm
;

#3 ¼
Cf0

DIz
þ DCf

Iz0
þ DCf

DIz
;

#4 ¼
Cr0

DIz
þ DCr

Iz0
þ DCr

DIz

:

Without loss of universality, k1 ¼ k2 ¼ k3 ¼ k4 can be set,

and the coefficient matrix can be written as Ai ¼ A0i þ DAi,

B2 ¼ B20 þ DB2, and

A0i¼

�
uyi Cf0 þ Cr0

� �

m0

�
uyi lf Cf0 � lrCr0

� �

m0

� uxi 0 0

fracuyi lf Cf0 � lf Cr0

� �
Iz0 �

uyi l2f Cf0 þ l2rCr0

� �

Iz0
0 0

0 1 0 0

1 0 uxi 0

2

6
6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
7
5

;

DAi¼

�uyi k1#1þk2#2ð Þ � uyi lf k1#1 � lrk2#2

� �
0 0

varphiyi lf k3#3�lrk4#4

� �
� uyi l

2
f k3#3þl2rk4#4

� �
0 0

0 0 0 0

0 0 0 0

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

;

B20¼

Cf0

m0

0

lf Cf0

Iz0

1

Iz0

0 0

0 0

2

6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
5

;DB2 ¼

k1#1 0

lf k3#3

kIz
DIz

0 0

0 0

2

6
6
6
6
6
6
4

3

7
7
7
7
7
7
5

:

The vehicle model can therefore be expressed as follows:

_xðtÞ ¼
X3

i¼1

aiðtÞ � Ai þ DAið ÞxðtÞ þ B1ixðtÞ½

þ B20 þ DB2ð ÞuðtÞ�

; ð7Þ
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where DAi and DBi represent the uncertainty caused by

DCf , DCr, Dm , and DIz, which can be formatted as

DAi DB2½ � ¼ HCEai HCEb½ � ; ð8Þ

where

Eai ¼

�uyi #1 þ #2ð Þ � uyi lf#1 � lr#2

� �
0 0

�uyi lf#3 � lr#4

� �
� uyi lf

2#3 þ lr
2#4

� �
0 0

0 0 0 0

2

6
6
4

3

7
7
5;

H ¼

1 0 0

0 1 1

0 0 0

0 0 0

2

6
6
6
6
6
4

3

7
7
7
7
7
5

;C ¼ diag k1; k1; kIz
� �

;Eb ¼

#f 0

lf#3 0

0
1

DIz

2

6
6
6
6
4

3

7
7
7
7
5

:

The actuator input should be bounded in the controller

design process due to the physical limits of the actuation

system. Inspired by Du et al. [33], the saturation function

satðuÞ meets

satðuÞ ¼
�ulim; uðtÞ 2 �1;�ulimð Þ
uðtÞ; uðtÞ 2 �ulim; ulimð Þ
ulim; uðtÞ 2 ulim;þ1ð Þ

8
><

>:
; ð9Þ

where ulim [ 0 is the actuator input limitation.

Taking into account the nonlinearity of the system and

the saturation function, the closed-loop system can be

derived as follows:

_xðtÞ ¼
X3

i¼1

aiðtÞ Ai þ DAið ÞxðtÞ þ B1ixðtÞ½

þ B20 þ DB2ð Þ�uðtÞ�

¼
X3

i¼1

aiðtÞ Ai þ DAið ÞxðtÞ þ B1ixðtÞ½

þ B20 þ DB2ð Þ 1þ e
2

uðtÞ

þ B20 þ DB2ð Þ �uðtÞ � 1þ e
2

uðtÞ
	 
�

; ð10Þ

where satðuÞ ¼ �uðtÞ; 0\e\1.

2.3 Fuzzy SOF Controller

Regarding the vehicle system model’s state variable, it is a

remarkable fact that the lateral velocity vy is hard to

available online. Hence, the measured output is expressed

as

yðtÞ ¼ r w e½ � ¼ CyxðtÞ ; ð11Þ

where

Cy ¼
0 1 0 0

0 0 1 0

0 0 0 1

2

6
4

3

7
5 :

The SOF controller can then be acquired as follows:

uðtÞ ¼
X3

j¼1

ajðtÞKjyðtÞ

¼
X3

j¼1

ajðtÞKjCyxðtÞ

¼ Ksof CyxðtÞ

; ð12Þ

where Ksof ¼
P3

j¼1 ajðtÞKj and Kj are the SOF controller

gains to be designed.

The purpose of this work is to offer a RHF-SOF control

strategy for the concerned vehicle dynamic system.

Meanwhile, in the linear matrix inequalities control frame,

the vehicle system in Eq. (10) is asymptotically stable and

H1 performance is satisfied, namely

c2
Z1

0

xTðtÞxðtÞdt�
Z1

0

zTðtÞzðtÞdt ; ð13Þ

where c represents the attenuation level of the concerned

vehicle system.

Remark 1 The main challenge of this paper is devoted to

propose a reasonable approach to solve the problem of

numerous parameter uncertainties in vehicle systems and to

design a controller based on the norm-bounded strategy to

deal with the actuator saturation problem.

3 Main Result

In this section, the RHF-SOF control strategy for con-

cerned vehicle dynamic systems with uncertain parameters

and input saturation is adopted to enhance the path-fol-

lowing performance, and following lemmas are given to

prove the main theorem.

Lemma 1 [34] For the saturation function satðuÞ,
1�e
2
uðtÞ

�
�

�
�� �uðtÞ � 1þe

2
uðtÞ

�
�

�
� holds for all input con-

straints satisfying juðtÞj � ulim
e , if and only if the following

inequalities are true:

1� e
2

	 
2

uTðtÞuðtÞ

� �uðtÞ � 1þ e
2

uðtÞ

 �T

�uðtÞ � 1þ e
2

uðtÞ

 �

ð14Þ
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Lemma 2 [33] Given real matrices R and S with suit-

able dimensions, for all matrices F if kFk� I holds, then

exists a prescribed scalar n[ 0 such that

RFSþ STFTRT � n�1RRT þ nSTS ð15Þ

3.1 Stability Analysis and Controller Design

Theorem 1 The concerned vehicle system in Eq. (10) is

asymptotically stable and meets the desired performance in

Eq. (13), for given constants e, llim, u[ 0, if symmetric

positive definite matrix Q, output feedback gains �Kj and

positive scalars c, r, n1, n2, n3 exist and such that ði; j ¼
1; 2; 3Þ if and only if the following inequalities are true:

C11
ij C12

ij 0

� C22
ij C23

ij

� � � n�1
3 I

2

6
6
4

3

7
7
5\0 ð16Þ

� llim
e

� �2
I �Kj

� � u�1Q

2

4

3

5\0 ; ð17Þ

where

C11
ij ¼ A0iQ½ �sþ

1þ e
2

B20
�Kj


 �

e

þn�1
1 HHT

þ n�1
2 HHT þ n�1

3 HHT;

C12
ij ¼ B1i B20

1� e
2

�Kj
T QC1

T QET
ai

1þ e
2

�Kj
TET

b


 �

;

C22
ij ¼ diag �c2I �rI �r�1I �I �n�1

1 I �n�1
2 I

� �
;

C23
ij ¼ 0 Eb 0 0 0 0½ �T

:

The robust H-infinity method is based on the principle that

the robust H-infinity performance problem of the system is

transformed into the solution problem of a linear matrix

inequality system using Lyapunov stability theory. There-

fore, Eqs. (16) and (17) are the necessary conditions for the

computation of the output feedback gains in the LMIs

designed in this paper.

Proof A Lyapunov function is chosen as follows:

VðtÞ ¼ xTðtÞPxðtÞ ; ð18Þ

where P[ 0 is a symmetric matrix. The derivative of V(t)

is obtained as

_VðtÞ ¼ _xTðtÞPxðtÞ þ xTðtÞP _xðtÞ

¼
X3

i¼1

ai x
TðtÞ A0i þ DAið ÞTPþ P A0i þ DAið Þ

� �
xðtÞ

�

þ xTðtÞBT
1iPxðtÞ þ xTðtÞPB1ixðtÞ

þ 1þ e
2

xTðtÞP B20 þ DB2ð ÞuðtÞ

þ 1þ e
2

uTðtÞ B20 þ DB2ð ÞTPxðtÞ

þ �uðtÞ � 1þ e
2

uðtÞ
	 
T

B20 þ DB2ð ÞTPxðtÞ

þxTðtÞP B20 þ DB2ð Þ �uðtÞ � 1þ e
2

uðtÞ
	 
�

ð19Þ

According to Eqs. (12), (19) can be expressed as

_VðtÞ ¼ _xTðtÞPxðtÞ þ xTðtÞP _xðtÞ

¼
X3

i¼1

X3

j¼1

ajai xTðtÞ A0i þ DAið ÞTP
�h

þP A0i þ DAið ÞÞxðtÞ þ xTðtÞBT
1iPxðtÞ

þ xTðtÞPB1ixðtÞ

þ 1þ e
2

xTðtÞP B20 þ DB2ð ÞKjCyxðtÞ

þ 1þ e
2

KT
j C

T
y ðtÞxTðtÞ B20 þ DB2ð ÞTPxðtÞ

þ xTðtÞP B20 þ DB2ð Þ �uðtÞ � 1þ e
2

uðtÞ
	 


þ �uðtÞ � 1þ e
2

uðtÞ
	 
T

B20 þ DB2ð ÞTPxðtÞ

:

ð20Þ

According to Lemma 2, let R ¼ �ueðtÞ � 1þe
2
uðtÞ

� �T
, F ¼ I ,

and S ¼ B20 þ DB2ð ÞTPxðtÞ, then
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_VðtÞ ¼ _xTðtÞPxðtÞ þ xTðtÞP _xðtÞ

¼
X3

i¼1

X3

j¼1

ajai xTðtÞ A0i þ DAið ÞTP
�h

þP A0i þ DAið ÞÞxðtÞ þ xTðtÞBT
1iPxðtÞ

þ xTðtÞPB1ixðtÞ

þ 1þ e
2

xTðtÞP B20 þ DB2ð ÞKjCyxðtÞ

þ 1þ e
2

KT
j C

T
y ðtÞxTðtÞ B20 þ DB2ð ÞTPxðtÞ

þ r �uðtÞ � 1þ e
2

uðtÞ
	 
T

�uðtÞ � 1þ e
2

uðtÞ
	 


þr�1xTðtÞP B20 þ DB2ð Þ B20 þ DB2ð ÞTPxðtÞ
i

:

ð21Þ

According to Lemma 1, we have

_VðtÞ ¼ _xTðtÞPxðtÞ þ xTðtÞP _xðtÞ

¼
X3

i¼1

X3

j¼1

ajai xTðtÞ A0i þ DAið ÞTP
�h

þP A0i þ DAið ÞÞxðtÞ þ xTðtÞBT
1iPxðtÞ

þ xTðtÞPB1ixðtÞ

þ 1þ e
2

xTðtÞP B20 þ DB2ð ÞKjCyxðtÞ

þ 1þ e
2

KT
j C

T
y ðtÞxTðtÞ B20 þ DB2ð ÞTPxðtÞ

þ r�1xTðtÞP B20 þ DB2ð Þ B20 þ DB2ð ÞTPxðtÞ

þr
1� e
2

	 
2

uTðtÞuðtÞ
#

:

ð22Þ

From Eq. (12), it can be shown that

_VðtÞ ¼ _xTðtÞPxðtÞ þ xTðtÞP _xðtÞ

¼
X3

i¼1

X3

j¼1

aiaj xTðtÞ A0i þ DAið ÞTP
�h

þ P A0i þ DAið Þ þ 1þ e
2

CT
y K

T
j B20 þ DB2ð ÞTP

þ 1þ e
2

P B20 þ DB2ð ÞKjCy

þ r�1P B20 þ DB2ð Þ B20 þ DB2ð ÞTP

þr
1� e
2

	 
2

CT
y K

T
j KjCy

!

xðtÞ

þxTðtÞB1i
TPxðtÞ þ xTðtÞPB1ixðtÞ

�

ð23Þ

Then, the following expression holds

Jzx ¼ _VðtÞ þ zTðtÞzðtÞ � c2xTðtÞxðtÞ

�XTðtÞ
X3

j¼1

X3

i¼1

aiajKij

 !

XðtÞ
; ð24Þ

where

Kij ¼
Kij1 PB1i

� � c2I

" #

;XðtÞ ¼
xðtÞ

xðtÞ

" #

;

Kij1 ¼ P A0i þ DAið Þ½ �s

þ 1þ e
2

P B20 þ DB2ð ÞKjCy

� �

s
þCT

1C1

þ r�1P B20 þ DB2ð Þ B20 þ DB2ð ÞTP

þ r
1� e
2

	 
2

CT
y K

T
j KjCy

:

Using the Schur complement, it can be concluded that

Kij¼

f1 PB1i P B20 þ DB2ð Þ 1� e
2

Cy
TKj

T C1
T

� � c2I 0 0 0

� � � rI 0 0

� � � � r�1I 0

� � � � � I

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

;

ð25Þ
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where f1¼ P A0iþDAið Þ½ �sþ 1þe
2

P B20þDB2ð ÞKjCy

� �

s
.

Define Q ¼ P�1, �Kj ¼ KjCyQ , and J1 ¼ diagfQ I

I I Ig. Pre- and post-multiplying both sides of Eq. (25)

with J1, the matrix Kij is equivalent to

Uij¼

f2 B1i B20 þ DB2

1� e
2

�KT
j QCT

1

� � c2I 0 0 0

� � � rI 0 0

� � � � r�1I 0

� � � � � I

2

6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
5

;

ð26Þ

where f2 ¼ A0i þ DAið ÞQ½ �sþ 1þe
2

B20 þ DB2ð Þ �Kj

� �

s
.

In light of Eq. (8), the following expressions hold

Uij ¼

f3 B1i B20

1� e
2

�Kj
T QCT

1

� � c2I 0 0 0

� � � rI 0 0

� � � � r�1I 0

� � � � � I

2

6
6
6
6
6
6
6
6
6
4

3

7
7
7
7
7
7
7
7
7
5

;

þ HT 0 0 0 0
� �T

C EaiQ 0 0 0 0½ �
h i

s

þ 1þ e
2

HT 0 0 0 0
� �T

C Ebi
�Kj 0 0 0 0

� �

 �

s

þ HT 0 0 0 0
� �T

C 0 0 Ebi 0 0½ �
h i

s

;

ð27Þ

where f3 ¼ A0iQ½ �sþ 1þe
2
B20

�Kj

� �

s
.

From Eq. (27), it can be shown that /ij\0 is equivalent

to Eq. (16), then _VðtÞ\0. The concerned vehicle system is

asymptotically stable and the H1 performance criterion is

satisfied. Symbol ½:�s denotes the sum of its internal matrix

and its transpose.

Moreover, under zero initial state, processing Eq. (24)

by integrating the two sides from 0 to t, it can be concluded

that

VðtÞ ¼ xTðtÞPxðtÞ� c2
R t
0
xTðtÞxðtÞdt� c2kxðtÞk22 � c2u.

Then, the following expressions hold:

maxt� 0uðtÞ2 ¼ max
t� 0

uTðtÞuðtÞ
�
�

�
�
2

¼ max
t� 0

xTðtÞCT
y K

T
j KjCyxðtÞ

�
�
�

�
�
�
2

¼ max
t� 0

�xTðtÞP�1=2CT
y K

T
j KjCyP

�1=2 �xðtÞ
�
�
�

�
�
�
2

�ukmax P�1=2CT
y K

T
j KjCyP

�1=2
� �

;

ð28Þ

where kmaxð�Þ denotes the maximum value of a matrix

eigenvalue. Furthermore, the saturation constraint is satis-

fied when the following inequality is true.

P�1=2CT
y K

T
j KjCyP

�1=2 � llim
e

� �2
I ð29Þ

Employing the Schur complement, it can be concluded that

� llim
e

� �2
I KjCyP

�1=2

� � u�1

2

4

3

5\0 : ð30Þ

Denote J2 ¼ diag I;P�1=2
� �

, when Eq. (30) is pre- and

post-multiplied by J2, Eq. (30) is equivalent to Eq. (17).

The proof is now complete. h

Remark 2 Given that there are two unknown matrices Kj

and Q in element �Kj, the conditions in Theorem are not

convex anymore. So, calculating the output feedback gain

matrix Kj directly by Theorem 1 is infeasible, and sufficient

conditions will be presented in Theorem 2 for controller

optimization and computation.

3.2 Controller Optimization and Computation

Theorem 2 The concerned vehicle system in Eq. (10) is

asymptotically stable and meets the desired performance in

Eq. (13), for given constants e, llim, u[ 0, if symmetric

positive definite matrix XW, XR, feedback gains YRj and

positive scalars c, r, n1, n2, n3 exist and such that

ði; j ¼ 1; 2; 3Þ.
�C11
ij

�C12
ij 0

� C22
ij C23

ij

� � � n�1
3 I

2

6
6
4

3

7
7
5\0 ð31Þ

� llim
e

� �2
I YRjR

T

� � u�1 WXWW
T þ RXRR

Tð Þ

2

4

3

5\0 ; ð32Þ

where

�C11
ij ¼ A0i WXWW

T þ RXRR
T

� �� �

s
þ 1þ e

2
B20

�Kj


 �

s

þn�1
1 HHT þ n�1

2 HHT þ n�1
3 HHT ,

�C12
ij ¼ B1i;B20;

1� e
2

YRjR
T

� �T
; WXWW

TþRXRR
T

� �
CT
1 ;




WXWW
T þ RXRR

T
� �

ET
ai;

1þ e
2

YRjR
T

� �T
ET
b

�

Then, the SOF control gains Kj is easy to calculate by

Kj ¼ YRjX
�1
R .

Proof From [35], the matrices Q and �Kj can be written as

follows:
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Q ¼ WXWW
T þ RXRR

T

�Kj ¼ YRjR
T

�

ð33Þ

where W is a matrix satisfying CyW ¼ 0. R is defined as

R ¼ Cy
y þWM, where M is a given matrix with suit-

able dimensions, and Cy
y ¼ CT

y CyC
T
y

� ��1

.

Motivated by the above definition, CR¼ I and CQ¼0

can be derived. Furthermore, the following equations hold:

CyQ ¼ Cy WXWW
T þ RXRR

T
� �

¼ XRR
T ð34Þ

�Kj ¼ YRjR
T ¼ KjCyQ

, Kj ¼ YRjR
T XRR

T
� ��1¼ YRjX

�1
R

ð35Þ

Hence, the desired output feedback gain Kj can be

acquired. h

Remark 3 The H-infinity output feedback control algo-

rithm is employed to design the controller, and the actuator

saturation is also considered in the controller design, which

not only reduces the measurement cost and maintains the

feasibility of the controller, but also enhances the control

effect and maximizes the overall performance of the

system.

4 Experiment

In this part, in order to evaluate the feasibility of the pro-

posed controller, two typical maneuvers, comprising a

single-lane change maneuver and a J-turn maneuver, are

executed on hardware-in-the-loop (HIL) experimental

platform bases on the LabVIEW RT system. Figure 3

depicts the HIL experimental platform. The experiment

platform consists of a G29 simulator, cRIO, PXI, host

computer, etc. The vehicle model and road information in

CarSim are embedded into PXI RT system, and the control

algorithm is embedded into LabVIEW RT system by

compiling of MATLAB. The steering angle, which is cal-

culated by cRIO, acts on the G29 driving simulator. The

communication between components is performed through

CAN signals.

Since Carsim includes modeling functions for road

scenarios and working conditions, different road environ-

ments can be established. A variety of scenarios and

working conditions can be designed to meet the develop-

ment and verification of the control system under different

environments. Therefore, the experimental tests can be

implemented by selecting corresponding vehicle model and

parameters, and then the effectiveness of the designed

controller can be verified by performing vehicle path

tracking performance analysis on the selected road.

Figure 4 shows the structure diagram of the HIL

experimental test. Table 1 lists the parameter values of the

FWID-EVs used in this experiment. Considering that the

parameters m, Iz, Cf , and Cr are nonlinear and time-

varying in real practice, the nominal values of these

parameters are provided first, as listed in Table 1. Spe-

cially, vx is set as 20 m/s initially but varies within the

upper and lower limits. The uncertainty of cornering

stiffness is regarded as 20% of the nominal value for both

the front and rear wheels, whereas the moment of inertia

and vehicle mass are regarded as 20% variances. Among

them, the upper and lower speed limits are also given

together in the table. Moreover, the saturation bounds of

steering angle and external yaw moment are defined as

25deg and 3000 N, respectively (i.e., llim ¼ 25 3000½ �T).
Besides, u ¼ 0:02 and e ¼ 0:95 are chosen. The external

disturbances are chosen as d1 = 0.001 m/s2, d2 = 0.002 rad/

s2 and d3 = 0.003 m/s. Then, Controller A is the name of

the RHF-SOF controller proposed in this research, and the

controller gain matrix is determined as

Ksof ¼
�1:05 �23:84 �0:74

�119466 �1610969 �47660


 �

:

To emphasize the advantage of Controller A presented in

this research, the output feedback controller (i.e., Con-

troller B) with input saturation presented in [36] is adopted

as a comparative counterpart. The SOF gains can be

acquired as

KB ¼ �7:64 � 74:60 � 4:76
�22354 � 60880 � 1029


 �

:

4.1 Example: 1

The single-lane change maneuver is to operate the vehicle

through a single-lane change to follow the target lane, and

therefore reflects vehicle tracking accuracy and handling

Fig. 3 Physical diagram of the HIL experimental test
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stability. As shown in Fig. 5 a, the response of FWID-EVs

under the single-lane change maneuver is demonstrated.

The longitudinal velocity is described in Fig. 5b. It is

noteworthy that the longitudinal velocity of FWID-EVs is

accelerated at first and decelerated later.

The system performance indexes and performance

comparisons of FWID-EVs under the control of different

controllers can be acquired, which is shown in Fig. 6a, c,

and d exhibit that Controller A can obviously decrease the

lateral velocity, lateral offset, and heading error to achieve

dynamic stability faster as compared with Controller B.

Figure 6b shows that the yaw rate produced in both the

control strategies are close. In terms of preserving the

vehicle’s handling stability, the path-following perfor-

mance of Controller A is superior to that of Controller B, as

shown in Fig. 6.

Table 2 presents the root mean square (RMS) values of

system performance for various controllers for additional

quantitative investigation. Although the lateral velocity and

yaw rate show minor improvement, as compared to Con-

troller B, the lateral offset and heading error of Controller

A are reduced by 9:81% and 40:22%, respectively. It can

be concluded that the proposed controller can maintain

more accurate tracking performance and simultaneously

improve the handling stability of the vehicle during lane

changing maneuver.

Figure 7 depicts the input situation of actuators with

different control strategies. It can be found that the satu-

ration conditions of actuators in all control strategies are

bounded in the given limits.

Fig. 4 Structure diagram of the HIL experimental test

Table 1 Model parameter values of FWID-EVs

Parameters Value Unit Parameters Value Unit

m 1412 kg Cf 49412 N/rad

Iz 1536.7 kg m2 Cr 60174 N/rad

lf 1.059 m vxmax 30 m/s

lr 1.641 m vxmin 10 m/s

vx 20 m/s – – –

(a) (b)

Fig. 5 Example 1: a road curvature, b longitudinal velocity
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(a) (b)

(c) (d)

Fig. 6 Example 1: a lateral velocity, b yaw rate, c lateral offset, d heading error

Table 2 RMS values of path-

following errors in Example 1
Index vy r w e

Controller B 1.1557 2.1120 0.1914 0.0291

Controller A 1.1421 (- 1.19%) 2.0831 (- 1.39%) 0.1365 (- 40.22%) 0

0.0265 (- 9.81%)

(a) (b)

Fig. 7 Example 1: a front wheel steering input, b external yaw moment
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(a) (b)

Fig. 8 Example 2: (a) road curvature, (b) longitudinal velocity

(a) (b)

(c) (d)

Fig. 9 Example 2: a lateral velocity, b yaw rate, c lateral offset, d heading error

Table 3 RMS values of path-

following errors in Example 2
Index vy r w e

Controller B 1.1291 2.5718 0.1723 0.0403

Controller A 0.1137 (- 1.38%) 2.45 (- 0.11%) 0.1685 (- 14.03%) 0.0188 (- 82.35%)
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4.2 Example: 2

The J-turn maneuver is produced from the ramp steering

input, and this maneuver is used to examine the cornering

stability under extreme steering conditions. Therefore, the

dynamic response of the vehicle during a J-turn maneuver

is studied. Figure 8 shows the longitudinal velocity and

road curvature change.

Figure 9 illustrates the system performance indexes for

the J-turn maneuver. As demonstrated in Fig. 9, despite the

fact that the lateral velocity and yaw rate of Controller A

have a slight performance improvement Controller B, lat-

eral offset and heading error exhibit notable enhancements.

This demonstrates that the path-following performance is

greatly improved with the proposed control strategy. The

RMS values of system performance indexes in Example 2

are listed in Table 3, which shows that Controller A can

reduce the heading error and the lateral offset by 14:03%

and 82:35%, respectively, as compared with Controller B.

In J-turn maneuver, the longitudinal speed is lower than

that in the single-lane change maneuver, but the road

curvature is higher, and the actuator saturation is more

likely to happen. Figure 10 shows the outcomes of the front

wheel steering and the external yaw moment. The external

yaw moment is far from ± 3000 N and both controllers are

able to operate the actuator within a reasonable range. It

shows that the designed controller is effective in avoiding

actuator saturation even under extreme conditions (i.e.,

high curvature road conditions).

Remark 4 The objective of this work is to enhance the

path-following performance of the vehicle while ensuring

actuator saturation. From the point of view of the control

signal, a higher execution action amplitude can be obtained

from the proposed strategy and thus better performance can

be guaranteed with satisfied saturation condition. This

benefits from the valid sufficient condition in Theorem 2.

5 Conclusion

In this research, a RHF-SOF control strategy was designed

to improve the path-following performance for nonlinear

FWID-EVs with actuator saturation.

According to experimental results, the proposed con-

troller shows advantages in achieving path-following per-

formance. The following conclusions can be drawn:

(1) The proposed simulation result shows that the

vehicle performance with the proposed RHF-SOF

control approach is superior to output feedback

control approach in [36]. This implies that the

proposed controller has better robustness and can

solve the problem of parameter uncertainty and

nonlinearity;

(2) The fuzzy optimization model integrates LFT and

gain scheduling, which greatly helps to achieve

parameter estimation, including vehicle longitudinal

speed, vehicle mass, moment of inertia, longitudinal

speed, and tire turning stiffness. This means that a

more accurate vehicle model can be deployed to the

vehicle controller;

(3) The norm-bounded strategy is effective for vehicle

nonlinear actuator saturation problems. This pre-

vents unstable, fluctuations and other factors that can

seriously affect controller performance.

Considering that the model is built based on active steering

in this paper, more effort will be devoted to the investi-

gation of the controller design for human–machine coop-

erative driving in the future work.
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Fig. 10 Example 2: (a) front wheel steering input, (b) external yaw moment
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