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Abstract This paper is concerned with the stabilization
problem for a class of uncertain nonlinear fractional order
systems described by an interval type-2 fuzzy model, under
actuator faults. To solve the problem, a robust fault-tolerant
control (FTC) scheme composed mainly of an augmented
non-fragile observer and a new-type H,, controller is
developed. The resulting control system is with the fol-
lowing advantages. On the one hand, the system stability
domain is extended significantly, attributed to introducing
the concept of D-stability to the control design and stability
analysis, instead of the conventional indirect Lyapunov
theory. Theoretically, the stability domain can be expanded
from the original half-plane to nearly the overall plane. On
the other hand, the control system is robust against the
measurement noise and external disturbances which how-
ever are not taken into account in the related works. This is
achieved by adopting the H., control method in a novel
way, in which a new technical lemma is presented to solve
real linear matrix inequalities (LMIs). In this way, the
robust FTC design is also simplified, wherein the number
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of the required decision variables is reduced from four to
two. Besides, the control design is less restrictive: three
common requirements for the system matrix or the control
gain selection are eliminated. Finally, the simulation results
on an electrical circuit system and a numeral example both
illustrate the above theoretical findings.

Keywords Fractional order systems - Interval type-2 fuzzy
systems - Fault-tolerant control - H,, performance index

1 Introduction

Fractional order systems (FOSs) are general with respect to
integer order systems (IOSs) which are a special case of
FOSs [1-3]. On the other hand, many physical systems or
processes can be described better by fractional derivatives
and integrals such as the viscoelasticity of polymer mate-
rials [4], the fractional order electrical circuit systems [5],
and signal processing [6]. Therefore, in the past several
decades, FOSs have attracted great attention from the
control field. The stability analysis of FOSs was first
investigated [7—12]. A stability criterion for the FOSs was
provided [7] by examining the locations of the system
matrix eigenvalues. Some stability conditions were further
given [8] by solving the LMIs with complex variables, and
the approaches to transforming the complex variables to
the real variables were developed [9, 10] for ease of
solution. To this end, some brief theorems without LMIs
were further established [11, 12] that simplify the stability
analysis significantly. On the other hand, the observer and
controller designs were carried out [13-20]. A non-fragile
observer was constructed [13]; some output-feedback
controllers based on the iterative algorithms were designed
[14, 15]. To simplify the design and computational
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complexity, the LMI tool [16]- [20] or the singular value
decomposition technique [16] was skillfully adopted. For
nonlinear FOSs, the Takagi-Sugeno (T-S) fuzzy model was
employed in the control design [17-19]. And in the pres-
ence of model uncertainties, the sliding mode control
method was applied to the T-S fuzzy singular FOSs [20].
To further enhance the robustness of the control systems,
the H,, control method was applied to the FOSs success-
fully [21-23].

It should be noted that the above-mentioned results are
established in the fault-free case. With the fast develop-
ment of modern industry and information technology,
many control systems are increasingly complex. As a
result, the system is more likely to meet faults. Faults lead
to unfavorable effects on the performance and/or stability
of the control system, and even cause disastrous conse-
quences. Therefore, the control system with tolerance to
unexpected faults, especially to the actuator faults that
change the control action straightforward, is of great sig-
nificance. For this purpose, a variety of fault-tolerant
control (FTC) approaches were proposed in the literature.
In general, an observer is designed to estimate the faults for
compensation. For example, under the assumption of
known fault bounds, a sliding mode observer was con-
structed [24]. To avoid the difficulty in solving the bilinear
matrix inequalities, the fault observer and the controller
were designed separately [25, 26]. However, the compar-
ative result between the integrated and separate designs
[27] reveals that the former achieves better estimation and
control performance. On the other hand, when the full
system state is available, some FTC schemes were devel-
oped [28, 29] with respect to the energy-bounded faults.
Further, an output-feedback FTC strategy was proposed
[30]. To the FTC problem for FOSs, some solutions were
also reported in recent years [31-34]. The model uncer-
tainty was taken into consideration [31, 32], yielding some
robust FTC laws. Under the assumption that the actuator
faults are n-order differentiable, an augmented fault
observer was developed [33]. The H., control method and
the dynamic output-feedback control design method were
combined to deal with the actuator faults [34].

Motivated by the above observation, this paper presents
a novel output-feedback FTC strategy for a class of FOSs
with actuator faults. Its advantages are as follows.

(1) The stability domain of the faulty FOS is extended
by our approach. In the existing literature on FTC of
FOSs [32], the control design and analysis are based
mainly on the indirect Lyapunov theory, that is, the
designers follow the FTC method for I0Ss. This
yields the system stability domain covering only the
left half of the plane. Instead of the indirect
Lyapunov theory, the D-stability-based analysis
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approach in which the nonconvex property of the
FOS is taken into account fully [8, 10], is adopted in
this paper. In this way, the system stability domain is
extended significantly.

(2) The proposed approach of fault estimation and FTC
is robust against the measurement noise and external
disturbances which however are not considered in
the existing FTC designs for FOSs [31, 32]. The
robustness is achieved by adopting the H., control
method. Moreover, we evade the calculation of
complex matrix inequalities [21]- [23], and the
controller parameters are determined by solving real
LMIs. This reduces the design complexity of the
fault observer and the controller.

(3) In addition, the proposed output-feedback control
design for FOSs is less restrictive than the existing
ones. The output matrix is required to be of full row
rank or same [13, 16] and [28]; certain matrices in
the intermediate steps of the control design need to
be in the block diagonal form [13]. However, this
paper is without the above requirements.

Notations: In this paper, R, R", R"*" and C"*" denote the
real number field, n-dimensional Euclidean space, the set
of all n x m real matrices, and the set of all n x m complex
matrices, respectively. Re(P) and Im(P) mean the real and
image parts of complex matrix P, respectively. j is an
imaginary unit. X >0 (<0) demonstrates that X is a
positive (negative) definite matrix. X” and X~! stand for
the transpose and the inverse of X, respectively. The
symbols sym{Y} and * represent Y + Y7 and the trans-
pose in the symmetric positions of a matrix, respectively. I,
stands for an identity matrix with n dimensions. For
brevity, denote a = sin(%') and b = cos(%) in the sequel. A
matrix is assumed to have appropriate dimensions to be
compatible for algebraic calculus without specially
statement.

2 System Description and Preliminaries
2.1 System Description

Different from the classical T-S fuzzy model
[17-20, 35, 36], the type-2 fuzzy model is an effective way
to describe the system with model uncertainties [37—40]. In
an integer order type-2 fuzzy model, its ith fuzzy rule is:
Plant rule i: IF h(x(¢)) is H; and --- and h,(x(t)) is

H;,, THEN

ip9
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%(t) = Ax(t) + Bu(t) + G (1), " x(t) = A(0)x(r) + B(O)u(r) + G(0)w (2), @
¥(1) = Cix(1) + Diooa (1), ¥(1) = C(0)x(1) + D(0) (7).

fori=1,2,...,r with r the number of the IF-THEN rules,
where H;, and hg(x(¢)) stand for the fuzzy set and the
premise variable, respectively, g =1, 2,...,p; x(t) € R",
u(r) € R", w(r) € R" and w;(r) € R’ are the state, control
input, external disturbance and measurement uncertainty,
respectively; y(z) € R® is the measured output;
A;, B;, G~,-7 C; and D; are the system matrices. Accord-
ingly, the overall fuzzy system is

Z@

= Z’: 0:(x(2)) (Cix(t) + Djena (1)),

1) + Bu(t) + G (1)),

where 0;(x(¢)) are the grades of membership:
0:(x()) = 2;(x(1))0,(x(1)) + Ai(x(1))0i(x(r)), (3)

where 2,;(x(¢)) and /;(x(¢)) are adjustable nonlinear func-
tions according to the change of uncertain parameters,
which meet

0<4(x(1) <1,
0<Zi(x(1)) <1,
s

And 0,(x(¢)) and 0;(x(¢)) are the lower and upper bounds of
the membership functions of the ith rule, respectively, with

where . (h(x(1))) and Ty, (he(x(2))) denote the lower

and upper membership of h,(x(¢)) in H,, respectively,
meeting

Fgg,, (hy(x(1))) ZgHg(hx(x(t))) >0,i=1,2,---,r.
0:(x(1))) > 0;(x(1)) > 0.

For simplification of notation,
n; = n;(x(t)). Define

let 0; = 0;(x(¢)) and

= Z 0:A;, B(0) = Z 0:B;, G(0) = Z 0:G;,
i=1 i=1 i=1

= Z 0;C;, D(0) = Z 0:D;.
i=1 i=1

Then, (2) becomes

Now we consider a fractional order type-2 fuzzy model.
Usually, the Caputo definition is adopted to describe the
FOSs.

Definition 1 The o order Caputo derivative of the func-
tion g(7) is defined as [2]

aoipy = L ‘8"
9 g(t) - r(m_ Q)A (Z_T)wrlfmdra

with m — 1 <a<m for an integer m, and
oo
= / e dr.
0

Following (1), the type-2 fuzzy fractional order model is
written as:
Plant rule i: IF hy(x(¢)) is H;; and - --

Hi,, THEN
F*x(t) = Aix(t) + Biu(t)) + Gy (1),

y(l) = C,‘x(t) +D~,‘(U2(t).

and hy(x(t)) is

(5)

As usual, we discuss the fixed order o with O<a<1
[9-14]. The overall fuzzy FOS is

Ze (t) + Bu(t) + Gy (1)),

Ze

The possible actuator faults are taken into account:
up(t) = u(t) + f(t). The faulty system is thus:

(6)
1) + Dion (1))

Ze (t) + Biug (1) + G (1)),

Ze

Assumption 1 f(¢) belongs to L,[0, co) [30].

(7)
1) + Din(1)).

Remark 1 Besides Assumption 1, it is usually assumed in
the related works on fault estimation that f(¢) € L]0, o)
[41] or that the fault bound is known [24]. In this paper,
these requirements are not involved.

For ease of exposition, rewrite (7) in the following form:
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Ze
Ze

where w(t) = [Z;Etﬂ, G;=G;[I 0]and D0 I].

The control objective for the system in (8) is stabiliza-
tion, even in the presence of actuator faults.

) + Buy(1) + Gioo(t)),

1) + D;w(t)),

2.2 Preliminaries

Consider the following FOS with 0 <a <1,
2%x(t) = Ax(t) + Go(t),
¥(t) = Cx(t) + Do (t).
In the classical H, control designs for (9) [21, 22], the

following lemma is usually applied to solving the linear
complex matrix inequalities.

©)

Lemma 1 The FOS in (9) meets ||y(?)|,
there exists a complex matrix P such that

<llo@)ll, if

P=X+Yj>0, (10)
sym{A(aX —bY)} % *
C(aX — bY) —9l, % |<0. (11)
G’ Dt —y,

Lemma 1 yields complex solutions. In general, it is
nontrivial to solve complex matrix inequalities; for exam-
ple, the complex matrix inequality is unsolvable by the
widely used mathematical tool MATLAB. This is because
the complex matrix should be mapped to a real matrix for
calculation. Motivated by this, a new lemma is established
in this paper, presented as follows.

Lemma 2 The FOS in (9) meets ||y(t)|l, <yllo®)|, if
there exist a symmetric matrix X and a skew-symmetric
matrix Y such that

X Y
>0, (12)
| -Y X
[sym{AT(aX —bY)} % *
G (aX — bY) —y1, % | <. (13)
L c D =7l
Proof Note that ||G,.(s)|| = ||C(s"T —A)'G + D|| <y is
equivalent to ||G7_(s)|| = |G (s*I —AT)"'CT + DT|| <.

This yields (13), straightforward. Next, we show that P =
X+Y>0if
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{ Re(P)

Im(P)
_Im(P) ] > 0.

Re(P) (14)

Under (14), there is Im(P )T = —Im(P). For any x, y € R",
there thus hold x"Im(P)x = 0 and y"Im(P)y = 0. Calcu-
lating the real part of

¥ = (" = y'j)(Re(P) + Im(P)j)(x + yj),
one has

Re((x" —y'j)(Re(P) + Im(P)j)(x + yj))
= x"Re(P)x + y'Re(P)y — x"Im(P)y + y Im(P)x

i

Im(P)
From (14), we have Re(X) > 0. Calculating the imaginary
part of X, we have

Im((x" — y'j)(Re(P) + Im(P)j) (x + yj))
=x"Re(P)y — y'Re(P)x + x"Im(P)x 4 y Im(P)y = 0.
Due to ¥ =Re(X) 4+ Im(X)j =Re(X) >0, P> 0 holds.
This completes the proof. O

As seen, Lemma 2 gives a straightforward way to solve
real matrix inequalities, yielding real solutions. Therefore,
it significantly reduces the computation complexity, sim-
plifying the H,, control design for FOSs.

In addition, two lemmas [42] are given as follows.

Lemma 3 For any constant matrices Si, S, and S3 with
ST S andS3 =83 >0, there is S; —|—SzS31S2<O if and
only if

S S
{ ; g } <0.

S =8

Lemma 4 For any T, H, E and F'(o)F(c) <I, there
holds

T + HF (c)E + E"F"(0)H" <0,
if and only if there exists an &€ > 0 such that
T+ e¢HH" + ¢ 'ETE <0,

where 0 € @ C R.

3 Control Design

To achieve the control objective, an output-feedback FTC
scheme based on a non-fragile observer is developed in this
section.
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3.1 Observer Design

To detect and estimate the actuator faults, the following
non-fragile fault observer is constructed.

Observer rule i: IF hy(x(¢)) is H; and - --
is H;,, THEN

D7x(t) =Ax(t) + Bi(u(t) +£(1)) + (Li + AL;) (y(1) — ¥(1)),
};(I) :C,')E(t),

Tf(t) =(F; + AF;) (y(t) — ¥(1)),

and h,(x(t))

(15)

where X(¢), y(¢) and f(¢) are the estimates of x(7), y(f) and
flo), respectively; L;, F;, AL; and AF; constitute the
observer gains, with

[AL;  AF;] = [ULF(0)Vi UpRF(0)Vi], (16)

where L;, F;, Uy;, Vi, Up; and Vg are fixed, and F(o) is
variable but should meet

F'(¢)F(c)<I. (17)
Then the overall fault observer is
DR(1) =A(0)%(1) + B(0) (u(t) + £ (1))

+ (L(0) + 4L(0)) (y(z) — ¥(1)), (18)

(1) =C(0)x(1),
Zf(1) =(F(0) + AF(0)) (y(1) — ¥(1)),

where
L(O) = 6L, F(0) =) 0:F;,
i=1 i=1
AL(0) = Z 0:4L; = Z 0;ULiF (o) VL,
i=1 i=1

AF(@) = Z HiAF,‘ = Z HiUFiF(G)VF,‘.
i=1 i=1

Remark 2 The non-fragile observer is used to estimate the
state and the actuator faults simultaneously. The observer
gains are comprised of the fixed and variable gains such
that the non-fragile observer is still effective when tiny bias
or disturbances occur in the observer gains.

Next, we determine the observer parameters L; and F; in
(15). It begins with analyzing the error systems. Let e, (¢) =
x(1) = X(2), e(t) = f(1) = f(1), ey(t) = y(t) = ¥(). From

(8) and (18), the error systems are described by

(19)

By Definition 1, Assumption 1 implies that 2”f(z) belongs
to L»[0, 00). Let

 Tedn) T o)
0= o) 0= o]
=[5 201 )
co) = tely o o) - o B
60 01 o [ALO)] &,
G(0) = 0 1}’AL(0) B [AF(O)} = biAL,
r . A IO . A . N U, O
= 0;U;F(o)V;, AL; = U;F (o) Vi, ;= s
> 00(0) (0) ]
. F(o) O 5 Vii
Flo) = { 0 F(a)}’ V= {Vp,l

The overall error system is
e(1) =(A(0) — (L(0) + AL(0))C(0))e ()
+(G(0) = (L(0) + AL(0))D(0))(n),
ey(1) =C(0)e(t) + D(O)E(1).

Choose a symmetric matrix X,, a skew-symmetric matrix
Y,, and a bank of matrices with the appropriate dimensions,

(20)

Wi,k =1,2,---,r, together with a set of positive scalars
&k, I, k=1, 2, ---, r, such that
X, Y,
> 0, (21)
_Yo Xo
Qii <07 (22)
Qik + Qki <07 l<k7 (23)
where
Iy * * *
Ik Moy * *
Oix = . )
1 0 — .1 *
Ul (aX, - bY,) 0O 0 — el

Iy = sym{AiT(aX0 —bY,) — ClTWk} + ﬁikCiTVEVkCi,
i = G (aX, — bY,) — DI'Wy + eaDTVIViC,
Moy = —y,I + eaD! VI ViD;

I=[0 I].
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Accordingly, the observer gain is set to be
L= (aX, — bY,) "W i=1,2,---,r. (24)

)

3.2 Controller Design

With the fault estimates, we design a dynamic output
feedback fault-tolerant controller to stabilize the system in
(8).

Controller rule k: IF fi(x()) is Fy; and --- and f(x(t))
is Fy,, THEN

u(t) = Catp(r) = £(0),

DY(t) = A (1) + Bery (1),
where Fy, stands for the kth fuzzy set of the function
fo(x(®)),k=1,2,---,r,g=1,2,---,p, and p is the num-
ber of the premise variables. Ay, B, and C. are the
controller gains to be determined. Let

.
Ak = OiAcix,
i—1

and

Ac(0,n) = Z Z OimpAcik,

i=1 k=1

CC('?) = Z 1 Cek-
k=1

(25)

BC(”/) = Z Bk,
k=1

The overall output feedback controller is

u(t) = Cc(my(r) —f(0),

(26)
DY (1) = Ac(0,m)y (1) + Be(m)y(1),
where
i (x(2)) = my (x(2))n, (x(2)) + mi (x(2)) 7 (x(1)) 2 0, (27)

and my (x(¢)) and g (x(¢)) are the predefined functions that
meet

In (27), n,(x(t)) and 7;(x(t)) are the lower and upper
bounds of the membership functions of the kth rule,
respectively, with

s, (o(x(1)),
=1

me(x(1) = [ [ s, (e (),
g=1

@ Springer

where . (fo(x(#))) and fig, (fy(x(t))) denote the lower and
—I'kg 8

upper memberships of f,(x()) in Fy,, respectively, meeting
B, (fi(x(2))) > gpkg(fs(x(t))) >0,i=1,2,---,r.
M (x(2))) = 1, (x(2)) = 0.

Substituting (26) into (8) gives the dynamic equation of the
closed-loop system:

7*o(1) = A(0,n)e(1) + G(0,n)v(t),

) A (28)
¥(1) = C(0)0 (1) + DO} (),
where
] o e
0= [4o) 0= 20
1A BOGH)
ACMD =1 e mwm}’
. ©G)  BO)
COD= g p@) o

A principle for the selection of the controller gains is given
as follows. Choose two symmetric matrices X.; and X, a
skew-symmetric matrix Y.;, and two banks of matrices
with appropriate dimensions, @; and ¥;, i=1, 2, ---, r
such that

Xcl Ycl 1 0
Ll Xcl 0 I

>0, (29)
I 0 X, 0
0 1 0 X
B — 4;<0, (30)
Q[Eii+(1 —Q[)Ai<0, (31)
oZu+ (1 — o) i + 0= + (1 — 0) A <0,i<k,  (32)
where
Ik > | x| %
0 Idpjp| » % | *
Ex= | I3k I32i =Yl * | * |,
Ta; Lioi | O —vI| *
C; CXo| D; 0 —'}/CI

Ly = sym{A] (aX.1 — bY.) + BCil,
Ij = sym{aA; X2 + aB;¥ },
LGy = Gl (aX,) — bY.y )+ D &,

Iy = aGl |
Iy = B! (aX.1 — bY,),
i =aB] .

Accordingly, the controller gain matrices are set to be
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A = — (a(X5! = Xe1) + bYer) T (aATXS) s Fie) 0 1'[F(e) 0
$o (e ) ba) ad Toro=" ol 1y r)
+ (CIXC1 — bYCl)T(B,"PkXZZI +A,') + dikCi), (J) (6) (37)
O r (33) FT()F (o) 0 ,
Bci :(a(XCZ — Xcl) + bYcl) (Dh = 0 FT(J)F(O') <
—y.y—1
Co =¥iXe - By Lemma 4, combining (36) and (37) yields
4 Performance Analysis sym{AT (aX, — bY,) — ¢TW;} * *
AT 3T \
We first show the effectiveness of the designed observer by Gi (aX, — b}/”) —D;i Wi Pl Kk
the following theorem. 1 0 — Vol
TYT T T
Theorem 1 Under Assumption 1, applying the observer _Ci <7i (aXo — bY,) 0
in (18) with (24) to the system in (20) ensures + sym{ *ﬁiTViT pT(U) 0 }<0.
ller (D)l <7oll<(@)]l,- 0 0
Proof Substituting (24) into (20) gives (38)
D e(t)=(A(0) — ((aX,—bY,) "WT(0)+AL(0))C(0))e(r)  Noting that
+(G(0)— ((aX, —bY,) "W (0) AL; = UiF()V;,
+AL(0))D(0))¢(1), (38) is rewritten as
(34) sym{AT (aX, — bY,) — CTW;} % *
where WT(0)=3>""_, ;W . Note that G!(aX, — bY,) — DI'W; i B
(1) = Ie1), (35) ! 0wl
) - (aXo —bYo)"
with 'I = [O I;]. Applying Lemma 3, it is obtained that +sym{ | —BT ALT 0 } <0.
(22) is equivalent to
0 0
Iy * * (39)
Iy —y0+ SiiDA,TV,'TViDAi * .
N From (39), it follows that
1 0 - “/01
(aX, — bY,)"0;] [ (ax, — bY,)"U;]" T <0. (40)
+ o 0 0 Similarly, from (23), we have
0 0 Ty +Tu<0, i<k, (41)
sym{AT(aX —bY) - CTW;} % *
N R where
= G!(aX — bY) — DI'W, —p I *
i 0 o sym{(&; — A4 (aX, — bY,) —CTW;} % *
o R ? Ta=| (G- ALD) (aX, - bY,) — D'W, I B
=cvi] [ =civ! i 0 =9l
A A, A, A, /()
+ & —Dl-TViT —DiTViT (42)
0 0 )
. . T According to
1 (aX — bY)' U, (aX — bY)' U,
T 0 0 <0 ZZMT:/«—ZOZTﬁZZ@@k T+ Tia)
0 0 i=1 k= i=1 k=i+1

From (17), we have

it is straightforward to see by the combination of (40) and
(41) that
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Iy, * *

I, =yl % | <0, (43)
I 0 — Vol
where

11, = sym{(A(6) — AL(O)C(0))" (aX, — bY,) — CT(OW(0)},
I, = (G(B) - Ai(@)D(G))T(aX() - bY,) — ﬁT(O)W(H).

Following Lemma 1, we have |le/(¢)|l, <7,//£(#)|l,. This
ends the proof. []

It is noted that the minimum H,, attenuation level of
Theorem 1 can be obtained by solving the programming
problem: minimize y, subject to (21)—(23).

Next, we show the effectiveness of the designed con-
troller by the following theorem.

Theorem 2 Apply the controller in (26) with (33) to the
system in  (8). Under  Assumption 1  and
M — 00k >0,0<9, <1, i, k=1,2,---,r, the resulting
control system in (28) is robustly stable and meets
@)l <7Vl

Proof Eq. (29) shows

X4 Y. Xo O
! "I >o, ? >0, (44)
_Ycl Xcl 0 XCZ
and
{xd YN} {xd 0 r X — X3 Y
_ = > 0.
Yo Xa 0 Xo —Ya  Xa— X35
(45)
Let
X, X5 — X,
X, = » 1 cz_l 1 ’ (46)
XCZ — Acl - XCZ + Xcl
Y. - Y.
Yo=| ¢ ', (47)
_Ycl Ycl

and then construct the following matrix in the form of (12):

Xa X' =Xa | Ya ~Y
_YC Xc - e | Yo Xe1 XC_ZI — Acl
Yei Yo X5 X X5+ Xa

(48)
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I 0 0 O
0 011 0 .
Let Z = . Then, there is
07 0 O ’
0O 0 0 1[I
X, Y,
Z{ C c ]ZT
_Yc X(:
X('l Y(’] XL_QI _X('l — Ll (49)
| —Ya X1 Yer X5 — Xer
B X;zl 7Xcl — Il *X;zl +Xcl Y(]
Ycl X;zl — Acl — Ll _X;QI +Xcl
From (44), we have
|: Xe1 Ycl] _ Xc_zl — Xe1 — Lecl
_Ycl Xcl Ycl Xc_zl — Acl
-1
_Xc_zl +Xcl Ycl XC_QI _Xcl — Lel
—Icl _Xc_zl +Xcl Ycl Xc_zl — Acl
{XCZ 0 }1 >0,
0 Xo

(50)

which meets the condition of Lemma 3. Therefore, by
Lemma 3, we further have

X, Y.
z| " |Z" >0, (51)
_Yc Xc
which in turn means that
X, Y,
co Y >o. (52)
Y. X.
Combining (46) and (47) yields
X, —by,— | Ka—bra aXe' = Xer) +bYer |
a(X;zI 7Xcl) + bYcl - a(X;21 *Xcl) — bYcl
(53)
Let
I > | * x| *
ror ror 0 BZik * * *
E=Y Y 0mZx=Y Y 6m |G Do |[-%l = | *
i—1k=1 i—1k=1 Lii Lo | 0 —7I|
Ci CiX»| D; 0 |—71
(54)

Due to Y > 0;(6x — n)4; = 0, where 4; = A is intro-
i=1k=1
duced only for analysis, (54) becomes
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i=1 i=1 k=1

- Z Z 0: (i + 0k Ok — 010k) Eix

i=1 k=1

s

~
<

~

0:(Or — i + 00k — 0,0k 4
-

Zetek Ok-—ftk + 1 - Qk)A )

i=1 k=1

+Z 0:(n

i=1 k=1

—_

M‘:
-
-

0 0k) (B — 4i).

Under #;, — 0,0r >0, from (30), we further have

“<2299k 0 Zi + (1 — g)4:)

i=1 k=

:Z 07 (0/i + (1 = 0,)4)

+2290k o Zi+ (1= 0)4i

=1 i<k

+ 0,5k + (1- Qi)Ak)-

Note that Xr: Xr: 0,0, = .
Then, (56) llelrf}Tér meets o

E<0.

By Lemma 3, (57) is equivalent to

EElT

i=1 k= 1—‘221k

o PRSI

1

St ]

EoaC] P O SCIg ig
o+ (30 (;T]x;ei[’ff]f)l
o rl

0 e e[ G <o

Then, after algebraic manipulations, we get

>20; =1, and recall (30)—(32).

(57)

ATsym{AT(0,n)(aX. — bY.)} A
B;C. ] T

B Z Z & nkA Sym{ |: kiC Auk

i=1 k=
aXCl _bYLI a(Xc_Z - cl) +bYL1 }/1
a(Xch Cl) +bY - a(X;zl - cl) bY.
roor o {ka * }
=1 k=1 o Tooi ]
(59)
where
I X.
A= [ 2},
0 XcZ
and
&y = (a(X,' — Xe1) + bYer)  Bu,
Vi = CaXer.

Accordingly, there hold

TG(0,n) + T (0)D(0))

c

AT((aX. — bY,)

(d — Vizﬁ%)ﬁ(e»-‘

« (G (0, n)(aX. — bY.) + D7 (0)C(0))A

c

[ oy sl —Lorope) 0]
Ta(0) Tu(0) " \
{le(aﬂ) F32(0)]

Ta(0) Tu(0)

- Dy s 1< c’
:(;;Oink[rm F42i] V—c(,l I[XdCiT})

and
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1 5 5 5 Simulation Examples
—ATCT(H) C(G)A Simulati X P
Ye
1 r In this section, two simulation examples are given to
:z [C(0) C(0)X2]"[C(0) C(0)Xe] (61) illustrate the effectiveness of the control strategy proposed
1 < cT r cT in this paper and the performance of the resulting control
:*(Z 91{ ' })(Z 91'[ ' ])T system.
Ve i=1 XCZC,'T i=1 XCZCZ'T
Now, we combine (58)—(61), and obtain 5.1 Electrical Circuit System
AT (sym{AT(0,n)(aX. — bY.)} + %CT(Q)C(H) Consider an electrical circuit system shown in Fig. 1 with
] e ] the inductor L, the capacitance C, the resistance R, and
+ ((aX. — bY.)'G(6, ) —i——CA'T(@)[i(f)))(yL,I—1—15T(6)15(€)))_l the source voltage u,. Let iy and ic denote the currents
B yf ) R Ve passing through the inductor L, and the capacitance C,
x (G (0,n)(aX. — bY.) +—D"(0)C(0)))4 <0, respectively; let u; and uc denote the voltage on the
‘ (62) inductor L and on the capacitance C, respectively. As
described [3],
which means d%i (¢
1 uL(t) =L :;;5 )7
sym{AT(0,n)(aX. — bY.)} + TCT(B)C(H) duc(f)
] Ve ] ic(t) =C e O<a<l.
+ ((aX. — bY.)TG(6,0) +—CT(0)D(0)) (3.1 ——D" (0)D(6))”" !
V]" e Further, according to the Kirchhoffs law, we have
x (GT(0,n)(aX. — bY,) +—DT(0)C(0)) <O0. peT
c _ s L
(63) Ug —RlL—FLW—Fuc,
. duc
According to Lemma 3, (63) is equivalent to ip =C drr
sym{A”(0,)(aX. — bY.)} * * Therefore, the electrical circuit system is described by
G'(0,0)(aX. — bY,) -y % | <O. |
(o) D(0) 7.l d* [uc O Cfe] [9
“ = U.
(64)  dt* [ip L Rl AR
. : . L L
This means that the closed-loop system in (28) is robustly
stable and meets the H, performance index  Let ur(f) = u(r) +f(1), where
Ily(®)]l, <y||v(#)|l,. This completes the proof. O 0, 0<1<30,

It is also noted that the minimum H, attenuation level
of Theorem 2 can be obtained by solving the programming
problem: minimize y. subject to (29)—(32).

u, R

Fig. 1 Electrical circuit system

@ Springer

10={50 oo

simulates the actuator fault. Moreover, to test the robust-
ness of our observer, referring to Ref. [3], consider the
measurement output as

else,

310) = 3 0x(0)) (Coxlt) + Duon(s),

with

(1) = 1/(t + 10),

and take the external disturbance into account:
i (1) = 0.1sin(5t).

In the simulation, let «=09,L=2C=1,R=
4 + 2sin(t) and u; = 1. The matrices in the fuzzy system in
(8) are selected as
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[0 1 0 1
-0.5 max{fE} - [ 0.5 l]’
L L e -
[0 ! 0o 1
= R =
2= o5 min{— -} [—0.5 -3 ] ’

07 - JO.1
B= ,G{ ,Ci=[1 =3,
0.5 02] L

D, =01, C, =[1""=2], D, =-0.2.

A=

The corresponding membership functions are chosen as
0; = (1 —0.5sin(t))/2 and 6, =1—6,. Note that the
above system is input-to-state stable. Thus, it is mainly
used to verify the effectiveness of our fault observer. Fol-
lowing Theorem 1, we design an non-fragile observer for
the above system. The variable gains in the observer in (18)
are determined by

U= "N vn= 7% v, 202 vi=03
L1 — 02 ) L2 — _02 s VLI —VY.4, V[2—=VU.D,

UF] :01, VFl :—0.27 Upzio.s, szio.z7 F(O’):COS(O.ZU).
Set the H,, performance index to be y,=0.5. Then, the

constant observer gains are obtained by solving the LMIs
in (21)-(23):

32.5392 42.1103
L= | 80845 |, L, = | 11.5032
51.7311 68.6017

Applying the designed fault observer to the electrical cir-
cuit system, the simulation results are exhibited in Figs. 2,
3 and 4. It is observed that the fault estimation is achieved
by our observer, despite the presence of measurement
uncertainties and external disturbances. This thus illustrates
the effectiveness of the proposed approach for the observer
design.

5.2 Numerical Example
Now, we adopt a general example to show the effectiveness

of our control approach. Consider an FOS with o = 0.8 and
with three state variables and one input,

2z(1)
¥(r) =Cx(t) + Dan(1),
(65)

where z(f) = sin(x;(t)) + M, and M € [—1,0] is a uncer-
tain parameter. It is described by (8) with the following

rules.
Plant rule 1: IF x;(¢) is 0;(x;()), THEN

2 2 -1 1
A] =12 -2 1 5 Bl = 2 ’
4 3 2 —1
0.01
- 1 -1 3 ~ 0.001
Gl - 0 I Cl = bl Dl = )
2 2 0 0.002
0.01
Plant rule 2: IF x;(¢) is 02(x; (7)), THEN
2 2 —1 1 0.01
A=12 =2 1 |,B=|2]|,G=]| 0 [,
4 3 2 1 0.01
1 -1 3 ~ 0.001
C, = , Dy = .
2 2 0 0.002

To test the fault tolerance and robustness of our approach,
the following actuator fault is taken into account in the
simulation:

0, 0<t<10,
fl0) = ,
10sin(t — 10),

The external disturbance and measurement uncertainty are
the same as those in last simulation example.

Following Theorems 1 and 2, we design an FTC
scheme for the above system. We first construct a non-
fragile observer for fault estimation. The variable gains in
the observer in (18) are determined by

else.

—f(t)

- estimate of f(t)

Fig. 2 The actuator fault and its estimate

40 50 60 70

Time(s)
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L o o N o w s oo N
[/\

7x1(t)
... estimate of x1(t) .

Time(s)

40 50 60 70

—X,(t) -
- estimate of x2(t)

40 50 60 70

Time(s)

estimation errors

Fig. 4 The estimation errors

Table 1 Membership functions of the system

Lower membership functions Upper membership functions

Q] (xl) _ sin(x3|)+l al (xl) _ sin(x3|)+2
Qz(xl) _ Z—Si;:(xl) az(xl) _ l—si;(xl)

Table 2 Membership functions of the controller

Lower membership functions Upper membership functions

0 () = 02— —02

() =02 - s

1
I4e 7 1+e 4

g3(x1):l—ﬁ|(x1) T3(x1) =1—n,(x1)

@ Springer

Time (s)

0.1 0.1
Us=1| 02|, Uo=]|-02],
0.3 0.1

Vi =[02 02], Vp=1[03 0.1],
Ur; =0.1, Upp, =0.5, F(0)=sin(0.20)
Vir=[-02 0.1], Ve =[02 02].

The lower and upper membership functions of the type-2
fuzzy model are listed in Table 1. Then, set the corre-
sponding weights as 1; = 4, = 0.5, i =1, 2. By (3), the
membership functions of the type-2 fuzzy model can be
obtained. The lower and upper membership functions of
the type-2 fuzzy controller are listed in Table 2. Then, set
the corresponding weights as my; =m, = 0.5, k=1, 2.
By (27), the membership functions of the type-2 controller
can be obtained.

Set the H,, performance index as y, = 0.1, and then
solve the LMIs in (21)—(23). The resulting observer gain
matrices are
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3
Z‘r """ X1 (t) -
T X2(t) -
] X,(t),
gL
%]
A —
2 _
3 —|
4 | | | | I
0 5 10 15 20 25 30

Time(s)

5
i i
--------------- e, )| |
_ez(t) 7
g s e5(t) v
..... e(t) | |
2§ f |
3k |
4 : ‘ | ‘ ‘
0 5 10 1 20 * K

I$17] (seconds)

—u(t)
A A A u(t)+f(t)

Fig. 8 The control signal and actuator output

@ Springer



3290

International Journal of Fuzzy Systems, Vol. 24, No. 7, October 2022

State

0 5 10
Fig. 9 The state response obtained by the comparative approach [17]
—0.0298 1.3845
Ly=| 07548 1.3437 |,
1.1579  2.1611
E, =[—158.3659 359.6916],

Next, we design an output feedback controller in the form
of (26). Set y. =2.5, 9 =90, =0.2, 93 =0.3, and cal-
culate the LMIs in (29)—(32). The resulting controller gain
matrices are

[—299.9633 — 188.8278 —172.5259]
A = | —556.1612 —348.2801 —326.0795 |,
| —176.6531  —51.5066 — 188.6263 |
[ —302.6856 —187.4801 — 178.6757]
Aqp = | —561.1038 —3459107 —337.1585 |,
| —178.3161  —50.7541  —192.2446 |
[ —364.4329 —215.8316 —242.3319]
Agpp = | —680.7257 —400.2992 —461.2425 |,
| —290.0705 ~ —98.8483  —311.7352 |
[—367.3040 —214.5241 —248.7640]
Ay = | —685.9513 —397.9893 —472.8587 |,
| —291.9908  —98.1497  —315.8415 |
[50.1776 117.5344 52.1758 117.8556
Bei = | 952037 214.6950 |, Bo, = | 98.7979 2152911 |,
| 67.2869  65.0342 68.4974  65.2640
C, =[-163667 —6.8745 —15.6860],
Co=[—-164050 —6.8826 —15.7587].

Applying the above controller to the system under con-
sideration, the simulation results are displayed in Figs. 5, 6,
7 and 8. Figure 5 shows that the stabilization of the FOS is
achieved, in spite of the measurement uncertainty, the
persistent disturbance, and the persistent fault. Specifically,
Fig. 6 clearly presents that the system output meets the
prescribed H,, performance index. Besides, Figs. 7 and 8
indicate the effectiveness of the designed observer and the
boundedness of the computed control signal and the

@ Springer

15 20 25 30
Time (s)

actuator output, respectively. Therefore, the simulation
results clarify and verify the theoretical findings estab-
lished above.

For comparison, a non-fragile control design approach
[17] for fractional order fuzzy systems is adopted. Apply it
to the system in (65) under the same simulation condition.
The result is displayed in Fig. 9, which shows that the state
convergence is lost when ¢ > 10s, due to the actuator faults.
This in turn illustrates the superiority of our control
approach in enhancing the fault tolerance of the control
system.

6 Conclusion

This paper presents an output feedback robust fault-tolerant
control strategy for a class of interval type-2 fuzzy frac-
tional order systems subject to the possible actuator faults.
Its superiority over the existing approaches lies in three
aspects. First, the stability domain of the faulty FOS is
extended significantly. This is attributed to the introduction
of the concept of D-stability to the control design and
stability analysis, instead of the conventional indirect
Lyapunov theory. Second, the resulting control system is
robust against the measurement noise and external distur-
bances that, however, are not taken into account in the
existing FTC designs for FOSs. This is achieved by
adopting the H,, control method in a new way, in which
the controller parameters are determined by solving real
LMIs rather than complex matrix inequalities. As a
byproduct, the FTC design is simplified. Third, our design
approach is less restrictive than the existing ones: certain
requirements for the system output matrix or the structure
of the control gain matrices are eliminated. The simulation
results on an electrical circuit system and a numeral
example both illustrate the effectiveness of the proposed
approach.
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