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Abstract This paper addresses the finite-time adaptive
fuzzy control for multi-input and multi-output (MIMO)
nonstrict-feedback nonlinear systems with fuzzy dead
zones. Combining the semi-global practical finite-time
stability criterion with the condition of variable partition, a
feasible finite-time adaptive fuzzy control scheme is pro-
posed for the developed MIMO system. The designed
control algorithm guarantees that the tracking error con-
verges to a small neighborhood of the origin in finite time.
Compared with existing research results, the main advan-
tage of this paper lies in that the finite-time control issue is
considered for MIMO nonstrict-feedback systems with
input nonlinearities. Two simulation examples are provided
to illustrate the effectiveness of the suggested approach.

Keywords Finite-time - Adaptive fuzzy control - Multi-
input and multi-output - Nonstrict-feedback nonlinear
systems - Fuzzy dead zones

1 Introduction

Due to the fact that most of the practical systems are
multivariable, tightly coupled and nonlinear, many back-
stepping-based adaptive control methods have been widely
developed for uncertain MIMO nonlinear systems in the
past decades. By utilizing fuzzy logic systems or neural
networks (NNs) to approximate the unknown nonlinear
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functions, many feasible works have been carried out such
as [1-8]. A serious of adaptive fuzzy or NN control
schemes for deterministic MIMO nonlinear systems with
unknown nonlinearities were considered in [1-5]. And, the
controlled MIMO nonlinear systems developed in [6-8]
were extended to MIMO stochastic systems. It should be
pointed out that although some significant results have
been achieved in the aforementioned studies, these
researches have three limitations. First, the fuzzy dead zone
problems are not taken into consideration. Second, the
proposed control methods depend on the system strict-
feedback structures, if the structures of the controlled
nonlinear systems are in nonstrict-feedback forms, the
designed controller cannot work. Third, the aforemen-
tioned control strategies are considered with the general
infinite time control problems, and they cannot guarantee
the desired finite-time performance.

Dead zone nonlinearity is common in many practical
systems, and the existence of such nonlinearity may cause
severe deterioration of the system performance or even the
instability of system. In [9], a smooth inverse function of
the dead zone was introduced to achieve the adaptive
output control design. Without constructing the dead zone
inverse, an adaptive compensation algorithm was
employed in [10] for uncertain dynamical systems pre-
ceded by a non-symmetric dead zone input. In [11],
observer-based adaptive fuzzy-neural control was studied
for a class of single input and single output (SISO) systems
with completely unknown functions and unknown dead
zone inputs. Then, combining with backstepping tech-
niques, dead zone nonlinearities were considered in refer-
ences [12-14] for SISO strict-feedback system, switched
nonlinear system and MIMO strict-feedback nonlinear
system, respectively. However, the results obtained in
[9-14] are feasible under the presupposition that the dead
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zone output of the actuator is certain and precise in char-
acter, that is, the actuator output is a deterministic value for
a given actuator input signal. To remove the restrictive
condition posed on dead zone model in [9-14], the authors
of [15] employed a center-of-gravity method to overcome
the difficulty caused by the uncertainty in the dead zone
input of the nonlinear system. However, the systems under
consideration in the above existing works were assumed to
be in strict-feedback forms or in pure-feedback forms, that
is, the controlled nonlinear systems were in low-triangular
structures.

In nonstrict-feedback nonlinear systems, all the state
variables are contained in the system functions, therefore,
the controller design for this form of nonlinear system is
different from pure-feedback or strict-feedback systems,
and it yields much more difficulty in stability analysis and
controller design, especially for MIMO nonlinear systems.
To deal with the difficulty caused by nonstrict-feedback
structure, a variable separation method was applied in [16]
for nonstrict-feedback stochastic nonlinear systems with
input saturation and prescribed performance. The problems
of adaptive neural control were considered in [17] for
nonstrict-feedback systems with dynamic uncertainties and
in [18] for nonstrict-feedback stochastic systems, respec-
tively. Then, in [19-21], approximation-based adaptive
tracking control was developed for a class of nonstrict-
feedback systems with input nonlinearities such as dead
zone, time delays and input saturation. It is noted that the
controlled systems in [16-21] are all SISO rather than
MIMO. The problem of adaptive fuzzy control for a class
of MIMO nonstrict-feedback nonlinear systems was
investigated in [22]. Based on the common Lyapunov
function method, adaptive fuzzy tracking controllers were
designed in [23] for MIMO uncertain switched nonstrict-
feedback nonlinear systems with arbitrary switchings.
Although, the existing results in [16-23] are for nonstrict-
feedback nonlinear systems, the control schemes proposed
in these works are considered with the infinite time stability
and tracking control problems.

In recent years, the issue of finite-time control has
received increasing attention. Based on Lyapunov theory,
the finite-time stability for nonlinear systems was first
considered in [24, 25]. Since then, many useful and valu-
able results have been achieved in [26-30] for the study of
the finite-time stability of nonlinear systems based on the
Lyapunov function method. However, the earlier results in
[24-30] for finite-time controller design were obtained
under certain restrictive conditions, if these completely
unknown nonlinear functions that do not meet some growth
conditions are taken into account, the control algorithms
designed in [24-30] will not work. Recently, a novel
contributing criterion of finite-time semi-global practical
stability was established in [31] for nonlinear pure-
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feedback systems, and many follow-up studies [32-34]
were discussed based on the stability criterion in [31].
However, the existing useful finite-time control schemes
are only considered for SISO strict-feedback systems
[32, 33] or SISO nonstrict-feedback systems [34], but not
for more complicated systems such as MIMO nonstrict-
feedback systems with fuzzy input nonlinearities.

However, on one hand, the control algorithms in
[16, 18] were the stabilization problems for SISO nonstrict-
feedback systems rather than the finite-time tracking
problem. On the other hand, the existing result in [3] for
MIMO system requires that the structure of the system is
strict-feedback, that is, each subsystem function in the
controlled system cannot contain the whole state variables.
In addition, meeting practical constraints may degrade the
system performance. To the best of our knowledge, there
are still few results available for the finite-time tracking
control of MIMO nonstrict-feedback system with fuzzy
dead zones, which is the motivation of our work.

Based on the above discussion, this paper concentrates
on the finite-time adaptive fuzzy control problem for
MIMO nonstrict-feedback nonlinear systems with fuzzy
dead zones. Compared with the existing works, the main
contributions of our proposed control scheme are summa-
rized as follows.

(i) Compared with existing results in [22, 23] for
infinite time control of MIMO nonstrict-feedback
uncertain nonlinear systems, this paper investi-
gates the finite-time control problem of MIMO
nonstrict-feedback systems subject to fuzzy dead
zones for the first time.

(i) The existing adaptive control methods designed in
[16, 18] for SISO nonstrict-feedback systems only
guarantee the stabilization of the system, and the
adaptive fuzzy or neural control strategies in
[19-21] for SISO nonstrict-feedback systems are
concerned with the tracking problem in infinite
time. In our paper, the desired tracking perfor-
mance is obtained in finite time. On one hand,
stabilization problem, i.e., y; =0, is a special
case of tracking problem, on the other hand, the
finite-time stability analysis is different from the
infinite time stability analysis. Therefore, conven-
tional adaptive fuzzy control scheme cannot be
directly used for the finite-time tracking control in
our paper.

(iii) Compared with previous results in [31-34], in
which the finite-time control issue is considered
for kinds of SISO nonlinear systems, this paper
extends the results to more general MIMO non-
strict-feedback systems with fuzzy dead zones.
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Under the proposed control approach, system
performance is guaranteed in finite time.

2 Problem Formulation and Preliminaries
2.1 Problem Statement

Consider the following MIMO nonlinear nonstrict-feed-
back systems with M subsystems. The jth (j = 1,2,....M)
subsystem is described as

Xp = Xjpr1 Tfip(X), 1<p<nm—1,

x.]}'lj = l//j(“j) +f},”_/ (X)a

Yi = X1

(1)

where X = [xlT,sz, . .,x};]T denotes the state vector with
T .

X = [Xj1,%2, . X € R and

Xip = [Xj1,%2, .. .,xjyp]T €R’, ui€R and y; € R denote

the jth nonlinear subsystem control input and output,
respectively. f,()G=1,2,...,.M,p=1,2,...,n;) are
unknown nonlinear smooth functions with f;,(0) = 0.
Y;(u;) denotes the fuzzy dead zone input and is expressed
as the following form

k(= bj,),  w>byr,
l//j (uj) = 0, bj7;<uj<bj7,, (2)
ki(w — bjr), uj<bjy,

where b;, > 0 and b;; <0 are the breakpoints of the input
nonlinearity. The slope k; is given as
Cobu ke ks
Sl Si2 Sy

where kj,(j=1,2,...,.M,q=1,2,...,9) are possible
values, which are taken by k;(] =1,2,...,M), ¢;, denotes
the fuzzy grade of k;, with k;, # 0. Generally, it is
assumed that ki, >0 and Kk <kjp<--- <kj,.
“(kjq/Sjq)” represents the relationship between the map-
ping of k;, and ¢; ,, and “+” denotes a collection in the
universe of discourse U; = {kj1,kj2, ..., kjy}.

As the value of the dead zone output V/;(u;) is vague, we
cannot design controller directly. To cope with the term
(//j(uj), we apply the following center-of-gravity method.

k(w = byr), =Dy,
Defu(t//j(uj)) = ) 0, bj<uj<b,, (3)
kj (uj — bj,l), u; < bj,h

where Defu(-) is a center-of-gravity defuzzification oper-
ation for ;(u;), and the defuzzified value k; satisfies

v ,

]; - Zq:l gjs{/kla(]

] Y :
241 5iq

Then, the defuzzified dead zone model can be further
expressed as

Defu(y; (1)) = kju; + dj(1), 4)
where

— kibjr, ;> by,
di(t) = ¢ — ki, bjy<u;<bj,,

—kibja,  w <bj.

Obviously, Jj(t) is bounded and satisfies
|d;(1)| < max{kj;|bj|, ks |bjal}-

The objective of this paper is to construct an adaptive fuzzy
controller for MIMO system (1) to guarantee that the
system output y; locates a small area of the desired refer-
ence signal yg; in finite time. For convenience of the sub-
sequent controller design process, the following
assumptions are required.

Assumption 1 The desired trajectory yqi(j =1,2...,M)
and their time derivatives up to the n;th order ygw are

continuous and bounded. Furthermore, there exists a pos-
itive constant dy such that |yz(t)| < dp.

Assumption 2 For nonlinear function f; ,(X), there exists
a strict increasing smooth function y; ,(-) : R* — R™ with
%»(0) = 0 satisfying

i COI < 15, (11X 1))

Remark 1 In Assumption 2, the monotony property of
%, (-) implies z; , (377, bi) < D0, 1, (nby) with b > 0.
Based on the property of y;,(s), there exists a smooth
function z;,,(s) such that y; ,(s) = sz, (s), which yields

X_jﬁp (zn: bk> S zn: nbkzj,p(nbk). (5)
k=1 k=1
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2.2 Preliminaries for Finite Time Stability Analysis

To facilitate the finite-time control design, some useful
definition and Lemmas are introduced.

Definition 1 [31] Let w =0 be the equilibrium of the
nonlinear system & = f(w,u). If for all initial condition
(fy) = wo, there exists a positive constant 7 and a settling
time T(t,wp)< + oo such that |Jw(r)]|<t for all
t >ty + T, then the nonlinear system is semi-global prac-
tical finite-time stable (SGPES).

Lemma 1 [35] For b; € R, 0<v <1, the following rela-
tion holds:

(iw) ICIE (iw |> ©)

Lemma 2 [32] Consider the differential equation
w(t) = —aw(t) + bv(t). If a, b are positive constants and
v(t) > 0, then w(ty) >0 means w(r) >0 for Vit > 1.

Lemma 3 [36] For Yo >0 and Y1 € R, the following
inequality holds:

0< 1| - rtanh (i> <iy0, K = 0.2785. (7)
o

Lemma 4 [37] For any real variables o, [} and any con-
stants A > 0,v > 0,0 > 0, the following inequality holds

% ﬂ|2+v.

1B < ol 4 o

Lemma 5 [31] Suppose that there exist scalars a; > 0,
O<v<1 and by > 0, for the system & = f(w,u), the time
derivation of the smooth positive definite function V(w)
satisfies the following equation

V(o)< —aiV'(0) + by, >0, (8)

v

and let T, =75 [VI7(0(0) — (725)7]  with

V(w(0)) being the initial condition of V() , and 0<x <1,
then the nonlinear system o = f(w,u) is SGPFS for
Vt>T,.

Remark 2 1t should be pointed out that although some
similar works have been done for finite-time adaptive
control in [31-34] or for nonlinear systems with fuzzy dead
zones in [15, 38], where the presented control algorithms
are considered for SISO nonlinear systems and they cannot
guarantee the system tracking performance for MIMO
systems. The system (1) under study is in MIMO nonstrict-
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feedback form, which is more complicated and general
than SISO systems. So far, there is no finite-time adaptive
fuzzy control results to be reported for MIMO system (1).

2.3 Fuzzy Logic Systems

To approximate the continuous function f(x) defined on a
compact set €2, a fuzzy logic system needs to be designed.
Define the following If-Then fuzzy rules:

R If x; is F{ and ... then y is G, l=
1,2,...,K, where x = [x1,...,x,]" and y are the input and

and x, is F,i,

output of the fuzzy system, respectively. Fuzzy sets FJI and

G' are associate with the fuzzy membership functions
upi(x;) and pe(y), respectively. K is the number of rules.
J

The output of the fuzzy system can be expressed as [39]
Zf:l i H;l:l Kt (%)
S [T ()]

where 7; = maxyeg fi(y). Simultaneously, we define the
fuzzy basis function as

[Ti=) pe ()
> {H]'?:l o (xj)} ’

then the fuzzy logic system can be expressed as

y(x) =

n(x) =

y(x) =2y (), 9)
where

T T
m=[m,m,. .., k], n(x) = [, (x), my(x), .. ng ()]
Lemma 6 [39] Let fix) be a continuous function defined

on a compact set Q. Then, for any positive constant T, there
exists a fuzzy logic system (9) such that

31615 If(x) — nTi’](x)| <t (10)

3 Adaptive Fuzzy Controller Design

In this section, a backstepping-based control design

=T
scheme will be presented. Define Z;, = [)EJE,d)j_p,y(df)T]T

~ T . T
with d>/p [fj1:- ;) and yfg) = [ydbydjw--vyg)] :
¢j=[’ is the estimation of an unknown constant ¢, ,, which is
defined as bjp = ||7fj,p||2’ and
bip=0i,—b,(i=1,...M,p=1,....n). In the fol-

lowing, the virtual control signals (;,(j =1,...,M,p =
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l,...,nj—1) and the controller wu;(j=1,...,M) are
respectively designed as
= —p 03— ¢”’19 (Zipn:,(Zi ) (11)
jp = ~PipVip 71’77111 .0 Mjp\Lip)s
1 v (ZAS " T
U= —-= jnjﬂ]zn 1 ] 19]",’7]71( Jn,)”]jnj(zj-ﬁ/) ’
kj il jn/ '

(12)

with p;, and g, being positive constants. v = [(2n —
1)/(2n+1)] with n>2 being the natural number,
(1/2)<v<l1. 9;, is defined in the following coordinate
transformation

o1 (13)

with {;o = ygj. The parameter adaptive laws are designed
as

Vjp = Xjp —

T ~ ~
ﬂiﬂ”j,p( 717)77”7( Zip) — Sjﬁl’qéﬁp’d)jap(o) 20,

(14)

X O;
¢), — P
J:P 2/“‘]‘2,17

where 0;, and ¢;,, are positive design constants.

Lemma7 From9;, =x;, —
the following inequality holds

x| < ZZ I (Vi: by ) W3l + do, (15)

J=1 p=

Gp1(1<j<M,1<p<nj),

where dy = Md,, Tp(Dp, ]p) 1+ pjuvﬁjz,lv;2 +

(¢;,/(22,)) with 1 <j<M,1<p<n;—1,and ¢, = 1.

Theorem 1 Consider the MIMO nonstrict-feedback non-
linear systems (1), under Assumptions 1-2, the controller
uj (12), together with the intermediate control signal {;,

(11) and parameter adaptive law (ﬁj’p (14).

(i) For the defuzzified value k}, all the signals of the
closed-loop system are bounded, and the tracking errors
converge to a small neighborhood of the origin in finite
time.

(ii) For the fuzzy value kj, k; € [k; — Z;,kj + Zj], Ej is a
if 0<&;<(kj1/2), then all the
signals of the closed-loop system are bounded, and the
tracking errors converge to a small neighborhood of the
origin in finite time.

bounded disturbance,

3.1 Proof Case 1: Consider the Defuzzification
Value k;

Step 1 Design the following Lyapunov function candidate

I, I 2
Vip =21 +Fj71¢j,l' (16)

Based on ¥;; = x;;
calculated as

— ygj» the time derivative of V;; is

Vin =91 (62 +£1(X) </3

) - P

(17)

Qn“e-z

=1 (V2 + G + 41 (X) = Vg) — </5

By applying Assumption 2, (5) and Lemma 7, we obtain

Vjfin (X)
<l X < [ l7.: (X))

M n
<|9ial%. (Z Z Fys(by ) [00s] + do)

=1 s=1

M mn
<103 1 (@oﬁz,An,s(ms)) 1012 (eodo)
=1 s=1
M .
<N WialeolVisl T i)
=1 s=1

X Zj1 (Qo|191,s|F1,s(d3zJ)> + 911711 (@odo)

1 _
5 j, +ZZ 191?/{]1(7913?4)13)—’—‘19}1|/11(Q0d0)a

=1 s=1
(18)

where }2121 (79[,37 J)l,s) = Qgrlz,s((z)l,s)zjz,l (Q0|19115|F1J(¢31,s)> ’

¢ =S, m, and Q=1+ S
Let ©;1 = %;1(0odo), and applying Lemma 3, we have

9;10;1
|19/1‘@JI — ﬁjl@jltanh (0'—1> §K10j’1, (19)
J

where ;1 is a positive constant. Substituting (18) and (19)
into (17) results in

V.Ll < U2+ Ga —Yg) + 2K19 + K10
R <1~>j,1 .
+22219UX, 1 ﬂl,x,(,bl’s) _ad)j,l (20)
9:10;
+9,,0;, tanh (M)
Gj,l

Step 2 From (13), the time derivative of 9;, is given as
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Jia = %2 — G : o 501
S " o, Vj.,zﬁﬁj.z[ Vi + o~ xjixﬂ—za <]ml>yf<1j+1)

= x5 +fi2(X) — 2 (2 +£1(X)) : m=0 Yy
0xj.1 (21) 2
_ g b1l + Lk CLAR R S
. 6Cj,l (m+1) . aCj‘l (]As ad) X 1 2 Ji2 aij 2 7,2 102
oy Y 9 qg AN J _
m=0 ydj Js1 ) ~ ¢ A
+ i 19 8 s) g

Choose the following Lyapunov function candidate ; 12; Z oD 91,) dj2 %2
1 -2 Vj20)2
L) . 5:2%5,

Viz = 5191 2726, 0o (22) *0j26;2 tanh ( Gj2 ) '

The time derivative of V;, is calculated as (27)
) oL, Step p (3<p<n; — 1): Similarly, the time derivative of
j2 = Vj2(X3 .2 Xi2 T Jj1 i» 1S shown as

Vi = dhals + o) = £ (52 41 (X)) 0y is sh

7
~ 23 i :
i j,1 m+l) aCj,l (,23 } ¢j,zq§ (23) Vjp = %jp — &jpi
Yaj 2 RN T ¢ o —1
2° = xjpi1 HLp(X) = Y (et +fin(X)
Similarly to the analysis in (18), we have m=l ]l’m
aC 1 1) 1 s
6@ 1 oG 1 L m+ L=
i () < 9all 5 2417, (1) Z -2 20,
N (28)
< 1]@9]22 (%)
2 77\ (24) Consider the following Lyapunov function candidate
i 1 1 -2
+ Z Z 2 191 S)/, 1 191,&7 ¢l,s) Vj,p = 2 ],p + F (29)
+ \19]’2” | %1 (e odo), Then, differentiating V;, yields
—1
1 -0 el 2 2 n V.le =Vjp {XLPH +hip(X) = ) a§7~P—l (KGme1 +fim(X))
Vjafin(X) < §K19j,2 + ZZI: ;Eﬂz;%j,z(ﬁl,sy b15) (25) = Xim
N o1 (e 0 ¢,
+ 192122 00do). S Sty 5 qum] g,
m=0 aydj m=1 aqu,m JiP

where Zj%m(ﬁlﬁsa ¢l,s) - QOFlzs(¢ls) jm <Q0|016|F13(¢13)>
m=1,2.
3y — -
Let ©j, = |% |7:.1(00do) + %j2(0odo)- From Lemma 3,

one has

Y:2,0;
[9;2]@;2 — ¥;2,0;, tanh <M> <Ki0j2, (26)

aj2

where ¢;, is a positive constant. Substituting (24)—(26) into
(23), we have
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(30)
Similarly to the analysis in (24) and (25), we have

0o
JPZ ejjm Jsm

m=

m=1 m=1 I=1 s=1
=l A, _
+ |79j,p|2| ai'p I ‘XLm(QOdO)a
m=1 5
(31)
'lgj,p]?.p( < Kﬁz +ZZ ?9;2@2,, ﬁl,s»&l,s) (32)

+ |19 s (Q0d0)7

where 7 (J1ss drs) = G201 (Qo|191,s|rl,s(<igz,s)>’
m=1,...,p.
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o, - -
Let =y é};ml 1%;m(Qodo) + 7;m(Qodo)-
According to Lemma 3, one has
Y:,0;
1Ujp1©@jp — UjOj, tanh ( L m) < KiGjp, (33)
S Ojp

where o, > 0 is a constant. Substituting (31)-(33) into
(30), one has

-1
0 p-1
V/p <djp [ i1+ Gp — Z#xj,mﬂ
m=1 j,m
—1 ~
B &0 m+1 pZ@C]p 1 ] _% i
— d ‘(l;n) — ]7 5j7p JiP
e S ((Op oo
+2K19j,pmz:1< i +§K19j,p+K1Gj,P
4
+ZZZ O Ty (s, 1)
m=1 [=1 s=1
9,0,
+9,,0;, tanh (—”’)
Ojp
(34)
Step n;: Choose the following Lyapunov function
1 1 -2
Vi = =07 -
Jinj 2 Jnj 25].”; Jn (35)

As U5, = Xjn, — {jn—1, then the time derivative of Vj,, is

given as

-1
< aCj,njfl

o (XGmr1 + fim(X))

Vi = Ujn [kj”j + i (X) =
m=1

z:laé’/,nj—l m+l _ ’fac_j,nj—l (ZB :| _ (z)j,nj ;'

m= m=1 a(]ﬁ]m Jom 5] n; Sl

My

(36)

A similar procedure in (31)-(34) is employed for step n;,
we have

ni—1 ni—1
S ac./:”j_l \ aC/,n,—l (m+1)
_ Z P Z . YVaj

m=1 j,m m=0 OYy;

Vi <V, [k_juj

é’,njfl w2 aC,njfl 2
S Tk, S (%)
m=1 ad)jm 1

m= Xjm
1 _
+§K’l9j2 +K10'], +ZZZ 19”7/,,, ﬁléa‘blv)
i O, n A
19] nj @J nj tanh (M) (l’)j ]q’)J i’
Gjn /"/
(37)

Subsequently, design the following Lyapunov function for
the whole systems

- ZZVMZ< RS IR )

j=1p j=
(38)

From V;; (20), V;» 27), V;,(3<p<n; — 1) (34) and V;,,,
(37), we obtain

M

Z |:]2+le }54,-

=1 p= djp =1

+5 K19,1+(9,1tanh( )]
%51

V< —

L = aCJP 1
+ Z Z Ojp | V1 + Gjp — Oy, mtl
=1 p=2 m=1 Xim
p-1 o p-1 o N
jp—1 _ (m+1) jp—1
— = Vaj — A—¢
m=0 ay() dj ; ad)‘,m
pP— 1 ag 1 2
+ 3Ky, + 2K, b3 (—a;f )
9 O
+ 6, tanh <_)}
J:p Gip (39)
M B njfl C]n
+ ; Djny [kj”.i 2.7 /]m Xjmt1

n—l

nj—l aC C
Jmi—1  (m+1) jmi—1
- m yd' d) m

e z:: im

i( C’"’l) Lk,
J"/ ax]m 2 ol
m)] ZZKlUJP
J=1 p=
p ~
+ZZZZZ O T (Ot Brs)-

j=1 p=1 m=1 I=1 s=

Ui
+ 0, n; tanh

By rearranging sequence, one has
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P M 1 R
ZZ zﬁlxy/m(ﬂ/m(rbl,s)

M n 1 M
=2 gﬁprZth Uis bip)-
Jj=1 p=1 =1 s=1 m=

On the other hand, for j=1,...M,p=1,...,

following inequality holds

i 07 +1
19“,19”“ < %‘*‘ ];

Then substituting (40) and (41) into (39), we have

M
. 1 _
V< Zﬂj,l {CJJ +§K19j,1 +

j_

+5 ﬂjli:i:i:l{lm (Z)
=1 s=1 m=
7, 1Y ZM:ﬂjzl
ydj"!_@]]tanh( O_jl >:| — 7

+219/ZPZZZ'{ZM

=1 s=1 m=

19/319 @le U 19}2-17
+@j,,tanh <— _ZZT

Ojp -}

M _ el aéjﬂi—l
+ Z ﬁjﬁnj k]uj — Z o Xjm+1 + 19./7”/
=

m=1 J,m

__mfla@wflyW+n__%ifa@wflé
m dj in jm
m=0 ay <d] ) ' m=1 a('bjsm !

W1\ 1,
’"IZ( ajxjm ) 5 K
#3303 R

=1 s=1 m=
2
19 n e n M 19n
+ 0, tanh <¥ — E %
Ojm; =
M n M n (,Z~5
P
+§ :E :Klo-ij_E : d)jp
j=1 p=1 j=1 p=1 JP

Subsequently, V is rewritten as
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n; — 1, the

(42)

Vi1 (G +131(Zn)

1
M —_
+ Z ﬁj,p(cjw Jrfjvp (Z/p))

=lp=2 (43)
M n; 192
Y Vi kit + £ (Zin) = D %
Jj=1 j=1 p=1
M n (2')
DRI S92
Jj=1 p=1 j=1 p=1 P
where
_ 1 9.0,
Tian(Zp) = Kﬁ 1+ U1 — Yy + O tanh (%)
Js

1 M

+Zﬂllzzzl{lm 1;1’¢j1

=1 s=1 m=

3 8293,

f;P(ZJP) :Eﬁj,p 2. Am Xjm+1
aC D— l m 1) C 1
Z 11 + Z Jp— ¢Jm
m=0 a dj m=1 ad)j,m
Lo, + Lk i %p1)”
2772 jvpm:l axj;m
Mmoo s
2 =2
T ﬁpzzlem(ﬁ]md}/p)
=1 s=1 m=1
9,0
+@]ptanh< i ”’>,
Ojp
ni—1
— ' ac
fjvnj (ij”j) = ﬂj,n/ - %x] m+1
m=1 Jm

0t ) g:lacj,nﬂ ;
dj - j,m
m=0 ay(1] ! a(rbj,m !

L), 1
Z( i ) + 5 K,

1

+27912n122241m G Bin)

=1 s=1 m=

W50, p,
+ @; , tanh <M>

Oj.n;

From Lemma 6, for any given t;, > 0, there is a fuzzy

logic system 7; pnj »(Zjp) such that

f;p(Z/P> = nj,pnjA,p(stP) + qjj,p(zjyp% |‘pj,p Zip)<1p
(44)

with @;, being the approximation error. According to
Young’s inequality, we have
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3 d)jﬁp 'ujp 19]2 szp
Vil p(Zip) < 2#% v ,p"banP + ) +5 ) + B (45)
where ¢, = ||m,|°, j=1,..., Substi-
tuting (45) into (43), one has

'1
V< Z i1 (Ql t55 19]21’7;r1’711>
,“j,l
M n—1
+ZZ% Clvl’—i_ ]p 19217’7/17’711)
j=1 p=2

M

¢,,
Z Jnj kl/l] 2]2 ﬁjz,njnﬁfnj,nj) (46)
j=1 ]nj
M n7
! 0;
-0 (6,3

= o=t i i

+Zz(mp+1—p+ 2)

Jj=1 p=1

M,pz 1,...,I’lj.

Pnj Pnjl’)

From (14) and Lemma 2, we know that (;Aﬁj,p(O) >0 implies

that qASj’p(t) >0 for all ¢t > 0. Therefore, the following result
holds

¢Jn T P, 2 T
2 ’ jn’l’]j n,'/’j,nj S - 2/12/ 19j7nj’1j,,1_,’7j,n,- (47)

Jonj I

It is noted that

7 o 2
bng o Gin, bip (48)
)i p TP = 25 25
Substituting (11), (12), (14), (47) and (48) into (46), we can
obtain
M L &, ~2
» . Y g
<3 (ko5
j=1 p=1
Mo c , 2 g2
o Jp . Cip
305 (g by o+ 4 T
J=1 p=1 P
o v 2 (49)
: 20 - ('Z’)JP
S =D D U ) 55"
— L L L)
J=1 p=1 j=1 p=1"70P
Shy gip 2 sz szp
t22 (za’.“sﬂv”‘”fﬂ*z*z)»
J=1 p=1 P
where py = min{p; ,, &,, 1 <j<M,1<p <n;}.
Based on Lemma 4, let o=1,

v
P — = _1_7/”
(ZJ lZp 120”)) , A=1—v, v=v and o = v,

we get

M n

>3 <

. 26 p
Substituting (50) into (49), one has

M ~? v
V<—p022192” po<22%”> +¢&
=

j=1 p=

< —2p, ZZ( 2 _po(zif;) o

J=1 p= j=1 p=1
(51)

where &= (1 — ) + Y0, S0, ( 2+ K10t

Hip
2

=+ ”’) Then applying Lemma 1, we have

V-2 (zz ) —po(zzm)'#@

J=1 p= j=1 p=
< —poV" + &o.
(52)

1-v

Let T, = el VI7'(5(0).65(0)) ~ () 7]
50) = [51(0), - O §5(0) = [64(0). ..y, (O)]
and O<wx<1. According to Lemma 5, for t>T,,
VU(g, d)j) l—w’ which implies that all the signals in the

closed-loop system are SGPFS. In addition, from the def-
inition of V, for V¢t > T,, we have

| yd,|<f((1 _K)po)*, (53)

which means that the tracking error remains in a small
neighborhood of the origin after the finite time 7.

with

3.2 Case 2: Consider the Fuzzy Value
ki € [kj — Ej, kj + Ej]

The discussion in step p(1 <p <n; — 1) is the same as that
in (16)—~(34). For V; . defined in (35), V'j,,,j is calculated as
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Wmﬁﬂm{@%—

m=1 j,m

nj—1 nj—1 .

B agj,nl-fl y(m+1) _ yz: 6Cj.n/71 (2) :|

m dj ~ j.m
m=0 ayt(jj ) ’ m=1 a(t)j,m !

ni—1 2
+5 Lo § ) 1k 4
Jinj ‘ 2 Jn 1 Jj
m=

Xj.m

+ Z Z Zzﬂ“)(]m 191.;3 QASLS)

m=1 =1 s=1

Vi O, n A
+ 19j_n/» @j,nj tanh (M) qu — (l’)j n/
Ojn; 5] 1

(54)

Then, similarly to the above process in (38)—(45), we have
. ;.
V< Zﬁj‘l Cj,l"'z 19,1’7]177,1
j=1
M nji—1 (l’) T
JP 92
+ Z 19“’ CH’ ,prljpnjp

j=1 p=2

M ¢]
Z Jnj k u] 2/,[2/ 1912n] rl],nj ’7] Ty (55)

I
Mmoo T
i . i 5
ip
_225_ <¢jp— 11717]1"1117>
j=1 p=1 "JP J
2
u T
+zz<m,p+ﬂ+ 2)
=lp
As k_] € ki1, k] and 0<ZE; < <4, the following inequality
holds
k=5, ki1 (56)
k; k; 2k~ 2

Combining (47) with (56), we obtain

; b bjn
7j192nn nr’.n' —_ S ! 192”77 n’/] n;* (57)
kjlu]nj Joni L thong 212n/ Jmmtng

Substituting (11), (12), (14), (48), (56) and (57) into (55),
the time derivative of V;,, is rewritten as

@ Springer

3
|
—_

1921) _ p/v”/ 2!)
JP P ]”/

ZZ o
= =
2 2
Gip_ 42 N T
= 1(25 bip T H10ip T

M.
< —Pozzﬁzu pOZZMH,

Jj=1 p=1 j=1p

M n 8' [ug 2
2 P P

Jj=1 p=1

I
-

p

=

e 1

+
T

(58)

where py = min{p; (1 <j<M,1<p<m—1), 2 g,
(I<j<M,1<p<m)}.
Then, by repeating the same way applied in the process

in (50)—(52), we can get
V< —pV'+ & (59)

with &, being defined in (51). Consequently, similarly to
the previous analysis in Case 1, for a fuzzy value
k; € [kj — Zj,k; + 5], all the signals in the closed-loop
system are SGPFS, and the tracking error converges to a
small neighborhood of the origin and remains there after
the finite time 7,. The proof is completed. O

Remark 3 From (53) and the definitions of &, and p,, we
know that the tracking error |y; — y4| is governed by the
main design parameters p;,, J;, and u;,. Obviously,
smaller tracking error can be achieved by selecting larger
parameters p; , and 9;, and smaller parameter (; .

Remark 4 Note that several results on MIMO nonlinear
systems have been obtained in [3, 14, 22]. The main dif-
ferences between our result and the ones in [3, 14, 22] are
concluded as follows.

(i)  The tracking errors in [3, 14, 22] are guaranteed to
be small enough as the time variable goes to
infinity. Unlike these works, in this paper, the
proposed control method makes the tracking
errors as small as possible in finite time.

(i) From the controlled MIMO system models, the
presented control methods in [3, 14] are developed
in the sense of MIMO strict-feedback systems, and
this paper is concerned with the finite-time
tracking control problem for MIMO nonlinear
systems in nonstrict-feedback structures.

(iii) Compared with [22], where adaptive fuzzy control
methods are investigated for MIMO nonstrict-
feedback systems, the effects of fuzzy dead zones
are considered in our paper. Therefore, the
developed MIMO nonlinear system in this paper
is more general.
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4 Simulation Examples

In this section, the effectiveness of the proposed finite-time
control approach is testified by the following two
examples.

Example 1 Consider the following two continuous stirred
tank reactor process system [22], as shown in Fig. 1. The
model can be described by the following differential
equations:

X1 =diix2, Y1 = X1,

X12 = djpuy,

Xo1 = da1Xan 4 @y (X1,1,X2,1) + Ao 1,

Xop = daptr + @y5(X2,1,%22), Y2 =21,

X3 =d31x32 + @31 (%2,1,%31) + 431,

Y3 =X31, (60)
where d\ =1, dip =1, dry = UA/pc,V, drr = Fpn/Vj,
dsy = UA/pc,V, dsp =Fj/V;, I'=(F+FgR)/V,

X3p = d3puz + @3,5(x31,X32),

¥ =F/V, @y =(F+Fp)/V)T{— [(F+Fg)/V)
(21 +T9)]—  [(@h/pc,)(xia 4+ Clr)e  —(E/(R(x21+
Tﬁi)))]_ (UA/pc,V)(x21 + TS’ - T,%)» @22 = (Fp/Vj)

(Tho—  x22—T4) + (UA/p;c;Vy)(x21 + T — x20 — T5),
@31 = FoT§/V — ((F+Fg)/V) (x310 +T7) + (Fr/V)
(%21 +T§) — a/Care ~E/(R(x31 +TY))/  pe, —
UA(x31 + Tf —x32— Tﬂ)/pjchj, P3p = (Fji /Vj)(Tﬂo_
x30 = T4) + (UA/pic;iVi) (x31 +T{ —x35 = Tf), Car =
(V/(F + FR))(XLQ"‘ ((F + FR)/V)()CM + sz)-f— OC()C1,1+
Cd,)e E/R01+T)))  The terms Ay, and A3, denote the
unknown connections between the subsystems, and 4, ; =
I'x3; and 43; =¥Yw. In addition, Vj=Vp=V,
Vi=V, =V, Fp=F,=F, @m=e¢%%sin(t) and the
values of the parameters are selected same as [22].

Fr T: Ceo
Fo To Cun Fi ' Ti Cu

Fp Ta

>
F i T/.’!/

F: T» Ceo
e

Fp T:

—P
Ep T

Fig. 1 Two continuous stirred tank reactor

In this paper, we consider the practical two continuous
stirred tank reactor process system with fuzzy dead zones,
as the parameters of the dead zones are usually uncertain.
By defining the following coordinate changes: Xxj; = x; 1,
X12 =dix12, X1 = X21, X2p = da1X20, X31 = Xx3,1, and
X32 = d31x3, the state space equations of (60) can be
rewritten as
X1 = X12,)1 = X11,
fl,z =uy,

X1 = Koo 4 @y (%11, 5%21) + Ao,

X0 =i+ Pyy(X21,%22),y2 = Ha1,

X301 =X+ @31 (21,51) + 431,

K30 =113+ P35(X31,%32),¥3 = K31,
where

i =dydi Y (ur), ity = da1da o (u2),
s = dy1d3005(13), Pr 1 (¥1,1,%21) = @1 (X1,1,%2,1),
P22(X2,1,X22) = d2 1925 (X21,d2,1%22),
P31 (%21, %31) = @31 (x21,%3.1),
32031, %32) = d31035(x31,d31%32),
Ayy = Ay + (21%12%22X3 2,

Ay = A3 + @2,1)53,1)?1,2)?2,2{/55;3'

W (1), Wy(uz) and W5(uz) are the outputs of the dead
zones. The parameters of the dead zones are designed as

b17r = b37r = 08, b]J = b3’1 = 708, b2ﬁr =1 and
by; = —1. We assume that the universe of discourse of k; is
Uj = {17 1.572}, i.e., kl,l = k2,1 = k371 = 1,
k112 = kz_]z = k3_’2 = 1.5, k173 = k2_3 = k373 = 2. The fuzzy

kjwq*1~5)2
207 )
i

grade of k;, is designed as u;(k;,) = \/5150- exp(f(

1

with ¢; =¢. The reference signals are designed as

ya1 = sin(1.5¢), y;» = sin(¢) 4 sin(1.5¢), and y,3 = sin(¢).

Remark 5 1t should be pointed out that A_Z,l and 4 31 1n [3]
are chosen as A,; = 4, and As; = A3, because the
applied control scheme in [3] requires that the controlled
system is in strict-feedback structure. Unlike [3], this paper
is concerned with the tracking control issue for MIMO
nonlinear systems with nonstrict-feedback structures.
Therefore, the existing control approaches cannot be
applied to this system as they are considered just for
nonlinear strict-feedback systems, which means that our
proposed scheme can be used to more general classes of
MIMO systems.

In the simulation, nine fuzzy sets are defined over
interval [—8, 8] for X1,15 X1.2, X2,1, X2.2, X31 and X372, and by
choosing partitioning points as —8, —6, —4, —2, 0, 2, 4, 6,
8. The fuzzy membership function are designed as follows:

@ Springer



724

International Journal of Fuzzy Systems, Vol. 24, No. 1, February 2022

Y1 — Yd1

¢ 20 ko

Fig. 3 Tracking error y, — ys for Example 1

300 TN | |

200

100

U9

—-100

—200
(o]

50

-50

u3

—-100

-150

Fig. 5 Control signal u; for Example 1

Hp (Gp) = exp(=0.5(5;, —wi)*), [ =1,2,...,9

with wi = =8, wo = —6, w3y = —4, wy = -2, ws =0,
W6:2,W7=4,W8:6,W9=8.

The design parameters in the virtual control signals,
actuator controller and parameters adaptive laws are

@ Springer

Fig. 8 Adaptive parameters ¢A>2.1 and qASM for Example 1

designed as P21 = p3g =52,
P22 = P32 = 54, o = Hap = H31 = H3p = 2,
01 =020 =031 =032=1, &1 =&p =631 =& = 1,
and v =22 The initial conditions are chosen as

P11 =358, po =060,

10001*
)51,1(0) =0.01, XI,Z(O) =0.05, )62’](0) = —0.1,
)Ezﬁz(()) =0.2, X3.1 (0) = 0.05, )E3,2(0) =0.1,

¢2,1(0) = ¢3,1(0) =0.03, ¢2,2(0) = 453,2(0) =0. The
simulation results are depicted in Figs. 2, 3,4, 5, 6,7, 8 and
9. Figures 2, 3 and 4 address the trajectories of tacking
errors for k~1, k~2 and k~3, respectively. Figures 5, 6 and 7
illustrate the trajectories of control signals u;, u, and us,
respectively. Figures 8 and 9 show the trajectories of

adaptive parameters (]327], <l?>272» 433,1 and (13372. From these
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-500 . .
0 10 15 20 1 B
t ky

Fig. 11 Control signals u;(j = 1,2) for Example 2

simulation results, it is observed that the proposed finite-
time control scheme cannot only guarantee the stability of
the controlled MIMO nonlinear system in finite time but
also obtain desired tracking control performances.

Example 2 Consider the following MIMO nonstrict-
feedback system with fuzzy dead zones described by:

Fig. 13 Adaptive parameters 5, ;G =1,2) for Example 2

R P 2
' 24 xi,mn 05,

X1o =y (ur) + X111 0%2,1 +x112x%72,

Y1 = X1,

Xo1 = X220+ Zx%’l + x1,1x1 2 8in(x22),

X220 = Yy (u2) + x1,1%22 + X3 sin(x; 2),

Y2 = X215 (62)

where ), (#) and y, (uy) are the outputs of the dead zones.
The parameters of the dead zones are selected as by, = 0.8,
by =-038, by, =0.6, b; = —0.6. We assume that the
universe of discourse of k; is U; = {1,1.5,2},i.e., k1; = 1,
kio=15, kiz=2, ko1 =1, kpp =15, kp3 =2. The

fuzzy grade of k;, is represented as p(k;,) =

2
1 _(kj,q_lj)
X
2no; € p( 2612

given as y, = sin(1.5¢), yz = sin(t) + sin(1.51).

) with ¢; = %. The reference signals are
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In this simulation, seven fuzzy sets are defined over
interval [—3, 3] by choosing the partitioning points as —3,
-2, =1, 0, 1, 2, 3 for all state variables
x,(j=1,2,p=1,2). The fuzzy membership functions
are designed as follows

urt () = exp(=0.5(x;, —wi)), 1= 1,2,...,7,

where wi = =3, wo =2, w3 =-—1, wsg=0, ws =1,
we = 2, wy = 3. Choose the design virtual control signals
{;1(j =1,2) (11), the actual controllers u;(j = 1,2) (12),
and the parameter adaptive laws (;Abjﬁp(j: 1,2,p=1,2)
(14).

The design parameters are chosen as p;; = 63,
Pip2 = 65, P21 = 62, P22 = 64, =12, Uip = 1.2,
/,szl = 1.5, ,ulz = ].5, (31,1 = 05, 5112 = 06, 5271 = 0.7,

00=06, 61 =1e2=1,e1=1, =1 v=5"
The simulation is carried out with the initial conditions
X1~1(0) = 0.0], X1,2(0) = 005, )C271(O) = —0.1,

x22(0) = 0.2, ¢;1(0) = 0.05, ¢ ,(0) =0, ¢,,(0) = 0.03,
cfgm (0) = 0. The simulation results are shown in Figs. 10
and 11. The trajectories of tracking errors and control
signals are depicted in Figs. 10 and 11, respectively. The
trajectories of adaptive parameters qBI jand 432 jforj=1,2
are given in Figs. 12 and 13, respectively.

5 Conclusion

The finite-time adaptive fuzzy control problem has been
investigated for a class of MIMO nonstrict-feedback non-
linear systems with fuzzy dead zones in this paper. By
applying the variable partition approach and fuzzy logic
systems, an adaptive fuzzy control scheme is formed for
the considered MIMO nonlinear system. Under the pro-
posed control strategy, the tracking error is located in a
small neighborhood of the origin in finite time. Finally, the
validity of the proposed control method is verified by the
simulation results. In our follow-up study, we will inves-
tigate the finite-time control for MIMO stochastic non-
strict-feedback nonlinear systems.
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