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Abstract This paper studies the cost consensus model by
considering the uncertain initial opinions and uncertain unit
adjustment cost in group decision making. In the past
consensus model based on optimization, the initial opinion
and unit adjustment cost are usually assumed to be a crisp
number for each expert. However, the speed of knowledge
updating is often faster than people’s cognitive speed, it is
difficult and impractical to ask experts to provide a clear
initial opinion and determine the unit adjustment cost of
each expert. In this paper, a new consensus approach is
proposed to solve the above problems. First, a new distance
measure is given based on interval-valued initial opinion,
which retains the expert’s initial judgment and is consistent
with most practical decision problems. Second, a linear
analytical formula is given to reduce the computational
cost of the piecewise function. Third, given the advantages
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of robust optimization in uncertain optimization, three
robust cost consensus models are established to deal with
the uncertain cost problem in consensus reaching progress.
Finally, the proposed method is applied to P2P loan con-
sensus, and sensitivity analysis and comparative analysis
are presented.
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1 Introduction

Group decision-making (GDM) is often used to solve
unstructured problems, for example, supplier selection
problem [20], emergency plan formulation [21], trans-re-
gional air pollution control [28] and so on. And GDM
requires the participation of decision-makers or experts.
GDM needs to be discussed and modified many times
before a satisfactory solution can be obtained. In general,
two processes are necessary for dealing with GDM prob-
lems: consensus process and selection process [8, 23]. The
consensus process is usually supervised by a rich experi-
ence and leadership moderator who represents the collec-
tive interests, and experts discuss and revise repeatedly
until their opinions are closer to each other. The selection
process obtains a set of solutions from experts’ opinions,
which involves the aggregation of individual opinions and
the use of a collective opinion.

In the consensus reaching progress (CRP), experts need
to provide their opinions on the decision problems. There
are two types of opinion expression in CRP, one is pref-
erence  relations based on paired comparison
[7,9, 13, 18, 22, 26, 29, 31, 32], the other usually assumes
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that experts’ opinions can be numerically expressed as
quantitative values [5, 10, 12, 17, 25, 39]. This paper
focuses on the second type of expression of opinion. Due to
the influence of objective factors such as the uncertainty of
things themselves and subjective factors such as the
knowledge structure and judgment level of experts, the
opinions of experts often have great differences. If the
decision results do not take into account the differences
among experts, some experts may not accept the decision
results because they think their opinions have not been
fully adopted. Thus, the CRP has become hotspot research
in the field of GDM [18, 45]. In the traditional consensus,
the consensus degree of experts is required to be either O or
1. This kind of consensus is difficult to reach and unnec-
essary, especially in the complex and uncertain decision-
making environment. In the last few decades, the concept
of soft consensus was proposed, which can flexibly eval-
uate the consensus level of experts and reflect the con-
sensus of the majority of people in the group [15].

The moderator need to consume some resources to
persuade experts to modify opinions in the CRP. Of course,
the moderator hopes to retain the experts’ opinions as much
as possible and reach a consensus at a lower cost. There has
been a lot of literature on the consensus method in CRP.
For example, Ben-Arieh et al. [1, 2] proposed the concept
of the minimum cost consensus method (MCCM) to
describe the linear cost of experts’ opinion adjustment
process in the case of single criterion and multi-criterion.
Dong et al. [6] proposed the minimum adjustment con-
sensus model (MACM). By considering the aggregation
operator in GDM, Zhang et al. [38] introduced a novel cost
consensus model, which expanded Ben-Arieh and Easton’s
work and established the connection between MCCM and
MACM. Gong et al. [39] and Zhang et al. [42] put forward
two consensus models from the perspective of moderator
and experts respectively and discussed the relationship and
economic significance between the two models. Cheng
et al. [5] constructed the asymmetric cost consensus model
from the different directions of opinion adjustment.
Recently, Zhang et al. [44] put forward a bi-level consen-
sus model based on the Stackelberg game. So far, many
scholars have done a lot of improvement in the consensus
model, see [24, 34, 35, 41, 43, 45, 46].

The above literature has greatly promoted the research
of the consensus method, but their methods are based on
the deterministic situation. With the development of social
technology, the speed of people’s cognition is far lower
than the speed of knowledge update. Therefore, there are
many limitations in the application of the group consensus
model with complete information. In the CRP, on the one
hand, it is sometimes impractical to ask experts to give a
clear original opinion [11, 14, 30, 40]. For example, in the
formulation of a talent introduction plan, the university

@ Springer

listens to the opinions of various departments and gives the
final subsidies plan. In this case, it is difficult for depart-
ment heads to provide a clear number. They may be more
willing to provide an interval value. At present, the
research on the consensus method of uncertain opinion is
rare, but some related research results can still be found.
For instance, Gong et al. [11] established the minimum cost
consensus model and the maximum return consensus
model from the perspective of the moderator and experts
based on the interval value initial opinions and then dis-
cussed the relationship between the two models using the
linear duality theory. When calculating the deviation of
expert opinion in the objective function, by introducing a
variable in [0, 1], the expert’s initial opinion was expressed
as a value in the interval. This method ignores the psy-
chological factors of experts and changes the initial judg-
ment of experts. Considering the randomness of opinions in
decision-making, Zhang et al. [40] constructed a cost
consensus model to obtain the minimum consensus budget
under a certain confidence level. In Zhang et al.’s model,
experts’ opinions (or consensus opinions) satisfied certain
distribution in the interval. Using goal programming, Tan
et al. [30] established a dual-objective consensus model
that considers both minimum consensus budget and max-
imum return. In Tan et al.’s [30] model, experts’ opinions
can be expressed in the form of the utility function and
normal distribution. When calculating the deviation of
expert opinion, the 3¢ rule is used to transform the initial
(or consensus) interval opinion into a normal distribution.
By introducing uncertainty theory, Guo et al. [14] estab-
lished the minimum cost consensus model based on
uncertain distance. In Guo et al.’s [14] models, not only the
experts’ initial opinions were assumed to be in an interval,
but the adjustment opinions and the consensus opinions
were also assumed to be in an interval. Through the above
analysis, we find that the interval value judgment well
describes the uncertainty of things, but when the experts’
opinion is interval value, there are some limitations in the
application of the previous study of calculating the expert
adjustment deviation. Because, in many decision-making
problems, it is impossible to get the interval value of
consensus (or adjustment opinion) in advance. For exam-
ple, emergency decision-making [21].

On the other hand, the unit adjustment cost provided by
the moderator to the expert is an important factor in the
CRP. If the unit adjustment cost does not meet the
expectations of experts, they may not cooperate with the
decision-making, which will lead to the consensus process
being too long and ineffective. The above literature does
not consider the uncertain unit cost, which has promoted
the research of consensus cost. However, the solution
obtained from the above cost consensus model may be too
ideal, which leads to deviation from the actual decision. In
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fact, the uncertain unit adjustment cost has attracted
scholar’s attention. For example, Li et al. [17] studied the
consensus model with uncertain cost in GDM. The unit
adjustment cost of experts in Li et al.’s model was esti-
mated according to the change of opinions. By assuming
that unit adjustment cost belongs to given uncertainty sets,
Han et al. [16] constructed the robust cost consensus
model. Lu et al. [25] studied the effect of uncertain cost on
consensus cost in large-scale group decision-making on
social networks. As pointed out earlier, interval-valued
opinions are more convenient for experts to express in an
uncertain environment. However, the above studies rarely
consider interval-valued opinions.

To the best of our knowledge, there is no work con-
sidering the above two factors. To overcome the above
shortcomings, this paper constructs new consensus models
based on interval-valued initial opinion and uncertain unit
adjustment cost. The method in this paper has the follow-
ing advantage:

(1) A new consensus method to effectively solve the
uncertain initial opinions in decision-making prob-
lems is proposed in this paper. When the experts are
not familiar with the decision-making problems or
do not fully grasp the alternative information, the
experts will be in an uncertain state. Interval-value
provides a good expression for experts.

(2) A new distance measure based on interval-valued
initial opinion is proposed. The new distance mea-
sure is closer to most practical situations and can be
understood and accepted by experts. Then, to reduce
the computational cost of the piecewise function, a
linear analytical formula is proposed.

(3) Robust optimization is used to describe the uncer-

tainty of unit adjustment cost. Using duality theory,
the robust cost consensus model based on interval-
valued initial opinion is transformed into a problem
that can be solved in polynomial time.
The rest of this article is constructed as follows:
Sect. 2 reviews the MCCM optimization-based and
MACM optimization-based, and the relationship
between them. Section 3 is divided into two parts
and describes the proposed method in detail. A case
is applied to prove the effectiveness of our proposed
methods in Sect. 4. Section 5 provides sensitivity
and comparative analysis. Finally, in Sect. 6, we
summarize the whole paper and propose future
research work.

2 Preliminaries

2.1 A Review of the Optimization-Based Minimum
Cost Consensus Model

Assume there is n experts, let E = {ej, ez,...,e,} denotes
the expert who participated in GDM. O = {0y, 02, ...,0,}
represents the initial opinion set of the expert. O =

{0},0,,...,0,} is the adjustment opinion set of the expert.
0° denotes consensus opinion. ¢;(i € I ={1,2,...,n}) is
the cost of moving expert i’s opinion 1 unit.

In the GDM, there are two commonly used methods to
measure the consensus degree of experts: Euclidean dis-
tance or Manhattan distance. In this paper, we mainly use
Euclidean distance. | 0o; — o¢ | denotes the ith expert’s
consensus degrees. The smaller the value, the smaller the
degree of change of the expert’s initial opinion. c;* |
0; — 0° | is the cost paid by the moderator to expert e;
changing expert i’s opinion from o; to o°.

To obtain a solution that produces minimum consensus
cost, Ben-tel et al. [1] first presented the concept of con-
sensus cost. As shown in the following model (1).

n
min Zci|o,~ — 0
7= (1)

st. of € Ry.

Assume that each expert has a consensus threshold & > 0.
That is, in the range of ¢ of 0, the cost is free. Ben-tel et al.
[2] presented the concept of ¢ consensus. As shown in the
following model (2).

min Z cilo; — o]
o¢

i=1

(2)

st Joi —0°|<eiegl]
o° € Ry.

—

Let 0; € R be the adjusted opinion of the expert e;. o
denotes the adjusted collective opinion. By introducing the
concept of aggregation operators, Zhang et al. [38] con-
structed a novel minimum cost consensus model, as
follows

n

. !
min > elo, |

)T .
o i=1

st. o, —o°| <giel, (3)
o = F(0),0y,...,0,),
0, Ry iel

where F is the aggregate operator.
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For one thing, aggregation operators have been widely
applied in GDM problems. Common aggregation operators
are weighted average (WA) operator [37], ordered weigh-
ted average (OWA) operator [6, 36], geometric weighted
average (GWA) operator [19], harmonic weighted average
operator [27]. This paper mainly uses the weighted average
operator (WA) to aggregate expert’s opinions, because WA
can directly reflect the relationship between individual
opinion and group consensus opinion, and other operator
can be regarded as a special case of WA.

For another, the consensus threshold ¢ may not be the
same in [40], due to the different background and knowl-
edge level of each expert. This article discusses the con-
sensus method under different consensus thresholds.

The minimum cost consensus model (MCCM) based on
WA and different consensus threshold ¢ is defined as

n

. i
min 3ol

) .
9;,0 i=1

st. o, —of| <g,iel,

n
!
o° = g w;o;,
i=1
! .
0, cRy,iel

where w; satisfies w; € Ry and >/, w; = 1.

2.2 A Review of Minimum Adjustment Consensus
Model

Dong et al. [6] proposed the minimum adjustment con-
sensus model (MACM) based on optimization, as follows

n
min z:d(oi7 0,)
=

st. o, —o°| <giel, (5)

6C:FW(0’150,27" o )a

9 Vn

o €R 0, €RiEL

where d(0;,0;) is the distance measure between o; and o;.
F,, is the aggregation operator. If ¢; is 1 in Model (4), the
distance measurement method in Model (5) is Euclidean,
and the aggregation operator is WA, then Model (4) can be
reduced to Model (5). Zhang et al. [38] has proved this and
proposed Model (6)
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n
min Z ¢id(0;,0))
i=1

st. o, —o°| <g,iel,

n
!
o° = g w;o;,
i=1
! .
0°€Ry,0,€Ryiel

where d(0;,0;) =| 0; — 0, |.

Although uncertain GDM is more common in real life,
uncertain initial opinion and uncertain unit adjustment cost
are not considered in the above consensus method.

3 Model Construction

This section extends the consensus model described in
Sect. 2 to uncertain GDM circumstances. Some novel
consensus models are built that consider uncertain initial
opinions o; and uncertain unit adjustment cost c;.

3.1 Consensus Model with Uncertain Opinion

In previous studies, the initial opinions of experts were set
to a clear number. However, with the development of the
times, there are more and more unknown factors and
decision-making knowledge in the CRP, which make a
complex and uncertain environment for experts. it may be
an uncertain number.

In the following, assume the initial opinion is an inter-
val, that is

0; = [0, 0] (7)

where 0 <o0; <o,

From the expert’s psychological analysis, when the
adjustment opinion falls within the range of the initial
opinion, he thinks his adjustment deviation is O at this time.
To reduce the adjustment deviation of opinions, when the
adjustment opinion falls outside the range, the adjustment
deviation is equal to the distance between the endpoint
value and the adjustment opinion. That is, when the
adjustment opinion is smaller than the left endpoint of the
expert’s initial opinion, the adjustment deviation is equal to
the left endpoint minus the adjusted opinion. When the
expert’s adjustment opinion is greater than the right end-
point of the expert’s initial opinion, then the adjustment
deviation is equal to the adjusted opinion minus the right
endpoint.

Based on the above analysis, a new distance measure
before and after expert opinion adjustment based on
interval initial opinion is provided.
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o . . . .
Definition 1 Assume o; is a continuous variable, o; is an
interval number such that o; = [0, 0;,], 0y < 0. Then, the

. !
difference between o; and o; can be measured by

! !
o —0; 0<o0;<o0y
! !
d(O[, Oi) = 0, 01 <0; <o; (8)
! ’
0; — Oir, Oir <0,'

Definition 1 in the CRP, on the one hand, retains the
expert’s initial judgment. On the other hand, it is closer to
most practical situations and can be easily understood and
accepted by experts.

The distance function of revising all the expert’s opinion
can be denoted as

Zd(()ivo;) = Z (0 — 0;) + Z (0; = 0ir). (9)

7 ] . ! . !
1€ i:0; <oy i:0; <o,

Then, we put forward the corresponding cost consensus
Model (10) of Model (6) under the interval-valued opinion

min Z cid(0;,0;)
f

c - /
st. of = E Wi0;,
i=1

lo,— | <eniel,
0; = [Oil,oir]aiela
o eR 0, eRy,iel

where consensus threshold ¢; is a predefined value, which
reflects the maximum deviation between expert’s adjust-
ment opinions and consensus opinions. 0; = [0y, 0;,] is the
initial opinion of expert ¢;. However, Model (10) contains
piecewise function in the objective function, it is not easy
to be solved. Therefore, a linear objective function is given
below.

Let I = max(oy — 0;,0),l; = max(o; — 0,0),
hi = max(o; — 0ir,0),h; = max(o;, — 0;-, 0),
I —I7 = oy — 0;, hf —h; =0, — 0;,. Then, Eq. (9) can
be rewritten as follows theorem.

! . . . .
Theorem 1 Assume o; is a continuous variable, o; is an
interval number such that o; = [0y, 0;], 0y < 0;r. Then, the
. ! .
distance between o; and o, is expressed as follows

d(o;,0,) = I +h. (11)

Proof If 0;<0,‘1, then 0;<o[1<o[,. We obtain l,-+:
ro,_ _ ’
o — 0,1l =0,k =0,h; = 0; — 0,

Eq. (1), we have

According  to

!

d(0i,0,) = oy — 0, = IF + k.
then [ =0,l7 =0, — oy, hi =0,

h: = o0 — 0;. According to Eq. (1), we have

l

If oy <0; <0j,

d(0;,0,) =0 =1 +h.
If 0; > 0,,, then 0;; <0;, <0;,. We obtain I = 0,; = o, —
0il, hfr = 0;— 0, h; = 0. According to Eq. (1), we have
d(oi,o;) = 0; — oy =1 +h.

O

Next, an important corollary is given from Theorem 1 to
show the relationship between variables [, [, k" h; and

[
’

0;.
Corollary 1 If o,=oy, then 7 =0,7 =0,
hf =0,y >0. if o,<oy , then [} >0,I7 =0,

hf =0,k > 0. if 04<0,<0i, then Ij = 0,17 >0,h =
0, h; = 0.if 0; > 0y, then I = 0,17 >0, > 0,h; = 0.

Proof If o; = 0y, then oy — 0; =0, 0; —0;;<0. We can
obtain [ =0,[7 =0,k =0,h7 >0. If 0,<o0;, then
0i—0;> 0,0, —0;,<0. We can obtain [ >0l =
0,k = 0,k > 0.1f 0y <0, <0j,, then 0;; — 0, <0, 0; — 0
<0. We can obtain [J =0,l; >0,k =0,h7 >0. If
0; = 0;,, then o; — 0;<07 0; —o0;; =0. We can obtain
If =0, >0,k =0,h; =0. If 0,>o0;, then o;—
0,<0,0, —0;; >0. We can obtain [ =0,l; > 0,h >
0,h; =0. O

Theorem 1 deals with the problem of piecewise function
in the objective function of Model (10). For the conve-
nience of later research, by introducing auxiliary variables

c=(cr,ca,..0en), =0, L0 I~ =
(5,0, .., L)' and Kt = (hf ki, kD), b=
(hy, b5, ..., h;)T, Model (10) can further convert to the

following linear programming model

min ¢’ (I +h")

c - !
st of = E Wi0;,
i=1

0j — 0 <g,i€el,
Py —0;i+0°<¢,i €l (12)
IF—1 =oy—o,icl,
b —h =0, — 0;i €1,
o € Ry,0, €RITER i€,

I"eR,hmeR, i eR]}.
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where ¢¢, 0, I*,1~,h* h~ is the decision variable. In this
paper, denote Model (12) as P;.

Finally, Theorem 2 is given to show the relationship
between the Model P, and MCCM.

Theorem 2 Model Py can be seen as a generalization of
MCCM, whereas MCCM can be seen as a special case of
Model Py. When o; = 0y = 0;,, then Model P\ can be
reduced to MCCM.

Proof This result is easy to get, we omit it. O
3.1.1 Example

This section verifies the theoretical analysis of the above
theorem using the data in References Zhang et al. [40]
Suppose there are four experts ej, ez, €3, e4 in the GDM
and their corresponding initial opinions are oy = [48,52],
02 = [50,55], 03 = [60, 65], 04 = [62,67]. The unit adjust-
ment costs paid to the four experts by the moderator are
c1 =0.8,¢cp=1.5,¢c3 =1.2,¢c4 = 0.9. Suppose the weight
of their opinions is
wi; = 0.25,w, = 0.25, w3 = 0.25, w4 = 0.25. respectively.
The compromise level of each expert is 0.2, 0, 2, 0.2, 0.3.
We construct model P; as follows:
_ min 0.8(If +hi)+ 1.5(I; +hy)
0% 0,15 1 b hy

+1.2(13 +h3) +0.9(lf +hy)
s.t. 0° = 0.250, + 0.250, + 0.250; + 0.250,,

(13)

o €Ry 0 € R, IF€Ry,
I7 € Ry b € Ryyh € Ry

@ Springer

The solution of model (13) is o =
(55.2,55,55,55.4,55.4, 0,7,3,0,0,5,0,0,4.6,0,0,9.6,
6.6,0,0,11.6). The right endpoint of expert e;’s initial
opinion is smaller than its adjustment opinion, then
If =0,lf =7>0,hf =3>0,h; =0. The right end-
point of expert e;’s initial opinion is equal to its adjustment
opinion, then I = 0,/{ =5 > 0,h = 0,h; = 0. The left
endpoint of the expert e3(e4)’s initial opinion is more than
its adjustment opinion, then [ =4.6 > 0,l; =0,h; =
0,h; =9.6>0(lf =6.6>0,I;, =0,h; =0,h; =11.6
> 0).

This section establishes a new cost consensus model
under interval-valued initial opinion as an example. First,
when the expert’s initial opinion is interval value, a new
distance measure is given between the adjustment opinion
and the initial opinion. Next, Theorem 1 is provided to
reduce the computational cost of piecewise functions in
Model (10), and the relationship with the MCCM is pro-
vided in Theorem 2. Finally, the theoretical analysis of this
section is shown using Zhang et al. [40] data.

3.2 Consensus Model with Uncertain Cost

In this section, a novel consensus method is proposed to
solve the problem of uncertain unit adjustment cost in the
consensus model with interval-valued opinion.

The CRP is a complex process, which needs the mod-
erator to provide some compensation to experts in order to
persuade them to change their views. Due to the limited
knowledge of decision problems, it is very hard for the
moderator to determine the unit adjustment cost of each
expert. Thus, the unit adjustment cost ¢; may be uncertain.
The optimal solution found using the determine ¢; may no
longer be optimal or even infeasible. Previous studies,
however, rarely considered the uncertain unit cost in the
consensus model of interval-valued opinions.

This observation raises the natural question of finding a
solution that is immune to data uncertainty, that is, they are
‘robust’. To deal with this situation, robust optimization is
introduced into the Model (12). Unlike stochastic pro-
gramming and fuzzy programming, robust optimization
does not need to know the exact distribution of uncertain
parameters and the membership function of uncertain
parameters. We only need to describe the uncertainty of
unit adjustment cost in the form of set.

Let’s consider a robust version minimum cost consensus
problem with the interval-valued initial opinion



H. Zhang et al.: The robust cost consensus model... 641
min sup (It +nt) min  cfs+ (0|
ce
. st. s—1" —h">0,
s.t. 0of = Zwiog, n
i=1 of = Z w;o;,
0, —0°<g,iel, =1
’ — .
. 0 <g
—o0;+0 <g,i€el, (14) 0; =0 <& iel a7)
_ - —0. +0°<eg,i
I =17 =o0y—o,i€l, P o;to <ei€l
_ . If =1 =oy—o0,i€l
h?—hi =0,—0ir,i €1, i i il i )
’ = / — 0. 1
o €Ry,0, € Ry, ITER i€, hi —hi =0, —oiri€l,
~c ! + noo:
lfe[Ri,h*eRi,hfeR’i. 0" €Ry,0,€eRITeER i€
, — n + n - n n
where 0%, 0, 1,17 ,h" h~ is the decision variable, ¢ € R’ FeRL AT eR, AT R, s €RY
is uncertain parameter, and U is the uncertain region for ¢.  [In this paper, denote Model (17) as P».
In the optimization problem, a typical method to char- ) L .
acterize uncertain parameters is to construct the perturba- Proof The inner maximization problem of (14) is
tion region near the fixed reference point (e.g., Ben-Tal sup  cl (1T +hT)+ QT (1T + )
et al. [4]). Let ¢y is the reference point. Q is a n X m !
coefficient matrix which is used to construct the distur- st. ¢co+Qt>0, (18)

bance region around cy. That is
U={ceR}| ¢=cy+0t1eT}. (15)

where 7 is a given nonempty and compact convex
uncertainty set [4]. In this paper, 7 is used to include all
possible implementations of uncertain unit costs.

The selection of uncertain sets affects the complexity of
solving the Model (14). In this paper, three classical
uncertain sets in robust optimization are selected, such as
box uncertainty set, ellipsoidal uncertainty set, and poly-
hedral uncertainty set. Next, we show how to get some
easily handled robust counterpart problems of Model (14)
with the help of duality theory.

3.2.1 Box Uncertainty Set

Suppose ¢ belongs to the box uncertainty set, let
T ={reR" ||, <1}. (16)

Box uncertainty set, also known as the interval set [4], is
the simplest uncertainty set. As robust optimization can be
understood as the worst-case optimization approach. For
some models, optimization can be performed on the upper
and lower bounds of the interval of uncertain parameters.

Theorem 3 When uncertain unit adjustment cost ¢
belongs to the box uncertainty set, the robust counterpart
of the problem (14) under the definition Egs. (15) and (16)
is expressed as follows

e}y < 1.

In order to obtain the dual problem of (18), let’s do the
following first

mlin —cI(I" +nt) QT (1T + ht)
st co+Qt>0, (19)
el < 1.

where ¢ is the decision variable.

Because the outer layer of the problem (14) is the min
problem and the inner layer is the sup problem. We can
transform the inner sup problem into the min problem
using the duality theory. So min-min can be written as min
problem.

We associate the multipliers 2 € R”. with the inequality
co+Qt>0, and n€ Ry with ||7]|, <1. We form the
following Lagrange function

L(n,2,t) = =l (It +h*) — 7 QT (It + ")
— 2 (eo+ Q) +n(llell, — 1).

Thus, Lagrange dual function is

g(hm) = —cg(I" + " +2) —n
T
(It +nt+)"0
—nsupg | ——————— | 1= |itlly ¢,
' n
Because the conjugate of f = || - || is given by
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07 *Sla
ﬁ@z{ I

o0, otherwise.
We obtain the dual problem of (19)
—cos = 11075l

st. s—1"—h">0.

max
s

seRL.
So the dual problem of (18) is
min s+ (0"s|
st. s—1T—ht>0. (22)
seRL.
By substituting sups.;, ¢ (I* + h*) in (14) with (22), we
derive (17). O
3.2.2 Ellipsoidal Uncertainty Set

Suppose ¢ belongs to the ellipsoidal uncertainty set, let
T={reR"[|,<1}. (23)

Ellipsoidal uncertainty set can well represent various types
of uncertainty sets, facilitate data input, and reflect the
correlation among uncertain parameters to a certain extent.

Theorem 4 Suppose there exist f such that cy + Qf > 0
and ||f||,<1. When uncertain unit adjustment cost ¢
belongs to the ellipsoidal uncertainty set, the robust
counterpart of the problem (14) under the definition
Egs. (15) and (23) is expressed as follows

min  cfs+ (05,

st. s—1" —h">0,

n

6C=Zwi0;,
i=1

0, — " <giel,
—o0,+ o <giel,

Py If—1-=o0y—o,icl,
h;”—hi_:o;—oir7i61,
seR,0°eRy,ITeRL, ™ eRY,

ht e R, AT R0, € Ry.

@ Springer

In this paper, denote Model (24) as Ps.

Proof The proof process is the same as Theorem 3, we
omit it. O

Corollary 2 is given based on Theorems 3 and 4, as
follows

Corollary 2 Let U be given by (15) and the perturbation
set by T ={teR"|[lt],<1}(1<p<oco), where ||,
represents the lp-norm of a vector. we assume that there
exist £ € T, such that co + Of > 0 and ||f]|,<1. Then the
problem (14) is equivalent to

min  cfs+ ||QTs||q

st. s—1T—ht>0,

n
. ’
0 = E w;o;,
i=1

0;70{S8i,l‘617
/ ) (25)
—0;,+0"<g,i€l,

I~

I zoiz—oé,iel,
ht—h7 =0, —opicl,
o €R,0,€RITER" i€,
I"eR, AT eR b eR:,seR..
where 1/p+1/q = 1.
3.2.3 Polyhedral Uncertainty Set

Suppose ¢ belongs to the polyhedral uncertainty set, let
T = {t € R"|At = a, Bt > b}. (26)

Polyhedral uncertainty set composed of linear equality and
inequality constraints can be regarded as a special case of
ellipsoidal uncertainty set [3]. Because of its linear struc-
ture and easy control of uncertainty, it is widely favored in
practical engineering problems.

Theorem 5 Suppose there exist f such that ¢y + Qf > 0
and Af = a, Bf > b. When uncertain unit adjustment cost ¢
belongs to the polyhedral uncertainty set, the robust
counterpart of the problem (14) under the definition
Egs. (15) and (26) is expressed as follows
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min cjs—a'y —b'z
s.t. 1" +h" —s<0,

Ofs+ ATy + BTz =0,

n
N ’
0 = E w;o;,
i=1

/

Py 0,—0°<g,i€l, (27)
—o0 + o <giel,
IF—1-=og—o,icl,
Bt —h7 =0, —opi€l,
o €R 0, €RITER, T ER i€,
R eR,hmeR,seR",ycR zeR].
In this paper, denote Model (27) as Pjy.
Proof The inner maximization problem of (14) is

sup (It +hT)+1QT(IT + hT)
t

s.t. co+Qt>0,

where ¢ is the decision variable.

Because the outer layer of the problem (14) is the min
problem and the inner layer is the sup problem. We can
transform the inner the sup problem into the min problem
using the duality theory of linear programming. So min-
min can be written as min problem.

In order to obtain the dual problem of (28), let’s
consider the following questions first

min —c(I" +nt) =" QT (I" + ht)
s.t. co+Qt>0,
At=a

(29)

Bt>b.

We associate the multipliers 4 € R’ with the inequality
co+Qr>0,y € R with At = a, z € R% with Bt >b. We
form the following Lagrange function
L(Z,y,2,t) = —cL(" +n") =" Q" (1" + h')

— 2 (co + Q1) +y"(a — Ar) + ' (b — Br),

Thus, Lagrange dual function is

g(hy,2) = —c( (I + h* + ) +a'y+b'z
+inf{— (" + 1" +2)"Q+ ATy + B'2)1}.

The infimum of a linear function is —oo, except in the
special case when it is identically zero, hence the dual
function of (29) is

max —cgs +aly+b'z
5,32

st. 1T +ht —s5<0,
OTs+ ATy + BTz =0,
seR,ye R, zeR].

So the dual problem of (28) is

min cls—aly—b'z
sya 0

st. IT+ht —s<0,
Qs+ A"y + BTz =0,
seR,ye R, ze R

where y, z is the Lagrange multiplier.

Because the Slater condition holds, the above primal
(28) and dual (31) have the same optimal value by linear
dual theory.

By substituting sups,; ¢’ (I + k™) in (14) with (31), we
derive (27). O

4 Application in P2P Loan Consensus

This section illustrates the feasibility and effectiveness of
the proposed consensus method through a case study of
P2P lending.

With the gradual liberalization of China’s financial
regulation, P2P platforms are expected to be popularized in
China with explosive growth and substantial development
in the context of China’s huge population base, increas-
ingly booming financing demand, and backward traditional
banking services.

With the help of the P2P platform, the borrower always
hopes to borrow the required funds at a lower interest rate
as soon as possible, and the lender hopes to get a higher
return by lending to the borrower. When both parties reach
an agreement, the platform charges a certain proportion of
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the service fee to the borrower. Because borrowers (len-
ders) lack professional financial knowledge, they may not
be able to determine the loan interest rate. To make the two
sides reach a consensus as soon as possible, the platform
needs to take certain subsidies to the borrowers.

Taking the negotiation of loan consensus of online P2P
as the background [42], it is assumed there are n borrowers,
o0; is the expected interest rate of the borrower i. For bor-
rowers, because of the volatility of interest rates, they can
only give a rough range. That is, the initial opinion is an
interval value. 0; represents the adjusted interest rate. w;
represents the proportion of funds allocated by the lender to
the borrower i, and o¢ represents the expected return rate of
the lender. Because the borrowers are bounded rationality,
they are willing to accept the platform’s proposal. c; refers
to the unit subsidy provided by the platform to the bor-
rower i to change its unit interest rate. The consensus
threshold of each borrower is ¢;, which indicates lenders
are flexible about the expected interest rate for each bor-
rower. Due to the speed of data updating, the subsidy of
interest rate adjustment for different borrowers may also be
an uncertain number.

Assume that the platform has a lender with an invest-
ment fund of 20000 yuan at this time. In order to reduce the
default risk, the investor selects five borrowers with class
credit but different grades from the platform. The investors
divided the money into 6000, 5000, 4000, 2000, 3000 and
lent them to the five borrowers. The expected interest rates
of these five borrowers are {0y,02,03,04,05} =
{[5.1,5.6],[6.3,7.8],[7.3,8.8],[8.5,9.8],[9.5,11.5]}  (unit:
%). Assume that they are bounded rationality, in order to
borrow funds, they are willing to accept the mediation of
the platform. The platform provides compensation for each
borrower to change its expected interest per unit,
¢ =(3.0,2.5,1.5,2.0,1.0). The consensus threshold is
¢ =(0.8,0.4,0.5,0.6,1).

since ¢ = ¢ + Qt, suppose ¢ takes the nominal value,
that is ¢o = (3.0,2.5,1.5,2.0,1.0), where Q takes the

random matrix subject to the normal distribution

0~ N(0, (1/3)*), here
0.3708 0.1419 0.2126 —0.1298
—0.2398 —0.0248 —0.1887 —0.4239

0= —0.0911 —0.4663 —0.0054 0.0909
0.2258 0.0641 0.2074 0.1058
—0.3122  0.1935 0.1778 0.4995

Assume that all the element in matrix A, B and vector a, b
in (26) are stochastically generated in [0, 2], [2/1, 5/2].
Here

@ Springer

Table 1 Minimum cost, consensus opinion under different model

P P, P; Py
fval 5.1 5.526 5.716 5.429
o° 6.8 7.900 7.900 7.900
0.6214 1.1427 0.3264 0.9278
4 0.9476 1.5427 0.9709 0.4318
| 1.3837 0.7631 1.4670 1.1106
0.6250 0.3109 0.8888 1.0471
and
0.4400 0.3929 0.9912 1.3873
5 0.9307 1.5927 0.9329 0.9683
| 14651 1.1897 09181 1.3346
1.1616 1.0277 0.6625 1.2081

a=(1.7273,1.2641,1.9915, 1.4493),
b = (1.5392,1.6465,1.2006, 1.6749).

By solving Model Py, P,, P3;, P4, the minimum cost
(fval), consensus opinion (o°) are shown in Table 1 . When
the parameter Q takes the above value, we can find that the
consensus opinions of Model P,, P; and P, are the same in
Table 1. However, the consensus costs of the three models
are different. The cost of Model P; is smaller than that of
the other three models, but the cost of Model P, is closest
to that of Model P;. Therefore, we can conclude that Model
P4 can reduce conservatism compared with Model P, and
Ps.

5 Model Discussion

In this section, first, the sensitivity analysis method is used
to study the influence of some parameters in the model P,
P, P3, Py on the consensus opinion o0°, minimum cost
(fval). Then, the advantages of the proposed method are
shown compared with the existing methods in the
literature.

5.1 Sensitivity Analysis

Sensitivity analysis [33] is often used to study and analyze
the sensitivity of the changes of model parameters or sur-
rounding conditions of a model (or system) to the changes
of model output, which is helpful for model parameter
correction. In addition, sensitivity analysis is also used to
determine which parameters in the model have a greater
influence on the model. Therefore, sensitivity analysis is
the most commonly used analysis method in optimization
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Minimum Cost

0 1 2 3 4 5 6
1:0=0.90"0, 2:4=0.95*0, 3:0=1.00"0, 4:0=1.05"0,5:0=1.10*0

Fig. 1 Minimum cost under different initial opinion

and scheme evaluation. When we study the influence of
one parameter on the model, other parameters in the model
remain unchanged. The data in Sect. 4 are still used.

(1) The influence of expert’s initial opinions on the
decision results

o; represents the initial loan interest rate of the borrower.
In this paper, o; is an interval value. It is necessary to study
the influence of o; change on the decision results. The
results are shown in Fig. 1 and Table 2.

As can be seen from Fig. 1 and Table 2, when the
expected interest rate given by the borrower is too high, the
interest rate of the lender also increases, which is in line
with the reality. However, for the platform, its subsidy also
increase. At this time, for the sake of self-interest, the
platform needs to provide help for borrowers, so that they
can provide reasonable a range of expected interest rate.

(2) The influence of consensus threshold of experts on
the decision results

Table 2 Minimum cost, consensus opinion under different initial
opinion

0900 095x0 1.00x0 1.05%x0 1.10%0
p fral 4130 4.615 5.100 5.585 6.070
oo 6.070 6.435 6.800 7.165 7.530
p, fral 4476 5.001 5.526 6.050 6.575
25 7.050 7.475 7.900 8.325 8.750
p. Jval 4665 5.213 5.761 6.309 6.857
3o 7.050 7.475 7.900 8.325 8.750
p, fral 4401 4.915 5.429 5.943 6.457
4o 7.050 7.475 7.900 8.325 8.750

Minimum Cost

0 1 2 3 4 5 6
1:¢=0.90%¢, 2:¢=0.95%, 3:¢=1.00%¢, 4:¢=1.05%,5:¢=1.10"¢

Fig. 2 Minimum cost under different consensus threshold

The consensus threshold ¢; reflects the flexibility of the
borrower’s expected interest rate for different credit rating
borrowers. The decision results under different thresholds
are shown in Fig. 2 and Table 3.

It can be seen the larger the consensus threshold, the
smaller the expected interest rate and consensus cost. In
these circumstances, the too lower interest rate leads to the
lenders withdrawing from the platform and makes the
transaction impossible to reach. At this time, to promote
the two parties to reach a consensus, the platform needs to
provide some risk information for the lenders, so that they
can make a reasonable judgment. From this, we can see
that the platform plays an important role in the loan con-
sensus, considering own interests as well as the interests of
both sides.

From Table 3, we can find that the cost of the three
models is higher than that of Model P, but the cost of
Model P, is the closest to that of Model P;. So we can
obtain that Model P4 can reduce the conservative compared
with Model P, and Model P;.

(3) The influence of the matrix Q on the decision results

The matrix Q is the coefficient matrix which forms the
disturbance area around the reference point c¢y. The change
of O changes the disturbance area. Next, we study the
influence of the change of Q value and different distribu-
tion on the results. First, we use the Monte Carlo simula-
tion method to generate 1000 groups of data according to
the normal distribution and uniform distribution. Then,
1000 groups of data are divided into 5 groups, and the data
of each group is substituted into the Model P; — P, to get
the optimal solution and the optimal value. Finally, the
average value of each group is taken as the final result. The
results are shown in Fig. 3 and Table 4.
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Table 3 Minimum cost,

- e=038"¢ e=09-¢ e=10-¢ e=11-¢ e=12-¢
consensus opinion under
different consensus threshold fal 6.020 5.560 5.100 4.640 4.180
Lo 6.900 6.850 6.800 6.750 6.700
p fval 6.519 6.022 5.526 5.029 4.532
2 8.020 7.960 7.900 7.840 7.780
P fval 6.800 6.280 5.761 5.241 4.721
oo 8.020 7.960 7.900 7.840 7.780
P fval 6.399 5914 5.429 4.944 4.459
o 8.020 7.960 7.900 7.840 7.780
It can be Seep “{hen Q obeys uniform dlsulbutl_on’_the Table 4 Consensus opinion under different matrix Q
consensus cost is higher than that of normal distribution. .
But no matter what distribution Q follows, compared with Time Py Py Ps Py
box uncertainty set and ellipsoid uncertainty set, polyhedral  nppmal  distribution 1 6.8 7548 7.566  7.469
uncertainty set can reduce the conservative type of the o° 2 6.8 7.561 7.566  7.431
model. From Table 4, we can obtain that consensus opinion 3 68 7517 7550 @ 7.371
changes when the parameters of the disturbance region 45‘ (6)2 ;g%g ;zg; ;fgi
change. And, the consensus of Model P, P; and Py is ) o ' ’ ' '
diff b he b . i dal Uniform distribution 1 6.8 7.548 7.589 7.476
ifferent, because the box uncertainty set, ellipsoida of 2 6.8 7502 7.555 7.443
uncertainty set and polyhedral uncertainty set do not 3 68 7497 7.498  7.438
completely coincide even if the parameters of the distur- 4 6.8 7514 7530 7412
5 6.8 7.505 7.504 7.437

bance region are the same. Under different distributions,
the consensus opinions in the same model are very close.
Through the above analysis, we get that the distribution of
Q does not affect the optimal opinion of the model, but
affects the optimal value.

5.2 Comparison Analysis
In this section, the methods proposed in this paper are

compared with those in other related articles. Here, we
mainly choose Model P; and P, in this paper. Because

6.8 ;__,.e——e———e\e =1 P,
P_-Q normal distribution
6.6 4
+P3-Q normal distribution
6.4 —+— P 4-Q normal distribution
PZ-O uniform distribution
w820 1
‘3 —G—P3-Q uniform distribution
o » A= ) . 25 g o
g 6 —%— % ——%——= |—=—P,-Quniform distribution |
£
£ 58+F
56 ¥z To- =% -
5471
52T
4 + + + -+
5 s s
1 2 3 4 5 6 7 8 9

Time

Fig. 3 Minimum cost under different distribution of Q
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through analysis in Sect. 3, compared with Model P, and
P53, Model P4 can reduce the conservatism of the model.

In the following, the data in [38] is used to perform a
detailed analysis. To minimize the influence of data
heterogeneity on the final results, the median value of
interval-valued initial opinion in Py, P4 equal to the initial
opinion of MCCM. that is, o; = (0; + 0;;)/2. For the
parameters Q, A, B, a, and b in Model P4, the generation
method is the same as Sect. 4. Their relevant decision
information is listed in Table 5. The decision results of
different methods are listed in Table 6.

As can be seen from Table 6, compared with the method
of Guo et al. [14] and MCCM, Model P; and P4 cannot
only get clear consensus opinions and adjustment opinions,
but also the cost of consensus is low. The results show that
the methods in this paper are more suitable for consensus
decision-making under uncertainty.

Table 5 Decision information given by four expert

0; in MCCM o0;in [14] o0;in Py o0;inPy ¢; wi &
e; O [0, 0] [0, 0] [0, 0] 1.0 03 0.5
e 3 [1, 5] [1, 5] [1, 5] 40 0.1 05
e3 6 [3, 9] [3, 9] [3, 9] 30 04 05
es 10 [8, 12] [8, 12] [8,12] 5.0 02 0.5
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Table 6 Decision result of /

different method ‘1 % %3 4 s foal
MCCM 5.25 5.25 6.0 6.25 5.75 33.0
[14] [5.02, 5.48] [5.0, 5.5] [6, 6] [6.25, 6.25] [5.66, 5.84] 375
P, 7.0 7.0 7.75 8.0 7.5 15.0
Py 7.6 7.6 7.9 8.0 7.8 18.1

6 Conclusion

With more and more application scenarios of GDM, the
consensus method under certain conditions is limited in
application. Based on this finding, the MCCM is extended
to the case of uncertainty. Due to the inherent fuzziness and
subjectivity of human nature thinking, the evaluation
information given by experts is generally incomplete and
uncertain. They may provide a rough interval about the
decision-making problem. When the initial opinion is an
interval value, a new distance measure is defined between
the initial opinion and the adjustment opinion, which
retains the expert’s initial judgment and is consistent with
most practical decision problems. In order to reduce the
computational complexity of the piecewise function, a
linear analytical formula is obtained. Next, we study the
case that the adjustment cost is uncertain. By assuming that
the unit uncertain cost belongs to three uncertain sets: box
uncertainty set, ellipsoidal uncertainty set, and polyhedral
uncertainty set, three robust cost consensus models which
can be solved in polynomial time are obtained by duality
theory. Finally, the proposed method is applied to P2P loan
consensus and gets some meaningful findings as follows:

(1) Compared with the box uncertainty set and ellipsoid
uncertainty set, the polyhedral uncertainty set can
reduce the degree of conservation.

As the initial interest rate of the borrower increases,
the expected interest rate of the lender and the
subsidy cost of the platform increase. For the sake of
self-interest, the platform should help the borrower
to provide a reasonable initial expected interest
range to reduce cost. On the contrary, if the
consensus threshold of the lender increases, the
expected interest of the lender and the subsidy fee of
the platform instead decrease. For the lender, low
interest rates can lead to trading failures. Therefore,
as an important trading hub, the platform needs to
provide more historical data to lenders to help them
give a reasonable consensus threshold.

Compared with other methods, the proposed method
can get clear consensus opinions and adjustment
opinions with lower consensus costs.

(@)

3

It should be pointed out that this paper only considers the
uncertain initial opinions of experts and the uncertain unit
adjustment cost, but does not consider the behavior of
experts in the CRP, such as non-cooperative behavior,
game behavior, and so on. In addition, the opinion of
experts can not be modified indefinitely in the CRP,
because when the deviation between the adjustment opin-
ions and the opinion of experts is large, the experts may not
accept the adjustment opinions. Therefore, in the future,
the adjustment willingness and behavior of experts should
be considered in the design of the group consensus deci-
sion-making model.
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