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Abstract Motivated by bipolar fuzzy (B,F) sets (B,FSs)
and picture fuzzy sets (P.FSs), we introduced the aggre-
gation operators for the novel extension of P.FSs named as
bipolar picture fuzzy sets (BP.FSs). Firstly, various arith-
metic rules, scores and accuracy functions of the BP FSs
are presented. Secondly, some aggregation operators of
BP_ FSs are constructed to accumulate the bipolar picture
fuzzy (BP.F) data. Thirdly, the features of these aggrega-
tion operators are penned and then based on these aggre-
gation operators a multiple criteria decision-making
(MCDM) approach is developed to resolve the vague data.
In the end, an illustrated example of the investment of
money is put forward to show the authenticity and efficacy
of the suggested approach. Moreover, BP.F-TOPSIS,
BP F-VIKOR, and sensitivity analysis (SA) have been
used to provide the strength and practicality of the pro-
posed MCDM model.

Keywords Fuzzy sets - Picture fuzzy sets - Aggregation
operators - Bipolar fuzzy sets - Linear programming model

1 Introduction

Coung [6] presented a concept of picture fuzzy sets
(P FSs), a generalization of fuzzy sets (FSs) [35] in 2013.
P .FSs consists of three well-known degrees, belonging
degree (BD), non-belonging degree (NBD) and neutral
degree (ND) so that 0 <BD + NBD +ND<1. P.FSs
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become a significant tool to handle the situations that have
more answers like, yes, no, neutral and refusal. Later on,
Cuong and Kreinovich [7] developed some operational
rules for P FSs to deal with the picture fuzzy information
accurately. Aggregation operators (AOs) are extensively
used to accumulate the data under different extensions of
FSs, for example, Xia et al. [31] introduced a chain of AOs
for hesitant fuzzy (HF) data by using quasi arithmetic
means, Wei [27] constructed variously prioritized AOs for
aggregating HF data, Wei et al. [28] introduced HF Cho-
quet integral AOs, HF Choquet ordered averaging
(HFCOA) operator and HF Choquet ordered geometric
(HFCOG) operator. Similarly, numerous experts work to
develop AOs for P.FSs [9, 13, 18, 29]. Recently, Zhang
et al. [36] developed some Heronian mean (H,M) AOs to
accumulate the picture fuzzy numbers (P.FNs) and for-
mulated an MCDM approach for solving the multiple cri-
teria problems. The Hamy mean (HM) operators are
extended by Li et al. [15] for Pythagorean fuzzy sets (PFSs)
and then they implemented these to get the solution of
MCDM problems. Recently, HM operators are also applied
by Wei et al. [30] under the framework of dual hesitant
PFSs.

Nowadays, DMs are using B,FSs [37, 38] as a signifi-
cant tool to handle the vague and uncertain data in MCDM
problems. A couple of elements, named as, the positive
degree of membership (P,DM) and the negative degree of
membership (NV,DM), are used to represent an entity in
B,FSs and the range of these degrees always bounded in
[—1,1]. Many DMs have used the B,FSs in their research
articles [11, 14, 39-41]. Later on, Gul [10] developed
accumulation operators for B,F information. An idea of
hesitant B,FSs and its operational rules are presented by
Wei et al. [32] in 2017. Lu et al. [16] introduced the idea of
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bipolar 2-tuple linguistic fuzzy sets (B,2TLFSs). More-
over, Xu and Wei [34] presented the concept of dual B,FSs
and developed various operational rules to handle it. Based
on B,FSs, Akram and Arshad [1] proposed the B,F lin-
guistic variables and B,F numbers. Alghamdi et al. [3]
established the MCDM technique with the help of B,F
framework. Akram et al. developed the B,F-TOPSIS and
B,F-ELECTRE-I techniques for medical diagnosis [2].
Shumaiza et al. [20] proposed the Trapezoidal B,F num-
bers to investigate the group decision-making problems.

Based on the literature review, it can be seen that both
P.FSs and B,FSs have got much attention from the DMs.
That is why we have created a novel extension called
BP_.FSs by combining both P.FSs and B,FSs. BP.FSs have
additional information in the form of P,BD and N,BD
which are not present in the P.FSs due to which it helps the
DMs more effectively than P.FSs and B,FSs in the deci-
sion-making process. In this article, we pay heed to three
aspects: (1) presented some core operational laws for
BP.FSs and (2) established two aggregation operators,
called Dbipolar picture fuzzy weighted average
(BP.FWA)and geometric (BP.FWG) operators to accu-
mulate BP_.F information. (3) developed score and accu-
racy functions to compare the outcomes of two BP.F
numbers.

Vanderbei [24] presented the idea of linear program-
ming (LP) model that allows some objective function to be
maximized or minimized according to the circumstances.
LP model is capable the DMs to tackle the issues which
they face in MCDM procedures. Many DMs implemented
the LP model to handle the MCDM problems in various
area of lives [4, 8, 12, 25]. Sometimes the decisions alter
with the change of weights of criteria. It means that
weights of criteria have a vital influence on decisions.
Assigning the weights to criteria are difficult task for the
DMs, however, Sindhu et al. [21, 22] have applied the LP
technique to evaluate the weights. To avoid biases, we have
used the TOPSIS to find out the objective function, and
then LP technique has applied to determine the criteria’s
weights in this work.

The Rest of the article is planned as Sect. 2 encloses
some preliminaries regarding bipolar picture fuzzy sets, LP
model, and score function. The AOs like BP.FWA and
BP .FWG operators are developed, and their properties are
discussed in Sect. 3, respectively. Based on these operators
an MCDM model is proposed in Sect. 4, and the developed
model is then applied on a practical example about the
selection of investment company in Sect. 5 to elaborate the
validity and effectiveness. A comprehensive comparative
analysis and a sensitivity analysis is performed to empower
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the proposed MCDM model in Sects. 6 and 7, respectively.
A brief discussion and conclusions are penned in Sect. 8.

2 Preliminaries

This section comprises some notions like FSs, P.FSs,
B,FSs and LP to support the BP.FSs and MCDM model.
Also, to compare the BP.F numbers, novel score and
accuracy functions are presented here.

Definition 1 [35] A fuzzy set (FS) F on a discourse set
X = {x1,x2,...,x,} is presented as:

F= {<x[, mp(x,-)>

where, m : X — [0, 1].

X; € X},

Definition 2 [6] Let X = {x1,x2,...,x,} be a fixed set, a
picture fuzzy set P, on X is defined as:

P.= {<xiaaP((xi)aVPL.(xi)7ﬁP(.(xi)>’xi €X,i= 1727 . .,}’l},

where op (xi), Pp (xi), 7yp (%) €[0,1] are called the
acceptance membership, neutral and rejection membership
degrees of x; € X to the set P, respectively, and op,_(x;),
7p, (Xi) and Bp. (xi) fulfil the condition:
0<ap, (xi) +p, (xi) + Bp (x;) <1, for all x; € X. Also
Cp(xi) = 1 —ap, (xi) = 7p,(xi) — Bp,(xi), then (p (x;) is
said to be a degree of refusal membership of x; € X in P,.
For our convenience, we can write P = (o (x;),
ﬁlj,ﬂ (x;), 75, (x;)) as the picture fuzzy numbers (P.FNs) over
a set P., where k is positive integer.

Definition 3 [29] Let P = (apt_(xi),ypz(x,-),ﬁpf(xi)),

Py = (ah, (5. %, (x). B, ()
(a%,( (xi),y,%c (1), ﬁi{. (x,-)) be three P.FNs, then arithmetic
operations are listed as follows:
1.
PL® Py o+, ot X, X B )

2. Pi®Py=(up X 0p,7p + V5 —Vp X Vps

Br, + Be, — Br. % B3,);

AP =(1—(1—ap)", 75, Bp ), where, & > 0;

A A

4 Pr= (o, 1= (1=9p)"1 = (1= Bp)"),

A >0.

and P, =

where,

Definition 4 [37, 38] A B,FS denoted by B, on a uni-
versal set X = {xy,x2,...,x,} is defined as follows:



M. S. Sindhu et al.: An Approach to Select the...

2337

B, = {<xi, (3, () B, (xi))>(x,- eX,i=1,2, n}

where ocB :X — [0, 1], By (xi) : X — [-1,0] are named
as P,BD and N,BD of x; € X to B, respectively.

Definition 5 [10] Let B,,, BII, and BZ be any three B,FSs on

X = {x1,x2,...,%,}, then several accumulation operators
are listed as follows:

I B, ®By = (af +o5 —af x5, —[B|x[B;]);
2. B @By = (jo| x| |, B + By = B < By )

3. kB, =(1—(1—-0a")" —|p7|), where, k > 0;

4. By = (a")", =1+ |1+ B~[", where, x> 0;

5. B =(1—o|p —1].

Inspired by B,FSs and P.FSs, we proposed the bipolar
picture fuzzy sets (BP.FSs) denoted by P is presented
below,

Definition 6 [23] Suppose that X = {x,x2,...,x,} is a
discourse, then the BP.FSs P on X is presented as:

P:{<xi,(15j(xf)aﬁ:(xi))> ,':1,2,...,11},

here  Pl(x) = (o (xi), vp (i), Bp(xi)s  Po(xi) =
(op(x;), 7p(xi), Pp(x;)) satisfy the following condition:

x; €X,

0< (ap(x;) + yp(x:) + Bp(x:)) <1 and —1< (o5 (x;) +
75 (x:) + Bp(xi)) <O for all x; € X.
For the convenient, the duo, p;(x) = (}5"+( ) ( )) is

called the BP.F number (BP.FN) represented by Dk =
(Pk*, PA~) that fulfills the conditions: ofy", y5", By € [0, 1],
<ok By €[-1,0, 0<oft +y5 4+ By <1 and
_1<°‘P ‘H’ +/3k_<0

Definition 7 [23] Let p= (o) ,75 . P50, V5. Bp.):
pP1= (O‘P a/P ) ;’Jrv(xP H)P ) 11;)
(ocff’yp , P ,ocP VR ,ﬂPC) be three BP.FNs, then the
operational rules are penned as:

and P2 =

. propr= ((“113?_ + 0‘2 }j— %p. s Vp. " VP, s 119[+ )
2 —(op + ag,; —ap-ap ), =l -l R,
11851
2 pi®p = (b b %%*n/p V%T—V}DT-V%? b+
n =B fwf),*( —(k +0E — b
), =B + Bo — }{-ﬁf{)):
30 M= ((1—(1—op)" ") p (BN}, —(1—1](1 -
op)|" =17 )bl —1(B7)p.1))s where, & > 0;
4.
=) 1= (=) 1= (1= BE)M), — ()",

—(1 = |(1 =)™, —=(1 = [(1 = B)])), where, A > 0.

In order to compare the two BP.FN, we presented the
score and accuracy functions as follows:

Definition 8 Suppose that p; = (P, P, ) (i=1,2) are

ci’

two BP .FNs, then the score functions S} and accuracy

function A} between two BP.FNs are written as:

Pl 5+ 5—
~i ~ 1 + Pci + Pci
i) =3
and

il p+ _ p—
e Pci - Pci
i =3 T,

i=1

then, we can compare two BP.FNs on the basis of fol-
lowing characteristics:

1. if S1 (p1) > S (p2). then pj is superior to p, and written
as, p1 = p2;

2. if Sjl(p]) <S}2 (p2), then p is inferior to p; and denoted
as, p1 < p2;

and if S} (p1) = S7(p2), then,

1. if Al (1) >A~2(p~2) then pj is superior to p, and
written as, p; > p;

2. if Al(p ) =
denoted as, p; =~ p;.

A (p2), then p; is equivalent to p, and

Definition 9 [24]. The modified LP model is presented as:
Maximize : Z=ciy1 +cys+ciys+ -+ ey
Subjectto :  apny) + any: +apy; + -+ apy. < b

azy1 +any: +anys + -+ axyy, <by

am1y1 + am2y2 + am3y3 +--+ AmnYn < bm
Y15Y25-- 3 ¥n 207

where m represents the number of constraints, and n
denotes the cardinality of decision variables (y1,y2, . .., V),
respectively. The solution (y1,y2,...,y,) is called a feasi-
ble solution if it fulfills all the given limitations.

3 BP.F Aggregation Operators

In this section, bipolar picture fuzzy weighted average
(BP.FWA)and geometric (BP.FWG) operators are estab-
lished to accumulate the BP.F data.

Definition 10 Let p; = (P!, P, ), where, k = 1,2,3,...,n
be a set of BP.FNs, a BP.FWA operator is defined as:

@ Springer
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BP.FWA(p1,p2, - Pn) = B Wk * Dik-

BP.FWA(p1,pa, - ) = (1= T (1 — o5 )™,

1Ty 1(“/13 )" I 1(ﬁ;)w)7

= (= [Ty (1= e )™ |, =TTy [ (7)™

— I |(Bp)"™ D),

where wy = (Wi, wa,...,w,)" is the weight’s vector that

connected p; and sustaining the limitations: w; > 0 and
2w =1
Definition 11 Let p; = (P!, P, ), where, k = 1,2,3,...,n
be a set of BP.FNs, a BP.FWG operator is presented as:
BP.FWG(p1,p2, - Pn) = ®p_, (p0)",
= HZ:] (“}t,.)w’ 1- HZ:I (1 - V;:Z)Wk,

L= 1T (1= (Bp)™),

— Iy [(op )™ |, = (1 = I [ (1 = 75)™ ),

= (=I5 11 = (Bp)™1),

where wy = (wy,wy, .. .,Wn)T is the weight’s vector that
connected p; and sustaining the limitations: w; > 0 and

Dhmrwe =1
Theorem 1 The BP.FWG operator returns a BP.FN with
BP.FWG(p1,p2, - - Pn) = @}y (Pi)"™

Proof We can prove the Theorem 1 by using mathemat-

ical induction on n as follows: (1) for n = 2, we get
(P)"™ = ()™ 1= (1= D)™ 1= (1= (Bp)™,
— (=« l‘)W‘I (1= (U =)™ s =1 = [1 = (Bp)"']),
(P2)" = ()™ 1= (1= 30)"™ 1= (1= (B)™),

= ()™ s =L = (1 =93)"™ 1), =(1 = [1 = (B)"™]))-
(P1)" (p2)" = (op!)" (0p7)"", 1 = (1= pp0)""
(1=7p)" 1= (L= (Bp0)") (1 = (Bp0)"™,

= ()" 1 Cp)"™ s = (1 = [(L = 7)™ DX = |y2)"™]),

-1 —Il—(ﬁ P, )W‘I)(Il—(ﬂp )"D)-

Thus Theorem 1 holds for n = 2. Suppose that it holds for

n = i, where i <k, that is

BP.FWG(py,pa, - .., pi) = Ii_y (o))", 1 — I (1 — )™,

1 - HZ:](l - ( ;’t)Wi)7 _HZ:I(“E)W[7
—(1 =1, (1

— (1= (1 = 7)™, = (B2)"));

then, when n =i+ 1, by the operational rules in Theo-
rem 1, we get

@ Springer

i )™ =
(Hk 1 (

iy (7)™ - (prin)™
p )" I_Hk (1 =25)",
U= My (1= (Bp)"™), =My (o)™
- (1= Hk:l(l - VP )",
= (1= Iy (1= (Bp)")
= (=™ =
— ) (= (1 -
— (= (= (),
= H;jll( l;j)w’

L= I (1 =), 1 — I (1 -

= (I ()™ = (1 = IRE (1= )™),

— (L= I (1= (Bp)™)),
which reveals that Theorem 1 holds for n = i + 1. Hence,
we can say that Theorem 1 satisfies for all n. Then clearly,

(( (i+1)+ )W,ur],
( (’*1) )'i+l)’

i+1 Wiy
pe Ty,

)
-

)Wi+l

)

?

(I (op D)1= I 1(1_V§+)Wk»
L=, (1= (BpD)™) € [0, 1],

and

N C )M 1= I (1 - /];f)w

+ 1= I, (1= (Bp)™) <1,

also,

(=11 (o5 )™), = (1 = I (1 = yp)™),
— (1 =1_, (1 = (Bp)™) € [-1,0],

and

(—Iy (o )™) = (1= I (1= 7)"™)
— (1= (1= (Bp)™) < — 1
.,pi) form a BP.FN.
Theorem 2 Let pi = (o0, 950, BT ok = %= B*7) be a

collection BP.FNs, then the BP.FWG operator hold the
following properties:

Hence, BP.FWG(p1,p2, - -

1. Idempotent,

2. Monotonic,

3. Bounded,

4.  Commutative.

Proof

1. Let
pr=p2=..,=pn=p= "y 0y, ),
then,
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BP.FWG(pi,p3, - .-, pn) = (5 (op7)™,
L= Iy (1= 9™, 1 = I, (1 = (Bph)™,
— I (e )™), = (1 = I, (1= 95)™),
— (1=, (1 = (Bp)™),
= (I, (O‘;L.)Wk, 1= (1 - V;t‘.)wka
1= 11 (1= (Bp )™ I (2p)™),
— (1 =1, (1 - V;C)Wk% —(1—1_,(1
= ((a5) 2™, 1 = (1= ) 2™

= (1= (Bh) 2"
(= (1= )20, (1 (1= (Bp) 2™,

= (Bp)™),

(o) k™),

= ((p), 1 = (1 =93),1 = (1= (Bp)

— (95.)), —(1 = (1 =95.)), —=(1 = (1 = (Bz))-
Since Y ;_,w,=1, then we get, BP.FWG(pi,
Po-espn) = (05, V5 Br—%ps—Vps—Bp) = P.
which is required.

2. Letof >o5.97 27, By < By, =og,7; = 7; and

ﬁ; = [35} Consider

= oc;_r > acaf

J J

= (OC;)W’( Z (O{;;;)Wk

= I} (o; )Wk > 1T (%) ‘

also,

Vi =V

—_ — gyt
= 1=y <1l-=y
Wk n w,
= M (1 =) < I, (1= 7)™
= 1= I (1= )" > I 1= (1 =)™

now take,
=

= Iy ()™ < I (By)™

= 1= I (B)"™ > 1 = I (By)™

S = (L= T ()" <1 = (1= T, (B)™)-
3. Let by = (o, 9f, B o,y B7) with i=1,2,.. .,k

by = (ihax 1> Venax i+ P i Fman Vmax ;> Prmax ;) and by =

(tmin i+ Vrminis Brminis %min i+ Vrmini+ Bins) D€ @ set of
BP.FNs, then we have to prove that BP.FWG is
bounded, that is, b, <BP.FWG(b1,b,...,bx) <b,. It
follows from properties (1) and (2) as, BP.FWG(by,

by,...,by) > BP.FWG(by,, by, ... b,) = b,,
BP.FWG(by, by, . ..,by) <BP.FWG(b,, b,,....b,) =
by, = by <BP.FWG(by,bs, ...,b;) <b,.

4. Let,

di_( 17'))1) la 17/;73' )and-
for all i,0 =1,2,...,k be two sets of BP.FNs, then
have to prove that BP.FWG is commutative, that is,

BP.FWG(d\,dy, . ..,dy) = BP.FWG(by, by, . .., by).
Since by is any permutatlon of d;, then ®l @) =
@k_ (bg)"". Hence,

BP.FWG(d\,dy, . ..,dy) = BP.FWG(by, by, . .., by).

Theorem 3 The BP.FWA operator returns a BP.FN with
BPCFWA(P]J;Z? .. 7p;l) = 69Z:]"Vk P7<
Proof The proof of this Theorem is obvious.

Theorem 4 Let pi = (o5, 7%, B o= yk= ) be a
collection BP.FNs, then the BP.FWA operator satisfy the
following properties:

1. Idempotent,
2.  Monotonic,

3. Bounded,

4. Commutative.

Proof We can prove it by adopting the same steps as
Theorem 2.

4 MCDM Approach for BP.F Environment

By considering BP F aggregation operators established in
Sect. 3, an MCDM model is presented to handle the BP.F
information. Suppose that,

0={01,0,...,0,} and V = {Vy,V,,...,V,} are the
discrete collection of alternatives and criteria, respectively.
If the DMs gave the various esteems to the alternative
Qi(i =1,2,...,n) under the criteria V;(j = 1,2,...,m). A
bipolar picture fuzzy decision matrix By = [bjl,y,, 1S
constructed on the basis of BP.F information. Since the
weights of the criteria have an excessive impact, thereby a

weighing  vector of criteria is provided as
T .

w= (wi,wo,ws,...,w;)", where diwi=1,j=

1,2,...,m and w; > 0 can be evaluated by implementing

the LP model described in Definition 9. The MCDM model
based on proposed BP.F aggregation operators has the
following steps.

Step 1. Based on the BP.F information provided by DM
form a bipolar picture fuzzy decision matrix denoted by

BPC = [bij]nxm'

@ Springer
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Step 2. In order to obtain the objective function, the
following steps of the TOPSIS technique are adopted:

Step 2 (a) Determine the BP.F positive ideal solution
(B,FPIS) denoted by B+ and BP_.F negative
ideal solution (B, FNIS)represented by B,.

respectively.

+

o
T
I

Step 5. Based on Definition 8, evaluate the score values
S of Qi(i=1,2,...,n).

Step 6. Arrange all the alternatives Q;(i = 1,2,...,n)
from highest to lowest values of S; obtained in Step 5 and
then rank them to choose the best one. The highest and

lowest values of Sl’} indicate the best and worst alternatives,

((max (o), max(). max (55). min(e;). min(z5), min( ;)

B = ((mjm(ocg),Hljin(“/ij),mjm(ﬁl-j)),m;lX(a;),mle(V;),mle(ﬁ;))).

Step 2 (b)  For any two BP.FSs L and Q, the weighted
distance measure presented by Sindhu et al.
[23] is given below, compute the similarity
measure §pC(L, 0) as: §pc(L, Q) =

1 =Dy (L, Q), where

Hot, (i) — oy, ()] + [V, (x:)

Dy (L,Q) = Z
=1 max[

o (xi) — o (3], 17, (xi)

o, (x1) — oy ()| 17, (x0) = v, (i)l + B, (xi) —

o, (x0) = oy ()l v, (i) — 7, () B, (i) —

respectively.

5 Practical Example

By, (x1)] ]Jr

= Vb, ()| + 1Bl (i) = B, ()]
B, (xi)| ]
~ Y ()1, 1B, (xi) — B, ()]

Step 2 (¢) Evaluate the degree of similarity as:
S;ci(Bh A+) =1- Dgc(BHch)
Sp.i(Bi, A7) =1— Dj.(Bi,B,,), where,
1<i<n.

Step 2 (d) Compute the objective function Z as:
Z= Z?:l(S;’ra(BHB;_c) SPC!(B17B])L‘))

Step 3. With the help of LP model as described in Defi-
nition 9, evaluate the weights of criteria by maximizing the
objective function Z under the given constraints.

Step 4. Applying the BP.FWA and BP.FWG operators
to process the information in matrix Bpe = [bij],y,, to
accumulate  the alternatives

0ii=1,2,....n).

information of the

@ Springer

From the beginning, it has been a big problem for the
investors to invest their money in something that can make
maximum profit. To do this, investors have to resort to
different companies (alternatives). Suppose that an
investment company wants to invest a sum of money in a
favourable field to make the maximum possible profit. The
investment company has formed a committee that will
select one of the best of the proposed four companies (al-
ternatives):(1) a car company (B;); (2) a food company
(B2); (3) a computer company (B3); and (4) an arms
company (B4). The committee must decide by considering
the following three beneficial criteria: (1) the risk; (2) the
growth; and (3) the customer satisfaction. The weights of
the criteria are completely unknown and can find out by
utilizing objective function computed with the help of
TOPSIS under some constraints as given in Step 3. The
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four possible companies (alternatives) are to be evaluated
under the above three criteria in the form of BP.FNs, as

(0.5,0.4,0.1,—0.3, —0.4,—0.2)  (0.6,0.3,0.1,

. (0.4,0.4,0.2,—0.4,—0.3,—0.2)  (0.4,0.1,0.3,

P 1 (0.6,0.2,0.1,-0.3,-0.2,—0.1) (0.7,0.2,0.1,
(0.6,0.3,0.1,—0.4,—0.2,—0.1)  (0.4,0.1,0.4, 0.3,

~0.5,-0.3,-0.2) ( )
—0.4,-0.3,-0.1) ( )
—0.4,-0.3,-0.2) (0.3,0.4,0.2,—0.2, —0.3,—-0.4)

K )

Step 6. According to the score values of S} obtained in

Step 5, the arrangement of the alternatives is,

0.4,0.4,0.2,—0.2, —0.4, —0.4
0.5,0.5,0.0,—0.1,—0.2, —0.5
~0.2,-0.3

0.4,0.5,0.1,—0.1,—0.4, —0.4

shown in the following simplified bipolar picture fuzzy
decision matrix (BP.FDM) denoted by By, = [bjjl, -
Step 1. Formulate the information given by the DM as a
BP_FDM,

Bpe = [byjly3-

Step 2. Based on TOPSIS, by using positive and neg-
ative ideal solutions given below: B = {(0.6,0.4,
0.2,-0.3,-0.2,-0.1)(0.7,0.3,0.4,—0.3,-0.2, —0.1)
(0.5,0.5,0.2,-0.1,—-0.2,—0.4)} B, ={(0.4,0.2,0.1,
—-0.4,-0.4,-0.2)(0.4,0.1,0.1,—-0.5,-0.3, —0.3) (0.4,
0.4, 0,—0.2,—0.4,—-0.5)}, we get the objective function
as: —0.4w; + 0.8ws.

Step 3. By applying the LP model, the criteria’s weights
under some constraints are computed as:

Z = —0.4W1 + 0.8W2

10w; + 8w, + 12w3 > 10,
10w + 8w, + 12w3 < 10.5,
8wy + 11wy + 7wz > 8,
8wy + 11w, + Tw3 <8.5,
12wy + 15wy 4+ 12w3 > 12,
12w + 15wy 4+ 12w3 < 12.5,

wi+wy +wz =1,

Maximize :

Subjectto :

Wi, Wa, W3 205

wy = 0.4000, w, = 0.3960 and w3 = 0.2000.
Step 4. Applying the BP_.FWG operators to accumulate
the information given in B,. = [b;jl, ., we get,
(0.5154,0.0024,0.1159, —0.3403, —0.0024, —0.2312)
(0.4198,0.0010, 0, —0.3043, —0.0008, —0.1837)
(0.5563,0.0007,0.1159, —0.3115, —0.0008, —0.1752)
(0.5563,0.0007,0.1159, —0.2715, —0.0007, —0.2058)

Step 5. Based on Definition 8, the score values S’ of R are
obtained as: Sf = 0.5299, S2 = 0.4660, Sf = 0.0927,
S}‘ = 0.0975.

B, = B, = B4 > B3, hence, B; (alternative) is the best one.
5.1 Computation for BP.FWA Operator

In the current subsection, Steps 4 to 6 are repeated for
BP.FWA operator:
Step 4. Applying the BP.FWA operators to accumulate

the information given in By, = [b;j,, 5, we have,

(0.5240,0.3582,0.1159, —0.3698, —0.3582, —0.2312)
(0.4203,0.2424,0, —0.3480, —0.2780, —0.1837)

(0.5993,0.2312,0.1159, —0.3227, —0.2563, —0.1752)
(0.4888,0.2161,0.1747, —0.3069, —0.2312, —0.2058)

Step 5. Based on Definition 8, the score values S’ of R are

obtained as: S1 =0.5194, S2 = 0.4265, S3 = 0.0961,

St = 0.0679.
Step 6. According to the score values of S} obtained in
Step 5, the arrangement of the alternatives is,

B, = B, > B3 = By, that is, the best alternative is Bj.

6 Comparative Analysis
6.1 Comparative Analysis with BP.F-TOPSIS

A comparative study of the proposed BP.F MCDM
approach with other MCDM techniques like the BP.F-
TOPSIS presented by Sindhu et al. [23], and VIKOR [17]
technique is penned in this section. The MCDM problem
provided in Sect. 5 is solved by BP.F-TOPSIS to compare
the outcomes obtained from these methods. When solving
the problem given in Sect. 5 by using BP.F-TOPSIS, the
steps for evaluating the weights of criteria are the same as
that presented in Step 2 of the proposed MCDM model. So,
we can repeat the first three steps of the proposed MCDM
approach and then move to the next step to achieve the best
alternative as:
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Step 4. Evaluate the degree of similarity S;; and Sp,; by
using the formulae as described in Step 2(c) between each

alternative and the elements of B;C and B, respectively,
we get,

Sy, =0.8608; S}, =0.7962; S}, =0.7859 S}, =
0.7961,

and Sp,, =0.7810; S, = 0.8306; Sj,, = 0.8310;
Sp.; = 0.8258.

Step 5. The relative closeness R¢; of alternative B; with
respect to the BpFPIS B;C is obtained on the basis of fol-

lowing formula as:

L g;rci
“ S;ci + §;rz
RCI = 05243, RCZ = 04894, Rc3 = 04861, Rc4 =

0.4908. The ranking order is obtained as: By > By > B, >
B3 , that is B is the best alternative which matches with
the proposed MCDM model perfectly.

6.2 Comparative Analysis with BP.F VIKOR

In the present subsection, based on VIKOR technique, an
MCDM investigation approach named BP.F- VIKOR is
developed and implemented to solve the MCDM problem:s.
The MCDM problem provided in Sect. 5 resolved with the
help of BP.F- VIKOR approach by considering the fol-
lowing steps:

Step 1. Repeat first three Steps of the proposed MCDM
model.

Step 4. For any two BP.FSs L and Q, the distance
measure presented by Sindhu et al. [23] is given below,

n

DL 0) :,Z (%) —

Hotg,, (%) — o, (xi)| + |V,

ot (i) —

oy, (x0) — oy ()| + 17, (i) — v, (i)l + B, (xi) —

= ax[ o, (x0) — oy ()l oy, () — 7, (xa), B, (x2) —

o (i), v, (xi) —

1 DPC(Bta b)

=) Wp B By
j=1 Pc pcr Ppe
Dpe(B,., b;

B; =max|w; %]

J PL( pc? pc)
y M=) (=)= )

b —a¥) B =p*

where, o = mino;, 0~ = maxo; and

1 1
B* = minp,, B~ = maxp,, and v is the weight of the strat-
1 1

egy of the majority of the criteria, and its esteems always
lie in the interval [0, 1]., and generally, the value of v cab
be assumed as v = 0.5. The values of «;, f5;, and #;, where
i =1,2,3,4 obtained by the above formulae are penned in
Table 1.

Arrange the alternatives according to the values of o;, f3;,
and #; from lower to higher-order. From these values of o;,
f;, and #u;, we get three ranking arrangements that are
further used to suggest the compromise solution of the
options. The term #; is called the measure of separation of
B; from the superior option, which represents that the
minimum value of #; gives the superior option. The com-
promise solution of the alternative B; is computed when it
has a minimum value of #; and satisfied the following two
conditions:

Condition 1. An acceptable advantage for decision-
making: #7(B*) —n(B')> 1 where m is the number of
alternatives, B! and B? are the first two alternatives in 7;.

Condition 2. Acceptable stability for decision-making:
This condition describes that if the alternative B' has
superior ranking according to the values of #; then it must

B (x| ]
+
Vo ()| + 1B, (x0) = B, (%)
B (%) ]
VBP,. (xi)l, |ﬁ3,,c (xi) — :[))Bp‘. (xi)]

Based on the above distance measure, evaluate the values
of o;, f; and #; as:

@ Springer

also be the superior according to the values obtained by o;
and/or f;: If any one of the two conditions is not fulfilled, a
collection of compromise solutions are gotten as follows:

— B! and B? if only the Condition 2. is not satisfied, or

— If the Condition 1. is not satisfied, then this compro-
mise solution contains the alternatives B', B, ..., B" is
determined as: n(BX) — n(B') > 1 for largest K.
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Table 1 Results obtained o, f3;, Alternatives o B: i
and #;
B 1.1419 1.0604 0
B 1.1654 1.0839 0.3614
B; 1.2368 1.1545 0.8893
By 1.2486 1.1662 1.0000
Ranking By > By, = B3 > By By > By, = B3 > By By > B, = B3 > By
Arrangement of alternatives with BPcF-VIKOR Time Complexity
6 -
05
- 0.45 -
04
4 035
03
B Proposed MCDM
34 0.25 4 Approach
=g=B4
02 = BPCF-TOPSIS
I B3
2 A - 0.15 1
k2 BPCF-VIKOR
o1 01
A 03893
1 0.05
03614 o =
. 1
ali) Bli) rm] i Proposed MCDM oy
B4 1.2486 1.1662 1 Approach
B3 1.2368 1.1545 0.8893 ErCRTOR gaos
B2 1.1654 1.0839 0.3614 BECF-VIKOR 0463
B1 1.1419 1.0604 0

Fig. 1 Ranking order of alternatives

Step 5. Since the Condition 1. and Condition 2. are sat-
isfied, and hence the alternative B' is the superior one
which is illustrated graphically in Fig. 1.

The outcomes obtained by BP.F- TOPSIS and BP_ F-
VIKOR are coincides completely with the proposed
MCDM approach which shows the authentication and
reliability of our model.

6.3 Time Complexity

In this subsection, a brief and comprehensive comparative
have been performed by using time complexity (TC)
analysis. TC is measured by the number of fundamental
operations which is executed for given information as a
function of input size k (k is the number of alternatives).
Generally, AHP presented by Saaty [19] is used to find out
the weights of criteria in MCDM processes. However, it
has an issue in time complexity, when the number of cri-
teria increases in MCDM problems then AHP takes much
time to execute. To overcome this problem, we introduced
the LP technique to evaluate the weights of criteria which

Fig. 2 Comparison of time complexity

takes less time to execute the big data calculations. By
using MATLAB, we have iseconds, %seconds and %sec—
onds TC values (run time) obtained by proposed MCDM
approach, BP.F- TOPSIS and BP F- VIKOR, respectively.
Figure 2 reveals the comparison based on TC between the
proposed, BP.F- TOPSIS and BP_.F- VIKOR approaches.

The analysis indicates that our proposed MCDM
approach take minimum TC value that is our approach is
better than BP.F- TOPSIS and BP.F- VIKOR approaches.

7 Sensitivity Analysis

Generally, the data for MCDM problems are unclear and
imprecise so, there is a need for an instrument that provides
us with an effective decision that’s why we use the SA in
this regard. SA can be applied to investigate the variation
of outcomes by changing the weights of criteria. In this
section, weighted SA is used to examine the effect on the
outcomes achieved by the proposed model after changing
the weights of criteria. A formula introduced by Alireza [5]
is implemented to get the new weight vector for the criteria
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Table 2 Results obtained for

. ; S Alternatives Original (BP.FWG) Increment in w; Increment in w, Increment in wj
altering the weights of criteria
B 0.5299 0.5333 0.5133 0.5267
B, 0.4660 0.4208 0.4483 0.4862
Bs 0.0927 0.1160 0.0878 0.0576
By 0.0975 0.1009 0.0902 0.0776
Table 3 Results obtained for Alternatives Original (BP.FWA) Increment in w, Increment in w, Increment in ws
altering the weights of criteria
By 0.5194 0.5242 0.5033 0.5161
B, 0.4265 0.4140 0.3692 0.4733
B; 0.0961 0.1152 0.0680 0.0808
By 0.0679 0.1017 0.0407 0.0591

and then investigate the behavior of the outcomes attained
by the proposed model. We altered the weights of criteria

Comparison of alternatives

0.6 1
o
05 1 ol |
= T -
~ o |
i |
v e
04 i el |
=1 =1
- e
- -
0.3 1 rid i
g =B1
: =82
0.2 1
=B3
=B4
0.1 1
0 - oy —
Original Incrementin | Increment in Increment in
(BPCFWG) wl w2 w3
B1 0.5299 0.5333 0.5133 0.5267
B2 0.466 0.4208 0.4483 0.4862
B3 0.0927 0.116 0.0878 0.0576
B4 0.0975 0.1009 0.0902 0.0776

Fig. 3 Ranking comparison with distinct weights of criteria

individually by adding 0.2 and determine the effect on the
outcomes. The results obtained by altering the values of
weights of criteria are illustrated in Tables 2 and 3.

Figures 3 and 4 show the slight fluctuation among the
alternatives after altering the weights of criteria by adding
0.2 in each weight, it reveals that a slight change is
occurred in the numeric values of score function, however,
the order of ranking remains same which empower our
proposed model.
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06 {7~

1
t
I
05 "
t
04 +
%=
03 &
=i
' ¢
o {
02 B3y =
[ g::‘: =B3
01 /E;E. 2 %84
V=
=
0 ¥ L
Original Increment in Incrementin Increment in
(BPcFWA) wil w2 w3
B1 0.5194 0.5242 0.5033 0.5161
B2 0.4265 0.414 0.3692 0.4733
B3 0.0961 0.1152 0.068 0.0808
B4 0.0679 0.1017 0.0407 0.0591

Fig. 4 Ranking comparison with distinct weights of criteria

8 Discussion and Conclusions

The main purpose of this work is to make it easy for DMs
to make decisions. AOs are presented for BP.FSs which
accumulate more information in a better way. The features
and characteristics of AOs like BP.FWA and BP.FWG
operators are discussed comprehensively. An MCDM
approach is proposed to deal with the uncertain, vague and
incomplete information under the framework of BP FSs.
However, existing techniques [26, 33] deal with the intu-
itionistic fuzzy and picture fuzzy environment rather than
BP_.F environment. Consequently, the suggested MCDM
approach based on BP.FWG and BP . FWA operators
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Table 4 Comparison with proposed MCDM model, BP.F-TOPSIS and BP.F-VIKOR
Alternatives BP.FWG BP.FWA BP.E-TOPSIS BP,F-VIKOR
B, 0.5299 0.5194 0.5243 0
B, 0.4660 0.4265 0.4894 0.3614
B; 0.0927 0.0961 0.4861 0.8893
B, 0.0975 0.0679 0.4908 1.0000
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Fig. 5 Ranking order of alternatives

reveals the trustworthiness in the field of rational manip-
ulation. The results obtained by P.FWG, BP.FWA, BP_F-
TOPSIS, and BP.F-VIKOR are penned in Table 4.

Figure 5 reveals a comparative analysis of proposed
MCDM approach with other techniques graphically.

AOs play a vital role, to sum up, the information in the
decision-making procedure, and therefore, the current
article presented a couple of novel AOs for BP FSs, named
as BP.FWA and BP.FWG operators. Various features of
the endorsed operators are presented and then, we have
used these operators to remedy MCDM problems. There
has always been a problem for DMs to allocate the weights
to criteria. To overcome this problem, we have used the LP
model to find out the weights of criteria so that favouritism
can be eliminated. Based on BP.FWA and BP.FWG
operators, an MCDM model is presented to resolve a
money investment problem for validity and effectiveness.
These basic AOs can help us to develop generalized
weighted AOs, Bonferroni, and Hamy mean for BP.F
environment in future.
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