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Abstract In the design phase of a new smart product,
production costs are unpredictable due to location, trans-
port, and engineering design. In these situations, conse-
quently, cost optimization becomes ambiguous. This paper
presents a methodology to obtain optimization through a
fuzzy linear programming problem (FLPP) in which fuzzy
numbers signify the right-side parameters. The compara-
tive investigation of modeling and optimizing creation cost
through a new o-cut based quadrilateral fuzzy number is
proposed to solve the fuzzy linear programming and the
necessary operations on the proposed number. Due to the
probabilistic increase and decrease in the accessibility of
the various constraints, the actual expected total cost
fluctuates. In this respect, a unique situation of instability is
incorporated, and reasonable models to reduce the cost of
eradication in the creation process are presented. The main
endeavor is made to look at the credibility of optimized
cost utilizing the «-cut based quadrilateral FLPP models,
and the outcome is contrasted with its augmentation. The
data of the production cost of RCF Kapurthala is taken, and
the creation expenses of various mentors from the year
2010-2011 are considered as input parameters. The
aggregate cost is focused on the objective function. The
least low, lower, upper, and most upper bounds are com-
puted for each situation, and then systems of optimized
fuzzy LPP are constructed. The credibility of quadrilateral
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fuzzy LPP concerning all situations is obtained and using
this membership grade, the minimum, and highest mini-
mum costs are illustrated.
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1 Introduction

The construction of a new product has been significant
research interest in the field of production management for
some time, and the optimization of it has attracted con-
siderable interest over the last three decades [1-5]. Con-
sequently, production cost optimization has become an
essential component for every productive and sustainable
production company. Cost minimization is an appropriate
criterion for competitive efficiency, monopoly, revenue-
free objectives, and various environments. Also, it is steady
with the maximization of the expected income of the
business, but the rate of production is unpredictable [6].
Conceptual expansion is commonly used and is essential
for measuring welfare, performance, technological
exchange, input replacement, size, the scale of economies,
and many other critical monetary concepts [7].

Moreover, when production is unpredictable, the valid-
ity and essence of cost minimization are much less evident.
It culminated in a multitude of methods and algorithms
designed to address particular problems in the literature.
The fuzzy set theory provides an optimal method for
modeling productivity by incorporating production project
dynamism and addressing the subjective and probabilistic
complexity of productivity factors. A mixed-integer non-
linear mathematical model was developed by [8] in which
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the fuzzy set theory represented the uncertainties. The
introduction of fuzzy sets was an invention by Zadeh [9]
that provided the graduation of the membership relation-
ship. The applications of fuzzy sets, including decision
making [10], probability [11], control theory [12], medical
studies [13], and the characterization of complex systems
[14] are currently used in the majority of scientific
disciplines.

Fuzzy number, a crucial component of the fuzzy set
theory, is very prominent when it appears to describe the
unknown phenomena in real issues. Two unique perspec-
tives can be seen as fuzzy numbers, the first one is their
membership function, and the second being their alpha-cut.
The two considerations are equivalent, and one may be
superior to the other, depending on the details that we want
to consider.

The interpretation of fuzzy numbers from an alpha-cut
perspective is an interval approach. In contrast, with the
assistance of various arithmetic operations with the pre-
requisites, the different characteristics of the fuzzy number
could be found. Different features of the fuzzy number
could also be identified [15] using the various arithmetic
operations with the necessary criteria. To study some
properties of fuzzy arithmetic operations, [16] and Guerra
have analyzed the decomposition of fuzzy numbers and
have compared the proposed approximation to standard
fuzzy arithmetic. Taleshian and Rezvani [17] presented two
trapezoidal fuzzy numbers with methods for solving the
multiplication operation. Banerjee [18] mentioned the four
basic arithmetic operations of generalized trapezoidal
fuzzy numbers. While using the definition of distribution
and complementary distribution functions, Garg and Ansha
[19] studied the basic arithmetic operations for two gen-
eralized positive parabolic fuzzy numbers. As a significant
piece of mathematical programming, linear programming
is one of the regularly applied operation research systems.
Due to the vulnerability of objective objects and the fluc-
tuation of human muses, there are many situations in which
target values, technological coefficients, and assets cannot
be precisely incorporated into the linear programming
model. Fuzzy numbers of techniques have been proposed
to deal with fuzzy linear programming problems. Numer-
ous researchers have extensively studied a fuzzy linear
program, a triangular and trapezoidal fuzzy linear pro-
gramming model. In this paper, we proposed a newly
constructed o-cut based quadrilateral fuzzy number in the
right-hand side of the fuzzy linear programming problem,
which gives a clear picture of the optimization in the
uncertain conditions general framework of FLP [20] we
assess the optimal values of different situations.

The rest of the paper is arranged accordingly: Sect. 2
provides the literature review of certain related studies.
Section 3 briefly summarizes the essential preliminaries
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related to the theory of fuzzy set and fuzzy number in
optimization. The proposed membership function of a-cut
based quadrilateral number and its arithmetic operations
are introduced in Sects. 4 and 5 that presents the model of
FLPP using the proposed fuzzy number. Section 6 dis-
cusses the case study and identifies data to illustrate the
idea presented in this paper, the numerical representation
of the a-cut based quadrilateral fuzzy number. Eventually,
Sect. 7 provides some concrete conclusions and recom-
mendations for future research.

2 Literature Review

Many manufacturers are experiencing tight market com-
petition leading to massive economic growth. Production
time and quality are therefore increasingly important in
terms of competitiveness, and consumer products can be
found at lower prices, improved quality, and faster ship-
ments. Several methods have been used to optimize the
cost of production items. In [21], two criteria for an opti-
mum production policy were described:

(a) the maximum production rates and
(b) the minimum cost.

2.1 Optimization Models for Production Cost
Analysis

The optimal policy, analyzed for processes, indicates a
clear trend in a variable dimension generated by a known
distribution process. For a cleaner production—transporta-
tion preparation issue in manufacturing plants, a multi-
objective optimization model has been suggested by [22].
In [23], the reset and non-compliance costs were combined
to ensure an economic model equalizing resetting and non-
resetting. Wang et al. [24] used a novel multi-objective
linear programming model to evaluate capacity planning’s
cost-effectiveness and relationship with suppliers. Kazaz
and Sloan [25] address the combination of critical ratios to
determine the optimum policy and tradeoffs involving
production profits, maintenance costs, and process-related
effects. Still, they did not consider reduced quality costs.
Chen and Huang [26] developed optimization models to
assess the optimal process to reduce production costs and
quality losses due to different quality features. To solve
integrated production decision-making problems in a fuzzy
environment with multi-component, multi-supplier, and
multi-source machines under reparable remanufacturing
systems, a fuzzy multi-object linear programming model
was created by [27]. Kapur et al. [28] and Wen and Mergen
[29] addressed design issues but exceeded short-term
requirements during the manufacturing process. A
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modified cost minimization model of Wen and Mergen
[29] was proposed by [30] with a linear, asymmetrical, and
quadratic measuring of loss in quality of products within
specification to determine the optimal mean of the process.
A time estimate algorithm for the different manufacturing
systems has been proposed by [31] based on the fuzzy
linear regression analysis using quadratic programming.
McNally et al. [32] improve the understanding of how
project protocols influence the aspects of product innova-
tion and concluded that the project protocols have an
indirect impact on the financial performance of the com-
pany by supporting products and discontinuing promotions.
A novel optimization approach was used in [33] to opti-
mize the market share of the new product by taking
advantage of the partial value expectations of potential
customers for the production and development process.
This approach converges globally and can use established
heuristic techniques to speed up convergence. Jafari et al.
[34] studied the uncertainty that was taken into account the
preferences for nurses and the number of surplus nurses.
Four different types of fuzzy solutions were put to over-
come the uncertainties in the research problem. The fuzzy
models were then built based on the fuzzy solutions pro-
posed to provide a more flexible solution for policymakers.
Zhang and Tseng [35] suggested a structural approach
based on product and process modeling, which discussed
the complexities and created a bridge between diversity
and costs in two phases. Phase I developed models and
studied the product and process variations. Phase II
explored the relationship between various goods and costs
and identifies additional key contributors, namely cost
drivers for variety in the product family. Zengin and Ada
[36] analyzed the objective cost function to control the cost
of the product while promoting quality requirements as
required by the customer. The article was also designed to
create a cost control system that would promote the
achievement of target costs, particularly in small- and
medium-sized enterprises.

Optimization models for process optimization indicate
that production costs have been minimized, and the quality
loss has been suggested with different quality characteris-
tics [26]. The goal of the models is to achieve the optimum
mean process based on the manufacturer and the con-
sumer’s minimum estimated total costs. A non-linear
integer programming model was introduced in [37], which
was developed to address the cost-optimization issue,
considering the impact of the overall float loss. An integer
linear programming decision support model was intro-
duced by [38] to enable the optimal management and dis-
tribution of water resources. The model is intended to
minimize the total cost of water, including the economic
costs of treatment and distribution and the related costs to
the environment. Hong et al. [39] focused on distribution

allocation in a two-stage supply chain with fixed costs,
conceived as a model of integer programming. A heuristic
Ant Colony Optimization (ACO) was created to solve the
model.

Interval estimates are straightforward methods of esti-
mating a project by splitting the project into project
packages and using statistical distributions to approximate
each package. The approach to the range estimates applies
to companies and analysts and is more similar to what the
experts themselves articulate, making an approach techni-
cally more comfortable to use.

2.2 Fuzzy Linear Programming Problems Through
Fuzzy Numbers

Wang and Peng [40] transformed the FNLPP problem into
the linear programming interval number and applied the
designs of FNLPP’s the r-best optimal solution and r-worst
optimum solution to the problem. Shaheen et al. [41]
provided an alternative approach to range estimation based
on the fuzzy set theory. It has provided a technique for the
extraction and processing of fuzzy numbers by experts
within the fuzzy framework of the study. A Fuzzy State
Estimation (FSE) model is used by [42] to model the
uncertainty in estimating the state of the power system,
based on the optimization of restricted linear programming.
Uncertain measurements are expressed as fuzzy numbers
with a triangular and trapezoidal membership function with
medium and propagated values. In the article Jagadeeswari
and Nayagam [43], efforts were made for using the dis-
tance function in terms of the a-cuts to address the problem
of triangular approximations of the fuzzy parabolic num-
bers. A new nearest trapezoidal approach operator with
expected interval survival was prescribed in [44]. Chen and
Cheng [45] presented the subjective perspectives of deci-
sion-makers with trapezoidal fuzzy numbers in linguistic
terms. An FLFP solution procedure where objective func-
tion, capital, and technical coefficients are fuzzy triangle
numbers has been proposed in [46]. Ebrahimnejad and
Tavana [47] proposed an approach to address FLP prob-
lems in which symmetric fuzzy trapezoidal numbers are
interpreted as objective function coefficients and right-side
values, while real numbers are the components of the
matrix coefficient. An approach has been suggested by [48]
to solve the FFLP problem, with a symmetric trapezoidal
fuzzy number representing the parameters without any
conversion of crisp equivalent problems. Three cases of
linear programming problems, such as real numbers, type-1
fuzzy numbers, and type-2 fuzzy sets, were discussed in
[49]. A complete linear defuzzification function defined in
a trapezoidal fuzzy number subsection of a fuzzy number
vector space is the best way to solve a linear programming
problem with real objects in the type-1 fuzzy linear
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programming. The theorem a-level representation was the
approach for obtaining the optimal type-2 solution. Dong
and Wan [50] developed a new approach for the linear
fuzzy system in which trapezoidal fuzzy numbers (TrFNs)
were used to represent all objective coefficients, technol-
ogy coefficients, and tools. Also, the proposed model of the
paper is not only mathematically extensive as well as the
degree of recognition of the fuzzy limitations was violated
adequately. Karimi et al. [S1] provides the best—worst
method for addressing multi-attribute decision-making
(MADM) issues in the fuzzy situation. Then the weight of
the criterion is entirely determined by a fuzzy linear
mathematical model. In addition to that, all the weights are
quantified by fuzzy triangular numbers. Bolos et al. [52]
discussed a new hybrid model using linear schedules and
fuzzy numbers to achieve tangible assets in the business.
This hybrid model is suggested as the basis of decision
variables, objective function coefficients, and a matrix of
constraints for the resolution in the form of triangular fuzzy
numbers. de Andrés—Sanchez [53] improves the applica-
bility of the formula’s fuzzy version by proposing and
analyzing three triangular approximations where triangular
variability numbers are the underlying asset price, volatil-
ity, and free interest rate. As far as various decision-making
issues with intuitive trapezoidal interval information were
concerned, some operating laws were established con-
cerning intuitive trapezoidal fuzzy interval numbers, score
function, and the precise functioning of trapezoidal fuzzy
intuitive interval numbers. A model optimization based on
the attribute weight maximization deviation method was
developed by Wei [54]. And, in order to address the lim-
itation of Wei’s method Kaur et al. [55] a modified linear
programming model was proposed to define the optimal
weight vector of the attributes.

According to the literature, it seemed that most
researchers found optimizations in uncertainty due to fuzzy
linear programming problems with different fuzzy trian-
gular and trapezoidal numbers. The o-cut based quadri-
lateral fuzzy number proposed in these articles is the
generalization of the triangular and trapezoidal fuzzy
numbers. Also, a new fuzzy linear programming model is
built with the proposed fuzzy number to demonstrate the
practical, real-world situations. The following section
explains the preliminary research.

3 Preliminaries and Basic Definitions
In this section, we analyze some of the fuzzy set theory’s

fundamental principles and terminology used for the other
sections of this paper.
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Definition 3.1 [56] A fuzzy set B is defined on universe
set Y defined as follows:

A={(yug(y):y e}, (1)

where p;(y) represents the membership function of the
fuzzy set whose value lies in the interval [0,1].

Definition 3.2 A fuzzy set B is called normal if there
exists at least one element y € Y with

pp(y) =1 (2)

Definition 3.3 Let B be a fuzzy set in ¥ and o € [0, 1].
The a-cut of a fuzzy set B in Y is the crisp set B* given by

B = (ol up(¥) = o) 3

Definition 3.4 The support of the fuzzy set B of Y is
defined as follows:

supp (B) = {y| u5(¥) > 0} (4)
Definition 3.5 A convex fuzzy set B of Y is defined as
follows:

tp{yvt + (1 = A)ya = min{  5(y1), 1 5(y2)}, where 0
—i=1

(5)

It is said to be a non-convex fuzzy set if the above
inequality does not hold.

Definition 3.6 A fuzzy set B in R is called a fuzzy
number if it satisfies the following conditions:

@) Bis normal,
(i) It isconvex fuzzy set,
(iii) It is closed in[0, 1]and

(iv)  The supportof Bis bounded.

We denote the set of all fuzzy numbers on R by F(R): It
is well known that if B € F(R), then the a-cut of B is a
closed interval for every a € [0, 1], i.e., closed, bounded,
and convex subset of R. Therefore, the closed interval is
denoted by B, — [EZL, E;U] If B, >0Vo € [0, 1], then B
is called a non-negative fuzzy number.
Definition 3.7 A fuzzy number B = (ﬁi — &, i b + sj‘)

is said to be a triangular fuzzy number if its membership
function is given by
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w Bi—e<y<Pp
pgp(Y) = o y =B (6)
— UZ?}_&") Bi<y<pi+s

i

If & =¢}, it is called a symmetric triangular fuzzy
number, otherwise non-symmetric. A triangular fuzzy
number (ﬁi—si,ﬂi,ﬁi—i—ei*) is said to be non-negative
fuzzy number iff f§; — ¢ > 0.

Definition 3.8 A fuzzy number
B= (B —e&, BB B +¢) is said to be a trapezoidal
fuzzy number if its membership function is given by

y—(Bi—&)

c Bi—e<y<p;
wglY) = <ﬁ£ | B<y<h (7)
— et
ST R

1

If ¢ = ¢} , it is called the symmetric trapezoidal fuzzy
number, otherwise non-symmetric. A trapezoidal fuzzy
number (B; — &, B;, B, Bi + &) is said to be non-negative
fuzzy number iff f; — ¢ >0.

3.1 Fuzzy Linear Programming

The standard form fuzzy linear programming is represented
by Zimmermann [20]:

n
MaxZ = Z Cjyj
j=1

n
Subject to Z a;y; < P;
=
Where, y>0,i,j € N,

where /?l is the right triangle fuzzy number, the member-
ship grade of which is defined as follows:

1 Wheny < f;
B = Bitei—y When B, <y < ; + & 9)
d wheny > f; + ¢;

Therefore, the membership grade of the right triangle
fuzzy number is shown in Fig. 1

The right-hand coefficient is the membership function,
i.e., constraint available. The lower and upper constraints
of the optimum values must be determined to optimize
such a problem. The lower bound value (Z)) is

Membership grade

Bi Bi+g

Total availability

Fig. 1 Representation of the membership function for [?,

n

Max Z; = Z Cjyj

J=1

& 10
Subject to E aiy; < B; (10)
=1

Where, y;>0,i,j € N

The optimal values upper bound (Z,) is as follows:

n

MaxZ, = chyj
j=1
n
Subject to z agyi < PBi + &
j=1
Where, y; >0,i,j € N,

where ¢; is an increase in the probabilistic availability of
restrictions. In this case, the total probabilistic increase of
access to restrictions is determined by the right coefficient.

The Simplex method can now be used to find a solution
for the lower and upper bounds of the LPPs. Using these
lower and upper bounds, the optimized fuzzy LPP is
obtained as follows:

Max Z =y

Subject toy(Z, — Z;) — Z i< —2Z;
j=1

e + Zaij)’j <Pi + &

=T
where y;>0,i,j € N, and y € (0, 1) is membership grade.
3.2 Objective of the Proposed Fuzzy Number

The grade of satisfaction at f§; is 1 in the triangular fuzzy
number i.e., (ﬁi — si,ﬁi,ﬁ,—&-s;‘), but the grade of satis-
faction from f; —¢; to f5; is determined by the angle of
elevation, the scale from O to 1, and from f; to f; + & is
defined by the angle of the depression, which is from 1 to 0.
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Similarly, the level of satisfaction for f§; to 5} is 1 for a
trapezoidal number (f; — &, B, i, B + ¢} ). Nevertheless,
the degree of satisfaction from fi; — ¢; to f3; is shown by an
elevated angle from O to 1 and from ! to 57 + ¢ by a
slump angle of 1 to 0. In some cases, however, these fuzzy
numbers do not reflect the actual description of realistic
situations. In this article, a newly developed fuzzy number
is suggested, “a—” cut based on a fuzzy quadrilateral

— &, B, B, B +¢) in which the degree of
satisfaction from f§; — ¢; to f3; is expressed by an angle of
elevation, the range of which is from 0 to 3 and between f3;
to S5 is B to 1, where f§ € [0, 1]. The depression angle with
a range of 1 to 0 is also represented from f; to fi; + &

number (;

4 Proposed Membership Function for the a-cut
Based Quadrilateral Fuzzy Number

A fuzzy number B = ((B; — e B BB +&)|Bi B €
R, and &, ¢f € RT), is said to be a a-cut based quadri-
lateral fuzzy number if its membership function B;(y) :
R — [0, 1] satisfies the following properties:

(i) It is compact in R.

(i1) It is continuous over R.

(iii) It is monotonic increasing on [f; — &, 7] and
monotonic decreasing on [}, fi + &/].

(iv) It is zero for all ye€ (—oo,f; — &)U
(B + €;o0).

(v) It is normal.

(viy Itis a triangular fuzzy number when =0

and f = g——= Vo € [0,1].

(vii) It is a trapezoidal fuzzy number when f§ = 1,
Va € [0, 1].

(viii) It is convex according to (vi), (vii) and

01 202va§ﬂ7{x7ﬂ 7& 0.
(ix) It is non-convex when 0; <0,Va < f, o, f #

0. where 0; = tan™! (?) and 0, = tan~! (ﬁfi
Bi)-

A fuzzy number B = ((B; — &, Bi. 7. B, + &) |Bi. B €
R, and¢;, &f € R") is called a quadrilateral fuzzy number,
and its membership function is defined by

@ Springer

Membership grade

Bi-e Bi [ Bi+s
Total availability

Fig. 2 Membership grade for the fuzzy quadrilateral number

pe (50N when psysp;
=
y—pite
Al St L —e<y<f.
po =1 (R whenf - <y <
Pt =y Whenpr<y<p+g
?6 otherwise

(13)

where f represents the membership grade and f represents
the complement of f.

Meanwhile, the quadrilateral membership function
shown in Fig. 2 is most frequently used to represent the o-
cut of the fuzzy quadrilateral number B.

The a-cut of the fuzzy quadrilateral number B in closed
interval is defined as follows:

Bi+o(Bi —B), (B +¢) — o] B=0,0€0,1]
5 (B — &) + ae, (B} +¢]) — g B=1uacl0,1]
5 [(Bi—e)+a(fi —Bi+e), (B +e&) —agi] B= m o€ [0,1]
LULUIL a<p,o,f#0
(14)

Wherea L = |:ﬁz — & (ﬁl - Si) +%>7 14}
1
= [ﬁwﬁﬁr“ — (B —ﬁi))and
b= 16, (6 +57) — )

4.1 Proposed Arithmetic Operations Between o-Cut
Based Quadrilateral Fuzzy Numbers

In this section, the improved arithmetic operations have
been proposed between c«-cut based quadrilateral fuzzy
numbers by using o-cut.
Let B = (ff — P BYY, B+ &) and BY = (B — €Y,

7 pL, ,qu* + a?*) be two a-cut based quadrilateral fuzzy
numbers with membership functions BY and B! respec-

tively, which can be written as
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o (g le) < T when gy

B~ f
Y- ﬁzp + 5? » P P p
p — | X Wh D <y < S
B][- (y) — < 81«7 ﬂ en ﬁz & xY> ﬁz
Prod oy Whenpy <y<pr 4+
66 otherwise

(15)

where f* represents the membership grade and /¥ repre-
sents the complement of f§”.

When ! <y < g

When ff —&f <y <f§]

Bi(y) &
s ' I
. When " <y < p{" +&f"
‘c’b otherwise

(16)

where /7 represents the membership grade and B represents
P ppr pd g+

the complement of 7. where 7, ", f7and " are real
numbers, &, &, &l ande!” are the positive real numbers,
such that 7 < 4. Take fp* € [, 7], then make a f°-cut of
fuzzy number BY such that BY is transformed into a new o-cut
= (B! — ¢,

ﬁq x & for

based quadrilateral fuzzy number as B"H
BT BT, BT &), where BIT = p7 —

membership function. Clearly if ¥ = 7 then ﬁ = pr = p,
B;ﬁ = 7 and hence the new a-cut based quadrilateral fuzzy

number BY" is same as that of a-cut based quadrilateral fuzzy
number BY.

Now the a °-cut of fuzzy number B? and BY become the

o-cut of the a-cut based quadrilateral fuzzy number B’ in
closed interval is defined as follows:

U 0=+ = | p=0wepol]
[ =)+ o0 (B 4t - el p=towciol]
- !
PN =) B = ). (8 ) =) W = s € 011
PUBUL <P B A0

(17)

Wmmﬁ:@%eme—@+§ﬂJg
= |: ﬁl’ ﬁp ﬁP (ﬁp* ﬁ?)) and
1= (B, (B + ") = o)

The a?-cut based quadrilateral fuzzy number B! in
closed interval is defined as follows:

4T 0, O )~ B0 e01]
(B! —&! oc‘le LSBT+ €l — el Bl=1,01€[0,1]
g _ 1
B= - +o~(/f, B B ) =] P i € (01
Hnugul 0l < B0, B £ 0

(18)

.1
Where, 1 = [ﬁg — (B — &) +ﬂ—) L
o — R4
B+ 5L (B — ) )and
I3 =B (B + &) —otel")
Thus, we quantify improved arithmetical operations
based on these ff*-cuts: addition, subtraction, scalar prop-

agation, division, etc., between the two quadrilateral fuzzy
numbers.

Theorem 4.1 Addition of two o- cut based quadrilateral
fuzzy numbers Bp =B =& BB B+ &) and BY = (
Bl —el, pi BT, BT+ &) with two different confidence
levels generates a o-cut based quadrilateral fuzzy number
B =B +B = (B —& BLB" B+ where

Bi—ci= (B =)+ (B =) (19)
b= B+ B~ gt (20)
B =B B @1
B = (B )+ (B ) 22)

Proof See Appendix 1.
Theorem 4.2 If B= ((B: =i Bis B7 BT +€7) By
Br € R, ande;, & € RT) be a a-cut based quadrilateral

fuzzy number then kB is again a o-cut based quadrilateral
fuzzy number given by

kB' — { (k(ﬁz - gl)7kﬁz7kﬁj7k(ﬁj + ?T))
(k(B; + &) kB; kP, (k(B; — &)

For k > 0the membership function is given by

KB
ﬁ+<ﬁ ﬁ)xﬁ

k>0

k<0 (23)

When kf; <y <kp;

y— k(ﬂl 81)
Yy —K\Pi — &) L —e)<y< ;
Bii(y) = ( & x B Whenk(B; — &) <y <kp,
MBLEE) =Y Whenkp <y<k(f; +¢)
66 otherwise

(24)

For k <0 the membership function is given by

(=) <
(M) x B When k(; + &) <y <kff;

&

k(B =)~y e
&
0

When kf; <y <kp
Bii(y) =

When kf3; <y <k(f;
otherwise

(25)

Proof See Appendix 1.
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Theorem 4.3  Subtraction of two o-cut based quadrilat-
eral fuzzy numbers Ep =(p — PR, B+ &) and
BY = (B —el, BLBY, BT+ &) with two different con-
fidence levels generates a o — cut based quadrilateral fuzzy
number BS = B! — BY = ( B} — &, B, B, B + &) where

Bi—ei= (B =) — (BT +of) (26)
B=p - ) - D @)
B 28)
B = B+ ) — (B — o) 9)

Proof Followed from Theorems 4.1 and 4.2, so we omit
here.

Theorem 4.4 Multiplication of two o- cut based quadri-

~ 17 1 I ﬂp* + ef’*
and B! = ( pl =&l 1, B, B + 8"*) with two different
confidence levels generates a quadrilateral fuzzy number
Bi = B) x Bl = (f; — ¢}, . 5", Bi" + ") where

1

lateral fuzzy numbers Bl = ( B —

B—a = (B — (B — <) (30)
. I8
ﬁ?=ﬁ§’(ﬁ?—8§’)+@ e (31)
B = BB (32)
B et = (B + & ) (BT + &) (33)
ﬁ‘+7K’ + K122J1\:1 aM,(y — Ny) When <y < f
1
—K> + /K3 +4My(y — N) - 5
Bi(y) = M, When f; — & <y <f;
K3+ /K3 +4M5(y — When " <y < B + &*
21(‘)’13 otherwise
(34)
where
AT VWA
K, = L
B + B ’
B (e ) | (pr—e)
K = ==
2 5 + a
= (B + 7)) + (B +&)el”
M::w V) gy L) e
: /3 5 2Ty 0P T
= BBl N2 = (B} — &) (B! — &), N3
wWﬁWW+$>
Proof See Appendix 2.
Theorem 4.5 If B = (B; — &, f;, Bi. B; +¢}) represents

a o-cut based quadrilateral fuzzy number then the inverse
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5 e P N _ _
of B, ie, B~ = ((ﬁi +e) L (B) B (B e) )
is also a o-cut based quadrilateral fuzzy number whose
membership function is given by

1
B+ ((;)‘_%)F When (7)™ <y < ()~
I* . i—l
B'(y) = % B° When(B; +87)_1 <y< (ﬁ?)_l
— . 71—’
H When(f) ™ <y< (b )"
Py otherwise
(35)

where [ represents the membership grade and p*
represents the complement of .

Theorem 4.6. Division of two a-cut based quadrilateral
fuzzy numbers Bl.=( f— 2B, B+ E) and
B! = ( Bl =&, BL BT, BT + &) with two different con-

fidence levels generates a o-cut based quadrilateral fuzzy

number BS == BP (B?)*l = B-c, s g,
B + &)

where
B—e =B — &) x (B +e)7 (36)
Bi= B < (B (37)
B =B x (;> (38)

(B — &) + b ef

B e = (B ) x (B — ) (39)
Proof As B! = (B! —¢l, BI, BT, BT + 7). Thus # _

(/3" ]ﬂq* , /3}’* , B]q Y= Eq) and B} x . Therefore, the proof of

this theorem is similar to Theorem 4.4,

S Fuzzy Linear Programming Through the «-Cut
Based Quadrilateral Fuzzy Number

The standard form of FLP in Eq. (8) is considered to be the
&,y Bia ﬁl*v ﬁ;k + 8?)’

as a consequence of increased and decreased availability of
restrictions instead of the right triangle fuzzy number

quadrilateral fuzzy number B = ([3, -

E.Therefore, the general structure of the least lower,
lower, upper bounds, and the most upper bounds of the
optimal values are defined as follows.

The least lower bound (Z;)
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n
MaxZ; = Z Y
=1

n 40
Subject to Za,-jxj <Bi—e (40)

=1
Where, y; >0,i,j € N

The lower bound (Z;)
Max Z; = Z Cjyj
j=1

n
Subject to Z azy; < B;
=
Where, x; >0,i,j € N

The upper bound (Z,)

n

MaxZ, = chy
j=1

n
Subject to Z aijy < f;
=1
Where, y;>0,7,j € N

Now the most upper bound (Z})

n
MaxZ, = chyj
=

n
Subject to Z aijy; < i + ¢
=1
Where, y; >0,7,j € N

Using the techniques of the simplex method to find the
values of the optimization of these bounds, i.e.,z,, z;, Z, and
7/ are the upper, lower, most upper, and least lower
bounds.

5.1 Optimized Fuzzy LPP Model for «-Cut Based
Quadrilateral Fuzzy Number

Here an optimized fuzzy LPP model based on an «-cut
based quadrilateral fuzzy number is proposed in order to
obtain the optimized values of these limits as defined
below:

MaxZ =y
Subject top(zy —z;) —cy< — 2z
n
p(e) + Y 0y < B
=

Waw—2) —cy< =7
n
p(ei+ B = B) + Y wy < B
=1
Wz —7)—oy< —z

n
V(ﬁi*_ﬁi"'gi*‘FSi)+Zocijyj§ﬁ?+£;‘
=
yj>0,i7j€ N

This fuzzy optimized LPP gives the membership grade
for our initial LPP. Here A represents the membership
grade and z,, 7, Zj, and z; are the upper, lower, most upper,
and least lower bounds.

gy is the objective function of the initial LPP. The term
with the summation sign represents the constraints of given
LPP. ¢ and ¢; are the probabilistic increment and decre-
ment, respectively, in the availability of the constraints.
Figure 3 demonstrates the flow chart of the FLPP based on
the proposed fuzzy number.

6 Numerical Experiment

The crisp optimization techniques are not good enough to
illustrate the targeted optimum result in the fluctuated sit-
uation or feasible uncertainty in the following situations.

6.1 Situation 1 (Based on Right Triangle Fuzzy
Number)

A company manufactures two products such as P; and
P;.Each product unit of P requires twice the time required
for each product of P,. Total hours available are at least
300 h per day and may, as a result of special arrangements,
be extended to 400 h per day. The supply of material is at
least adequate for 200 units of both items, P; and P, per
day, but according to the previous experience, the supply
may likely be expanded to 300 units per day. The costs are
$5 on P; and $3 on P,. The question is, how many units of
P, and P, should products be made every day to minimize
the overall cost?

Let y; and y, denote the number of units of products
Py, P, made in one day, respectively. Then the problem can
be formulated as the following fuzzy linear programming
problems:
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L

Write down standard
foam of FLPP

k

Calculate optimal values
of Z}', Zi, Zy and Z}

L

Modeling the optimal FLPP
using proposed fuzzy number

L

Calculate the optimal
value of y

L

Spectrum of §
corresponding to

Fig. 3 Flow chart of the FLPP based on proposed fuzzy number

Minz = 5y; + 3y,(cost function)

Subjecttoy + y; > E(material constraint)

291 +yr > E;(working hours constraint) )

yi,y2 2 0.

where Zivl is defined by
1 When y <200

B = 30100; Y When 200 <y <300 (46)
0 when y > 300

where 73; is defined by
1 When y <300

B, = 40?05 ¥ When 300 < y < 400 (47)
0 when y >400

The optimum lower limit value is Z; = 800 with LPP
(10), which is obtained by y; = 100,y, = 100 and the

@ Springer

optimum upper limit value is Z, = 1100 with when y; =
100,y, = 200 with LPP (11). The solution of FLPP (12),
the minimum 7y = 0.5 is obtained for y; = 100,y, =
150 = Z, = 950.

If there exists an uncertain increment or decrement in
the availability of constraint, the fuzzy linear programming
problem using o-based quadrilateral fuzzy number, which
is proposed to get proper optimization and with the mem-
bership grade, the credibility of optimization is also
targeted.

6.2 Situation 2 (Based on o-Cut Based Quadrilateral
Fuzzy Number)

A company manufactures two products such as P; and
P;.Each product unit of P requires twice the time required
for each product of P,. The total availability of working
hours lies between 200 and 400 h per day. The degree of
satisfaction in working hours depends on availability, from
200 to 260 h a day, from 260 to 300 h a day, and from 300
to 400 h a day. Material supplies range is from 100 to 300
units per day for both P, and P,. However, the amount of
material satisfaction is again dependent on availability,
which is varying from 100 to 165 h a day, from 165 to
around 200 h per day, and from 200 to 300 h per day. The
cost margin is $5 on Py, and $3 on P,. The question is, how
many units of P; and P, should products be made every
day to minimize the overall cost?

Let y; and y, denote the number of units of products
Py, P, made in 1 day, respectively. Then the problem can
be formulated as the following fuzzy linear programming
problems:

Min z = 5y; + 3y2(cost function)
Subject to y + y, > B, (material constraint)

~ (48)
2y1 + y» > B, (working hours constraint)
yi,y2 2 0.
where B is defined by
— 165 .
B+ (y 5 ) X B When165<y <200
— 100
B, - (y = )xﬁ When 100 <y < 165
300 —y When 200 < y < 300
180 otherwise
(49)

where B, is defined by
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— 260\ -
B+ (y - ) x B When 260 <y <300
B y — 200
B, = ( 0 )xﬁ When 200 <y <260
400 —y When 300 < y < 400
180 otherwise

(50)

The membership grade for material costs (B,) and labor
costs (B») is shown in Figs. 4 and 5, respectively.

Using the LPP (40) to (43), following optimal values of
least lower, lower, upper, and greatest upper bounds are
obtained.

Z; = 500 y, =100,y =0, Z;= 685 y; =95y, =
70, Z, = 800 y; =100,y, =100, and Z; = 1100
y1 = 100, y, = 200.

The solution of this LPP, the minimum y = 0.2357 is
obtained for
y1 = 96.1783,y, = 53.5032 = Z, = 641.4011.

The following Fig. 6 shows the membership grade y for
the optimal cost of the company for the different values of
B.

Figure 7 indicates the spectrum for the optimum value
of p€1]0.15,0.24] corresponding to the grade of
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Fig. 6 Membership grade for optimal cost

membership 7, where the lines L1 and 1.2 depend on /5. The
lines L3 and L4 (optimal targeted value) are independent of

p.
6.3 Data and Problem Identification

The data in Table 1 are from The Railway Industry in
Kapurthala for the year 2010-2011. This data shows the
manufacturing cost (‘in lacs,” i.e., 100,000) of different
types of constraints of coaches. Kapurthala Railway
Industry was established in 1986. It is a coach manufac-
turing unit of Indian Railways and manufactured more than
30,000 passenger coaches of different types.

where C; is the labor, C, is the material, C4 is the
administrative overhead charge, Cs is the factory over-
head charges, Cg is the township overhead charges, C7 is
the shop overhead charges, Cg is the Performa charges,
Co = 1is the total cost and Cjy = is total cost (without
Performa charges). All costs are in the number of lacs
(Indian rupee).

In the year 2010-2011, the total production cost of
different coaches is taken as an objective function, which is
to be minimized concerning the constraints. As per the
given data, the total availability of constraints
Cl, Cz, C3, C4, C5, C6, C7, Cg, Cg, and CIO- are rupees
153.2, 2328.22, 256.56, 197.13, 41.23, 18.67, 513.61,
93.83, 3088.88, 2995.05, 1425, respectively.

But they can be extended with some probabilistic
increment, decrement, and reach to (f; —¢), B fi,
(7 + ). In this situation, we propose a newly constructed
quadrilateral fuzzy LPP to minimize the total cost of pro-
duction. Similarly, in certain situations, the total avail-
ability of any constraint can be inflexible from the one
requirement to the other. Again, it can be intensified and
declined by any probabilistic increment and decrement. We
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Optimal Profit
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Fig. 7 Represent the § spectrum corresponding to the optimum value of y
Table 1 Production cost of different coaches
Coaches type C. C,. Cs. Cy. Cs. Ce. Cq. Cg. Co. Cio.
SCN/AB 4.38 45.7 7.33 5.8 1.17 0.37 14.69 1.63 66.4 64.77
SLR/AB 4.07 41.99 6.81 5.39 1.09 0.34 13.63 1.89 61.58 59.69
GS/AB 4.04 44.49 6.77 5.35 1.08 0.36 13.57 2.37 64.47 62.10
MEMU/MC 9.88 211.93 16.55 13.09 2.65 1.74 34.04 8.27 264.12 255.85
MEMU/TC 4.10 49.13 6.87 543 1.10 0.40 13.80 2.13 69.17 67.04
ACCN/SG 7.38 94.06 12.36 9.78 1.98 0.77 24.89 4.14 130.48 126.34
RA SHELL 2.5 33.62 4.58 291 0.75 0.23 8.47 1.44 46.03 44.59
LWSCZ 8.11 124.32 14.35 9.14 2.35 0.85 26.68 5 164.11 159.11
LWSCZDA 14.81 190.08 244 19.3 391 1.56 49.16 8.23 262.29 254.06
C
WGCWNA C 7.22 93.76 13.17 8.39 2.16 0.64 24.35 4.07 129.41 125.34
VPHX 3.05 37.29 5.55 3.54 0.91 0.25 10.26 1.57 52.16 50.59
FAC (LC) 9.18 156.57 15.27 12.08 2.45 1.28 31.09 5.96 202.79 196.83
ACCW(LO) 10.70 153.98 17.84 14.11 2.86 1.26 36.07 5.99 206.74 200.75
WGCB(LC) 6.38 110.86 10.59 8.38 1.70 0.91 21.58 3.35 142.17 138.82
EOG/LHB/ 10.38 184.34 16.98 13.43 2.72 1.51 34.64 7.17 236.53 229.36
ACCB
EOG/LHB/ 10.51 246.6 17.19 13.59 2.75 2.02 35.56 9.42 302.08 292.66
WLRRM
EOG/LHB/ 11.24 178.25 18.42 14.57 2.95 1.46 37.39 7.12 234.01 226.89
ACCW
EOG/LHB/ 11.57 179.28 18.97 15.01 3.04 1.47 38.49 7.20 236.54 229.34
ACCN
LGSLR 591 70.13 9.70 7.67 1.55 0.58 19.49 3.14 98.67 95.53
LGS(LC) 7.79 81.84 12.86 10.17 2.06 0.67 25.76 3.74 119.13 115.39
TOTAL 153.2 2328.22 256.5 197.1 41.2 18.6 513.61 93.83 3088.88 2995.05
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Table 2 Probabilistic . Cost parameters B — & B; B B +e

increments and decrements in

the cost parameter Labour cost 145.54 150.7 155.7 160.86
Material cost 2211.809 2294.6 2361.84 2444.63
Factory overhead charges 243.732 251.98 261.14 269.13
Administrative overhead charge 187.2735 194.22 200.04 206.99
Township overhead charges 39.1685 40.48 41.98 43.29
Shop overhead charges 17.7365 18.44 18.9 19.60
Total overhead charges 487.9295 505.14 522.08 539.29
Performa charges 89.1385 92.39 95.27 98.5215

are also presenting the trapezoidal fuzzy LPP to minimize LABOR COST

the total cost of production. 15

The membership grade is declined if there is an exis- . m

tence of a specific increment and decrement in the inflex- % o

ible interval of essential availability. For example— 2 o

i — &) ~ Pi ~ B ~ (B; +¢). The minimum produc- %O'a m

tion cost is targeted at most basic availability for all con- E -

straints and at least essential availability for Performa , m Q0D

charge. 144 146 148 150 152 154 156 158 160 162

The fluctuation is given in Table 2. Total availability
Fig. 8 Membership grade for labor cost

6.4 Modeling for the System of Optimal Solution

Using the values shown in Tables 1 and 2, the standard
form of fuzzy linear programming is defined (Appendix 3).

6.5 Numerical Results

Using the methodology mentioned, the modeling of pro-
duction cost is being done, and the fuzzy quadrilateral
numbers have been constructed. The optimized fuzzy linear
programming problem has been constructed using the least
lower, lower, upper, and greatest upper bounds, which are
calculated. Demonstrating the membership grade of all
constraints is represented by Eqs. (52) to (59) and graphi-
cally summarizing the constraints shown in Figs. 8, 9, 10,
11, 12, 13, 14 and 15 at the different values of the signif-
icance level.

Let By, be the membership grade for labor cost, and it
varies as follows:

~1507\ -
B+ yT x B When150.70 <y < 155.7
14554
Buy — (yT> x B When 145.54<y<150.7
160.86 —y When 155.7 <y < 160.86
566 otherwise

(51)

Let B, be the membership grade for material cost, and
it varies as follows:

Fig

MEMBERSHIP GRAADE

Fig

MEMBERSHIP GRAADE

1.2
1

0.8

0.6

0.4

0.2
R

2200 2250

MATERIAL COST

2361.84

2294.60

2300 2350 2400
Total availability

. 9 Membership grade for material cost

244463

2450 2500

Factory Overhead Charges

1
0.8
0.6
0.4
0.2 m
0
240 245

o1

o152

250 255 260 265
Total availability

269.38

270 275

. 10 Membership grade for factory overhead charges
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y— 22946\
- 60<y< .
; ( o) X B when 2204.60 <y <2361.84
y—2211.81
Bou—{ (T 359 ) XF  when2211.81<y<2204.60
2444.63 — y when 2361.84 < y < 2444.63
82079 otherwise

(52)

Let By, be the membership grade for factory overhead
charges, and it varies as follows:

—251. .
B+ % x B when 251.98 <y <261.14
— 2437
Buy — (%) X when 243.73 <y<251.98
26938 —y when 261.14 <y <269.38
8.84 otherwise

(53)

Let B,on be the membership grade for administrative
overhead charges, and it varies as follows:

~ 19422\
B+ % x B when 194.22 <y <200.04
—187.27
By — yW x B when187.27<y<194.22
206.98 —y when 200.04 < y < 206.98
6'84 otherwise

(54)

Let Byon be the membership grade for township over-
head charges, and it varies as follows:

—40.48 _
B+ YT x f when 40.48 <y<41.98
—39.1
Biooh = <%) x B when 39.17 <y <40.48
4198 —y when41.98 <y <43.29
181 otherwise

(55)

Let Byon be the membership grade for shop overhead
charges, and it varies as folows:
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y—18.44\
— hen 18.44 <y < 18.
[H—( 046 x ff when18.44 <y <18.90
y—17.73
Bsoh — <T X [)) when 17.73 Sy < 18.44
1850 —y when 18.90 < y < 19.60
O'g 0 otherwise

(56)

Let By, be the membership grade for total overhead
charges, and it varies as follows:

y—505.14\ -
Yo ob R h 14<y<522.
p ( 604 x f when 505.14 <y <522.08
y 487093
By — L) B when 487.93<y<505.14
52208 —y when 522.08 <y < 539.29
1 702 1 otherwise

(57)

Let Byror be the membership grade for Performa charge,
and it varies as follows:

~ 9239\
B+ sz % B when 92.39 <y<95.27
~89.13
Byror — %T) x B when 89.13<y <9239
9527y when 95.27 <y <98.52
3 '&6 otherwise

(58)

6.6 Optimal Results of a Numerical Experiment

The approach described the modeling of production cost,
and quadrilateral fuzzy numbers for all cost parameters
have derived. The least low, lower, upper, and greatest
upper bounds are 2918.6, 3026.4, 3118, and 3225.8 rupees
in lacs (Indian rupees), respectively. The optimized fuzzy
linear programming problem (OFLPP) has been con-
structed using the least lower, lower, upper, and greatest
upper bounds.

The following Table 3 shows the solutions for an opti-
mized value of least lower, lower, upper and most upper
bounds and the optimized membership grade.

6.7 Analysis of Numerical Result

The production cost of RCF is minimized using the cost
parameter. The optimum production cost has been obtained
to get maximum membership grade. It shows that total
production cost provided the highest credibility if the
optimized cost is considered equal to the range of basic
cost [3026, 3118]. The following equation and figure show
the fuzzy number for optimized membership grade.

—3026.4\ -
P (yT x B when 3026.4<y<3118
y—2918.6
BOptimizedcoskI = 107.8 X ﬂ when 29186 S ! S 30264
32258y when 3118 <y <3225.8
108.8 otherwise

(59)

In Fig. 16, L1 and L2 represented the range of optimal
costs between [2918.6, 3026.4] and [3026.4, 3118],
respectively, which are dependent on the different values of
f. At the same time, L3 is the targeted optimal cost, i.e.,
3118 and L4; the optimal cost lies between [3118, 3225.8],
independent of f.

In Fig. 17, the line graph shows the performance in
terms of optimized cost through these lines utilizing the
different values of f§ of a-based quadrilateral fuzzy LPP.

From the given availably of the data, the basic targeted
cost is in between lower and upper bounds, that is,
L3 = 3118 unit, respectively. The proposed is a model
using o-based quadrilateral fuzzy number; the performance
of different values of f € [0.17,0.30](degree of grade sat-
isfaction) is observed to achieve the targeted cost, which
lies between [3026.11, 3108.32].

7 Conclusions

In this article, a a-cut based quadrilateral fuzzy number is
proposed with the proof of basic mathematical operations
and shows the application of it in the fuzzy linear pro-
gramming problems. This fuzzy number in R.H.S of the
FLPP helps show the uncertainty in solution values due to
chances of increment and decrement in the availability of
different constraints. So, the description of a case of
incertitude and the realistic model to extenuate the
destruction in the optimization is shown. The comparative
analysis of modeling and optimization of the production
cost of the various coaches of RCF Kapurthala has been
done through a o-cut based quadrilateral fuzzy linear pro-
gramming problem. The credibility of optimized cost via a
o-cut based quadrilateral fuzzy LPP model is examined.
The total cost has been targeted to optimize the constraints
of different expenses to construct the different types of
coaches. The lower, least lower, upper, and most upper
bounds have been calculated for the model, and then sys-
tems of optimized fuzzy LPP were constructed. The cred-
ibility of the model has been obtained and using these
memberships grade, the minimum and greatest minimum
cost have been exemplified. It is observed that the perfor-
mance obtained by a a-cut based quadrilateral fuzzy LPP
through the different values of f§ € [0.17,0.30] shows the
degree of satisfaction in ambiguous situations. Further,
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Table 3 thimized Parametric variable ;i — &) B;. B B +¢). 7.

membership grade
Vi 94114 9.7992 9.9621 10.375 2.38816
v, 0 0 0 0
¥3 0 0 0 0 0.587198
V4 0 0 0 0 0
¥s 0 0 0 0 9.75224
Ve 0 0 0 0 0
v, 0 0 0 0 0
Vg 1.8638 1.567 2.452 2.1101 0.0722392
Yo 0 0 0 0 0
Yio 0 0 0 0 2.47226
i 0 0 0 0 0
Yo 0 0 0 0 0
Vs 0 0 0 0 0
Via 13.982 14.90 14.448 15.408 0
Yis 0 0 0 0 697911
Y16 0 0 0 0 0.51959
iy 0 0 0 0 0
Vi 0 0 0 0 0
Yio 0 0 0 0 0
Yo 0 0 0 0 0
Y 0 0 0 0 0.299184
Z 2918.6 3026.4 3118 3225.8 y = 0.299184

Appendix 1

Let B’ and B? be quadrilateral fuzzy numbers with dif-
ferent confidence levels such that 7 < p?. Take f’ €

1 (B, B9 ,ie., p° = B then o’-cut of BY and BY are
P ‘ When o? < 7, ocpﬁ”;éo
& B= B a8 -4+ ) V[0 H+Z= pFE
=¥
P VO P () B = -t
o L q a4 % * *
] U (BB EE (B - BD)U (B e+ (BT -
f )
g4t
0 . " > st _ g1 _a pe_ g PG
291860  3026.40 3118.00 3225.80 Bi [ﬁ" 8"’ﬂ" &+ Bl
Optimal Cost ﬁ .
[ A -)
Fig. 16 Membership grade for optimal cost .
U B (ﬁq* ﬁ?)] Bl —el”
S
these numbers are used for optimization through the other = (B — &)+ ﬁi LN s =pI— (B! — &) — /i &
. . . q i i i q “i
groups of FLPP. Also, by using different operations, the B B

suggested methodology can be extended to include the s o e .

study of uncertainty issues that can be used for further ~ Let ~ B; = Bj +B]" ={yly€B;} Ve’ €[0,1]. Here

work. B = [BF (o), By ()] be its o'-cuts such that B (o) =
B (o) + B (04) and BV (o°) = BV (o) + BV (04) ie.

B, = [BY" (o) + BI"(«"), B () + BY" ()]
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Fig. 17 Representation of the f spectrum corresponding to the optimum value 7

B =1 U5 UL, where

Ui g (¥ LB — &) + (B — )]
&r 1) ﬁ<a¢+ﬁ? = »—We)

: e (87 = &) + (B — &)
R R e R R IO o
[ 8 gl ) ﬁ<w+m—?s—uw—£»uw—#ﬂ

U s yi(ﬁ 78)

gBS(y):ﬁ ( » q 5 q " s)
SR = AR EE= el Bt B =it = (B =)

where 8! = f + el = &' + ¢!

[ B +40") R S

pz
Now B
Now
Pl gded"
= \B B = (& e) B+ B — (] i
| 8 P g R R e RN Raa=L ]
o = ol — o ﬁ ﬁ
. A s P P 7 o’ ﬁ P+ P __ﬁq q* q
n=lpem-@ramen-@ (G h))  ne e 2R o - m S5 e -m)
(& 8 i ey )
ﬁ?"’ﬁ?‘(sf"'gf)“‘“‘(ﬁ‘*‘ﬁ)—y:o here 7 B
_(BP q _ _ ) e _ g ya—
) -2 A i) LR R R | ]
(§)+-@+) p p
P P qd P4
when " = 1" = [ ﬁ§’+ﬁ?+<wﬁ‘?)(ﬁiﬁﬁi+ﬁiﬁﬁi)yo
oy = 1B — &) + (B — &) o
gzl;]s(Y) =p ( [ eers;ﬁ ] when 7 = p7 = f°
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—(pP g _
) =7 = () <P
- s B f—’_ ? s s
7=+ (e ﬁéy i) T =7
s y =
)P

where 8" = B+ B, B = B} + B}

= (B B (B ") = ol + (BT + ) — ol

o =ol =o'

L=[B"+ B (B &) + (B +e) =o' (e” + 6]

y= (B &) = (BT +el) + (e +47) =0
o (D) + (BT ) -
) = = (VLTI =0 - )
_ (B ter) —y
- (s

where, B = 7" + I,

* *
o = e

B+ (,‘ ﬁ/;> x When f <y < "
- — &
B =3 - /gﬂ ! When f — i <y <pl + - 1l
’ B+ Bl =gl = (B = <)
U=y When fi* <y < B + 23"
0 l otherwise

Bl = (B — )+ (B — &),
P q_ﬂ &

b= B el

B =B+ B

B+ =B +&") + (B + ).
Appendix 2

Proof As the quadrilateral membership functions of B~f and
giq are given in Eqgs. (17) and (18), respectively. Thus, in
order to find the membership of BS = B} x B! = (f} — &,
BB B )

Let B;=B] xB{" ={ylye B}V’ €[0,1].
B, = [BH(«'), BV («*)] be its of-cuts such that
B (o) = B (#”) x B (o9) and BV (o) = BV (o) x B!V (%) i.e

B = [BY (o) x BI(a?), BV (o) x BIY (o))

o

Here

B} = I UL UL, where

@ Springer

Iy = (BB

i
)

ity ﬁ?)H

& }]

= o - - (-

R

CABT ) -

/)) D » q
—t m}{ﬁ -
o H (B +el) — o

Now,

f=lur- - {m -2+ 5 - )
B B

O(P — O(q — O(X and ﬂp — ﬁq+ — ﬁx

P q+
fr-s- 5o %)

(O(X)287 (g?t 8?)
BB .
Lo (B — &) (e —s?)+(5f1__8 ) nr
/jq ﬁx i

— ) o) -

=0
Take M, = (4 x"q), K, = Ul Gl =D and

BB I 5

= (B — &) (B! — &) ()M + 'Kz + N2 — y = 0.

—K2 + \/K% + 4M2(y - Nz)
2M,

iy = | B+ B - B}
{B1+222 (87 — BDY]

—Ki + K} +4M,(y — Ny)

of =

Similarly,

= M,
And
L= BB AP + &) — o H(BE +el") — el

o = K+ VKT +AMy(y — N3)
- 2M;

Appendix 3
Objective Function

Let y1,y2,...,y20 be variables for different constraints.
Minimize Z = 66.4y; + 61.58y, + 64.47y; + 264.12y, +
69.17ys + 13048y, + 46.03y; 4+ 164.11yg + 262.29y 4 129.
4lyip + 52.16y1; + 20279y, + 206.74yy5 + 142.17y14 4 236.
53y15 + 30208y, + 234.01y;; + 236.54y,5 + 98.67y19 +119.13yy,
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Subjected to constraints:

438y, + 4.07y, + 4.04y; + 9.88y, + 4.10ys + 7.38,
+ 2.5y; + 8.11yg + 14.81y9 + 7.22y;o + 3.05y;; + 9.18
Y2 + 1070_)113 + 638))14 + 1038y15 + 1051y16 + 1124_)/17 +
06y6-+33.62y, +124.32y5 +190.08y5 +93.76y10 +37.29y1;
+156.57y1,  +153.98y;3  +110.86y,4  +184.34y;5
+246.6y16  +178.25y;;  +179.28y15 +  70.13y0 +
8184_)720 = Bmal~
4.58y; + 14.35yg + 24.4y9 + 13.17y,9 + 5.55y11 + 1527y, +
1897y18 + 9.70y19 + 1286y20 > Bfoh'

5.8y, + 539y, +5.35y; +13.09y, +5.43ys + 9.78y,
1 12.08y15 + 14.11y,5 + 8.38y14 + 13.43y,5 +13.59y,6.
+ 1457y17 + 1501)718 + 767)719 + 1017)72() > Baoh-

1.17y; + 1.09y, 4+ 1.08y3 + 2.65y, + 1.10ys + 1.98y¢ +
0.75y7 + 2.35y5 + 3.91y9 + 2.16y,19 + 0.91y,; + 2.45y, +
286})13 + 170_)’14 + 272)/15 + 275)716 + 295)}17 +
3.04y18 + 1.55y19 + 2.06y20 > Bioon.

0.37y; +0.34y, +0.36y; +1.74y, 40.40ys +0.77ys
+0.23y7 +0.85yg +1.56y9 +0.64y19 +0.25y1; + 1.28y15, +
126y13 + 091y14 + 151y15 + 202y16 + 146)717 +
1.47y13 + 0.58y19 + 0.67y20 > Bgon.

14.69y, + 13.63y, + 13.57y; + 34.04y, + 13.80ys +
24.89ys + 8.47y; + 26.68ys + 49.16y, + 24.35y,0 +
Btoh.

1.63y; 4+ 1.89y, + 2.37y3; + 8.27y, 4+ 2.13ys + 4.14y¢ +
1.44y; + Sys + 8.23y0 + 4.07y10 + 1.57y;; + 5.96y15 +
599y13 + 335y14 + 717y15 +942y16 + 712y17 + 720y18
+ 314y]9 + 3.74 == Bproof.

For all y; > 0.

References

1. Shanmuganayagam, V.: Current float techniques for resources
scheduling. J. Constr. Eng. Manag. 115, 401-411 (1989)

2. Adeli, H., Karim, A.: Scheduling/cost optimization and neural
dynamics model for construction. Engineering 123(December),
450458 (1997)

3. Zhang, M., Zhang, W., Sicotte, H., Yang, P.: A new validity
measure for a correlation-based fuzzy C-means clustering algo-
rithm. In: Proceedings of the 31st Annual International Confer-
ence IEEE Engineering in Medicine and Biology Society:
Engineering the Future of Biomedicine EMBC 2009,
pp. 3865-3868 (2009). https://doi.org/10.1109/iembs.2009.
5332582

4. Liu, W.Y., Chen, Z.W., Bai, P., Fang, S.F., Shi, V.: A kind of
improved method of fuzzy clustering. 2005 Int. Conf. Mach.

10.

11.

12.

13.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

Learn. Cybern. ICMLC 2005(August), 2646-2649 (2005). https://
doi.org/10.1109/icmlc.2005.1527391

. Abdelkhalek, H.A., Refaie, H.S., Aziz, R.F.: Optimization of

time and cost through learning curve analysis. Ain Shams Eng. J.
(2020). https://doi.org/10.1016/j.asej.2019.12.007

. Batra, R.N., Uiah, A.: Competitive firm and the theory of input

demand under price uncertainty author (s): Raveendra N. Batra
and Aman Ullah Source: Journal of Political Economy, Vol. 82,
No. 3 (May-Jun., 1974), pp. 537-548 Published by: The
University of Chicago, vol. 82, no. 3, pp. 537-548 (2016)

. Greene, W.H.: The econometric approach to efficiency analysis.

The Measurement of Productive Efficiency and Productivity
Change (2008)

. Tabrizi, B.H., Razmi, J.: Introducing a mixed-integer non-linear

fuzzy model for risk management in designing supply chain
networks. J. Manuf. Syst. 32(2), 295-307 (2013). https://doi.org/
10.1016/j.jmsy.2012.12.001

. Zadeh, L.A.: Fuzzy sets. Inf. Control (1965). https://doi.org/10.

1016/S0019-9958(65)90241-X

Faizi, S., Satabun, W., Rashid, T., Watrdbski, J., Zafar, S.: Group
decision-making for hesitant fuzzy sets based on Characteristic
Objects Method. Symmetry (2017). https://doi.org/10.3390/
sym9080136

Chen, J., Huang, X.: Dual hesitant fuzzy probability. Symmetry
(2017). https://doi.org/10.3390/sym9040052

Hou, S., Wang, H., Feng, S.: Attribute control chart construction
based on fuzzy score number. Symmetry (2016). https://doi.org/
10.3390/sym8120139

Satabun, W., Piegat, A.: Comparative analysis of MCDM meth-
ods for the assessment of mortality in patients with acute coro-
nary syndrome. Artif. Intell. Rev. (2017). https://doi.org/10.1007/
$10462-016-9511-9

. Bucolo, M., Fortuna, L., La Rosa, M.: Complex dynamics

through fuzzy chains. IEEE Trans. Fuzzy Syst. (2004). https://doi.
org/10.1109/TFUZZ.2004.825969

Piegat, A.: A new definition of the fuzzy set. Int. J. Appl. Math.
Comput. Sci. 15(1), 125-140 (2005)

Stefanini, L., Sorini, L., Guerra, M.L.: Fuzzy numbers and fuzzy
arithmetic. In: Handbook of Granular Computing (2008)
Taleshian, A., Rezvani, S.: Multiplication operation on trape-
zoidal fuzzy numbers. J. Phys. Sci. (2011)

Banerjee, S., Roy, T.K.: Arithmetic operations on generalized
trapezoidal fuzzy number and its applications. TIFS 31, 16-44
(2012)

Garg, H., Ansha, : Arithmetic operations on generalized parabolic
fuzzy numbers and its application. Proc. Natl. Acad. Sci. India
Sect. A Phys. Sci. 88(1), 15-26 (2018). https://doi.org/10.1007/
s40010-016-0278-9

Klir, G.J.: Fuzzy arithmetic with requisite constraints. Fuzzy Sets
Syst. 91(2), 165-175 (1997). https://doi.org/10.1016/S0165-
0114(97)00138-3

Hall, R.I., Eilon, S.: Controlling production processes which are
subject to linear trends. J. Oper. Res. Soc. 14(3), 279-289 (1963).
https://doi.org/10.2307/3007391

Mokhtari, H., Hasani, A.: A multi-objective model for cleaner
production-transportation planning in manufacturing plants via
fuzzy goal programming. J. Manuf. Syst. 44, 230-242 (2017).
https://doi.org/10.1016/j.jmsy.2017.06.002

Gibra, L.N.: Optimal production runs of processes subject to
systematic trends. Int. J. Prod. Res. (1974). https://doi.org/10.
1080/00207547408919571

Wang, E., Su, T., Chang, M.: Comparative study of the appli-
cability of fuzzy multi-objective linear programming models
through cost-effective analysis for mold manufacturing. J. Manuf.
Syst. 32(1), 206-219 (2013). https://doi.org/10.1016/j.jmsy.2012.
10.003

@ Springer


https://doi.org/10.1109/iembs.2009.5332582
https://doi.org/10.1109/iembs.2009.5332582
https://doi.org/10.1109/icmlc.2005.1527391
https://doi.org/10.1109/icmlc.2005.1527391
https://doi.org/10.1016/j.asej.2019.12.007
https://doi.org/10.1016/j.jmsy.2012.12.001
https://doi.org/10.1016/j.jmsy.2012.12.001
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.1016/S0019-9958(65)90241-X
https://doi.org/10.3390/sym9080136
https://doi.org/10.3390/sym9080136
https://doi.org/10.3390/sym9040052
https://doi.org/10.3390/sym8120139
https://doi.org/10.3390/sym8120139
https://doi.org/10.1007/s10462-016-9511-9
https://doi.org/10.1007/s10462-016-9511-9
https://doi.org/10.1109/TFUZZ.2004.825969
https://doi.org/10.1109/TFUZZ.2004.825969
https://doi.org/10.1007/s40010-016-0278-9
https://doi.org/10.1007/s40010-016-0278-9
https://doi.org/10.1016/S0165-0114(97)00138-3
https://doi.org/10.1016/S0165-0114(97)00138-3
https://doi.org/10.2307/3007391
https://doi.org/10.1016/j.jmsy.2017.06.002
https://doi.org/10.1080/00207547408919571
https://doi.org/10.1080/00207547408919571
https://doi.org/10.1016/j.jmsy.2012.10.003
https://doi.org/10.1016/j.jmsy.2012.10.003

126

International Journal of Fuzzy Systems, Vol. 23, No. 1, February 2021

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Kazaz, B., Sloan, T.W.: The impact of process deterioration on
production and maintenance policies. Eur. J. Oper. Res. (2013).
https://doi.org/10.1016/j.ejor.2012.11.052

Chen, C.H., Huang, K.W.: The determination of optimum process
mean for a one-sided specification limit product with manufac-
turing cost and linear quality loss. J. Qual. 18(1), 19-33 (2011)
Su, T.S., Lin, Y.F.: Fuzzy multi-objective procurement/produc-
tion planning decision problems for recoverable manufacturing
systems. J. Manuf. Syst. (2015). https://doi.org/10.1016/j.jmsy.
2014.07.007

Kapur, K.C., Wang, C.J.: Economic design of specifications
based on taguchi’s concept of quality loss function. In: American
Society of Mechanical Engineers, Production Engineering Divi-
sion (Publication) PED (1987)

Wen, D., Mergen, A.E.: Running a process with poor capability.
Qual. Eng. (1999). https://doi.org/10.1080/08982119908919270
Chen, C.H., Chou, C.Y., Huang, K.W.: Determining the optimum
process mean under quality loss function. Int. J. Adv. Manuf.
Technol. (2002). https://doi.org/10.1007/s001700200196

Atalay, K.D., Eraslan, E., Cinar, M.O.: A hybrid algorithm based
on fuzzy linear regression analysis by quadratic programming for
time estimation: an experimental study in manufacturing indus-
try. J. Manuf. Syst. (2015). https://doi.org/10.1016/j.jmsy.2014.
06.005

McNally, R.C., Cavusgil, E., Calantone, R.J.: Product innova-
tiveness dimensions and their relationships with product advan-
tage, product financial performance, and project protocol. J. Prod.
Innov. Manag. (2010). https://doi.org/10.1111/5.1540-5885.2010.
00766.x

Shi, L., élafsson, S., Chen, Q.: An optimization framework for
product design. Manag. Sci. (2001). https://doi.org/10.1287/
mnsc.47.12.1681.10243

Jafari, H., Bateni, S., Daneshvar, P., et al.: Fuzzy mathematical
modeling approach for the nurse scheduling problem: a case
study. Int. J. Fuzzy Syst. 18, 320-332 (2016). https://doi.org/10.
1007/s40815-015-0051-2

Zhang, M., Tseng, M.M.: A product and process modeling based
approach to study cost implications of product variety in mass
customization. IEEE Trans. Eng. Manag. (2007). https://doi.org/
10.1109/TEM.2006.889072

Zengin, Y., Ada, E.: Cost management through product design:
target costing approach. Int. J. Prod. Res. (2010). https://doi.org/
10.1080/00207540903130876

Al Haj, R.A., El-Sayegh, S.M.: Time-cost optimization model
considering float-consumption impact. J. Constr. Eng. Manag.
141(5), 1-10 (2015)

Abdulbaki, D., Al-Hindi, M., Yassine, A., Abou Najm, M.: An
optimization model for the allocation of water resources. J. Clean.
Prod. (2017). https://doi.org/10.1016/].jclepro.2017.07.024
Hong, J., Diabat, A., Panicker, V.V., Rajagopalan, S.: A two-
stage supply chain problem with fixed costs: an ant colony
optimization approach. Int. J. Prod. Econ. (2018). https://doi.org/
10.1016/j.ijpe.2018.07.019

Wang, G., Peng, J.: Fuzzy optimal solution of fuzzy number
linear programming problems. Int. J. Fuzzy Syst. 21, 865-881
(2019). https://doi.org/10.1007/s40815-018-0594-0

Shaheen, A.A., Fayek, A.R., Abourizk, S.M.: Fuzzy numbers in
cost range estimating. J. Constr. Eng. Manag. 133, 325-334
(2007)

Sadeghi Sarcheshmah, M., Seifi, A.R.: Triangular and trapezoidal
fuzzy state estimation with uncertainty on measurements. Adv.
Electr. Electron. Eng. (2012). https://doi.org/10.15598/aeee.
v10i3.686

Jagadeeswari, M., Lakshmana Gomathi Nayagam, V.: Approxi-
mation of parabolic fuzzy numbers. Front. Artif. Intell. Appl.
(2017). https://doi.org/10.3233/978-1-61499-828-0-107

@ Springer

44.

45.

46.

47.

48.

49.

50.

S1.

52.

53.

54.

55.

56.

Grzegorzewski, P., Mrowka, E.: Trapezoidal approximations of
fuzzy numbers. Fuzzy Sets Syst. (2005). https://doi.org/10.1016/j.
fss.2004.02.015

Chen, C.T., Cheng, H.L.: A comprehensive model for selecting
information system project under fuzzy environment. Int. J. Proj.
Manag. (2009). https://doi.org/10.1016/j.ijproman.2008.04.001
Veeramani, C., Sumathi, M.: Fuzzy mathematical programming
approach for solving fuzzy linear fractional programming prob-
lem. RAIRO Oper. Res. (2014). https://doi.org/10.1051/ro/
2013056

Ebrahimnejad, A., Tavana, M.: A novel method for solving linear
programming problems with symmetric trapezoidal fuzzy num-
bers. Appl. Math. Model. (2014). https://doi.org/10.1016/j.apm.
2014.02.024

Reza, D., Davood, J.: FFLP problem with symmetric trapezoidal
fuzzy numbers. Decis. Sci. Lett. 4(2), 117-124 (2015). https://doi.
org/10.5267/j.ds1.2015.1.004

Bertone, A.M.A., Jafelice, R.S.D.M., da Camara, M.A.: Fuzzy
linear programming: optimization of an electric circuit model.
TEMA 1, 1 (2018). https://doi.org/10.5540/tema.2017.018.03.419
Ying Dong, J., Wan, S.P.: A new trapezoidal fuzzy linear pro-
gramming method considering the acceptance degree of fuzzy
constraints violated. Knowl. Based Syst. 148, 100-114 (2018)
Karimi, H., Sadeghi-Dastaki, M., Javan, M.: A fully fuzzy best—
worst multi attribute decision making method with triangular
fuzzy number: a case study of maintenance assessment in the
hospitals. Appl. Soft Comput. J. 86, 105882 (2020). https://doi.
org/10.1016/j.as0c.2019.105882

Bolos, M.L., Bradea, I.A., Delcea, C.: Linear programming and
fuzzy optimization to substantiate investment decisions in tan-
gible assets. Entropy (2020). https://doi.org/10.3390/e22010121
de Andrés-Sanchez, J.: Pricing European options with triangular
fuzzy parameters: assessing alternative triangular approximations
in the spanish stock option market. Int. J. Fuzzy Syst. 20,
1624-1643 (2018). https://doi.org/10.1007/s40815-018-0468-5
Wei, G.: Approaches to interval intuitionistic trapezoidal fuzzy
multiple attribute decision making with incomplete weight
information. Int. J. Fuzzy Syst. 17, 484489 (2015). https://doi.
org/10.1007/s40815-015-0060-1

Kaur, A., Kumar, A., Appadoo, S.S.: A note on “Approaches to
interval intuitionistic trapezoidal fuzzy multiple attribute decision
making with incomplete weight information”. Int. J. Fuzzy Syst.
21, 1010-1011 (2019). https://doi.org/10.1007/s40815018-0581-5
Bohlender, G., Kaufmann, A., Gupta, M.M.: Introduction to
fuzzy arithmetic, theory and applications. Math. Comput.
47(176), 762 (1986). https://doi.org/10.2307/2008199

Rakesh Kumar received his M.Sc. and M.Phil. in Mathematics from
the Department of Mathematics, Lovely Professional University,
India. He is currently serving as an Assistant Professor in the
Department of Mathematics, Lovely Professional University and
pursuing his Ph.D. in Applied Mathematics from the same depart-
ment. His research interests include fuzzy optimization and fuzzy
clustering.

Rajesh Kumar Chandrawat is an Assistant Professor in the
Department of Mathematics, Faculty of Technology and Sciences,
Lovely Professional University, India, and pursuing a Ph.D. from the
same department. He has received his post-graduation in Industrial
Mathematics and informatics from Indian Institute of Technology,
Roorkee, India.

Biswajit Sarkar is currently an Associate Professor in the Depart-
ment of Industrial Engineering, Yonsei University, South Korea. He


https://doi.org/10.1016/j.ejor.2012.11.052
https://doi.org/10.1016/j.jmsy.2014.07.007
https://doi.org/10.1016/j.jmsy.2014.07.007
https://doi.org/10.1080/08982119908919270
https://doi.org/10.1007/s001700200196
https://doi.org/10.1016/j.jmsy.2014.06.005
https://doi.org/10.1016/j.jmsy.2014.06.005
https://doi.org/10.1111/j.1540-5885.2010.00766.x
https://doi.org/10.1111/j.1540-5885.2010.00766.x
https://doi.org/10.1287/mnsc.47.12.1681.10243
https://doi.org/10.1287/mnsc.47.12.1681.10243
https://doi.org/10.1007/s40815-015-0051-2
https://doi.org/10.1007/s40815-015-0051-2
https://doi.org/10.1109/TEM.2006.889072
https://doi.org/10.1109/TEM.2006.889072
https://doi.org/10.1080/00207540903130876
https://doi.org/10.1080/00207540903130876
https://doi.org/10.1016/j.jclepro.2017.07.024
https://doi.org/10.1016/j.ijpe.2018.07.019
https://doi.org/10.1016/j.ijpe.2018.07.019
https://doi.org/10.1007/s40815-018-0594-0
https://doi.org/10.15598/aeee.v10i3.686
https://doi.org/10.15598/aeee.v10i3.686
https://doi.org/10.3233/978-1-61499-828-0-107
https://doi.org/10.1016/j.fss.2004.02.015
https://doi.org/10.1016/j.fss.2004.02.015
https://doi.org/10.1016/j.ijproman.2008.04.001
https://doi.org/10.1051/ro/2013056
https://doi.org/10.1051/ro/2013056
https://doi.org/10.1016/j.apm.2014.02.024
https://doi.org/10.1016/j.apm.2014.02.024
https://doi.org/10.5267/j.dsl.2015.1.004
https://doi.org/10.5267/j.dsl.2015.1.004
https://doi.org/10.5540/tema.2017.018.03.419
https://doi.org/10.1016/j.asoc.2019.105882
https://doi.org/10.1016/j.asoc.2019.105882
https://doi.org/10.3390/e22010121
https://doi.org/10.1007/s40815-018-0468-5
https://doi.org/10.1007/s40815-015-0060-1
https://doi.org/10.1007/s40815-015-0060-1
https://doi.org/10.1007/s40815018-0581-5
https://doi.org/10.2307/2008199

R. Kumar et al.: An Advanced Optimization Technique for Smart Production Using o-Cut... 127

has completed his Bachelor and Master’s in Applied Mathematics in
2002 and 2004, respectively, from Jadavpur University, India. He has
received his Master of Philosophy in the application of Boolean
Polynomials from Annamalai University, India, in 2008, Doctor of
Philosophy from the Jadavpur University, India in 2010 in Operations
Research, and a Post-Doctorate from the Pusan National University,
South Korea (2012-2013). He has dedicated his teaching and research
abilities in various universities including Hanyang University, South
Korea (2014-2019), Vidyasagar University, India (2010-2014), and
Darjeeling Government College, India (2009-2010). He has worked
as a Visiting Researcher in Tecnoldgico de Monterrey, Mexico in
2018. He has received 11 research projects. Between them, two
projects are ongoing, and rests have been completed. Under his
supervision, 16 students have been awarded their PhDs and three
students have been awarded their masters. Five students are contin-
uing their Ph.D. under his supervision. Under his guidance, four Ph.D.
theses have received the best thesis awards from Hanyang University,
South Korea during 2018-2019. Since 2010, he has published 191
journal articles in reputed journals of Applied Mathematics and
Industrial Engineering, and he has published three books. According
to the SciVal 2020, Prof. Sarkar is the best active author in the topic
cluster of the Supply Chain, Supply Chain Management Industry
during 2017-2020. According to Scopus, Prof. Sarkar is also the best
active author in the sub-topic cluster in the field of Vendor Managed
Inventory, Integrated Inventory Model, Consignment Stock. He is
belonging to the Top 2% of Scientists in the World based on Stanford
Study in the field Operations Research in 2020. According to Google
Scholar, his total citation is 5274 and the h-index is 42. He is the
editorial board member of some reputed international journals of
Applied Mathematics and Industrial Engineering. He is the Topic
Editor of the SCIE indexed journal Energies. He has served as the
Guest Editor of five special issues of some SCIE indexed journals. He
is a member of several learned societies as the Korean Society of
Industrial Engineering, Calcutta Mathematical Society, and more. In
2014, his paper is selected as the best research paper in an
international conference in South Korea. He has presented several

research papers in international conferences as an Invited Speaker and
chaired several sessions in several international conferences. He has
received a bronze medal for his capstone achievement from the
Hanyang University in 2016. He is the recipient of the Bharat Vikash
award as a young scientist from India in 2016. He has received an
International award from the Korean Institute of Industrial Engineers
in 2017 at KAIST, Daejon, South Korea. He is the recipient of the
Hanyang University Academic Award as one of the most productive
researchers in 2017 and 2018 consecutively. He has received the Top
100 International Distinguished Researchers 2020, Top 50 Interna-
tional Distinguished Young Researchers 2020, and Top 100 Interna-
tional Distinguished Educators 2020 from India in 2020.

Varun Joshi has received his Ph.D. and M.Phil. Degree from the
Department of Mathematics, Lovely Professional University, India.
He is currently serving as an Associate Professor in the Department of
Mathematics, Lovely professional University, India. He is supervising
many research scholars. He authored many research articles in
reputed international journals. His current fields of research are
numerical methods and optimization.

Arunava Majumder is an Assistant Professor in the Department of
Mathematics, Faculty of Technology and Sciences, Lovely Profes-
sional University, India. Previously he was an Assistant Professor in
the Department of Basic Science and Humanities, Techno Interna-
tional Newtown (formerly, Techno India College of Technology),
India. He was awarded the PhD and MSc degree in Mathematics from
Vidyasagar University, India. He is supervising many Ph.D. and
master’s scholars. He authored many research articles in international
journals of repute and reviewer of many international journals. He is
an academic editor and editorial board member of many international
journals. His research interests consist of supply chain management,
numerical optimization, quality control, multicriteria decision mak-
ing, and fuzzy optimization.

@ Springer



	An Advanced Optimization Technique for Smart Production Using alpha -Cut Based Quadrilateral Fuzzy Number
	Abstract
	Introduction
	Literature Review
	Optimization Models for Production Cost Analysis
	Fuzzy Linear Programming Problems Through Fuzzy Numbers

	Preliminaries and Basic Definitions
	Fuzzy Linear Programming
	Objective of the Proposed Fuzzy Number

	Proposed Membership Function for the {\varvec \alpha} -cut Based Quadrilateral Fuzzy Number
	Proposed Arithmetic Operations Between \alpha -Cut Based Quadrilateral Fuzzy Numbers

	Fuzzy Linear Programming Through the \alpha -Cut Based Quadrilateral Fuzzy Number
	Optimized Fuzzy LPP Model for \alpha -Cut Based Quadrilateral Fuzzy Number

	Numerical Experiment
	Situation 1 (Based on Right Triangle Fuzzy Number)
	Situation 2 (Based on \alpha -Cut Based Quadrilateral Fuzzy Number)
	Data and Problem Identification
	Modeling for the System of Optimal Solution
	Numerical Results
	Optimal Results of a Numerical Experiment
	Analysis of Numerical Result

	Conclusions
	Appendix 1
	Appendix 2
	Appendix 3
	Objective Function

	References




