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Abstract This paper proposes a data envelopment analysis
(DEA)-based portfolio efficiency evaluation approach
integrated with a rebalancing method to help investors
acquire efficient portfolios. Two fuzzy portfolio selection
models with value at risk (VaR) and conditional value at
risk (CVaR) as objectives are proposed under the credi-
bilistic framework. The models are constrained by realistic
constraints of short selling/no short selling, capital budget,
bounds on investment in an asset, and minimum return
desired by the investor. These models are used to compute
the benchmark portfolios, which constitute the portfolio
efficient frontier. Furthermore, random sample portfolios
are generated individually for each model in compliance
with their constraints. These random sample portfolios are
evaluated in terms of their relative efficiency with risk
(VaR or CVaR) as an input and return as an output using
DEA. Bearing in mind the volatile nature of the investment
market, negative returns are also considered for portfolio
efficiency evaluation using the range directional model.
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Moreover, an efficiency frontier improvement algorithm is
used to rebalance the inefficient random portfolios to make
them efficient. The proposed approach provides an alter-
native to the investors to acquire benchmark portfolios
using the traditional portfolio selection models. A detailed
numerical illustration and an out of sample analysis with
the Nifty 50 index from the National Stock Exchange,
India, are presented to substantiate the proposed approach.

Keywords Portfolio selection - Portfolio efficiency
evaluation - VaR - CVaR - Data envelopment analysis -
Range directional model - Credibilistic theory - Negative
returns

1 Introduction

The ground-breaking mean-variance (MV) model proposed
by Markowitz [23] is considered as a giant leap in the
development of modern portfolio theory. Since then, vari-
ance has been used as one of the popular tools to manage
risk in a portfolio selection problem. However, variance is
widely criticized in the literature because it endows equal
weights to both positive and negative returns (irrespective
of their desirability or undesirability). Also, it provides
little information about how much loss investors may have
to bear, while it is the loss that investors are primarily
concerned about [15].

This has led researchers to explore risk measures that
can be used to segregate desirable upside movements from
undesirable downside movements. Amongst those risk
measures, value at risk (VaR) is one such widely accepted
popular risk measure. The VaR of an investment is the
possibility of the utmost loss with a known confidence
level. Not only VaR is more systematic, but it is also
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accepted by a host of investors. VaR enables the investors
to adjust the robustness, as desired by the investors, using
different confidence levels, thereby producing robust
evaluations on risk. However, VaR does not provide any
information regarding the losses exceeding it, and it also
does not obey the coherence axioms of homogeneity, sub-
additivity, monotonicity, and translational invariance. To
resolve the inadequacies implicit in VaR, Rockafeller and
Uryasev [29] proposed the conditional value at risk
(CVaR), which is given as the weighted average of the VaR
and the losses exceeding it. Consequently, CVaR has been
widely utilized to manage risk in portfolio optimization
problems [10, 35, 36].

All the aforementioned studies characterized security
returns as random variables with known probability dis-
tributions. However, owing to the inherent complexity and
volatile nature of the investment market, it is not possible
to precisely predict the security returns using the available
historical data. Since the introduction of the fuzzy set
theory [37], the field of portfolio optimization has grown
enormously with various risk measures being applied in the
literature, see [7, 18, 25, 33, 34]. For detailed literature on
fuzzy portfolio optimization, one can refer to the mono-
graph by Gupta et al. [11].

Credibility theory has been extensively studied [19] and
applied in the literature to study the behaviour of the fuzzy
phenomenon, see [14, 38].

Due to the enormous advancements in the field of
portfolio optimization, portfolio performance evaluation
has become a significant field of study from the viewpoint
of research and a necessary exercise for investors. A pop-
ular method to estimate a portfolio’s performance is the
Sharpe ratio, which is the excess return per unit total risk
[32]. Another extensively used method for estimating a
portfolio’s efficiency is the real frontier approach (RFA)
[26], which estimates a portfolio’s efficiency by calculating
the relative distance of the asset under evaluation from the
efficient frontier of the portfolio. However, Joro and Na
[16] pointed out the difficulty in obtaining the portfolio
efficient frontier owing to the high computation complexity
involved in the RFA when applied to real-market appli-
cations. To tackle this issue, several researchers have for-
ayed into frontier approaching methods for estimating a
portfolio’s efficiency.

Data envelopment analysis (DEA) approach [5] can deal
with multiple inputs and outputs. Therefore, it is being
extensively used as a non-parametric approach for portfolio
evaluation, see [16, 27]. Branda [3] used CVaR and return
as input and output, respectively, for proposing new effi-
ciency tests considering diversification. Ding et al. [8]
presented a portfolio performance evaluation problem
using margin constraints and demonstrated through simu-
lation results that with an increase in sample size, the DEA

frontier suitably approximates the portfolio frontier. Liu
et al. [22] employed DEA to evaluate portfolio efficiency,
and proved that when sample size approaches infinity, the
DEA frontier effectively approximates the portfolio fron-
tier. Zhou et al. [39] proposed a portfolio rebalancing
approach using DEA frontier improvement under the MV
framework. Chen et al. [6] proposed three DEA models
using different risk measures for evaluation of portfolio
efficiency under a possibilistic environment.

Conventionally, DEA models implicitly assume the
input as well as the output values to be non-negative;
however, in various situations, negative inputs or outputs
can be encountered, e.g. the loss incurred w.r.t. net profit,
negative net income when expenses are greater than the
revenue, return rates for investment, etc. In recent litera-
ture, several approaches have been presented to deal with
negative data, see [4, 9, 28, 30, 31].

1.1 Research Motivation

Although there are a handful of research works that deal
with portfolio efficiency evaluation with different risk
measures, to our knowledge, there are no research works
on fuzzy portfolio efficiency evaluation using VaR and
CVaR risk measures under the credibilistic environment.
Further, the existing studies use randomly generated sam-
ple portfolios that are entirely random and compliant only
with the capital budget constraint. However, to effectively
mimic the behaviour of a real-market portfolio, it is cus-
tomary for the randomly generated portfolios to comply
with other realistic constraints of bounds on investment in
an asset, short selling, or no short selling. Moreover, there
are no studies on fuzzy portfolio efficiency evaluation
using negative returns in the existing literature.

So, motivated to fill this void in the portfolio evaluation
literature, in this paper, we propose two different fuzzy
portfolio selection models using VaR and CVaR as
objectives under a credibilistic framework. Several realistic
constraints are used in both the models. A case of the
proposed two models is also presented, where short selling
is allowed. Further, random sample portfolios are gener-
ated specifically for each type of model by satisfying their
respective constraints. Next, portfolio efficiency evaluation
is carried out for these randomly generated portfolios using
risk (VaR or CVaR) as input and expected return as output
in the DEA models. Furthermore, a particular case of the
portfolio efficiency evaluation is presented with negative
returns using the range directional measure (RDM) model.
The proposed approach enables the investors to conve-
niently acquire efficient portfolios using randomly gener-
ated portfolios, which closely approximate the benchmark
portfolios on the portfolio efficient frontier.
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1.2 Novelty of the Proposed Approach

1. In the existing literature on portfolio efficiency eval-
uation, there are no studies with VaR or CVaR
employed as a risk measure under the credibilistic
environment. Through this study, we contribute to the
literature on portfolio efficiency evaluation by using
VaR and CVaR as risk measures under a credibilistic
environment.

2.  We propose two fuzzy portfolio selection models with
several realistic constraints to integrate the preferences
of the investors into the models and generate random
portfolios specifically for both of them by satisfying
their respective constraints.

3. In the existing literature, studies on portfolio perfor-
mance evaluation take into account only the positive
returns of the assets or portfolios. Keeping in mind the
volatile nature of the investment market and to present
a more realistic account of how a portfolio performs, in
this study, we have considered portfolios with both
positive as well as negative returns, which are handled
using the RDM model.

4. Furthermore, the proposed approach enables the
investors to choose the confidence level (f) for VaR
and CVaR and different transaction costs associated
with each asset according to their preferences.

5. The proposed approach enables the investors to acquire
efficient portfolios using randomly generated portfo-
lios, which closely approximate the benchmark port-
folios on the portfolio efficient frontier.

Table 1 Comparison with existing approaches

The novelty of the proposed approach is also highlighted
through comparison with existing approaches in Table 1.

1.3 Organization of the Paper

The paper proceeds as follows. Section 2 revisits the basic
definitions of fuzzy random variables and credibility the-
ory. Further, formulas for credibilistic mean, variance,
VaR, and CVaR are presented. Section 3 presents the
proposed generalized Markowitz’s mean-VaR and mean-
CVaR models, and DEA models for efficiency evaluation
of the random sample portfolios. To validate the proposed
approach, a detailed numerical illustration is presented in
Sect. 4. Further, its subsequent subsections present the
rebalancing of the inefficient portfolios, and an out of
sample analysis. The paper concludes with Sect. 5.

2 Preliminaries

For various notations, terminologies and basics of fuzzy
sets, fuzzy variables, and credibility theory, we shall refer
to [20, 21], and [37].

Let ¢ be a fuzzy variable with possibility distribution
w: R — [0, 1]. A fuzzy variable is said to be normal if there
exists a real number x such that u;z(x) = 1. In this paper, we
assume that all the fuzzy variables are normal.

For a real number r, the possibility of the event {& > r}
is defined by

Attributes Banihashemi and Chenetal. Dingetal. Hajiagha Liu et al.  Zhou et al. Proposed
Navidi [1] [6] [8] et al. [13] [22] [39] approach

VaR v X X X v X v

CVaR v X X X X X v

Return v v v v v 4 v

Negative return v X X X X X v

Environment Crisp Fuzzy Crisp Fuzzy Crisp Crisp Fuzzy

Credibilistic framework X X X X X X (4

PSM with TC X v X X v 4 v

PSM with bounded assets and TC X X X X v X v

PSM with short selling, bounded X X X X X X v

assets and TC

Portfolio efficiency evaluation DEA, RDM DEA DEA DEA DEA DEA DEA, RDM

DEA frontier improvement X X X X X 4 v

Portfolio rebalancing X X X X X v v

PSM portfolio selection model, RDM range directional measure, 7C transaction cost
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Pos{&>r} = sup pig(x),
xX>r

and the necessity of the event {&>r} is defined by

Nec{¢>r} =1 —Pos{é<r} =1—sup pz(x).

x<r

Definition 1 Let & be a fuzzy variable. For any r € R, the
credibility of the fuzzy event {&>r} is defined as

Cr{é>r} = % (Pos{fz r} + Nec{¢ > r})

Therefore, we have

= 1
Cr{>r} = |sup pz(x) + 1 — sup pz(x) | (1)
2 x>r < x<r ¢
Similarly, we have
= 1
Cr{é<r) = [sup o) + 1= sup st )
x<r ~ xX>r

Note that the credibility measure follows the five axioms of
normality, monotonicity, self-duality, maximality, and sub-
additivity.

Let E be the fuzzy return of an asset, and Cr{é >6} =
0.75; then, it can be said that the credibility of the event of
the future return not being less than 6 is 0.75.

Definition 2 Let  be a fuzzy variable. Then, the expected
value of g; is defined as

ﬂa:Am&@zAM—/o&@s@m

o0
provided that at least one of the two integrals is finite.

Definition 3 Let & bea fuzzy variable with finite expected
value e. Then, the variance of E is defined as

Wa:ﬂ@—@ﬂzlwﬁﬂéﬁfzdw

Definition 4 Let L be a fuzzy variable, denoting the fuzzy
loss of an investment. The VaR of L with a confidence
level of (1 — f); p € (0,1) is given by

VaR;_ = sup {A|Cr(L>7)> p}. (3)

The above equation states that the greatest loss L asso-
ciated with an investment with confidence level (1 — f3) is
A

Definition 5 Let £ be a fuzzy variable with finite expected

value and credibility level 0< < 1. Then the f-CVaR of &
is defined as

CVaRy = min |x + ﬁE{max(E —x,0)}. (4)

For a trapezoidal fuzzy number (TrFN) E= (t1,12,13,14)
with possibility distribution

0, x<ty,

*—h H<x<t

P 13X 2

t2—t17 )
,UE(X): 17 [2§X§t3,

Iy — X

—_—, 3 <x<ly,

s — 13

0, X > 1y,

the expected value, variance, VaR, and CVaR are given as

E[{)=(n+n+15+1)/4 (5)
- 2 v 2 2
v[:}:‘” +3lv+v :891k+3vk+6k
[(1—v—2k)7] ©)
3841 ’
o [2Pn+(1-2P)n, if 0<f<0.5,
VaR,ylc] = { 2B — Dis+ (2—=2P)13, if0.5<p<1,
(7)
(1-2p°n  (1+2B)(1 —2P)n
. 4(1-B) 4(1-B)
CV&R/} = 13 27 .
4(1_ﬁ)+4(1 5 if 0<p<0.5
(1 =)tz + s,  if 0.5<p<1,

(8)
where [ = max{tz — 1,4 — 1‘3}, V= min{t2 — 1,4 — l3},
k=13 —t, and (I — v — 2k)" = max{l — v — 2k, 0}.

3 Model Development

Assume there are n risky assets whose returns are TrFNs
represented by & = (t1,t2,83,14);, i=1,2,...,n with
investment proportions w;, i = 1,2,...,n. Also, there is a
fixed linear transaction cost k; associated with each asset.
The expected net return, VaR, and CVaR of the portfolio
are given as

Re = il Ewi — 2]@'\4},‘, VaR = il Valeﬁ[g]Wi,

n

and CVaR = ) CVaRg[{]w;, respectively.

i=1

Using Eq. (5) and Eqgs. (7-8), the credibilistic return, VaR,
and CVaR of the portfolio are given as

@ Springer
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Re:Z(ll+t2+t3+t4 ka,,

i=1

i(z;ﬁz + (1 =2B)n)wi, if 0<B<0.5,
VaR = ¢ 7!
D (@B = Dts+ (2= 2B)t3)wi, if 05<B<1,
i=1
" (1 =282 (1+2B8)(1 —2B)n
Z( Wi-p) T a0-p
_ 3 1y .
CVaR = P +m>iw,¢ if 0<f<0.5,
i(u — B)t + Bta),wi, if 05<B<1.
i=1

In accordance with the Markowitz’s [23] portfolio selec-
tion model, the generalized fuzzy mean-VaR and fuzzy
mean-CVaR portfolio selection models under the credi-
bilistic framework are presented as follows:

3.1 Credibilistic Mean-VaR and Mean-CVaR
Portfolio Selection Models with Bounded Assets

(Model 1a)
> @+ (1= 2p)n)wi, if 0<B<0.5,

min VaR = { !
> (2B = 1D)ts+ (2= 2B)t3)wi, if 05<f<1,
i=1

subject to

Z(Zl+12+l3+l4

ka,zr

i=1

9)
> owi=1, (10)
i=1
wi>0, i=12,.. .n, (11)
w; <020, =12, ,n, (12)

where r is the minimum return desired by the investor.

(Model 1b)
(=280 (1+28)(1=2P)n
,Z(mm TTaa-p
min CVaR — 4(1t3_ﬁ)+4(1t4_ﬁ))4w,‘, if 0<f<0.5,
S (1 Bty + pra)ws, iF0.5<p<1,
i=1

subject to Egs. (9—12).

@ Springer

3.2 Credibilistic Mean-VaR and Mean-CVaR Portfolio
Selection Models with Bounded Assets
and Short Selling

(Model 2a)

> (@B + (1= 2B)t)wi, if 0<B<0.5,

i=1

D (2B = Vta+ (2 = 2p)t3)wi, if 05<B<1,

i=1

min VaR =

subject to Egs. (9—10) and Eq. (12),

wi> — 025, i=1,2,...n
(13)
(Model 2b)
< (1—2ﬂ n, (1+26)(1-2p)n
Py 4(1-p)
minCVaR = 4(1t3—ﬂ)+4(1t4—ﬁ)>iwi’ if 0<f<0.5,
i(u — B)ts + Pra)aws, i 0.5<B<1,
i=1

subject to Egs. (9—10) and Egs. (12—13).

Models (1a), 1(b) and (2a), (2b) are used to compute effi-
cient portfolios, which are considered as benchmark port-
folios. These benchmark portfolios constitute the portfolio
efficient frontier. In the next subsection, we generate ran-
dom sample portfolios and evaluate their efficiency using
DEA for positive returns and RDM for negative returns.

Remark 1 The investor can choose the suitable risk
measure (VaR or CVaR) and desired confidence level
according to his/her preferences. If the investor chooses
VaR as a risk measure, then for 0<f<0.5,
VaRl,/;(i) = Z?ZI(Zﬂtz + (1 — Zﬂ)tl)iwi, and for
05<p<1, VaR,_ () =>",(2—Du+ (2-
2B)t3),w; (see Eq. (7)). If the investor chooses CVaR as a

risk measure, then for 0<f<0.5, CVaRﬁ(g;) =
n (1-2p)> 1428)(1-2
Zi:l(( Brn (420128 +4( /f)+4(1 ﬁ)) Wi, and for

AT A0-p)
0.5<p<1, CVaRg(&) =>"",((1 = p)ts+ Pta)w; (see

Eq. (8)).

P

Remark 2 For a trapezoidal return & = (#1,1,13,14), the
VaR for 0 < < 0.5 depends only on #; and ,; however, the
CVaR for 0 < # <0.5 depends on all the values of f This
establishes the superiority of CVaR as a risk measure, viz.,
it accounts for losses exceeding VaR.
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3.3 Efficiency Evaluation of Random Sample
Portfolios Using DEA

Now, we generate m random sample portfolios with 7 risky
assets A; having investment proportions w;, i = 1,2,...,n,
which are considered as DMUs. These random sample
portfolios are generated individually for Models (1a), (1b)
and (2a), (2b) in compliance with their constraints (10-12),
and (10, 12, 13), respectively. Let Re; = >~" | w;&; be the
expected return, VaR; = Y% | VaR;_4(&;)w; be the VaR,
and CVaR; = Y, CVaRp(&;)w; be the CVaR of the jth
portfolio, j = 1,2,...,m, respectively. For evaluating the
efficiency of m portfolios, the VaR or CVaR is considered
as input while the expected return is considered as output.
Let Reg, VaRy, and CVaR, be the expected return, VaR,
and CVaR of the DMU, being evaluated, respectively.
Then, the efficiency of DMUj can be computed by using
the following DEA models:

3.3.1 Risk-Oriented BCC-DEA Models with VaR
and CVaR for Positive Returns

Following the BCC-DEA model’s framework [2], the risk-
oriented DEA fuzzy portfolio efficiency evaluation models
can be formulated as

(Model 3a)
min 0)*®

subject to
> JVaR; < 07* - VaR,,
j=1

Z /ljRej 2 Re(),

j=1

zm:zj: 1, (14)

j=1
2i>0,j=1,2,...m
0<oy™® <1,

(Model 3b)

min HocvaR

subject to Egs.(14)—(15)

Z JjCVaR; < 05V*R . CVaR,,

j=1

/ljRej > Reo,
Jj=1
0< 9(()ZVaR <1,

VaR CVaR
90 00

respectively. Here, and represent the efficiency
score of DMUj, and 0(\)/ R or OocvaR = 1 indicates that DMU,
is efficient, the decision variable 4;>0, j=1,2,...,m,
denotes the weight or intensity of DMU,.

3.3.2 Range Directional Measure Model with VaR
and CVaR for Negative Returns

In conventional DEA models, each DMU is specified by a pair
of non-negative input and output vectors, in which inputs are
utilized to produce outputs. These models cannot be used for
the cases of DMUs having both positive and negative inputs
and/or outputs. Portela et al. [28] introduced the RDM model,
which can be applied in such cases. The RDM models with
VaR or CVaR as input and return as output are presented as

(Model 4a)

max 7y R

subject to Egs. (14)—(15),

> JVaR; < VaRy — ny™® - dj,
j=1

Z AjRe; > Reg + nyR - dy,

0<’7V4R<1

(Model 4b)

max nCVdR

subject to Egs. (14)—(15),

> JCVaR; < CVaR, — ng"™® - ds,
j=1

Z /ljRej >Rey + ngVaR . dz,

j=1

0<ng <1,

where d; =
—Rey, and d5 =

VaR, — 1m1n {VaR;}, dr=  Jax {Re;}
CVaR, - 1m1n {CVaR;} are “the direc-

CVaR (1

tional vectors. Here, ny™® and —ny™® and 1 —

nSV®R) represent the inefficiency (efficiency) score of
DMUj, and ny™® or SV = 0 indicates that DMUj is
efficient.

3.4 Rebalancing of the Inefficient Portfolios

In order to offer the investors with more choices (options)
of efficient portfolios, and to make the inefficient portfolios
efficient, we employ the DEA frontier improvement algo-
rithm given in [39]. This frontier improvement algorithm
provides the investors with rebalanced portfolios, which
are efficient. These rebalanced portfolios closely
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approximate the benchmark portfolios. The steps of the
algorithm are as follows:

Step 1. For DMU, being evaluated, compute the effi-
ciency using the BCC-DEA (RDM) model as
0y°% or 05V (YR or n§VaR). If )R or 65V =

1 (nXaR or ngVaR

virtual weight 20 =1, ) =0, j=1,2,...,m,
j # 0, then DMUj is efficient and cannot be
improved anymore; otherwise move to Step 2.

Initialize yy = 1. The inefficient DMUj, is rebal-

anced by obtaining new weights as W?(W) =

wi =" 0wl i=1,2,...,n. Then, the

improved input (VaR or CVaR) and output
(return) of the DMU, are obtained as VaR, =
iy VaRy-p(é)w" (CVaRe = 377, CVaRy
@Emwi"), and  Reg= X1 E(E)w",
respectively.

Repeat Step 1.

= 0), and their corresponding

Step 2.

Step 3.

The following algorithm sums up the whole portfolio
efficiency evaluation and rebalancing process:

Step 1.
Step 2.

Consider n assets with trapezoidal fuzzy returns.
Compute the expected return, and VaR/CVaR
using Eq. (5), and Eq. (7)/Eq. (8), respectively,
for a given confidence level.

Choose the appropriate model according to the
investor’s preferences.

Compute the portfolio efficient frontier for the
chosen model by varying the return desirability.
Generate random sample portfolios for the cho-
sen model by satisfying the capital budget and
bounds constraints.

Compute the return for a given transaction cost
and VaR/CVaR for these random sample
portfolios.

Evaluate the efficiencies of the random sample
portfolios using Model (3a)/Model (3b) for
positive returns or Model (4a)/Model (4b) for
negative returns.

Rebalance the inefficient portfolios using the
rebalancing algorithm discussed in Sect. 3.4.

Step 3.
Step 4.

Step 5.

Step 6.

Step 7.

Step 8.

4 Numerical Illustration

In this section, we present numerical illustrations for
portfolio efficiency evaluation using both BCC-DEA
model and RDM model for assets/portfolios having only
positive returns and assets/portfolios having positive as
well as negative returns, respectively.

@ Springer

4.1 Portfolio Efficiency Evaluation for Positive
Returns

To demonstrate the virtues of the proposed approach, we
consider 20 risky assets with fuzzy trapezoidal returns from
Mehlawat [24], presented in Table 2. The fixed linear
transaction cost associated with each asset is assumed as
0.003, and the confidence level () for VaR and CVaR is
taken as 0.1. The credibilistic expected return, VaR, and
CVaR for each of the 20 risky assets are presented in
Table 2.

The values from Table 2 are used to solve Models (1a),
(2a) and Models (1b), (2b) to compute the VaR, CVaR, and
respective returns to construct the portfolio efficient fron-
tier for each model. Table 3 depicts the points at their
respective efficient frontiers. Next, we generate 30 random
sample portfolios composed of 20 assets, specifically for
each model satisfying their respective constraints. For
Models (1a) and (1b), the random sample portfolios satisfy
the constraints (10-12), and for Models (2a) and (2b), the
random sample portfolios satisfy the constraints (10) and
(12, 13). These randomly generated sample portfolios are
presented in Tables 4, 5, respectively, along with their
return, VaR, and CVaR.

Next, the VaR-return and CVaR-return values of the
sample portfolios in Tables 4, 5 are used as input—output
in Models (3a) and (3b), respectively, to compute the
efficiencies 0)*® and 05Y™® (see Tables 4, 5) of each
sample portfolio.

Results and Discussion

e VaR: The portfolio efficient frontiers obtained using
Models (la) and (2a) presented in Table 3, and the
VaR-return DEA frontier of the sample portfolios from
Tables 4, 5 are graphically represented in Figs. 1, 2,
respectively. It is clear from Table 4 and Fig. 1 that
only four DMUs P3, P13, P17, and P22 are efficient for
the random sample portfolios generated for Model (1a).
As seen in Table 5 and Fig. 2, only five DMUs P3, P14,
P19, P27, and P29 are efficient for the random sample
portfolios generated for Model (2a).

e (CVaR: The portfolio efficient frontiers obtained using
Models (1b) and (2b) presented in Table 3, and the
CVaR-return DEA frontier of the sample portfolios
from Tables 4, 5 are graphically represented in Figs. 3,
4, respectively. It is clear from Table 4 and Fig. 3 that
DMUs P1, P3, P13, P17, P18, P19, and P22 are efficient
for the random sample portfolios generated for Model
(1b). As seen in Table 5 and Fig. 4, the DMUs P3, PS,
P16, P19, P27, and P29 are efficient for the random
sample portfolios generated for Model (2b).
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Table 2 Trapezoidal fuzzy

Asset 1 h t 14 Expected return VaRg o CVaRg

returns of 20 risky assets with

expected return, VaR, and A 009381  0.1281  0.14143  0.16572  0.13227 0.10067  0.12882

CVaR for f=0.1 A, 005311 009298  0.1933 01392  0.10116 0.06108  0.09715
As 0.05046  0.08855  0.10729  0.12638  0.09542 0.06528  0.09219
As 0.08026  0.10069  0.1213  0.13173  0.1085 0.08435  0.10603
As 0.08464  0.1157  0.12319  0.16425  0.12195 0.09085  0.1177
As 0.04961 008562  0.10804  0.13464  0.09448 0.05681  0.09031
A 0.06357 009286  0.11786  0.15772  0.108 0.06943  0.10292
A 0.08967  0.10913  0.12837  0.14783  0.11875 0.09356  0.11574
Ao 007615  0.11306  0.13807  0.16765  0.12373 0.08353  0.11918
Ao 0.09829  0.11543  0.12143  0.14589  0.12026 010172 0.11768
A 0.0842  0.10787  0.12101  0.13468  0.11194 0.08893  0.10957
An 0.0689 008706  0.10449  0.12127  0.09543 0.07253  0.09275
A 0.05969  0.08584  0.11845  0.14646  0.10261 0.06492  0.09805
A 0.0468 008481  0.10402  0.1332  0.09221 0.0544  0.08798
Aus 0.09493  0.11982  0.13466  0.15995  0.12734 0.09991  0.124
Ao 007632  0.10685  0.12159  0.14621  0.11274 0.08243  0.1093
A 00544 008508  0.11202  0.13627  0.09694 0.06054  0.09284
A 00786  0.1196  0.14299  0.1524  0.1234 0.0868  0.12028
A 0.0824  0.11974  0.14202  0.15494  0.12478 0.08987  0.12157
Ano 0.07036 009096  0.12179  0.16224  0.11134 0.07448  0.10613

Table 3 Portfolio efficient frontier values for Models (1a), (2a), and
Models (1b), (2b)

Portfolio efficient frontier values for Model (1a)

Return  0.0945 0.1 0.11 0.115 0.12 0.123

VaR 0.0596 0.0642 0.0745 0.0804 0.0869 0.0916
Portfolio efficient frontier values for Model (1b)

Return  0.0919 0.1 0.11 0.115 0.12 0.123

CVaR  0.0912 0.0983 0.1083 0.1134 0.1188 0.1222
Portfolio efficient frontier values for Model (2a)

Return  0.0809  0.09 0.1 0.11 0.12 0.16

VaR 0.0113  0.022 0.0337 0.0455 0.0573 0.125
Portfolio efficient frontier values for Model (2b)

Return  0.0919 0.1 0.11 0.115 0.12 0.123

CvVaR  0.0912 0.0983 0.1083 0.1134 0.1188 0.1222

4.2 Portfolio Efficiency Evaluation for Negative
Returns

In this subsection, we deal with assets and portfolios that
can have both positive as well as negative returns. Similar
to Sect. 4.1, the values of fixed linear transaction cost
associated with each asset, and the value of confidence
level (f) for VaR and CVaR are assumed to be 0.003 and
0.1, respectively.

The fuzzy trapezoidal returns for the 20 risky assets
having both positive and negative returns and their credi-
bilistic expected return, VaR, and CVaR are presented in
Table 6. Note that the VaR and CVaR values for some of
the risky assets are negative. Since VaR and CVaR repre-
sent the loss of capital; therefore, the absolute values of
VaR and CVaR have been used for further computation.

The results from Table 6 are used in the Models (1a),
(2a) and Models (1b), (2b) to compute VaR, CVaR, and
respective returns (see Table 7) to construct the portfolio
efficient frontier for each model.

We use the results from Table 6 and the same random
sample portfolios presented in Tables 4, 5 from the pre-
vious Sect. 4.1 to compute the VaR, CVaR, and returns of
the sample portfolios, which are presented in Table 8. The
VaR-return and CVaR-return values from Table 8 are used
in Models (4a) and (4b), respectively, to compute the
efficiency of each sample portfolio, presented in Table 8 as
nOVaR and ngVaR.

Results and Discussion

e VaR: The portfolio efficient frontier obtained using
Models (la) and (2a) presented in Table 7, and VaR-
return RDM frontier of the sample portfolios from
Table 8 are graphically represented in Figs. 5, 6,
respectively. It is clear from Table 8 and Fig. 5 that
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Table 6 Trapezoidal fuzzy returns of 20 risky assets and their expected return, VaR, and CVaR for f = 0.1

Asset t t 13 1y Return VaRg o [VaRgo| CVaRg |CVaRy |
Ay 0.0969 0.1051 0.1072 0.1088 0.10451 0.09854 0.09854 0.10405 0.10405
Ay — 0.1176 — 0.1071 — 0.0703 — 0.0162 — 0.07778 — 0.11545 0.11545 — 0.08402 0.08402
Az 0.0313 0.0883 0.1057 0.1829 0.10204 0.04272 0.04272 0.09392 0.09392
Ay 0.0742 0.0874 0.0948 0.1876 0.11099 0.07679 0.07679 0.10351 0.10351
As —0.172 — 0.0848 — 0.0715 — 0.0547 — 0.09574 — 0.15454 0.15454 — 0.10012 0.10012
Ag — 0.1089 — 0.0982 — 0.085 — 0.0558 — 0.08696 — 0.10673 0.10673 — 0.09009 0.09009
Aq 0.0347 0.0573 0.0841 0.0999 0.069 0.03923 0.03923 0.06574 0.06574
Ag 0.0418 0.0848 0.0989 0.1577 0.09578 0.05037 0.05037 0.08955 0.08955
Ag — 0.0962 — 0.0907 — 0.082 — 0.0484 — 0.0793 — 0.0951 0.0951 — 0.08237 0.08237
Aqo — 0.1047 — 0.0954 — 0.0816 — 0.0686 — 0.08759 — 0.10286 0.10286 — 0.08955 0.08955
Aqy — 0.1635 — 0.0933 — 0.062 — 0.0336 — 0.0881 — 0.14948 0.14948 — 0.09384 0.09384
A —0.119 — 0.0961 — 0.0622 — 0.0342 — 0.07788 — 0.11441 0.11441 — 0.08242 0.08242
Alz 0.0536 0.0855 0.0924 0.1756 0.10177 0.05999 0.05999 0.09449 0.09449
Ay 0.0753 0.0962 0.1065 0.1729 0.11272 0.07945 0.07945 0.10677 0.10677
Als — 0.1082 — 0.0983 — 0.0891 — 0.0705 — 0.09153 — 0.10622 0.10622 — 0.09366 0.09366
Aig 0.0605 0.0918 0.1093 0.1935 0.11375 0.06672 0.06672 0.10582 0.10582
A7 — 0.1815 — 0.1052 — 0.0853 —0.0528 — 0.10617 — 0.16623 0.16623 —0.11174 0.11174
Aig 0.0831 0.0937 0.1025 0.2086 0.12198 0.08524 0.08524 0.11353 0.11353
Aqg —0.1108 — 0.1074 — 0.0962 — 0.0823 — 0.09919 — 0.11011 0.11011 — 0.1009 0.1009
Ay 0.0918 0.0931 0.1501 0.1664 0.12536 0.09207 0.09207 0.12098 0.12098

Table 7 Portfolio efficient frontier values for Models (1a), (2a) and
Models (1b), (2b)

Portfolio efficient frontier values for Model (1a)

Table 8 are graphically represented in Figs. 7, 8,
respectively. It is clear from Table 8 and Fig. 7 that
only four DMUs P9, P21, P24, and P25 are efficient for
the random sample portfolios generated for Model (1b).
From Table 8 and Fig. 8, only the DMUs P11, P16, and
P21 are efficient for the random sample portfolios

generated for Model (2b).

4.3 Rebalancing of the Inefficient Portfolios

Next, using the frontier improvement algorithm from Sect.
3.4, we rebalance the inefficient portfolios from Tables 4,

Return 0.0935 0.1 0.11 0.112 0.113

VaR 0.0518 0.0575 0.0694 0.0729 0.0764
Portfolio efficient frontier values for Model (2a)

Return 0.0935 0.1 0.11 0.112 0.113

VaR 0.0518 0.0575 0.0694 0.0729 0.0764
Portfolio efficient frontier values for Model (1b)

Return 0 0.05 0.07 0.1 0.113

CVaR 0.0818 0.0849 0.0869 0.0958 0.109
Portfolio efficient frontier values for Model (2b)

Return 0 0.05 0.07 0.1 0.113

CVaR 0.0818 0.0849 0.0869 0.0958 0.109

only two DMUs P9 and P21 are efficient for the random
sample portfolios generated for Model (la). From
Table 8 and Fig. 6, only the DMUs P16 and P21 are
efficient for the random sample portfolios generated for
Model (2a).

CVaR: The portfolio efficient frontier obtained using
Models (1b) and (2b) presented in Table 7, and CVaR-
return RDM frontier of the sample portfolios from

@ Springer

5, and 8 to make them efficient in order to offer the

investors with more choices (options) of efficient
portfolios.
4.3.1 Rebalanced Portfolios for Positive Returns

VaR: The inefficient portfolios in Tables 4, 5 for
Models (1a) and (2a) are rebalanced up to one iteration.
These rebalanced portfolios are also presented graphi-
cally in Figs. 1, 2 as improved sample portfolios. For a
coherent demonstration, we present these rebalanced
portfolios in Table 9. On similar lines, inefficient
portfolios for subsequent models can be rebalanced
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Table 8 Expected return, VaR, CVaR, ny*® and 5$VeR for f=0.1 Table 8 continued
for Models (1a), (Ib) and (2a), (2b) Portfolio  Models (2a) and (2b)
Portfolio  Models (1a) and (1b) Return VaR Py CVaR yCvaR
Return VaR nyR CVaR nSVaR

P14 — 007184 0.12377 095041 0.1032  0.76815
P1 0.02218  0.0876  0.87479  0.09697  0.19111  pi5 0.00563  0.09983  0.91525 0.09635 0.61437
P2 — 0.00511  0.0979 0.95015 0.09504 0.1844 P16 0.05165 0.06071 O 0.08717 0
P3 0.00782  0.09617  0.93264  0.09849 046506  p17 0.01053  0.09998 0.91424  0.09086  0.4789
P4 0.0035  0.091 0.93615  0.09591 022782 pjg 0.00881  0.09994 0.91462 0.09916  0.6346
P5 —0.00617 0.09716  0.95085 0.09451 0.1 P19 0.04055 0.0784 0.81943  0.09332  0.39754
P6 — 000603 0.09907  0.95145  0.09568  0.28738  ppq 0.01635 0.08334 0.86766 0.0911  0.46643
P7 0.01805 0.10278 091669 0.1002  0.52865  paj 007974 0.06498 0 0.09582 0
P8 0.001T ~ 0.09444  0.94163  0.09484  0.06319  p22 — 001591 0.1023 092393 0.1029  0.71588
P9 0.03992  0.08626 0 0.09726 0 P23 —0.03693 0.10499 0.93115 0.10008 0.71706
P10 — 002012 0.10562  0.963 0.09663  0.47038  poq —0.02966 0.09325 091316 0.08378  0.38366
P11 —0.00349  0.10066  0.94971  0.09827  0.47075 P25 —0.02962 0.11073 0.93593  0.09474 0.64879
P12 — 0.00086  0.09743  0.94554  0.0964  0.33085  ppe 0.00168 0.1192  0.93931  0.10535  0.69834
P13 0.00577 ~ 0.0987 093763  0.09691  0.33655  pa7 0.04997  0.07702  0.79506  0.0997  0.47363
P14 0.01676  0.09222  0.90739  0.09634  0.14685 P28 —0.06426 0.10364 0.93412 0.08464 0.53375
P15 0.00082  0.09867  0.94419  0.09736 041413 pog —0.00378 0.11332  0.93462 0.10639 0.71451
P16 — 0.01116  0.09645 0.95482  0.09626  0.38978 P30 0.02429  0.0911 0.89 0.09959  0.58976
P17 0.02967  0.09336  0.83481  0.0992  0.40019
P18 —0.00397  0.09601 0.94824  0.09506 0.1744
P19 0.03815  0.08685 0.43516 0.09721  0.01794 0135
P20 — 002939 0.1049 096716 0.09424 0.29833 gy oot foner 1 Sl porfls ¢ el g pes
P21 0.04254  0.09248 0 0.10151 0 oiis
P22 —0.0146  0.10347 095931 0.10169  0.67384 oo
P23 —0.01469 0.09613 095732  0.09418 0.13901 £,
P24 —0.00153  0.09505 0.94516 0.09439 0 .
P25 —0.01704  0.09958  0.95981  0.09347 0 o
P26 0.01828 0.09105 0.9003  0.09626  0.11149 o
P27 002434 009253 087429 009835 035321 0.055 0.060 0.065 0.070 . 0.075 0.080 0.085 0.090 0.095
P28 — 000253 0.09667 0.94702 0.09746 0.44148
P29 0.03128  0.0955 0.82709 010116 05311 Fig. 1 Efficient frontiers of sample portfolios for Models (la) and
P30 000449 0.09659 094901 0.09605 031954 OV
Portfolio  Models (2a) and (2b)

Return VaR ng“R CVaR ngvaR z::z —4—Portfolio efficient frontier Sample Portfolios ¢ Improved sample Portfolios ,
0.120

Pl —0.02434 00953 09153  0.09226  0.6008 o115
P2 0.00854 009769 091068 0.1011 065232  E "
P3 —0.02804 0.10665 093149  0.09745 0.68059 g
P4 —0.0234 009909 092101 0.09609 0.65772 0095
P5 ~ 000147  0.10637 092639 0.0985  0.6563 o
P6 _ 008357 012122 094996 008579 060178 0.055 0.060 0.065 0.070 0.075 U(:i(i{ 0.085 0.090 0.095 0.100
P7 — 005412 0.11948  0.94603 0.09891  0.72339
P8 001171 0.11056 093302 009743  0.65841 Fig. 2 Efficient frontiers of sample portfolios for Models (2a) and
P9 0.02001  0.08079  0.85356  0.09378  0.53003 o
P10 005212 0.09297  0.88288  0.09937  0.45397 likewise. The remaining tables for rebalanced portfolios
P11 —0.00145  0.06831  0.78588  0.08132 0 have been omitted owing to the space crunch.
P12 — 005159 0.09994 092786  0.09243  0.65031 o (CVaR: The inefficient portfolios in Tables 4, 5 for
P13 0.05844  0.08477 0.84358 0.10062  0.43927

Models (1b) and (2b) are rebalanced up to one iteration

@ Springer
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Fig. 6 Efficient frontiers of sample portfolios for Models (2a) and
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Fig. 7 Efficient frontiers of sample portfolios for Models (1b) and
(4b)
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Fig. 8 Efficient frontiers of sample portfolios for Models (2b) and
(4b)

4.3.2 Rebalanced Portfolios for Negative Returns

e VaR: The inefficient portfolios in Table 8 for Models
(1a) and (2a) are rebalanced up to one iteration and are
graphically represented in Figs. 5, 6 as improved
sample portfolios, respectively.

e (CVaR: The inefficient portfolios in Table 8 for Models
(1b) and (2b) are rebalanced up to one iteration and are
graphically represented in Figs. 7, 8 as improved
sample portfolios, respectively.

@ Springer

Here, the improved sample portfolios for CVaR (see
Figs. 7, 8) constitute a DEA frontier that is closer to the
portfolio efficient frontier in comparison to the DEA
frontier for VaR.

4.4 Out of Sample Analysis

In this subsection, we perform an out of sample analysis to
validate the proposed approach. For the purpose, we collect
the monthly return data of all the firms listed in the Nifty
50 index of the National Stock Exchange (NSE), India
from January 01, 2014 to December 31, 2018 (60 months).
Using the ‘Delphi Method’ discussed in Gupta et al. [12],
we convert these monthly returns into trapezoidal fuzzy
returns, which are presented in Table 10. We employ the
proposed approach on these trapezoidal fuzzy returns to
compute the credibilistic expected return, VaR, CVaR, and
variance (see Table 10) of the 50 risky assets.

The VaR and CVaR values are used to calculate the
fuzzy VaR ratio ((Expected return — risk free return)/VaR)
and fuzzy CVaR ratio ((Expected return — risk free return)/
CVaR), respectively. To calculate the Sharpe ratio ((Ex-
pected return — risk free return)/S.D.), we have also taken
into account the credibilistic variance as a risk measure,
and a 5% annual return has been assumed from a risk-free
asset. The results in Table 10 are used in the Models (1a)
and (1b) to obtain the results presented in Table 11.

The fuzzy VaR ratio, fuzzy CVaR ratio, and Sharpe ratio
depict that the performance of the proposed approach is
better as compared to the actual Nifty 50 performance.

Remark 3 1In this paper, we have used the risk-oriented
BCC-DEA model to evaluate the efficiency of the random
sample portfolios. However, any of the risk-oriented,
return-oriented, or non-oriented BCC-DEA models can be
used for the same. Also, the investors are free to choose
any value of confidence level (f§) and different transaction
costs according to their preferences.

Remark 4 We abstain from performing simulation with a
large number of sample portfolios as the literature is
already replete with numerous research works with simu-
lation studies which have proved that as the number of
sample portfolios is increased sufficiently large (or to
infinity), the DEA frontier approximates the portfolio
efficient frontier irrespective of the risk measure being
used, see [6, 22, 39].
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Table 10 Trapezoidal fuzzy return of Nifty 50 stocks with expected return, VaR, and CVaR

S. no. Asset symbol t t 13 1y Return [VaRl ICVaRI Variance
1 ADANIPORTS — 0.1892 — 0.08 0.14 0.251 0.03044 0.16739 0.00717 0.01416
2 ASIANPAINT — 0.0995 — 0.05 0.09 0.1655 0.02649 0.08962 0.01189 0.00562
3 AXISBANK — 0.1372 —0.05 0.08 0.2102 0.02576 0.11975 0.00671 0.00828
4 BAJAJ-AUTO — 0.1158 - 0.07 0.1 0.1886 0.0257 0.10661 0.00859 0.00787
5 BAJFINANCE — 0.2472 0.036 0.04 0.2885 0.02933 0.19058 0.00329 0.01265
6 BAJAJFINSV — 0.1489 — 0.08 0.11 0.2645 0.03639 0.13516 0.01276 0.01359
7 BPCL — 0.2605 — 0.05 0.15 0.2203 0.01495 0.21839 0.00708 0.01849
8 BHARTIARTL — 0.1924 — 0.09 0.1 0.2767 0.02357 0.1719 0.00259 0.01597
9 INFRATEL — 0.1561 —0.07 0.07 0.1932 0.00929 0.13886 0.00978 0.00852
10 CIPLA — 0.1415 - 0.07 0.07 0.214 0.01813 0.12721 0.00204 0.00934
11 COALINDIA — 0.1693 — 0.05 0.08 0.2709 0.0329 0.14542 0.00858 0.01249
12 DRREDDY — 0.2688 — 0.08 0.06 0.17 — 0.0297 0.231 0.05066 0.01288
13 EICHERMOT — 0.1393 —0.07 0.09 0.2624 0.03577 0.12545 0.0125 0.01239
14 GAIL — 0.1708 — 0.09 0.06 0.2266 0.00646 0.15463 0.01615 0.01155
15 GRASIM — 0.1836 — 0.05 — 0.01 0.2112 — 0.00811 0.15688 0.03001 0.00849
16 HCLTECH — 0.1353 — 0.07 0.06 0.1524 0.00179 0.12221 0.01392 0.00607
17 HDFCBANK — 0.0814 — 0.05 0.1 0.1329 0.02536 0.07514 0.01378 0.00421
18 HEROMOTOCO — 0.1178 — 0.06 0.06 0.1722 0.01359 0.10626 0.00279 0.00628
19 HINDALCO — 0.2394 —0.11 0.17 0.35 0.04264 0.21354 0.01049 0.02602
20 HINDPETRO — 0.1745 — 0.04 0.03 0.2744 0.02247 0.14762 0.00281 0.01182
21 HINDUNILVR — 0.1022 — 0.05 0.07 0.2282 0.03649 0.09176 0.01695 0.00841
22 HDFC —0.1129 —0.03 0.05 0.144 0.01278 0.09634 0.00076 0.00399
23 ITC — 0.1756 — 0.08 0.07 0.4986 0.07826 0.15646 0.03632 0.03382
24 ICICIBANK — 0.1628 - 0.1 0.08 0.212 0.00731 0.15022 0.01396 0.01127
25 IBULHSGFIN —0.3243 - 0.07 0.14 0.307 0.01318 0.2734 0.01761 0.02634
26 10C — 0.1265 - 0.1 —0.06 0.3669 0.02009 0.1212 0.0137 0.01937
27 INDUSINDBK — 0.1415 — 0.04 0.06 0.2641 0.03565 0.1212 0.01253 0.01069
28 INFY — 0.1418 —0.03 0.07 0.1128 0.00276 0.1194 0.00899 0.00499
29 JSWSTEEL — 0.1269 —0.05 0.04 0.2171 0.02007 0.1115 0.00014 0.00802
30 KOTAKBANK — 0.1164 0.01 0.05 0.1545 0.02452 0.09113 0.01124 0.00379
31 LT — 0.1387 — 0.0166 0.015 0.1943 0.0135 0.11425 0.00459 0.00578
32 M&M — 0.1169 — 0.07 0.035 0.1872 0.00883 0.10751 0.0093 0.0071
33 MARUTI — 0.2108 0 0.05 0.2464 0.0214 0.16863 0.00142 0.00999
34 NTPC — 0.1585 — 0.04 —0.03 0.3795 0.03775 0.13476 0.00433 0.01815
35 ONGC — 0.1479 — 0.055 0.005 0.1632 — 0.00869 0.12935 0.02603 0.00576
36 POWERGRID — 0.1207 —0.03 0.05 0.1531 0.01311 0.10255 0.0013 0.00444
37 RELIANCE — 0.1562 — 0.07 0.04 0.74 0.13845 0.13896 0.07939 0.0613
38 SBIN — 0.2004 —0.02 0.03 0.2534 0.01574 0.16436 0.00819 0.01033
39 SUNPHARMA — 0.2186 — 0.04 0.04 0.1629 — 0.01394 0.1829 0.03222 0.00844
40 TCS — 0.1154 —0.035 0.02 0.2437 0.02833 0.09929 0.00689 0.00839
41 TATAMOTORS — 0.204 — 0.08 0.06 0.284 0.01499 0.1792 0.01241 0.01565
42 TATASTEEL — 0.1905 — 0.04 0.06 0.2788 0.02708 0.16039 0.00154 0.01281
43 TECHM - 0.177 —0.035 0.02 0.2226 0.00764 0.14864 0.01399 0.0086
44 TITAN — 0.1476 — 0.06 0.07 0.2164 0.01971 0.13005 0.00052 0.00914
45 UPL — 0.1346 —0.03 0.04 0.4453 0.08018 0.11366 0.04411 0.02295
46 ULTRACEMCO —0.136 —0.03 0.02 0.1919 0.01149 0.11476 0.00664 0.00609
47 VEDL —0.3419 —0.12 —0.02 0.5131 0.00779 0.29754 0.04243 0.04473
48 WIPRO —0.136 — 0.04 0.035 0.1094 — 0.0079 0.11682 0.02011 0.00373
49 YESBANK — 0.4722 0.04 0.09 0.3691 0.00673 0.36976 0.03043 0.03841
50 ZEEL —0.131 — 0.05 0.09 0.14 0.01225 0.1148 0.00139 0.00587
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Table 11 Out of sample analysis results

Proposed method VaR Return Fuzzy VaR ratio
0.07514 0.02536 0.28205
CVaR Return Fuzzy CVaR ratio
0.00014 0.02007 113.5952
S.D. Return Sharpe ratio
0.0159 0.0133 0.5747

Nifty 50 S.D. Return Sharpe ratio
0.0573 — 0.0035 — 0.1335

5 Conclusions

This study proposed a portfolio efficiency evaluation
approach using superior risk measures of VaR and CVaR
under a credibilistic environment. The inherent uncertainty
of the stock market was incorporated by assuming the
return of the assets as TrFNs. Two fuzzy portfolio selection
models with different constraints were proposed to inte-
grate the preferences of the investors into the models, and
random sample portfolios were generated specifically for
each type of model by satisfying their respective con-
straints. These random sample portfolios were evaluated
using the risk-oriented BCC-DEA model for positive
returns and RDM model for negative returns to compute
their efficiencies. The inefficient portfolios were then
rebalanced using a frontier improvement technique to make
them efficient to provide the investors with more choices
(options) of efficient portfolios. A detailed numerical
illustration with both positive and negative returns was
presented to demonstrate the virtues of the proposed
approach. Further, an out of sample analysis was performed
with the Nifty 50 index from NSE, India to validate the
proposed approach. The out of sample analysis revealed
that the proposed approach overshadows the actual Nifty
50 performance.

The proposed approach in spite of its novelties is limited
by its rather long and time-consuming evaluation and
rebalancing process.

The present study can further be extended by using
normally distributed fuzzy numbers instead of TrFNs. An
integrated model for portfolio selection with both VaR and
CVaR can also be constructed. Further, portfolio efficiency
evaluation with multiple inputs and multiple outputs can be
performed by using criteria such as higher moments, lig-
uidity, or entropy.
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