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Abstract This article is an advanced approach to intu-

itionistic fuzzy set through application of cubic set theory.

For instance, we establish the idea of the intuitionistic

cubic fuzzy set (ICFS) theory and define several operations

for ICFS ; also establish a series of weighted aggregation

operators under intuitionistic cubic fuzzy information, so-

called intuitionistic cubic fuzzy weighted averaging

(ICFWA) operator, intuitionistic cubic fuzzy order

weighted averaging (ICFOWA) operator, intuitionistic

cubic fuzzy weighted geometric (ICFWG) operator, intu-

itionistic cubic fuzzy order weighted geometric (ICFOWG)

operator, intuitionistic cubic fuzzy hybrid averaging

(ICFHA) operator, and intuitionistic cubic fuzzy hybrid

geometric (ICFHG) operator; and further study their fun-

damental properties and showed the relationship among

these aggregation operators. In order to demonstrate the

feasibility and practicality of the mentioned new technique,

we develop multicriteria group decision-making algorithm

under intuitionistic cubic fuzzy environment. Further, the

proposed method applied to supply chain management and

for implementation, consider numerical application of

supply chain management. Also the selected supplier by

ICFD aggregation operators is verified by VIKOR method.

Comparing the proposed techniques with other pre-existing

aggregation operators, we concluded that the proposed

technique is better, reliable, and effective.

Keywords Intuitionistic cubic fuzzy set � ICFWA

operator � ICFOWA operator � ICFWG operator � ICFOWG

operator � ICFHA operator � ICFHG operator �Multicriteria

decision-making

1 Introduction

Multicriteria group decision-making (MCGDM) has played

an important role in daily activities, such as economic,

engineering, education, medical, and so on. In MCGDM,

one of the problems involves gathering many sources of

information, i.e., finite alternatives giving the final result

according to the attribute values of different alternatives

via aggregating process [6, 17, 28, 32, 42, 50]. In the

decision process, an important problem is how to express

the attribute value. Because of the complexity of decision-

making problems, sometimes it is complicated to represent

the attributes by crisp numbers. As decision-makers can

make decisions at a certain level, because of the compli-

cations of such decision-making issues themselves and

management environments, it is possible that they have

doubts for their interpretations. For dealing with such

uncertain situation Zadeh [47] in 1965, presented the idea

of the fuzzy set (FS), Zadeh assigned membership grades to

elements of a set in the interval [0,1] by offering the idea of

fuzzy sets. Zadeh’s work in this direction is remarkable as

many of the set theoretic properties of crisp cases were

defined for fuzzy sets. After many applications of fuzzy set

theory, Atanassov observed that there are many short-

comings in this theory. Namely, hesitancy degree may exist

there, which is too essential factor to be focused on, while

establishing perfectly beneficent models and results of the

problems. This kind of hesitancy degrees is appropriately

presented by intuitionistic fuzzy values instead of accurate
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numbers. Zadeh fuzzy sets [47] are generalized in the form

of the Atanassov’s intuitionistic fuzzy sets (AIFSs) [1]. An

element of an AIFS is represented by an ordered pair

consists of function of membership and function of non-

membership, where the sum of both mentioned functions is

less than or equal to one, hence sketching the fuzzy char-

acteristic of information in more detailed and comprehen-

sive manner as compared to fuzzy set, which is

distinguished by a membership function only. Several

researchers have done quite valuable contributions in the

expansion of AIFS generalization and its approach to dif-

ferent fields; the result of which is in the form of great

success of AIFSs in theoretical and technical aspects.

A major part of MCGDM with IFSs is the aggregation

of intuitionistic fuzzy information [15, 20, 24-27, 34, 37,

39, 45, 51, 52, 54]. The decision-making process under

undetermined or firm circumstances, IFNs are too much

convenient to disclose sensitive information of a decision-

maker over objects. The aggregation of IFNs is an essential

step to get a decision problem’s outcome. For this purpose,

a number of operators have been introduced recently to

aggregate IFNs which are known as intuitionistic fuzzy

hybrid aggregation (IFHA) operator, intuitionistic fuzzy

hybrid geometric (IFHG) operator, intuitionistic fuzzy

ordered weighted averaging (IFOWA) operator, intuition-

istic fuzzy ordered weighted geometric (IFOWG) operator,

intuitionistic fuzzy weighted averaging (IFWA) operator,

and intuitionistic fuzzy weighted geometric (IFWG) oper-

ator [5, 21, 29, 30, 33, 36, 38, 40, 41, 43, 44, 46].

However, intuitionistic fuzzy set does not explain the

uncertainty problems. To overcome this difficulty, Jun [18]

introduced cubic fuzzy set (CFS). This theory made it

possible to deal with uncertainty problems. Cubic set the-

ory also explains the satisfied, unsatisfied, and unpre-

dictable information, which was not explained by fuzzy set

theory and intuitionistic fuzzy set theory

[7–14, 19, 31, 35, 38, 48]. Cubic set has more desirable

information than FS and AIFS [22, 23]. It is one of the

generalized forms of fuzzy set and AIFS, just like AIFS,

every element of a cubic fuzzy set is represented as a

structure of an ordered pair, which is characterized by

function of membership and function of non-membership.

The non-membership is just like the normal fuzzy set

whereas function of membership is grip in the form of an

interval.

In today’s competitive global markets, supplier selection

plays an important role in reducing the company’s pro-

duction and material costs [2–4, 49, 55]. This leads to

success in survival and sustainability in competitive mar-

ket. For this reason, the evaluation and selection of suit-

able suppliers have become an important part of supply

chain management. The nature of supplier selection pro-

cess is a complex multicriteria group decision-making

(MCGDM) problem that deals with qualitative and quan-

titative factors that may conflict with incomplete and

uncertain information. To solve this problem, it is desirable

to develop an MCGDM effective supplier selection model.

In this study, an application of ICF aggregation operators

under ICF environment has been used to solve supplier

selection problems with conflicting and incommensurable

(different units) criteria, assuming that compromising is

acceptable for conflict resolution. The decision-maker

wants a solution, which must be closest to the ideal, and the

alternatives are evaluated according to all established cri-

teria. For this purpose, MAGDM model based on ICFS

theory has been proposed to deal with the supplier selection

problems in the supply chain management. A case study

has been illustrated as an application of the proposed

model. VIKOR method [16] focuses on ranking and sorting

a set of alternatives against various, or possibly conflicting

and non-commensurable, decision criteria assuming that

compromising is acceptable to resolve conflicts. To verify

the results of the proposed methods, the same case is solved

by fuzzy VIKOR method.

Due to the motivation and inspiration of the above

discussion in this study, we have given a new approach to

AIFS through application of cubic set theory. For instance,

the concept of intuitionistic cubic fuzzy set (ICFS) is

introduced . Each element of which consists function of

membership and function of non-membership. Membership

function is cubic fuzzy set and non-membership function is

also cubic fuzzy set. ICFS is the hybrid set which can

contain much more information to express a CFS and an

AIFS simultaneously for handling the uncertainties in the

data.

In this article firstly given the conceptual information of

intuitionistic cubic fuzzy numbers (ICFNs), and initiate

some fundamental laws of ICFNs. We also establish the

concepts of accuracy function and score function of ICFNs,

on the basis of these functions a simple procedure for

ranking of ICFNs is introduced. Since an aggregation

operator is an important mathematical tool in decision-

making problems, we introduce the aggregation proficiency

for intuitionistic cubic fuzzy information and establish

several aggregation operators, such as the intuitionistic

cubic fuzzy hybrid geometric (ICFHG) operator, intu-

itionistic cubic fuzzy hybrid averaging (ICFHA) operator,

intuitionistic cubic fuzzy order weighted averaging

(ICFOWA) operator, intuitionistic cubic fuzzy order

weighted geometric (ICFOWG) operator, intuitionistic

cubic fuzzy weighted averaging (ICFWA) operator, and

intuitionistic cubic fuzzy weighted geometric (ICFWG)

operator and present a number of properties of the men-

tioned operators.

To complete the said task, the remaining study is

organized accordingly. In Sect. 2, firstly we review some
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fundamental concepts of intuitionistic fuzzy set. Then, we

define a number of intuitionistic fuzzy aggregation opera-

tors. In Sect. 3, the concept of intuitionistic cubic fuzzy set

is presented and some valuable fundamental properties are

studied. In Sect. 4, a number of ICF aggregation operators

are introduced such as ICFWA operator, ICFOWA opera-

tor, ICFWG operator, ICFOWG operator, ICFHA operator,

and ICFHG operator and discussed their few properties. In

Sect. 5, the mentioned operators are used to resolve a

decision-making problem under ICF environment. Also, a

numerical application related to the selection of suit-

able supplier for the purchase of components by a company

is given to illustrate the feasibility and practicality of the

mentioned new techniques. In Sect. 6, the verification of

the proposed ICFD averaging operators by VIKOR method

is given. In Sect. 7, the comparison of suggested ICF

averaging operators to the pre-existing averaging operators

are discussed, and finally in the last section, the conclu-

sions are presented.

2 Preliminaries

We introduce some basic definitions and their valuable

properties in this section.

Definition 1 [1] Suppose non-empty set G. An intuition-

istic fuzzy set A of G is defined as:

A ¼ fðg; €aA gð Þ; €uAðgÞjg 2 Gg;

where for each element g 2 G to the set G, the function of

membership is denoted by the functions €aA gð Þ : G ! ½0; 1�
and the function €uAðgÞ : G ! ½0; 1�; denotes the function of

non-membership, respectively, with 0� €uAðgÞ þ €aA gð Þ� 1

for every g 2 G: Furthermore, the intuitionistic fuzzy

hesitationmargin of g toA or fuzzy index is given bypAðgÞ ¼
1� €aA gð Þ � €uAðgÞ; [1]. pAðgÞ is also known as the indeter-

minacy degree of g 2 G to the IFS A [1].

Definition 2 [18] A cubic fuzzy set A in G is given as

follows:

A ¼ ðg; ½€a�A gð Þ; €aþA gð Þ�; €uA gð ÞÞjg 2 G
� �

;

where the first element is an interval-valued fuzzy (IVF)

number, which denotes the membership degree, and second

is a simple fuzzy number, which denotes the non-mem-

bership degree.

Definition 3 [40] Let Ap ¼ €aAp
gð Þ; €uAp

ðgÞ
� �

p ¼ 1; 2; . . .; lð Þ; is a collection of AFNs in G. An IFWA

operator of dimension l is given by;

IFWA-ðA1;A2;A3; . . .;AlÞ
¼ f1�Pl

p¼1ð1� €aAp
gð ÞÞ-p ;Pl

p¼1€u
-p

Ap
ðgÞg:

where the weight vector of Ap p ¼ 1; 2; . . .lð Þ; be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�:

Definition 4 [41] Suppose Ap ¼ €aAp
gð Þ; €uAp

ðgÞ
� �

p ¼ 1; 2; . . .; lð Þ, is a collection of IFVs in G, then an

IFWG operator is given by;

IFWG-ðA1;A2;A3; . . .;AlÞ
¼ fPl

p¼1€a
-p

Ap
gð Þ; 1�Pl

p¼1ð1� €uAp
ðgÞÞ-pg:

where the weight vector of Ap p ¼ 1; 2; . . .lð Þ; is - ¼
-1;-2; . . .;-lð ÞT with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�

Definition 5 [40] Suppose Ap ¼ €aAp
gð Þ; €uAp

ðgÞ
� �

p ¼ 1; 2; . . .; lð Þ; be a collection of IFVs in G. An IFHA

operator of dimension n is given as a mapping IFHA :

Xl ! X , having an associated weight vector - ¼
ð-1; . . .;-lÞT and -p 2 ½0; 1� such that Rl

p¼1-p ¼ 1

IFHAw;- A1;A2; . . .;Alð Þ
¼ -1

~Arð1Þ � -2
~Arð2Þ � -3

~Arð3Þ�; . . .;�-l
~ArðlÞ ;

where the jth biggest of the weighted IFVs ~Ap is ~ArðpÞ ,

i.e.,~A ¼ lwpAp. Also w ¼ ðw1; . . .;wlÞT is the weight of Ap

and wp 2 ½0; 1� such that Rl
p¼1wp ¼ 1; where l is the bal-

ancing coefficient, to maintain the balance. By using the

IFHA operator, the aggregated value of Ap is again an IFV,

as expressed here:

IFHAw;-ðA1;A2; . . .;Al�1;AlÞ
¼ f1�Pl

p¼1ð1� €a ~Arp
gð ÞÞ-p ;Pl

p¼1€u
-p

~Arp
ðgÞg:

Definition 6 [40] Suppose Ap ¼ €aAp
gð Þ; €uAp

ðgÞ
� �

p ¼ 1; 2; . . .; lð Þ; is a collection of IFVs in G. An IFHG

operator of dimension l is given by:

IFHGw;-ðA1;A2; . . .Al�1;AlÞ
¼ fPl

p¼1€a
-p

~Arp
ðgÞ; 1�Pl

p¼1ð1� €u
-p

~Arp
ðgÞÞ-pg;

where the jth biggest of the weighted intuitionistic fuzzy

values ~Ap is ~ArðpÞ . A.e.
~ArðpÞ ¼ lwpAp; ðp ¼ 1; 2; . . .lÞ. Also,

the associated weight vector of Ap p ¼ 1; 2; . . .lð Þ; be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�:and l is

the balancing coefficient, which maintains the balance.
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3 Intuitionistic Cubic Fuzzy Set and its Basic
Relations and Operations

In this section, we define the intuitionistic cubic fuzzy set

and also describe its fundamental relations and different

operations.

Definition 7 Let G be a non-empty set. Then, the intu-

itionistic cubic fuzzy set (ICFS) I in G, is given as follows:

I ¼ fg; cI ; c
0
I

� �
jg 2 Gg;

or

I ¼ fðg; ½e�; eþ�; kh i; ½r�; rþ�; dh iÞjg 2 Gg;

where ½e�; eþ�; kh i indicates the exact degree of member-

ship and ½r�; rþ�; dh i indicates the exact degree of non-

membership of I. Here, ½r�; rþ� � ½0; 1�, ½e�; eþ� � ½0; 1�;
d : G ! 0; 1½ � , and k : G ! 0; 1½ �: Subject to sup½r�; rþ� þ
sup½e�; eþ�� 1 and kþ d� 1: For simplicity, we call

e�; eþ½ �; kh i; r�; rþ½ �; dh ið Þ is an intuitionistic cubic fuzzy

number (ICFN) denoted by I1 ¼ cI ; c
0
I

� �
; Furthermore, we

have the hesitation margin defined as:

pðIÞ ¼f 1; 1½ � � ½ e�; eþ½ � þ r�; rþ½ ��h i; 1� ðkþ dÞh ig;
p Ið Þ ¼ 1� ðe� þ r�Þ; 1� ðeþ þ rþÞ½ �; 1� kþ dð Þf g;

which is also called ICFS index or the indeterminacy

degree of g 2 G for ICFS.

On the basis of intuitionistic cubic fuzzy values, we

established a score function S(I) which estimates the

compliance degree that an alternative satisfies the need of a

decision-maker.

Definition 8 Let I1 ¼ cI ; c
0
I

� �
be the intuitionistic cubic

fuzzy value (ICFV). Then, score function S(I) is expressed

below as:

SðIÞ ¼ ½ðe� þ eþ þ k� r� � rþ � dÞ=3�;

such that SðIÞ 2 ½�1; 1�: The function S(I) calculates the

score of the intuitionistic cubic fuzzy value I. From this

definition, it is quite clear that the score of I straight

indicates the difference of ½e�; eþ�; kh i and ½r�; rþ�; dh i: ,
i.e., the higher difference will show the higher score of

I and hence means the bigger intuitionistic cubic fuzzy

value I.

Definition 9 For the evaluation of the accuracy degree of

the ICFV I, an accuracy function H(I) is defined as:

HðIÞ ¼ ½ðe� þ eþ þ kþ r� þ rþ þ dÞ=3�;

where HðIÞ 2 ½0; 1�: If H(I) has a bigger value, it will

indicate the higher level of accuracy of the membership

degree of the ICFV.

Definition 10 Let I1 ¼ cI1 ; c
0
I1

D E
and I2 ¼ cI2 ; c

0
I2

D E
be

two ICFNs and the score functions of I2 and I1 are repre-

sented as SðI2Þ and SðI1Þ and the accuracy functions be

given as HðI2Þ and HðI1Þ , respectively. Then,

Definition 11

i) SðI2Þ\SðI1Þ ¼) I2\I1:

ii) SðI2Þ ¼ SðI1Þ; and

a) HðI2Þ\HðI1Þ ¼) I2\I1
b) HðI2Þ ¼ HðI1Þ ¼) I2 ¼ I1:

Proposition 1 Let I1 ¼ cI1 ; c
0
I1

D E
and I2 ¼ cI2 ; c

0
I2

D E
be

two ICFSs in G, and k[ 0; we have the below operations:

(1) Inclusion: I1 � I2 () cI1 � cI2 and c0I1 � c0I2 for

all g 2 G

(2) Equality: I1 ¼ I2 () cI1 ¼ cI2 and c0I1 ¼ c0I2 for

all g 2 G

(3) Ic ¼ fg; c0I ; cI
� �

jg 2 Gg or Ic ¼ fðg; ½r�; rþ�; dh i;
½e�; eþ�; kh iÞjg 2 Gg:

(4) I1 [ I2 ¼
g; ðrmaxf½e�1 ; eþ1 �; ½e�2 ; eþ2 �g;minfk1; k2gÞ;
ðrminf½r�1 ; rþ1 �; ½r�2 ; rþ2 �g;maxfd1; d2gÞ

� �
:

(5) I1 \ I2 ¼
g; ðrminf½e�1 ; eþ1 �; ½e�2 ; eþ2 �g;maxfk1; k2gÞ;
ðrmaxf½r�1 ; rþ1 �; ½r�2 ; rþ2 �g;minfd1; d2gÞ

� �
:

(6) I1 � I2 ¼
ð e�1 þ e�2 � e�1 e

�
2 ; e

þ
1 þ eþ2 � eþ1 e

þ
2

� 	
; k1

þk2 � k1k2Þ;
ð½r�1 r�2 ; rþ1 rþ2 �; d1d2Þ

8
<

:

9
=

;
:

(7) I1 � I2 ¼
ðminf½e�1 ; eþ1 �; ½r�2 ; rþ2 �g;maxfd1; k2gÞ;
ðmaxf½r�1 ; rþ1 �; ½e�2 ; eþ2 �g;minfd2; k1gÞ

� �
:

(8) I1 	 I2 ¼
ð e�1 e

�
2 ; e

þ
1 e

þ
2

� 	
; k1k2Þ; ð r�1 þ r�2 � r�1 r

�
2 ;

�

rþ1 r
þ
2 � rþ1 r

þ
2

	
;

d1 þ d2 � d1d2Þ

8
<

:

9
=

;
:

(9) kI ¼ fð½1� ð1� e�Þk; 1� 1� eþð Þk�; 1�
1� kð ÞkÞ; r�k; rþk

� 	
; dk


 �
g:

(10) Ik ¼ f½ e�k; eþk
� 	

; kk

 �

; ð½1� 1� r�ð Þk; 1�
1� rþð Þk�; 1� ð1� dÞkÞg:

Some properties of intuitionistic cubic fuzzy sets is given

in the following proposition, which can easily be proved.

Proposition 2 Let I1 ¼ cI1 ; c
0
I1

D E
and I2 ¼ cI2 ; c

0
I2

D E
be

ICFSs in G, and k1;k2 [ 0; then we have,

(1) I2 � I1 ¼ I1 � I2
(2) I2 	 I1 ¼ I1 	 I2
(3) kðI1 � I2Þ ¼ kI1 � kI2
(4) kðI1 	 I2Þ ¼ kI1 	 kI2
(5) ðk1 � k2ÞI ¼ k1I � k2I

(6) ðk1 	 k2ÞI ¼ k1I 	 k2I

(7) ðI1 � I2Þk ¼ Ik1 � Ik2
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(8) ðI1 	 I2Þk ¼ Ik1 	 Ik2
(9) Ik1þk2 ¼ Ik1 	 Ik2

(10) ðIkÞm ¼ ðImÞk

Definition 12 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; 2Þ be any two

ICFNs on a set G. The distance measure between I1 and I2
can be defined as follows:

dðI1;I2Þ¼
1

6
½ e�1 � e�2
�� ��þ eþ1 � eþ2

�� ��þ k1�k2j jþ r�1 � r�2
�� ��

þ r�1 � r�2
�� ��þ d1�d2j j�:

4 Intuitionistic Cubic Fuzzy Aggregation
Operators

We introduced a number of intuitionistic cubic fuzzy

aggregation operators and discussed some of their charac-

teristics in this section.

4.1 Intuitionistic Cubic Fuzzy Weighted Averaging

Operators

This section contains the definitions of ICFWA operator

and studied its fundamental properties, i.e., idempotency

property, boundedness property, and monotonicity

property.

Definition 13 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; 2; . . .lÞ; be a set

of ICFVs in G and let ICFWA operator of dimension l is a

mapping ICFWA : Xl ! X; and is defined as,

ICFWA-ðI1; I2;I3; . . .; IlÞ¼-1I1�-2I2�-3I3�; . . .;�-lIl:

Here, the weight vector of Ip ðp¼ 1; . . .lÞ; is

-¼ð-1; . . .;-lÞT, with Rl
p¼1-p ¼ 1 and -p 2 ½0;1�: The

ICFWA operator transforms to an ICFA operator of

dimension l when -¼ð1=l;1=l;1=l; . . .;1=lÞT; which is

defined below:

ICFWA- I1; I2; I3; . . .; Ilð Þ ¼ 1=l I1 � I2 � I3�; . . .;�Ilð Þ:

Based on the intuitionistic cubic laws part (6) and (9) in

Proposition (1) of ICFVs, the ICFWA operator can be

converted into the below structure by induction on l.

Theorem 1 Suppose Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; . . .lÞ; be a

group of ICFVs in G, then their aggregated value by using

the ICFWA operator is again an ICFV and is written as:

ICFWA-ðI1; I2; I3; . . .; IlÞ

¼
ð½1�Pl

p¼1ð1� e�p Þ
-p ; 1�Pl

p¼1ð1� eþp Þ
-p �;

1�Pl
p¼1ð1� kpÞ-pÞ; ð½Pl

p¼1r
�-p

p ;Pl
p¼1r

þ-p

p �;Pl
p¼1d

-p

p Þ

( )

;

where - ¼ ð-1;-2; . . .;-lÞT is the weight vector of Ipðp ¼
1; 2; . . .; lÞ; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�: We have

established some properties of ICFWA operator on the

basis of this theorem.

Proposition 3 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ be a

group of ICFVs in G and the weight vector of Ip be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; then
the following properties are established.

Idempotency: If all Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ are

equal, i.e., Ip ¼ I; then

ICFWA-ðI1; I2; I3; . . .; IlÞ ¼ I

Proof Straightforward. h

Boundary: For every -; I� � ICFWA-ðI1; I2; I3;
. . .; IlÞ� Iþ; where

Iþ ¼ f ½min e�p ;max eþp �;max kp
 �

; ½max r
�

p ;min r
þ

p �;min dp
 �

g

I� ¼ f ½max e�p ;min eþp �;min kp
 �

; ½min r
�

p ;max r
þ

p �;max dp
 �

g:

Monotonicity: Let I
p ¼ cI
p ; c
0
I
p

D E
ðp ¼ 1; 2; . . .lÞ be a

group of ICFVs, if for all p, Ip � I
p . Then,

ICFWA-ðI1; I2; I3; . . .; IlÞ� ICFWA-ðI
1 ; I
2 ; I
3 ; . . .; I
l Þ:

4.2 Intuitionistic Cubic Fuzzy Order Weighted

Averaging Operators

We introduce ICFOWA operator and studied its funda-

mental properties, i.e., idempotency property, boundedness

property, and monotonicity property.

Definition 14 Let Ip ¼ hcIp ; c0Ipiðp ¼ 1; . . .lÞ; be a set of

ICFVs in G. An intuitionistic cubic fuzzy order weighted

averaging (ICFOWA) operator is defined as a mapping

ICFOWA : Xl ! X , and is defined as below:

ICFOWA-ðI1; I2; I3; . . .; IlÞ
¼ -1Irð1Þ � -2Irð2Þ � -3Irð3Þ�; . . .;�-lIrðlÞ ;

then, ICFOWA operator is known as intuitionistic cubic

fuzzy order weighted averaging operator of dimension l.
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where for all p, Irðp�1Þ � IrðpÞ ðrð1Þ; rð2Þ; rð3Þ; . . .; rðlÞÞ is a

permutation of (1, 2, 3, …, l). Also, the weight vector of

Ipðp ¼ 1; 2; . . .; lÞ; is - ¼ ð-1; . . .;-lÞT; with Rl
p¼1-p ¼ 1

and -p 2 ½0; 1�: Furthermore, the ICFOWA operator will

convert to an ICFA operator of dimension l if

- ¼ ð1=l; 1=l; 1=l; . . .; 1=lÞT, which is given below:

ICFOWA-ðI1; I2; I3; . . .; IlÞ ¼ 1=lðI1 � I2 � I3�; . . .;�IlÞ:

Based on the intuitionistic cubic laws part (6), (9) of

Proposition (1) and Theorem 1 of ICFVs, the ICFOWA

operator can be converted into the below structure by

induction on l.

Theorem 2 Suppose Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; . . .lÞ; be a set

of ICFVs in G, as defined in Theorem (1), then their

aggregated value by using the ICFOWA operator is again

an ICFV, and is given by,

ICFOWA-ðI1; I2; I3; . . .; IlÞ

¼
ð½1�Pl

p¼1ð1� e�rðpÞ Þ
-p ; 1�Pl

p¼1ð1� eþr pð Þ
Þ-p �;

1�Pl
p¼1ð1� kr pð ÞÞ

-pÞ; ð½Pl
p¼1r

�-p

r pð Þ
;Pl

p¼1r
þ-p

r pð Þ�;P
l
p¼1d

-p

r pð Þ
Þ

8
<

:

9
=

;
;

where the weight vector of Ipðp ¼ 1; 2; . . .; lÞ; is - ¼
ð-1; . . .;-lÞT , with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�.

Proposition 4 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ be a

group of ICFVs in G and the weight vector of Ip be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; then
the following properties are established.

Idempotency: If all Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ are

equal, i.e., Ip ¼ I; then

ICFOWA-ðI1; I2; I3; . . .; IlÞ ¼ I:

Boundary: For every -; I� � ICFWOA-ðI1; I2; I3;
. . .; IlÞ� Iþ; where

Iþ ¼fð½mine�rðpÞ ;maxeþr pð Þ
�;maxkr pð ÞÞ;ð½maxr

�

r Pð Þ
;minr

þ

r Pð Þ
�;mindr Pð Þ Þg;

I� ¼fð½maxe�rðpÞ ;mineþr pð Þ
�;minkr pð ÞÞ;ð½minr

�

r Pð Þ
;maxr

þ

r Pð Þ
�;maxdr Pð Þ Þg:

Monotonicity: Let I
p ¼ cI
p ;c
0
I
p

D E
ðp¼ 1;2; . . .lÞ be a group

of ICFVs, if for all p, Ip� I
p . Then,

ICFOWA-ðI1; I2; I3; . . .; IlÞ� ICFOWA-ðI
1 ; I
2 ; I
3 ; . . .; I
l Þ:

4.3 Intuitionistic Cubic Fuzzy Hybrid Averaging

Operator

Here, we introduce ICFHA operator and studied its fun-

damental properties, i.e., idempotency property, bounded-

ness property, and monotonicity property.

Definition 15 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; 2; . . .lÞ; is a set of

ICFVs in G. An intuitionistic cubic fuzzy hybrid averaging

ICFHA operator of dimension l is a mapping ICFHA :

Xl ! X; having an associated weight vector - ¼
ð-1; . . .;-lÞT with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; such that,

ICFHAw;-ðI1; I2; . . .; IlÞ ¼ -1
eIrð1Þ � -2

eIrð2Þ�; . . .;�-l
eIrðlÞ ;

here eIrðpÞ is the jth largest of the weighted intuitionistic

fuzzy values ~Ip. Also, the weight of Ip is w ¼ ðw1; . . .;wlÞT,
with Rl

p¼1wp ¼ 1 and wp 2 ½0; 1�, i.e., eIp ¼ lwpIpðp ¼
1; 2; . . .lÞ: Here l is the balancing coefficient, which keeps

the proper balance, especially the ICFHA operator will

obtain the form of an intuitionistic cubic fuzzy averaging

(IFA) operator of dimension l if - ¼ ð1=l; 1=l; 1=l; . . .;
1=lÞT:

Based on the intuitionistic cubic laws part (6), (9) in

Proposition (1) and Theorem 1 of ICFVs, the ICFHA

operator can be converted to the below structure by

induction on l.

Theorem 3 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; 2; . . .; lÞ; is a class

of ICFVs in G, then their aggregated value by using the

ICFHA operator is again an ICFV and of the form,

ICFHAw;-ðI1; I2; I3; . . .; IlÞ

¼
ð½1�Pl

p¼1ð1� ee�rðpÞ Þ
-p ; 1�Pl

p¼1ð1� eeþrðpÞ Þ
-p �;

1�Pl
p¼1ð1� ekrðpÞ Þ

-pÞ; ð½Pl
p¼1er

�-p

rðpÞ
;Pl

p¼1er
þ-p

rðpÞ
�;Pl

p¼1
ed

-p

rðpÞ
Þ

8
<

:

9
=

;
;

- ¼ ð-1; . . .;-lÞT is the weight vector of Ip; ðp ¼
1; 2; . . .; lÞ; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�.

Proposition 5 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ be a

group of ICFVs in G and the weight vector of Ip be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; then
the following properties are established.

Idempotency: If all Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ are

equal, i.e., Ip ¼ I; then

ICFHA
w;-ðI1; I2; I3; . . .; IlÞ ¼ I:

Boundary: For every -; I� � ICFHA
w;-ðI1; I2; I3; . . .;

IlÞ� Iþ;where
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Iþ ¼fð½minee�rðpÞ ;maxeeþrðpÞ �;maxekrðpÞ Þ;ð½maxer�rðpÞ ;minerþrðpÞ �;minedrðpÞ Þg

I� ¼fð½maxee�rðpÞ ;mineeþrðpÞ �;minekrðpÞ Þ;ð½miner�rðpÞ ;maxerþrðpÞ �;maxedrðpÞ Þg:

Monotonicity: Let I
p ¼ cI
p ;c
0
I
p

D E
ðp¼ 1;2; . . .lÞ be a group

of ICFVs, if for all p, Ip� I
p . Then,

ICFHA
w;-ðI1; I2; I3; . . .; IlÞ� ICFHA

w;-ðI
1 ; I
2 ; I
3 ; . . .; I
l Þ:

4.4 Intuitionistic Cubic Fuzzy Weighted Geometric

Operator

Here, we introduce ICFWG operator and studied its fun-

damental properties, i.e., idempotency property, bounded-

ness property, and monotonicity property.

Definition 16 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; . . .lÞ;be a set of

ICFVs in G, and let ICFWG operator is a mapping

ICFWG : Xl ! X and is defined as follows,

ICFWG-ðI1; I2;I3; . . .; IlÞ¼-1I1	-2I2	-3I3	; . . .;	-lIl;

then ICFWG is said to be intuitionistic cubic fuzzy

weighted geometric operator of dimension l. the weight

vector of Ipðp¼ 1;2; . . .; lÞ; is -¼ð-1; . . .;-lÞT, with

Rl
p¼1-p ¼ 1 and -p 2 ½0;1�: the ICFWG operator will

obtain the form of an ICFG operator of dimension l, if

-¼ð1=l;1=l;1=l; . . .;1=lÞT, as written below:

ICFG-ðI1; I2; I3; . . .; IlÞ ¼ 1=lðI1 	 I2	; . . .;	IlÞ:

Based on the intuitionistic cubic laws part (8) and (10) of

Proposition (1) of ICFVs, the (ICFWG) operator can be

converted to the below structure by induction on l.

Theorem 4 Suppose Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; . . .lÞ; be a

group of ICFVs in G, then their aggregated value by using

the ICFWG operator is again an ICFV, and is given by;

ICFWG-ðI1; I2; I3; . . .; IlÞ

¼
ð½Pl

p¼1e
�-p

p ;Pl
p¼1e

þ-p

p �;Pl
p¼1k

-p

p Þ; ð½1�Pl
p¼1ð1� r�p Þ

-p ;

1�Pl
p¼1ð1� rþp Þ

-p �; 1�Pl
p¼1ð1� dpÞ-pÞ

( )

;

where the weight vector of Ipðp ¼ 1; 2; . . .; lÞ; is - ¼
ð-1; . . .;-lÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�:

Proposition 6 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ be a

group of ICFVs in G and the weight vector of Ip be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; then
the following properties are established.

Idempotency: If all Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ are

equal, i.e., Ip ¼ I; then

ICFWG-ðI1; I2; I3; . . .; IlÞ ¼ I

Boundary: For every -; I� � ICFWG-ðI1; I2;
I3; . . .; IlÞ� Iþ; where,

Iþ ¼f ½min e�p ;max eþp �;max kp
 �

; ½max r
�

p ;min r
þ

p �;min dp
 �

g;

I� ¼f ½max e�p ;min eþp �;min kp
 �

; ½min r
�

p ;max r
þ

p �;max dp
 �

g:

Monotonicity: Let I
p ¼ cI
p ; c
0
I
p

D E
ðp ¼ 1; 2; . . .lÞ be a

group of ICFVs, if for all p, Ip � I
p . Then,

ICFWG-ðI1; I2; I3; . . .; IlÞ� ICFWG-ðI
1 ; I
2 ; I
3 ; . . .; I
l Þ:

4.5 Intuitionistic Cubic Fuzzy Order Weighted

Geometric Operator

Here, we introduce ICFOWG operator and studied its

fundamental properties, i.e., idempotency property,

boundedness property, and monotonicity property.

Definition 17 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; 2; . . .; lÞ; be a

group of ICFVs in G, as stated on Theorem (1). An

ICFOWG operator is a mapping ICFWG : Xl ! X , and is

defined as follows,

ICFOWG-ðI1; I2; I3; . . .; IlÞ
¼ -1Irð1Þ 	 -2Irð2Þ 	 -3Irð3Þ	; . . .;	-lIrðlÞ ;

then ICFOWG operator is known as intuitionistic cubic

fuzzy order weighted geometric operator of dimension l.

where for all p, Irðp�1Þ � IrðpÞ ; ðrð1Þ; rð2Þ; . . .; rðlÞÞ is a

permutation of (1, 2, …, l). Also, the weight vector of

Ipðp ¼ 1; 2; . . .; lÞ is - ¼ ð-1; . . .;-lÞT; with Rl
p¼1-p ¼ 1

and -p 2 ½0; 1�: Furthermore, the ICFOWG operator will

obtain the form of an intuitionistic cubic fuzzy geometric

(ICFG) operator of dimension l, if - ¼ ð1=l; 1=l; 1=l;
. . .; 1=lÞT; as given below:

ICFG-ðI1; I2; I3; . . .; IlÞ ¼ 1=lðI1 	 I2	; . . .;	IlÞ:

Based on the intuitionistic cubic laws part (8) and (10) of

Proposition (1) of ICFVs, the ICFWG operator can be

converted into the below structure by induction on l.

Theorem 5 Let Ip ¼ cIp ; c
0
Ip

D E
ðp ¼ 1; 2; . . .lÞ; is a group

of ICFVs in G, then their aggregated value by using the

ICFOWG operator is again an ICFV, as given by,

ICFOWG-ðI1; I2; I3; . . .; IlÞ

¼
ð½Pl

p¼1e
�-p

rp ;Pl
p¼1e

þ-p

rp �;Pl
p¼1k

-p

rp Þ; ð½1�Pl
p¼1ð1� r�rðpÞ Þ

-p ;

1�Pl
p¼1ð1� rþrpÞ

-p �; 1�Pl
p¼1ð1� drpÞ

-pÞ

( )

;

where the weight vector of Ipðp ¼ 1; 2; . . .; lÞ is - ¼
ð-1; . . .;-lÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�:
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Proposition 7 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ be a

group of ICFVs in G and the weight vector of Ip be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; then
the following properties are established.

Idempotency: If all Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ are

equal, i.e., Ip ¼ I; then

ICFOWG-ðI1; I2; I3; . . .; IlÞ ¼ I:

Boundary: For every -; I� � ICFOWG-ðI1; I2; I3; . . .;
IlÞ� Iþ; where

Iþ ¼fð½mine�rðpÞ ;maxeþr pð Þ
�;maxkr pð ÞÞ;ð½maxr

�

r Pð Þ
;minr

þ

r Pð Þ
�;mindr Pð Þ Þg;

I� ¼fð½maxe�rðpÞ ;mineþr pð Þ
�;minkr pð ÞÞ;ð½minr

�

r Pð Þ
;maxr

þ

r Pð Þ
�;maxdr Pð Þ Þg:

Monotonicity: Let I
p ¼ cI
p ;c
0
I
p

D E
ðp¼ 1;2; . . .lÞ be a group

of ICFVs, if for all p, Ip� I
p . Then,

ICFOWG-ðI1; I2; I3; . . .; IlÞ� ICFOWG-ðI
1 ; I
2 ; I
3 ; . . .; I
l Þ:

4.6 Intuitionistic Cubic Fuzzy Hybrid Geometric

Operator

Here, we have introduced ICFHG operator and studied its

fundamental properties, i.e., idempotency property,

boundedness property, and monotonicity property.

Definition 18 Let Ip ¼ \cIp ; c
0
Ip
[ ; ðp ¼ 1; 2; . . .lÞ be a

collection of ICFVs in G. An ICFHG operator of dimen-

sion l is a mapping ICFHG : Xl ! X , having an associated

weight vector - ¼ ð-1; . . .;-lÞT with Rl
p¼1-p ¼ 1 and

-p 2 ½0; 1�: such that,

ICFHGw;-ðI1; I2; I3; . . .; IlÞ ¼ -1
eIrð1Þ 	 -2

eIrð2Þ 	 -3
eIrð3Þ	; . . .;	-l

eIrðlÞ :

where eIrðpÞ is the jth largest of the weighted intuitionistic

fuzzy values ~Ip, i.e., eI p ¼ lwpIp. Also, the weight of

eIp; ðp ¼ 1; 2; . . .lÞ is w ¼ ðw1; . . .;wlÞT, with Rl
p¼1wp ¼ 1

and wp 2 ½0; 1� eIp; and l is the balancing coefficient, which

maintains the balance, especially when - ¼
ð1=l; 1=l; 1=l; . . .; 1=lÞT; the ICFHG operator will obtain the

form of an intuitionistic cubic fuzzy geometric (IFG)

operator of dimension l.

Based on the intuitionistic cubic laws part (8) and (10)

of Proposition (1) of ICFVs, the ICFWG of ICFVs the

ICFHG operator can be converted to the below structure by

induction on l.

Theorem 6 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .lÞ be a set of

ICFVs in G, then by using the ICFHG operator their

aggregated value is again an ICFV and of the form,

ICFHG
w;-ðI1; I2;I3; . . .; IlÞ

¼
ð½Pl

p¼1ee
�-p

rðpÞ
;Pl

p¼1ee
þ-p

rðpÞ
�;Pl

p¼1
ek

-p

rðpÞ
Þ;ð½1�Pl

p¼1ð1�er�rðpÞ Þ
-p ;

1�Pl
p¼1ð1�erþrðpÞ Þ

-p �;1�Pl
p¼1ð1�edrðpÞ Þ

-pÞ

8
<

:

9
=

;
;

where the weight vector of Ip; ðp ¼ 1; 2; . . .; lÞ; is - ¼
ð-1; . . .;-lÞT with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�:

Proposition 8 Let Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ be a

group of ICFVs in G and the weight vector of Ip be - ¼
-1;-2; . . .;-lð ÞT; with Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�; then
the following properties are established.

Idempotency: If all Ip ¼ cIp ; c
0
Ip

D E
; ðp ¼ 1; 2; . . .; lÞ are

equal, i.e., Ip ¼ I; then

ICFHG
w;-ðI1; I2; I3; . . .; IlÞ ¼ I:

Boundary: For every -; I� � ICFHG
w;-ðI1; I2; I3;

. . .; IlÞ� Iþ; where

Iþ ¼fð½minee�rðpÞ ;maxeeþrðpÞ �;maxekrðpÞ Þ;ð½maxer�rðpÞ ;minerþrðpÞ �;minedrðpÞ Þg;

I� ¼fð½maxee�rðpÞ ;mineeþrðpÞ �;minekrðpÞ Þ;ð½miner�rðpÞ ;maxerþrðpÞ �;maxedrðpÞ Þg:

Monotonicity: Let I
p ¼ cI
p ;c
0
I
p

D E
ðp¼ 1;2; . . .lÞ be a group

of ICFVs, if for all p, Ip� I
p . Then,

ICFHG
w;-ðI1; I2; I3; . . .; IlÞ� ICFHG

w;-ðI
1 ; I
2 ; I
3 ; . . .; I
l Þ:

Theorem 7 The ICFWA and ICFOWA operators are

particular cases of the ICFHA operator.

Proof Let - ¼ ð1=l; 1=l; . . .; 1=lÞT: Then
ICFHA

w;-ðI1; I2; I3; . . .; IlÞ
¼ -1

eIrð1Þ � -2
eIrð2Þ�; . . .;�-l

eIrðlÞ

¼ 1

l
ðIrð1Þ � Irð2Þ�; . . .;�IrðlÞ Þ

¼ -1I1 � -2I2�; . . .;�-lIl

¼ ICFWA-ðI1; I2; ; . . .; IlÞ:

For ICFOWA, we let w ¼ ð1=l; 1=l; . . .; 1=lÞT: Then proof

follows above theorem. h

Theorem 8 The ICFWG and ICFOWG operators are

particular cases of ICFHG operator.
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Proof The proof follows above theorem. h

5 Intuitionistic Cubic Fuzzy Multicriteria
Decision-Making

Intuitionistic cubic fuzzy weighted averaging operators are

used to MCDM process, in this section. Suppose there are l

alternatives b ¼ fb1; b2; . . .blg and m criteria C ¼
fC1;C2; . . .;Cmg to be evaluated with weight vector - ¼
ð-1;-2; . . .;-lÞT such that Rl

p¼1-p ¼ 1 and -p 2 ½0; 1�. To
evaluate the accomplishment on the basis of criteria Cp of

the alternative bi, the decision-makers have to give not

only the statistics about the alternative bi; satisfying the

criteria but also about the alternative bi; not satisfying the

criteria Cp: Let the rating of alternatives bi on criteria Cp;

given by decision-makers be ICFNs in G : Iip ¼ cip; c
0
ip

D E

ði ¼ 1; 2; . . .lÞðp ¼ 1; 2; . . .mÞ. Let cip shows the degree of

alternative bi satisfying the criteria Cp and c0ip shows the

degree of alternative bi not satisfying the criteria Cp; such

that cip ¼ ½e�ip; eþip�; kip
D E

; and c0ip ¼ ½r�ip; rþip�; dip
D E

with the

condition that ½e�ip; eþip� � ½0; 1�; ½r�ip; rþip� � ½0; 1�; and dip :

G ! 0; 1½ �; kip : G ! 0; 1½ �: Subject to sup½e�ip; eþip� þ
sup½r�ip; rþip� � 1 and kip þ dip � 1; ði ¼ 1; 2; . . .l;

p ¼ 1; 2; . . .mÞ:. Thus, a MCDM problem can be briefly

represented in an ICF decision matrix

D ¼ ðIipÞl�m ¼ cip; c
0
ip

D E �

l�m
; ði ¼ 1; 2; . . .; l;

p ¼ 1; 2; . . .;mÞ:

Step 1. Make intuitionistic cubic fuzzy decision matrix,

D ¼ ðIipÞl�m ¼ ð cip; c
0
ip

D E
Þl�m; ðp ¼ 1; 2; . . .;m; i ¼ 1; 2;

. . .; lÞ: Usually, the criteria can be arranged into two clas-

ses: cost criteria and benefit criteria. There is no need of

normalizing the rating values, If all the criteria are of same

type. Whereas the rating values of the cost type can be

converted into the rating values of the benefit type by the

below normalization formula, if the decision matrix con-

tains both benefit criteria and cost criteria.

sip ¼ vip; tip
� �

¼
dip; if the criteria is of benefit type

dcip; if the criteria is of cost type

(

;

dcip is the complement of dip: Thus, we get the normalized

intuitionistic cubic fuzzy decision matrix. The normalized

ICF decision matrix is denoted by Dl and is given by Dl ¼
ðsipÞl�m ¼ ð vip; tip

� �
Þl�m; ðp ¼ 1; 2; . . .;m; i ¼ 1; 2; . . .; lÞ:

Next, we will apply the ICFWA, ICFOWA, ICFWG,

ICFOWG, ICFHA, and ICFHG operators to MCDM,

which further contains the below steps.

Step 2. Use the suggested aggregation operators to

compute the ICFNs Iiði ¼ 1; 2; . . .; lÞ; for the alternatives

biði ¼ 1; 2; . . .; lÞ: , i.e., the developed operators to stem the

collective overall preference values Iiði ¼ 1; 2; . . .; lÞ of the
alternatives bi; where - ¼ ð-1;-2; . . .;-lÞT is the weight

vector of the criteria.

Step 3. Using score function of ICFNs we compute the

scores SðIiÞ of all the values Ii:

: Select the best one after ranking all the alternatives.

5.1 Application of the Proposed Method

Supplier selection is an important part of the industry

and production strategy for industrial organizations.

Choosing the best supplier will improve the quality of

your company and economic growth, but it is still dif-

ficult to choose the appropriate supplier. Thus, the pro-

posed model will be used to evaluate and select the most

suitable supplier for a company in the western part of

Pakistan. The proposed supplier selection approach has

been made in as follows:

The company plans to find suitable supplier for the

purchase of components. The internal purchasing manager

considers the following four criteria, organizational cul-

ture, and plane of action (for example, trust, internal and

external group action of suppliers, understanding between

levels, and operations of the supplier and buyer) C1;

finance (for example, economy, national stability) C2;

technology (for example, ability to produce, ability to cope

with technology changes, ability to design,) C3 ; presen-

tation (for example, delivery, quality, price) C4. The set of

the four criteria is denoted by fC1;C2;C3;C4g; the weight

vector of the criteria fC1;C2;C3;C4g is - ¼ ð0:2; 0:3;
0:1; 0:4ÞT. A committee of three decision-makers noted that

four suppliers should be further evaluated. The group of the

four providers is given by fb1; b2; b3;b4g. The ranking is

required to evaluate the suppliers. These experts described

the decision matrices in the form of ICFVs as follows.

Step 1 The decision-makers have given their decisions in

Tables 1, 2, 3. Here is no need of normalization

as all the measure values are of same type, i.e.,

benefit type.

Utilizing ICFWA operator, where used - ¼
ð0:4; 0:25; 0:35ÞT as the decision-maker’s weight vector,

we aggregated the information given by three decision-
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makers according to the varied importance of all the

decision-makers and presented in Table 4.

Utilizing ICFWA operator again, having

- ¼ ð0:2; 0:3; 0:1; 0:4ÞTas the criteria weight vector, we

Table 1 First decision-maker’s

information
C1 C2 C3 C4

b1 ð½0:1; 0:5�; 0:3Þ;
ð½0:2; 0:4�; 0:2Þ

� �
ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:3Þ

� �
ð½0:4; 0:7�; 0:6Þ;
ð½0:1; 0:3�; 0:3Þ

� �
ð½0:2; 0:6�; 0:7Þ;
ð½0:2; 0:4�; 0:2Þ

� �

b2 ð½0:3; 0:5�; 0:2Þ;
ð½0:2; 0:5�; 0:4Þ

� �
ð½0:4; 0:7�; 0:6Þ;
ð½0:1; 0:3�; 0:3Þ

� �
ð½0:2; 0:4�; 0:2Þ;
ð½0:3; 0:5�; 0:6Þ

� �
ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:3Þ

� �

b3 ð½0:2; 0:6�; 0:7Þ;
ð½0:2; 0:4�; 0:2Þ

� �
ð½0:1; 0:5�; 0:3Þ;
ð½0:2; 0:4�; 0:2Þ

� �
ð½0:1; 0:5�; 0:4Þ;
ð½0:2; 0:4�; 0:4Þ

� �
ð½0:2; 0:4�; 0:4Þ;
ð½0:4; 0:6�; 0:6Þ

� �

b4 ð½0:1; 0:5�; 0:4Þ;
ð½0:2; 0:4�; 0:4Þ

� �
ð½0:2; 0:4�; 0:4Þ;
ð½0:4; 0:6�; 0:6Þ

� �
ð½0:2; 0:4�; 0:3Þ;
ð½0:3; 0:5�; 0:6Þ

� �
ð½0:1; 0:5�; 0:3Þ;
ð½0:2; 0:5�; 0:5Þ

� �

Table 2 Second decision-

maker’s information
C1 C2 C3 C4

b1 ð½0:1; 0:5�; 0:4Þ;
ð½0:2; 0:4�; 0:4Þ

� �
ð½0:2; 0:6�; 0:7Þ;
ð½0:2; 0:4�; 0:2Þ

� �
ð½0:2; 0:4�; 0:2Þ;
ð½0:3; 0:5�; 0:6Þ

� �
ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:2Þ

� �

b2 ð½0:2; 0:4�; 0:4Þ;
ð½0:4; 0:6�; 0:6Þ

� �
ð½0:4; 0:7�; 0:6Þ;
ð½0:1; 0:3�; 0:3Þ

� �
ð½0:2; 0:6�; 0:7Þ;
ð½0:2; 0:4�; 0:2Þ

� �
ð½0:1; 0:3�; 0:6Þ;
ð½0:2; 0:5�; 0:3Þ

� �

b3 ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:3Þ

� �
ð½0:1; 0:5�; 0:4Þ;
ð½0:2; 0:4�; 0:4Þ

� �
ð½0:2; 0:4�; 0:4Þ;
ð½0:4; 0:6�; 0:6Þ

� �
ð½0:4; 0:7�; 0:6Þ;
ð½0:1; 0:3�; 0:3Þ

� �

b4 ð½0:1; 0:3�; 0:6Þ;
ð½0:2; 0:5�; 0:3Þ

� �
ð½0:1; 0:4�; 0:3Þ;
ð½0:2; 0:5�; 0:2Þ

� �
ð½0:1; 0:5�; 0:4Þ;
ð½0:2; 0:4�; 0:4Þ

� �
ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:3Þ

� �

Table 3 Third decision-

maker’s information
C1 C2 C3 C4

b1 ð½0:2; 0:4�; 0:7Þ;
ð½0:1; 0:5�; 0:2Þ

� �
ð½0:2; 0:6�; 0:7Þ;
ð½0:2; 0:4�; 0:2Þ

� �
ð½0:2; 0:4�; 0:2Þ;
ð½0:3; 0:5�; 0:6Þ

� �
ð½0:1; 0:5�; 0:3Þ;
ð½0:2; 0:5�; 0:5Þ

� �

b2 ð½0:2; 0:4�; 0:4Þ;
ð½0:2; 0:6�; 0:6Þ

� �
ð½0:3; 0:7�; 0:2Þ;
ð½0:1; 0:3�; 0:7Þ

� �
ð½0:1; 0:5�; 0:3Þ;
ð½0:2; 0:5�; 0:5Þ

� �
ð½0:1; 0:5�; 0:6Þ;
ð½0:2; 0:4�; 0:2Þ

� �

b3 ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:3Þ

� �
ð½0:2; 0:4�; 0:7Þ;
ð½0:1; 0:5�; 0:2Þ

� �
ð½0:2; 0:6�; 0:6Þ;
ð½0:1; 0:4�; 0:4Þ

� �
ð½0:1; 0:4�; 0:3Þ;
ð½0:2; 0:5�; 0:6Þ

� �

b4 ð½0:1; 0:3�; 0:3Þ;
ð½0:4; 0:7�; 0:6Þ

� �
ð½0:1; 0:3�; 0:2Þ;
ð½0:2; 0:5�; 0:3Þ

� �
ð½0:3; 0:7�; 0:2Þ;
ð½0:1; 0:3�; 0:7Þ

� �
ð½0:2; 0:4�; 0:7Þ;
ð½0:1; 0:5�; 0:2Þ

� �

Table 4 Aggregated information of decision-makers

C1 C2 C3 C4

b1 ð½0:15; 0:45�; 0:55Þ;
ð½0:14; 0:45�; 0:23Þ

� �
ð½0:17; 0:53�; 0:6Þ;
ð½0:2; 0:42�; 0:23Þ

� �
ð½0:27; 0:51�; 0:35Þ;
ð½0:22; 0:43�; 0:49Þ

� �
ð½0:13; 0:5�; 0:44Þ;
ð½0:20; 0:47�; 0:34Þ

� �

b2 ð½0:23; 0:43�; 0:35Þ;
ð½0:23; 0:57�; 0:54Þ

� �
ð½0:35; 0:7�; 0:43Þ;
ð½0:1; 0:3�; 0:46Þ

� �
ð½0:15; 0:49�; 0:38Þ;
ð½0:23; 0:48�; 0:39Þ

� �
ð½0:1; 0:41�; 0:60Þ;
ð½0:2; 0:45�; 0:24Þ

� �

b3 ð½0:13; 0:41�; 0:40Þ;
ð½0:2; 0:47�; 0:27Þ

� �
ð½0:15; 0:45�; 0:56Þ;
ð½0:14; 0:45�; 0:23Þ

� �
ð½0:13; 0:54�; 0:51Þ;
ð½0:16; 0:43�; 0:43Þ

� �
ð½0:2; 0:48�; 0:40Þ;
ð½0:21; 0:48�; 0:52Þ

� �

b4 ð½0:1; 0:35�; 0:40Þ;
ð½0:28; 0:36�; 0:38Þ

� �
ð½0:13; 0:35�; 0:29Þ;
ð½0:25; 0:53�; 0:34Þ

� �
ð½0:23; 0:59�; 0:27Þ;
ð½0:14; 0:37�; 0:6Þ

� �
ð½0:15; 0:41�; 0:53Þ;
ð½0:14; 0:5�; 0:29Þ

� �
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get the collective ICFNs for the alternatives bi
ði ¼ 1; 2; 3; 4Þ:

b1 ¼ ðð½0:16; 0:50�; 0:51Þ; ð½0:18; 0:44�; 0:29ÞÞ
b2 ¼ ðð½0:21; 0:52�; 0:48Þ; ð½0:17; 0:42�; 0:36ÞÞ
b3 ¼ ðð½0:16; 0:46�; 0:46Þ; ð½0:18; 0:46�; 0:35ÞÞ
b4 ¼ ðð½0:14; 0:40�; 0:42Þ; ð½0:19; 0:46�; 0:35ÞÞ

Step 3 Using Definition (8), compute the scores SðbiÞ of
biði ¼ 1; 2; 3:4Þ as given by;

Sðb1Þ: ¼ 0:09; Sðb2Þ: ¼ 0:086; Sðb3Þ: ¼ 0:03;

Sðb4Þ: ¼ �0:013:

Step 4 Place the ICFNs in descending order of their

scores, respectively, and select the best alternative

accordingly, i.e.,

b1 [ b2 [ b3 [ b4:

Comparative study and ranking of the alterna-

tives by means of their score values is given in

Table 5. It is clear from Table 5 that b1 has

comparatively larger score.

Hence b1 is the most suitable supplier for the purchase

of components.

6 Verification by VIKOR Method

Here, we verify the result given by the ICFWA operators

by VIKOR method. The aggregated values of all the

individual decision-makers’ assessment information based

on intuitionistic cubic fuzzy weighted averaging operator

are given in Table 4. For this purpose using - ¼
ð0:2; 0:3; 0:1; 0:4ÞT as the criteria weight vector, we will

apply VIKOR method on the information given in Table 4.

Solution 1 Now to solve this example using the VIKOR

method, the following steps are utilized.

Step 1 Normalize the decision matrix given in Table 4.

Here is no need of normalization as all the

measure values are of same type, i.e., benefit type.

Step 2 Identifying the PIS Rþand NIS R�: The PIS

Rþand NIS R� are defined as follows:

Rþ ¼ ðfþ1 ; f
þ
2 ; f

þ
3 ; f

þ
4 Þ;R� ¼ ðf�1 ; f

�
2 ; f

�
3 ; f

�
4 Þ; where

fþj ¼ maxffij=1� j� 4g and f�j ¼ minffij=1� j� 4g;
which are calculated by using the score function

SðIÞ ¼ ½ðe� þ eþ þ k� r� � rþ � dÞ=3�.

Step 3 Calculate the values Si; Ri and Qi can be obtained

by using equations,

Si ¼
Xm

j¼1

wjdðfij; fþj Þ
dðfþj ; f

�
j Þ

;

Ri ¼ max
i� j�m

wjdðfij; fþj Þ
dðfþj ; f

�
j Þ

;

and

Qi ¼
vðSi � S
Þ
ðS� � S
Þ þ

ð1� vÞðRi � R
Þ
ðR� � R
Þ :

Assume v ¼ 0:5; then the calculated results are

shown in the Table 6.

Step 4 Rank the alternatives by sorting each Si; Ri; and

Qi values in an decreasing order. The values of Qi

are ranked as

Q1 [Q2 [Q3 [Q4:

Table 5 Comparative study and

ranking of the alternatives
Operators Sðb1Þ Sðb2Þ Sðb3Þ Sðb4Þ Ranking

ICFWA 0.09 0.086 0.03 - 0.013 b1 [b2 [ b3 [b4
ICFOWA 0.076 0.04 0.02 0.027 b1 [b2 [ b3 [b4
ICFWG 0.07 0.047 0.017 - 0.04 b1 [b2 [ b3 [b4
ICFOWG 0.05 0.007 0.013 - 0.06 b1 [b2 [ b3 [b4
ICFHA 0.03 0.11 0.00 - 0.07 b2 [b1 [ b3 [b4
ICFHG - 0.15 - 0.05 - 0.14 - 0.22 b2 [b1 [ b3 [b4

Table 6 Comparison table

Operators Sðb1Þ Sðb2Þ Sðb3Þ Sðb4Þ Ranking

ICFWA 0.08 0.08 0.075 0.07 b1 ¼ b2 [ b3 [b4
ICFOWA 0.09 0.08 0.072 0.07 b1 [b2 [ b3 [b4
ICFWG 0.08 0.07 0.072 0.075 b1 [b4 [ b3 [b2
ICFOWG 0.08 0.08 0.10 0.0079 b3 [b1 ¼ b2 [b4
ICFHA 0.09 0.082 0.07 0.08 b1 [b2 [ b4 [b3
ICFHG 0.95 0.088 0.09 0.08 b1 [b3 [ b2 [b4
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7 Comparison

In this section, our suggested advance fuzzy aggregation

operators are compared to pre-existing fuzzy aggregation

operators and the conclusion of our work is stated.

Although AIFS theory has a great impact in various fields

but there are some real-world problems which were not

possible to be solved by AIFS and even not possible to be

solved by interval-valued fuzzy sets (IVFS). Just like AIFS,

every element of an IVFS is represented as a structure of an

ordered pair, which is characterized by degree of mem-

bership and degree of non-membership. The function of

membership is grip in the form of an interval and the

function of non-membership is described in the same

fashion [53]. While of ICFS, each element consists of

function of membership and function of non-membership.

Membership function is cubic fuzzy number and non-

membership function is also cubic fuzzy number. If we

consider the discussed numerical problem in Sect. 5, as

ICFS is the most advance structure, so it is not possible for

the existing fuzzy aggregation operators to solve the data

contained in the said problem, which shows the existing

aggregation operators have limited approach. But if we

consider any problem under the interval-valued fuzzy

information, we can solve it easily by ICFS by converting

data in the form of interval-valued fuzzy number to ICFN

by taking the values outside the interval in ICFN equal to

zero, in both membership and non-membership degree, i.e.,

the IVF number ([0.2, 0.4], [0.1, 0.5]) can be converted to

ICFN (([0.2, 0.4], 0), ([0.1, 0.5], 0)). Thus, ICFA opera-

tors are more powerful to resolve the

unpredictable problems.

Moreover, if we consider the discussed numerical

problem in Sect. 5, and instead of using the score function

of ICFNs, we used the score function of cubic fuzzy

numbers by considering the membership and non-mem-

bership functions of ICFN as individual cubic fuzzy

numbers, i.e., here we take an ICFN

½e�; eþ�; kh i; ½r�; rþ�; dh i as the collection of two cubic

numbers C1 ¼ ½e�; eþ�; kh i and C2 ¼ ½r�; rþ�; dh i; calcu-

late the score value of each individually by the score

function of CFNs [12], and then by taking the average of

both 1
2
SðC1Þ þ SðC1Þð Þ ¼ 1

2
ðe�þeþ�k

3
þ r�þrþ�d

3
Þ, we get the

ranking results of the alternatives, which are given in

Table 6, and find the same result as given in Table 5 by

using ICF score function, i.e., again b1 is the best choice

among all alternatives.

It can easily be observed from the existing approaches

[24, 25, 27, 37] by various researchers that the algorithms

by using IF information for MCGDM problems have some

limitations and can not handle the problems under some

uncertain situations; hence their suggested algorithms may

not produce accurate results. However, ICF aggregation

operators do not have such limitations and thus can give

more accurate results.

8 Conclusion and Future Work

We have established an advanced approach to AIFS

through application of cubic fuzzy set theory and intro-

duced the concept of an intuitionistic cubic fuzzy set. Also,

we have defined accuracy degree and score function for the

comparison of two intuitionistic cubic fuzzy numbers. We

defined some connectivity of two intuitionistic cubic fuzzy

numbers, i.e., the operational laws of intuitionistic cubic

fuzzy numbers introduced. Some ICF operational laws

have been developed and defined ICF distance between

intuitionistic cubic fuzzy numbers. We also established a

number of intuitionistic cubic fuzzy aggregation operators,

i.e., we proposed ICFWA operator, ICFOWA, ICFWG,

ICFOWG, ICFHA, and ICFHG operator under ICF envi-

ronment; discussed some properties of these operators like

idempotency, boundary, and monotonicity, and showed

relationships among these developed operators. The oper-

ator is characterized by considering information about the

relationship among the intuitionistic cubic fuzzy numbers

ICFNs being aggregated. To demonstrate the performance

of these new techniques, we develop a MCGDM based on

the proposed operators under the ICF information.

Resolving the problem of evaluation and ranking the

potential suppliers has become a key strategic element for

the company. As the intelligent and automated information

systems were developed in the information era, more

effective decision-making methods have become neces-

sary. For instance, a numerical application related to the

selection of suitable supplier of the proposed operators

under the ICF information has been presented, which

shows that the suggested operators delivers an alternative

way to solve decision-making process in a more actual

way. Also the selected supplier by ICFD aggregation

operators is verified by VIKOR method. For this purpose,

the same case is solved by VIKOR method. Finally, we

have provided comparison of the proposed operators to the

existence operators to show the validity, practicality, and

effectiveness of the proposed methods. Our proposed

method is different from all the previous techniques for

group decision-making due to the fact that the proposed
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method uses intuitionistic cubic fuzzy information, which

will not cause any loss of information in the process. So it

is efficient and feasible for real-world decision-making

applications.

In future work, we will further develop more aggrega-

tion operators under ICF information, like Dombi aggre-

gation operators and some more. Will also expand TOPSIS,

VIKOR, and few other methods under ICF environments

and will apply them to expand a number of strategies to

resolve MCGDM problems, risk evaluation, and other

domains under indeterminate conditions.

Acknowledgements This research work was supported by Higher

Education Commission (HEC) under National Research Programme

for University (NRPU), Project title, Fuzzy Mathematical Modelling

for Decision Support Systems and Smart Grid Systems (No.

10701/KPK/NRPU/R&D/HEC/2017).

References

1. Atanassov, K.T.: Intuitionistic fuzzy sets. In: Intuitionistic Fuzzy

Sets, pp. 1–137. Physica, Heidelberg (1999)

2. Awasthi, A., Govindan, K., Gold, S.: Multi-tier sustainable global

supplier selection using a fuzzy AHP-VIKOR based approach.

Int. J. Prod. Econ. 195, 106–117 (2018)

3. Banaeian, N., Mobli, H., Fahimnia, B., Nielsen, I.E., Omid, M.:

Green supplier selection using fuzzy group decision making

methods: a case study from the agri-food industry. Comput. Oper.

Res. 89, 337–347 (2018)
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