Int. J. Fuzzy Syst. (2020) 22(1):310-320
https://doi.org/10.1007/s40815-019-00726-7

q

Check for
updates

Utilizing Linguistic Picture Fuzzy Aggregation Operators
for Multiple-Attribute Decision-Making Problems

Muhammad Qiyas’

- Saleem Abdullah' - Shahzaib Ashraf®

- Muhammad Aslam?

Received: 24 October 2018 /Revised: 22 July 2019/ Accepted: 9 August 2019 /Published online: 14 November 2019

© Taiwan Fuzzy Systems Association 2019

Abstract The linguistic picture fuzzy set (LPFS) is an
extension of the linguistic intuitionistic fuzzy set (LIFS),
and can contain more information than the LIFS. In this
paper, the degrees of positive, neutral and non-membership
of PFSs are expressed in linguistic terms, which can more
easily describe the uncertain and vague information exist-
ing in the real world. By combining the PFS and the lin-
guistic term, we define the LPFS and propose operational
rules for linguistic picture fuzzy numbers (LPFNs). We
further propose weighted averaging and weighted geo-
metric operators and discuss their properties. Additionally,
we propose an approach to deal with a multiple-attribute
group decision-making (MAGDM) problem based on the
developed aggregation operators. Finally, we present an
illustrative example to demonstrate the effectiveness and
advantages of the developed method by comparing it with
existing methods. In addition, our method can be utilized
not only to solve problems with linguistic intuitionistic
fuzzy numbers (LIFNs), but also to deal with problems
with LPFNs, and is a generalization of a number of existing
methods.
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1 Introduction

The concept of the picture fuzzy set (PFS), which was
proposed by Cuong and Kreinovich [1], is basically a
generalization of the intuitionistic fuzzy set. An attractive
feature of the PFS is that it assigns to each element a
degree of membership, neutral membership or non-mem-
bership. Because of the tendency for considerable hesi-
tancy in human decision processes, PFSs have generally
been applied to the field of decision-making. They can be
applied in a directional fashion to human opinions such as
“yes”, “abstain”, “no” and “refusal”. Voting is a good
example of this position, where voters may be divided into
four groups: “vote for”, “abstain”, vote against” or “re-
fusal to vote”. The PFS has attracted the attention of many
researchers in this area. Cuong [2] discussed characteristics
of PFSs and also confirmed their distance measures. Cuong
and Hai [3] defined the first fuzzy logic operators and
implications for PFSs, and introduced principle operations
for fuzzy derivation forms in PF logic. Cuong, Kreinovich
and Ngan [4] examined the characteristics of picture fuzzy
t-norm and t-conorm. Phong et al. [5] explored a certain
configuration of picture fuzzy relations. Wei et al. [6-8]
defined several procedures for computing the closeness
between PFSs. To date, many researchers have developed
models of PFSs conditions. For example, correlation
coefficients of PFSs were proposed by Sing [9] and applied
to clustering analysis. Son et al. [10] provided time
arrangement calculation and temperature estimation based
on the PFS domain. Son [11, 12] defined picture fuzzy
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separation measures, generalized picture fuzzy distance
measures and picture fuzzy association measures, and
combined them to tackle grouping examination under a
PFSs condition. A novel fuzzy derivation structure on PFSs
was defined by Son et al. [13] to improve the performance
of the classical fuzzy inference system. Thong et al.
[14, 15] utilized a PF clustering approach for complex data
and particle swarm optimization. Wei [16] developed PF
aggregation operators and applied them to multiple-at-
tribute decision-making (MADM) problems for ranking
enterprise resource planning (ERP) structures. Using the
picture fuzzy weighted cross-entropy concept, Wei [17]
studied a basic leadership technique and used this tech-
nique to rank the alternatives. Yang et al. [18] defined an
adjustable soft discernibility matrix based on PFSs and
tested it in decision-making. Garg [19] designed aggrega-
tion operators on PFSs and applied them to multi-criteria
group decision-making (MCDM) problems. Peng et al. [20]
proposed a PFS algorithm and tested it in decision-making.
For other research on PFSs, readers are referred to [21-23].
To deal with multiple-attribute group decision-making
(MAGDM) problems, Ashraf et al. [24] presented two
techniques, aggregation operators and (ii) the technique for
order of preference by similarity to ideal solution (TOP-
SIS) method, to aggregate picture fuzzy information. Bo
and Zhang [25] studied operations of picture fuzzy rela-
tions including type-2 inclusion relation, type-2 union,
type-2 intersection and type-2 complement operations, and
also defined the anti-reflexive kernel, symmetric kernel,
reflexive closure and symmetric closure of a picture fuzzy
relation. Ashraf et al. [26] extended the structure of cubic
sets to PFSs, and also defined the concept of positive-,
neutral- and negative-internal and positive-, neutral- and
negative-external cubic PFSs.

There are several methods for solving the MADM
problem using linguistic picture fuzzy information. Lin-
guistic ordered weighted average operators were developed
by Bordogna et al. [27]. A multi-criteria linguistic deci-
sion-making model was presented by Rodriguez et al. [28]
in which experts give their assessments by eliciting lin-
guistic interpretation. Herrera et al. [29, 30] introduced a
2-tuple linguistic representation model to avoid the loss
and misinterpretation of information in the linguistic
information processing process. Martinez et al. [31]
reviewed the use of the 2-tuple linguistic model for
counting with words in decision-making, including its
extensions, applications and challenges. Xu [32] defined a
virtual linguistic label equivalent to the 2-tuple linguistic
variable and introduced new aggregation operators
including a linguistic weighted geometric averaging oper-
ator (LWGA), linguistic ordered weighted geometric
averaging operator (LOWGA) and linguistic hybrid geo-
metric averaging operator (LHGA). Xu [33] proposed the

concept of an uncertain linguistic variable and defined the
uncertain linguistic ordered weighted averaging operator
and for more study about linguistic terms, we refer to
[34-37].

Motivated by evidence that PFSs are particularly well
suited for modeling estimated and vague information in
real-world applications, the fundamental objective of this
paper is to present various aggregation operators under the
linguistic picture fuzzy environment, referred to as lin-
guistic picture fuzzy aggregation operators, and their
application in MADM problems. In this paper, new oper-
ational laws for the PFSs are defined, and their comparable
aggregation operators, namely linguistic picture fuzzy
weighted averaging, ordered weighted and hybrid averag-
ing aggregation operators, are proposed. Useful properties
are also studied and these proposed operators are applied to
MADM problem to demonstrate the best alternative. In
order to do so, we show the picture fuzzy numbers by
linguistic variables using a linguistic term set. In the last
section, we compare our results with those of Xu [33], in
which a small difference occurs in the results for some
reason. For example, the operations of the linguistic picture
fuzzy numbers (LPFNs) are different from the operations
of uncertain linguistic variable (ULVs). Secondly, we use
the score and accuracy index to rank the LPFNs. However,
Xu [33] compared each ULV with all ULVs, and then
constructed a complementary matrix.

The remainder of the paper is organized as follows. In
Sect. 2, we briefly discuss PFSs and the linguistic
approach. In Sect. 3, we introduce the concept of LPFNs,
which is a generalization of linguistic intuitionistic fuzzy
numbers (LIFNs) for linguistic picture circumstances. In
Sect. 4, we introduce some aggregation operators for
LPFNs. We present the MADM method with LPFN
assessments in Sect. 5. In Sect. 6, we illustrate an example,
and in Sect. 7, we compare the results of this paper to the
results obtained by Xu [33]. Conclusions are drawn in
Sect. 8.

2 Preliminary

Definition 1 ([1]) Let R # 0 be a universal set. Then a
picture fuzzy set J (PFS) in R can be written as

I = {{rsay(r), vi(r),my(r)|r € R}

where the functions w;(r):R — [0,1],v;(r): R — [0,1]
and 1;(r) : R — [0,1] are the membership, neutral mem-
bership and non-membership degree of the set J, respec-
tively, which satisfy the condition

0< ,uj(r) +vi(r) + 17j(r) <1,Vr €R.
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For each r € R, @;(r) = 1 — w(r) —
be the refusal degree of J.

If vj(r) = 0,V r € R, then set J is reduced to an IFS, and
if n;(r) = v;(r) = O for all r € R, then set J is reduced to an
FS.

Definition 2 ([38]) Let R # 0 be a universal set. The
linguistic picture fuzzy set J (LPFS) in R can then be
written as

J= {<€9(r)7:uj(r)’Vj(r)vnj(r»'r € R}

where £y, € L represents the linguistic term, and the
functions ;(r) : R — [0,1],v;(r) : R — [0,1] and n;(r) :
R — [0,1] are the membership, neutral membership and
non-membership degree of the set J, respectively, which
satisfy the condition

vi(r) — n;(r) is said to

0<p;(r) +v;(r) +n;(r) <1,vr € R.

If vj(r) =0, VY r €R, then the picture linguistic set is
reduced to the intuitionistic linguistic set [39].

Definition 3 Let L = {{]i =0,1,...,1} be the linguistic
term set with odd cardinality, where ¢; are the possible
values of the linguistic variable and [ is a positive integer,
i.e., a seven-linguistic-terms set L could be assigned as
[40]:

L = (607 617 £2a £37 £4a ‘657 56)

= {very poor, poor, slightly poor, fair,

slightly good, good, very good}.

Definition 4 ([29]) Characteristics of the linguistic term
set are:
The negation operator: neg (L;) = L;, where j = [ — I;
Be ordered: {; </{; <= i <j;
Maximum operator: max(¢;, ¢;) = ¢; if ¢; > ¢;;
Minimum operator: min(¢;, ¢;) = ¢; if ¢; </;.

B

3 Linguistic Picture Fuzzy Numbers

In real-life problems, it can be difficult to derive the degree
of membership, neutral membership and non-membership
of PFNs with perfect values. Therefore, the notion of lin-
guistic picture fuzzy numbers (LPFNs) is introduced here,
and we represent membership, neutral membership and
non-membership in the form of linguistic terms.

Definition 5 Let I'p; be the set of all LPFNs based on
Loy and (£, %, 45) € Tioy (j=1,2,3...,n). Then we
define the following operation for the LPFNs as:

@ Springer

1. (Elm 65”551) U (EK,,,; fc'm,&sm) = {max(ékl,ékm),
min(¢e,, ¢¢ ), min(¢s,,,%s,)};
2. (&Cl’ éﬁ/’ 6(51) N (glcm’ éimv
Ls,) = {min(¢y,, L., ), min(lg,, £z, ), max(¥s,, , Ls, )}
3. (glmgiﬂgéz)c = (6(5276517£K/)'

Theorem 1 Let (ﬁxl ) 551,551)7 (EKz,ééyééz) and
(liys Lz, £5,) be the LPFNs. Then the following equalities
always hold:

L. (Eh‘ngfw‘eél) U (ngﬂ éipééz) = (€K27€éz7£52) U (ZM ) Eiw
l5,)s

2. (£’<17€£l7£(51) n (gkz’éézv 652) - (ém,fgz,f(;z) n (glﬂvgén
s,);

3. (gkngﬁfwgél) U [(Kk‘wgiz?&z) U (ngaéfz’
giwg()\) U (ngvgizveézﬂ U (€K37€€37€(53);

4. (KK”QH&;I) n [(gh‘wgéz?&z) n (ngaéiza Zf)z)]
gél’gél) n (&Q?gfz?&;z)] n (€K37€és7€53);

5. (€Kl,€§l,£51) U [(Zh‘z’géz’géz) n (gksa 653,&33)] = [(Elm
Efwgﬁl) U <£’<27€fz7 &52)} N [(ZKI’Kél’KlSI) U (&Cav&z?
£s,)];

6. (£’<17€fl7£51) n [(£1<27€§27€52) U (£K3’€f3’ 653)] = [(fk'l?
851 ) 651 ) n (Zk‘z?giz?géz)] U [(glcl ) 651 ) 651) n (£K3’ 653’
&53)};

7. [(ek‘n&wf&]) U (£’<27€€27 £5z)r = (EKHE&:]’gé] )C N (zh‘zv
€52’£(52)c;

8. [(élclvgifwg(s]) N (ngv 6527652)}6 = (€K17££1’£‘5] )C U (glczv
‘6527 652)6'

ZO%)] = [(gkl )

- [(glq 5

Proof  Straightforward. O

Definition 6 Let F; = ({y,¢:,¢;) (j=1,2,3...,n) be
the set of all LPFNs; then

2(F) = kj — & — 6j, andg(F) = rj + & + 6.

Then z(F) and g(F) are the linguistic score function and
linguistic accuracy function of F, respectively.

Definition 7 Let F; = ({y,, e, 4s,), Fo = (€y,, e, Ls,) be
two LPFNs. Then z(F;) and z(F») are the score function of
F) and F,, and g(F;) and g(F,) are the accuracy function
of F; and F,. Then the following can be stated:

1. If z(F)) <z(F,), then F; is smaller than F,, denoted by
Fi<Fy;

2. If z(Fy) > z(F2), then F| is larger than F,, denoted by
Fy > Fy;
If Z(F]) = Z(Fz),
If g(F1)<g(F,), then F; is smaller than F, denoted
by Fi<Fy;

b. If g(Fy) > g(F»), then F| is larger than F,, denoted by
Fi > Fy;

c. If g(Fy)=g(F;), then F; and F, have the same
information, denoted by F; = F>.
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3.1 Operational Laws and Properties of Linguistic
Picture Fuzzy Numbers

In this section, we define some basic operational laws for
LPENs and also define their properties.

Definition 8 Let ({4, %, %5), (b, e, 45,)  and
(€iys Ley 5 lsy) € Ty, be the LPENs with 4 - 0. Then, the
operational laws for the LPFNs are as follows:

0, b, ém) ;
l 1 1

L (ZKl’eémgél) @ (ngv Efza 652) = (€K|+K2*Kl
2. (b e ls,) @ (G Lo, bs,) = (z L,

E1+&E ,ﬂ?

€5l+527@)’

3. A (Emagcf];éél) = (gll(l’”TI)Z’KI(%)Z’KI("TI)}');
4. (Ekﬂgfﬂg(;l) = <€Z(AT])Z7€ZI(1%)Zyell(lﬁ%)/:)

Theorem 2 Let (&C, fg,f,s), (f,ﬂ,fgl,f(;l) and (Eszgézv
ls,) € T'g ) be the LPENs with 4, Ay, 4 > 0. Then

L. (&qv&wgél) D (ZKN Zfza Zéz) = (nga 652,&;2) ©® (Exm
651 y 65] );

20 (bl ls) ®
&1 s &5] )

3. (gméuéé) @ [(&ﬂ?gfngﬁl) @ (éKz’gfw &32)} = [(gKv
fufo <£K17€€V|7£‘51)] D (ZKwEiza&sz);

4. (EMEQ 5) ® [(£K|7£617‘€61) ® (EKNQZ, 652)] = [(gm
Lels) @ (b, e, Us))] @ (by, ey Us, )

5.0 Al leys o)) @ (byy by Lsy)] = ALy
Ay, ey, 4s,);

6. [(be, L, 45) @ (b,

(Ek‘z? €¢Z7Z52)A;

Ml e, ls) B Aa(bey e, bs) = (Ar + A2) (U, L, Ls);

(KMKCV&S)AI ® (ZK,ECT’%);LZ = <€K7€5’65)21+h;

9. }vl [iz(f,c, fcf, 65)] = /11/12(6,{, fé, 65);

10, (b, le, £5) 2] = (s e, £5) 172

(ékoa égp ébz) = (nga éézvgéz) ® (EKH

6517651)@

‘6527 652)}2 = (ZKI ) Eél ) £r51 )/t ®

® N

Proof Straightforward. O

4 Some New Aggregation Operators on Linguistic
Picture Fuzzy Numbers

We introduced the linguistic picture fuzzy weighted aver-
aging (LPFWA), linguistic picture fuzzy ordered weighted
averaging (LPFOWA), and linguistic picture fuzzy hybrid

averaging (LPFHA) operators using the defined operational
laws for linguistic picture fuzzy information.

Definition 9 Let F; = ({,,0:,¢5) (j=1,2,3...,m) €
['jo,) be the set of all LPFNs. The LPFWA operator is a
mapping l"ﬁ')_’,] — Do), such that:

LPFWAW(Fl,Fz, .. .,Fm) =wiF1 ®&wWFr @ ... D w,F,

where w = (wy,wy, .. .,wm)T are the weighted vectors of
Fi(j=1,2,...m), such that 0 <w; < 1,377, w; = 1.

Theorem 3 Let F; = ({4, 05) (j=1,2,3...,m) €

F[O i be the set of all LPFNs and w = (wy, wy, .. ., wm)T be

the weighted vectors of Fj( j=1,2,...m), such that

OSWJSLZJ:1 w;j = 1. Then

LPFWA,,(F\,F, ..., F,)

== ( m 7€
UGN

ol
I 113

=1 j=1

Proof By utilizing the technique of mathematical induc-
tion on m, we have the following for m = 2, since

LPFWA,,(F1,F2) = wF| & wyF,
(P
¢ (ff—«l—%"’“%(%)‘“’4@2)‘“)

= (éu 7‘61/7 gw)

0 o)
=10 =)

l

S (RN

Il
~
|
~
=
/
et
I
Nl\x
—

LONILONE (2)" ()"

l [
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So, we have proved that the result is true for m = 2. Now,

suppose that the result is true for m — 1, i.e.,

LPFWA,,(F\,Fs, ..., Fp_1)

Now, we have to prove for m,

LPEWA,,(Fy,Fs, ..., Fy)
= WlFl EBWZFZ D... @Wmlemfl EBWmFm

=t i ol ol
Z*/g(lf”—/)“’ IQ(T’) ’ lg(‘%’)
B T R (O
= (éum7£vm7gwm)
where
y = [z/ﬁ(l—f) + [171(1JC7’”)W'"}
=1
[l—lrjj]l(l )M = (1 — )" 1
B | l
di Ki\ Wi
]2
()" ()]
Vi = ]
s A
_lH(l’)
and
W ORCh
i)

Hence, the result is true for any m, i.e.,

@ Springer

LPFWA,,(F},F>, ..., Fy)

S i
0 (T (IR (%

J Jj=1
Proved. O

The LPFWA operator has the following properties
which can be easily proved:

1. Commutativity: Let F; €Ioy (j=1,2,...,m)and
a(1),0(2),...0(m) is a permutation of (1, 2, ..., m);
then
LPFWA,,(F,F>,....Fy)

= LPFWA,/(Fs1), Fs2), - - - Fo(m))

where ¢ is any permutation on the set (1, 2 , m).
2. Monotonicity: Let F;= (é,cj,ﬂ s,), F (E,\ 7€€ ,
65;)61—‘[()’[], if KJSK]*aéjZé]aéjzé;k (/_1727
m), then

LPEWA,,(F}, Fs, ..., F,)
<LPFWA,(F, F}, ..., FL).

3. Boundary: Let F; = (¢, Q! s) € Ty (]_ 1,2,...,

m),and k~ = min(x;), k¥ = max(x;), & = min()),
&" =max(¢), 6~ = min(d;) and 67 = max(d;); then
(b, Lo+ Lse) <LPEWA,(Fy, Fa, ..., Fy)
< (£K’76577£57)

4. Idempotency: Let F;= ({0, 0s5) € oy (=
1,2,...,m) and F; = F, always for any j; then

LPFWA,,(Fy,F,,...,F,) =F.

Definition 10 Let F; = ({4, 4;,45) (j=1,2,3...,m) €
[jo, be the set of all LPENs. The linguistic picture fuzzy
ordered weighted averaging (LPFOWA) operator is a

mapping Fl[?),z] — Ijo,p,with associated weight vector y =

(lplalpb c wl//m)Tv OS l//j < l, Z]m:1 lﬁj =1 such that

LPEOWA,,(F},Fs, ..., Fy)
=wiFs1) ® waFe2) @ -« ., WinFo(m)
where a¢(1),0(2),...0(m) is a permutation of (1,2,
., m), such that Fy;_j) > F, for all j = (1,2,...,m).
Definition 11 Let F; = (4,4, 05) (j=1,2,3...,m) €
[jo,y be the set of all LPFNs. The linguistic picture fuzzy
hybrid weighted averaging (LPFHWA) operator is a
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mapping I'g ; — g, with associated weight vector y =
Wi, W), 0< Y <1, 377 ;= 1 such that
LPFHWA,, y (F1, F2, ..., Fy)
_ / / /
= WlFa(l) &> W2Fa(2) D ..., wyF

a(m)

The weight vectors of Fj(j = 1,2,...m), are w = (wy, wy,
...,wm)T, such that ngjgl,zj’”:l w; =1, and Fj/ =
mw;F;, m is the balancing coefficient, o(1), ¢(2),...0(m) is
a permutation of (1, 2, ..., m), such that Féuil) > F«/r(j) for
allj=1,2,...,m.

Example 1 Assume that Fy = (bs, 0y, 01),Fr = (03,04,
01),F3 = (Us,01,4,) and Fy = ({p,03,03) € ['gg are the
LPENs and weight vector w = (0.4,0.1,0.2,0.3)" of the
Fi(j=1,2,3,4), and ¢ = (0.2,0.3,0.3,0.2)" is the posi-
tion weighted vector.

According to the definition, we have A({,¢:, l5) =

(£14(1%)"’£e(§)"’£e(g)"> Thus, we have

Fl/ =4 x 0.4(0y,05,01) = (U536, %057, L028),
F2/ =4 x0.1(43,02,01) = (€137, 4,59, {3.438)
Fg =4 x0.2(0s,0,02) = (la35,01.52,02.64)
FA{ =4 x0.3(02,03,03) = (ba34,b2.47,02.47)

We find the linguistic score and accuracy values of each
argument and then rank these arguments: F I/ (i=
1,2,3,4): z(F|) = 4.21,2(F}) = 6.7, z(F}) =0.19 and
z(Fi) = —2.6. The ranking order of the arguments Fl/(z =

1,2,3,4), according to the values of score index, in
descending order, are given as:

F| = F, = F| ~ F)
Now aggregate as

— 0.2F| ® 0.3F} @ 0.3F} & 0.2F)
= 0.2((¢s536, 0.87, L028) ® 0.3(¢s35,¢150,¢264)
@ 0.3(l234, 247, lr.47) + P0.2(41 37, 606, {3.48)

= (6334, 0257, 4270)

Further, we propose the linguistic picture fuzzy weigh-
ted geometric (LPFWG) operator, linguistic picture fuzzy
ordered weighted geometric (LPFOWG) operator and lin-
guistic picture fuzzy hybrid geometric (LPFHG) operator.

Definition 12 Let F; = (4,4, 05) (j=1,2,3...,m) €
I'jo,) be the set of all LPFNs. The linguistic picture fuzzy
weighted geometric (LPFWG) operator is a mapping
F’fé,z] — o, such that:

LPEWG,(F|,Fy,...,F,) =F" @ Fy* @ ... @ F'"

where w = (wl,wz,...,wm)T are the weight vectors of
Fi(j=1,2,...m), such that 0<w; <1,37" w; = 1.

Theorem 4 Let F; = ({y,0:,¢5;) (j=1,2,3...,m) €
"o, be the set of all LPENs and w = (wy,ws, .. ., wn)" be

the weighted vectors of Fj( j=1,2,...m), such that
0<w,; < I,Z]'."Zl w; = 1. Then

LPFWG,,(Fy, Fs, ..., Fy)

== g E m
-1

(10-9"

=1

wol W
1E =](-9)
Jj=1

=1

.

Proof The proof is the same as proof 4. O

Definition 13 Let F; = ({y,4;,45) (j=1,2,3...,m) €
[jo,) be the set of all LPFNs. The linguistic picture fuzzy
ordered weighted geometric (LPFOWG) operator is a
mapping ng’,] — I'jo, with the associated weight vector

C = (C17C27 - 'aCm)Ta where OS Cj S lazjr'n:] Cj = 1, such
that
LPFOWG,(F,,F,,. .., Fy)

_ gt { Cn
- Fal(l)’ FO'Z(Z)’ M Fa(m)

where a(1),0(2),..
suchthatFé ZF({_U.)Vj:I,Z,...,m.

.o(m) is a permutation of (1, 2, ..., m),

(-1
Definition 14 Let F; = ({4, le, 4s) (j=1,2,3...,m) €
I'jo,) be the set of all LPFNs. The linguistic picture fuzzy

hybrid weighted geometric (LPFHWG) operator is a
mapping Fﬁl),z] — o), with the associated weight vector

(=00, 06", with 0<G<1,3" =1, such
that

LPFHG,, ¢ (F1,Fy,....Fw) = (F 1 )" (FLp) )% (L )™

where w = (w1, wa, .. ., wm)T is the weight vector of F; =
(1,2,...,m), with 0<w;<1,>°", wj=1, and FJ/ =
F}"W’ ,m is the balancing coefficient, where a¢(1),a(2),
..o(m) is a permutation of (1,2, ..., m), satisfying

/ / i
Frf(j—l) ZFG(].) Vi=12,....m.
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Example 2 Assume that F] = (85,62,6]),}72 = (&1,[37
61),F3 = (£37£2,€3) and F4 = (52,63,53) € F[Qg] are the
LPENs and w = (0.4,0.1,0.2,0.3)" is the weight vector of
the F;( j=(1,2,3,4), and { = (0.2,0.3,0.3,0.2)" is the
position weighted vector.

Since, according to the definition, we have ({,/¢,

l5)" = (4() L y1ey by ) we have

Fl =(ts, 62,0 = (£3.97, 6205, 1.53)
Ff =(la, 3,0 = (£1.03, €137, bo.01)
é:(ﬁ 0, 03)70% = (U434, 01 64, £2.50)

=(la,l3,03)" " = (Us.a5, 3,40, £2.33)

We find the linguistic score and accuracy values of each
argument and then F l/ (i=
1,2,3,4): z(F|) = —0.71, z(F}) = 0.15, z(F}) = 0.20 and
Z(Nﬁ) = 0.71. Now we rank the arguments ¥; = (1,2,3,4),

according the values z(Fl-/)(i = (1,2,3,4), in descending
order as:

rank these arguments:

F,> F,> F/>F|

Now,

_ (F‘{)().Z ® ( F:{)Oﬁ ® (Fé)().?) ® (F{)OZ
= (Lo, 344, 0233)"7 @ (a4, Lroas La50)""

® (61.93; 61.373 lo.a1 )0'3 ® (63_77, 62_95, 51'53)0'2
= (6354, 4199, 01 27)

5 An Approach to Group Decision-Making
with Linguistic Picture Fuzzy Information

Let H = (hy,hy,..., h,) be a distinct set of m probable
alternatives and Y = (yi,y2,...,y,) be a finite set of n
criteria, where A; indicates the ith alternatives and y; indi-
cates the jth criteria. Let D = (d,d>, . . ., d;) be a finite set
of k experts, where d; indicates the kth expert. The expert
d; supplies an appraisal of an alternative /; on an attribute
yjasan LPEN rj (i =1,2,. .., n) according
to a predefined linguistic term set £. The expert information
is represented by the linguistic picture fuzzy decision
matrices Ry = (1), (k = 1,2,...,p).

Assume that w;(i = 1,2,...,m) is the weight vector of
the attribute y; such that 0 <w; <1, Z;’l:l wj=1,and =
(Y1, ..., ¥,,) is the weight vector of the decision-mak-
ers d; such that ¢, < 1,370 |y, = .

mj=1,2,...,

Step 1: Taking the decision information from the given
matrix Ry, and using the LPFWA operator, the

@ Springer

individual total linguistic picture fuzzy preference value
r’.‘ of the alternative A; is derived as follows:

= LPFWA,, ("5, /%, .., r%), (i=1,2,...mk=1,2,...,1)

where w = (wq,wa, .. .,w,,)T is the weight vector of the
attribute.

Step 2: Due to the separate total linguistic intuitionistic
fuzzy preference value wf? of alternative h; (i = 1,2,

amyk=1,2,...,t). Using the LPFHA operator with
associated weight vector ¥ = (Y, ,,.. .,npm)T: rf‘ =
LPFHA,, (15, .. 1), (i=1,2,...,m) Collect

the cumulative total linguistic picture fuzzy preference
value r; of the alternative h; (i = 1,2,...,m), where the
weight vector of the decision-maker is ¥ = (y,
lp27 ttYy l//f)T

Step 3: We find the linguistic score function z(r;) and the
linguistic accuracy function g(r;) of the cumulative

overall linguistic preference value ; (i = 1,2,...,m).
Step 4: By the definition, rank the alternatives h; (i =
1,2,...,m) and choose the best one.

6 Numerical Example

A construction company wants to find the best universal
supplier for one of its frequently critical sections used in a
gathering operation. Assume that H = (hy, hy, h3, hy) is the
set of possible international suppliers (i.e., alternatives)
under consideration and ¥ = (y1,y2,¥3,V4,¥s) is the set of
criteria, where y; (i = 1,2, .., 5) represent the “total cost of
the product”, “quality of the product”, “service perfor-
mance of supplier”, “supplier’s profile” and “risk factor”,
respectively. According to the linguistic term set, the four
alternatives h; (i = 1,2,3,4) are to be charged: ¢ = ¢y, =
extremely poor, /; = very poor, ¢, = poor, {3 = slightly
poor, ¢4 = fair, ¢s5 = slightly good, ¢ = good, ¢7 = very
good, ¢ = extremely good by four decision-makers d (k =
1,2,3,4) under the given criteria, and construct the lin-

. . . .« . . _ k
guistic picture fuzzy decision matrices Ry = (r)y,5 as

listed in Tables 1, 2, 3 and 4, respectively.

Table 1 Decision matrix R;

V1 Y2 Y3 Y4 Ys
hi o (e, 0y, 01) (s, 00, 0)  (be, 01, 0y) (b3, 0a,03) (01, 04,01)
o (Us b1, 6) (G b, b)) (o by, le)  (lasla, bo)  (la, s, 00)
hy (03, 0,03)  (le,l1,01) (L, 02, 61) (U5, b2, 01) (s, 01,0r)
he (Ol la) (G303, 60)  (ba,ba,b3) (s, o, br) (Lo, o, ba)
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Table 2 Decision matrix R,

Y1 Y2 Y3 Y4 Y5
hi o (s, 0, 0)  (Us, 0, 0) (Ll ba) (03,00, 03) (03,04, 0,)
hy  (3,03,60) (3,44, 61) (o, 44, 60)  (b3,00,83) (1,61, 05)
hy (b, 0y, 03) (0,05, 01) (b, la,00)  (la,03,03) (03,05, 0,)
hy (U4, 0, 0) (0, la,0) (U5, 0, 0)  (Us, b2, 01)  (63,62,03)
Table 3 Decision matrix R;

V1 Y2 Y3 Y4 Ys
hl </47p27f1> </57/17f2> <£37€27€3> <£21£37£2) <€67£17£1)
hy (b, b3, ly) (L, la, ba)  (ba,l3,02) (03, 03,01)  (€1,01,05)
hy  (ls, 0, by)  (la,ls,01)  (la,03,0)  (l3,01,03)  (la,lr,0y)
ha  (le b1, 0) (L3 lasls) (Lo b3, 00)  (laylayba) (U3, 01, 43)
Table 4 Decision matrix Ry

V1 Y2 Y3 Y4 ys
hi o (G0, 0)  (a by, ) (b, l3,03)  (ba,03,62) (b1, L6, 01)
hy (b3, 03, 01) (L, b5, b)) (b, b0, 03) (b3, b0, 01)  (£p, 01, 05)
hy  (ls, 0, b)) (o, b, la)  (Ca,03,02)  (le, 01, 01)  (la, b, 0n)
hy  (la b, la) (b3, b3, 01)  (bay b, br)  (laylayba) (L, oy b3)

Step 1: Assume that the weight vector of the criteria is w
= (w1, wa, w3, ws, ws)' =(0.25,0.2,0.15,0.18,0.22)".
Now we can find the individual total preference value
rl of candidate y;by mixing the decision matrix R; and
the weight vector of the criteria with the LPFWA
operator which is derived as follows:

= LPFWA, ("11,’"127'"}3”’1147’"115)

= 0.25(¢s, 41, 41)
D 0.2(65, gl,gg) D 0.15@6,@1,61)
@ 0.18(43,02,03) @ 0.22(43, 44, 4})

= (ls67,148,0139)

Similarly, we have

ry =(£3.02, 41,60, 01.59), ry = (a7, L1201, C1.46)
ry =02, .12, L2.53), 17 = (Cas6, C1.64, £1.40)
13 =(la62, la.a1,426), 13 = (br50, 212, €1.72)
15 =(l380, L2.04, C1.64), 17 = (£a.42, 160, 01.48)
5 =81, lasi, a1a), 3 = (l364, 185, 01.62)
1y =(laa1, 6143, U1 52), = (268, 3,07, (1.52)
73 =(l2.46, 205, C1.91) ry = (la22, 0155, C2.05)
s =030, €257, 01.72)

Step 2: Suppose the weight vector of four professionals

is = (Y, Y, Y, ¥,)" = (0.25,0.3,0.2,0.25)". Using

the (LPFHA) operator with correlated weight vector { =

(1,6, 6, G)T = (0.15,0.35,0.35,0.15)"
r; = LPFHAy ((r},r?, 7}, 1) (i = 1,2,3,4) we calculate

[ R A

the separate total linguistic picture fuzzy preference
values ¥ (k = 1,2,3,4) and obtain the cumulative total
preference value w; of alternative h;(i = 1,2,3,4). By
Wirh = (bagr, lras, br39),  dport = (U509, 4119, €1.00),
Wary = (331, 0201, bo07),  WWar! = (baes, €307, 0152)
and 4,17 = 4 rl = At = dsr.

Step 3: Find the linguistic score index z(F)(i = 1,2, 3,4)
of the cumulative total preference value r;(i = 1,2,3,4)
as follows: z(r1) = 0.62,z(r,) = —0.48, z(r3) =0.29,
z(r4) = —0.50. Rank r;, according to the value of
z(r;)(i = 1,2,3,4) in descending order:

¥y =13 >=1r > 14

We can obtain
r = LPFHA‘M(rll7 r%, r{’, r‘lt)
= 0.15(0s5.09, 1.19, £1.00) @ 0.35(Ca67, 4148, ¢1.39)
@ 0.35(42.68, 43.07, £1.52) © 0.15(4381, 4221, 42.07)
= (4.02,01.965 £1.44)

Similarly, we have
ry = LPFHAy ¢ (r3,13,73,73)
= 0.15(¢3.92, 41,60, 1.59) ® 0.35(¢3.03, £1.90, £1.70)
@ 0.35(02.46, 4205, 41.91) © 0.15(41 49, €317, ¢2.79)
= (336, £1.99, £1.85)
ry = LPFHA ¢ (ry,13,13,1%)
= 0.15(44.35, 4155, ¢1.19) B 0.35(£3.70, £2.07, ¢2.44)
® 0.35(43.09, l2.57,£1.72) ® 0.15(03.02, 42,12, £2.53)
= (l355,02.12,01.93)

Step 4: Choose the best alternative h;, according to
ri(i=1,2,3,4):

hy = hy > hy > hy

which shows that the best alternative is A;.

7 A Comparison Analysis to MADM

with Uncertain Linguistic Information

The concept of ULOWA and ULHA operators with
uncertain linguistic information was introduced by Xu [33].
These operators are used to solve the problem of evaluating
university faculty for tenure and promotion [33]. Accord-
ing to Xu [33], practical use involves the assessment of
university faculty for tenure and promotion. In this
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problem, we use the criteria: h; : teaching, h, : research,
hs @ service. The alternatives (faculty members) y;(j =
1,2,3,4,5) are to be evaluated with linguistic terms ¢ =
{lyp = extremely poor, ¢; = very poor, ¢, = poor, {3 =
slightly poor, ¢, = fair, /5 = slightly good, /s = good, ¢7 =
very good, g = extremely good by four decision-makers
Ji(k=1,2,3,4), with the weight vector w = (0.24,0.26,
0.2370.27)T under these three criteria. Xu [33] used two
operators, the ULOWA operator and the ULHA), with
associated weight vectors ¥ = (0.3,0.4, O.S)T, and (=
(0.2,0.3,0.3, 0.2)T, respectively, to obtain the cumulative
total preference value of the alternative. We construct a
conclusive matrix and then rank the alternatives as:
Y3 = y2 = Y17 Y4 = s,

First, transforming the uncertain linguistic decision
information into the LIFN forms, i.e., the ULV [, ¢7] in
I'ps can be taken over from the LIFNs ({,¢;). The fol-

lowing value transformations are shown as Ry =
(rf)axs(k =1,2,3,4), where r} takes the form of LIFNs.
The results obtained from the alternative y; with respect to

attribute h;,and the decision-maker d;, are listed in
Tables 5, 6, 7 and 8, respectively.

Table 5 Decision matrix R;

Table 8 Decision matrix Ry

hy hy hy he hs

Vi (U5, L) (€7, o) (L, Lo) (la, L) (€a, L)
» (L Lo) (€, Lo) (ls, £1) (ls, L1) (€5, 1)
y3 (¢, 41) (s, 01) (€7, 4o) (¢s,62) (s, 05)

hy hy hs hy hs
V1 (€7, o) (€5, £2) (€4, L3) (€7, Lo) (€7, Lo)
Y2 <‘€5>£2> <Z6a£1> <£77‘€0> <£37€3> <€57ﬁ1>
Y3 <€5> 51) <€67 eo) <‘€6-, fo) (55, 42) <€67 f])
Table 6 Decision matrix R,

hy hy hs hy hs
i (€s, L) (4, 02) (Cs, 1) (s, Lo) (€7, 4o)
2 (7, 4o) (5,41) (€s, £>) (s, 65) (s, 1)
¥3 (la, £3) (s, bo) (le, o) (lss £1) (€a, 1)
Table 7 Decision matrix R;3

hy h2 hs hy ]’l5
Vi (€s, L1) (4, 02) (€7, 4o) (s, £1) (05, 02)
» (€7, 40) (U5, £2) (b, 1) (Ca, 45) (U5, &)
y3 (ls, &) (ls, L1) (b5, &) (b7, bo) (€a, 1)

@ Springer

To collect the separate total preference value of the
alternative, we use the LIFOA operator with associated

weight vector w = (0.3,0.4,0.3)”, after which we use the
weight vector of experts /(0.24,0.26,0.23,0.27)" and the
LIFHA operator with an associated weight vector { =

(0.2,0.370.3,0.2)T to obtain the cumulative total prefer-
ence value 7; of the alternative h;,which are the following:

r :<fs.75,£0>,
ry =(ls.62, o),
r3 =(£.0s, o),
rs =(0ss8,4o),
rs =(ls.40, o)

Since z(ry) =5.75,z2(r) =5.62, z(r;) = 6.05, z(r4) =
5.58,z(rs) = 5.40,and 2(r3) = z(r) = z2(r2) = z(ry) >
z(rs), the ranking is hs > hy = hy > hy > hs.

The ranking of the results obtained in this paper is
slightly different from the ranking of the results obtained
by Xu [33]. The difference occurs in the ranking order of
hiand hs, i.e., hy > h; by the former and /; > h3 by the
latter. This difference occurs for the following reasons:

1. The main difference between this paper and Xu’s paper
[33] is that the operations of LPFNs are remarkably
different from the operations of ULVs defined by Xu
[33]; i.e, the operation of the addition of LPFNs as

(E’Cl’&l’&;l) @ (Zkz’géza 652) = (&qﬂcr%’gﬁ’g@)a
and the operation of the addition of ULVs by Xu [33] as
[€K17€él] & [&Cvgéz] = [£K1+K27£él+éz]7 where by,
Le iy, Le, € Lo y. The addition operation of ULVs is
not closed, i.e., £y, 1«, and £z 1 ¢, may not belong to £|g .

2. To rank the LPFNs, we used the score function and
accuracy function method in this paper. However, the
method used by Xu [33] involved analyzing each ULV
with all ULVs and then constructing a complementary
matrix.

8 Conclusion

The concept of picture fuzzy set was proposed by Cuong
and Kreinovich, and has become an accepted mathematical
mechanism to deal with ambiguity. The linguistic path
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shows a qualitative facet as linguistic values by means of
linguistic variables. To define the ambiguity and uncer-
tainty of the natural world, we can use linguistic variables,
which can provide us with greater flexibility. In this paper,
we have introduced the notion of linguistic picture fuzzy
sets by assimilating picture fuzzy sets and linguistic access.
We have defined some operations on picture fuzzy lin-
guistic variables and given their proof. Furthermore, we
have discussed the linguistic picture fuzzy operators and
applied these operators on multiple-group decision-making
problems in which criteria values take the form of lin-
guistic picture fuzzy information. Finally, we have solved a
multi-criteria group decision-making problem using the
LPFWA and LPFHA operators.

Acknowledgements The authors extend their appreciation to the
Deanship of Scientific Research at King Khalid University for fund-
ing this work through research groups program under grant number
R.G.P-2/52/40.
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