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Abstract Pairwise comparison is a useful tool to express

decision makers’ (DMs’) preferences in the group decision-

making (GDM) problems. However, the preferences pro-

vided by pairwise comparisons could be self-contradictory,

i.e., ordinal inconsistencies exist. Therefore, before reach-

ing consensus, the first thing is to assure the DM’s judg-

ments that are not contradictory. As the purpose of the

GDM is to choose most preferred alternative, the consensus

degree for each alternative of all the DMs should be

measured. In the present paper, an alternative consensus

model for additive preference relations (APRs) based on

ordinal consistency (OC) is developed. An algorithm is

applied to detect and adjust the ordinally inconsistent ele-

ments for APRs. Then the alternative rankings for each

ordinally consistent APR and the aggregated APR is

obtained, respectively. A model is designed to change the

DMs’ importance, which increases the alternative consen-

sus degree. The proposed model does not change the DMs’

preferences, aiming to make full use of the DMs’ judge-

ments. Finally, an illustrative example and comparisons

with the current approaches are furnished to demonstrate

the effectiveness of the developed method.

Keywords Additive preference relation (APR) � Ordinal

consistency (OC) � Ranking � Group decision making

(GDM) � Consensus

1 Introduction

Group decision making (GDM) involves a set of decision

makers (DMs) to take part in a decision-making process.

Nowadays, numerous studies have been proposed to deal

with GDM problems [1–6]. Generally, the consensus

reaching process (CRP) and the selection process are per-

formed to receive the final ranking of the alternatives

[7, 8]: the consensus process and the selection process.

Various consensus methods have been developed to man-

age diverse preference relations (PRs), such as additive

preference relations (APRs) [9–13], multiplicative prefer-

ence relations (MPRs) [14–16], linguistic preference rela-

tions (LPRs) [17–20], intuitionistic fuzzy preference

relations (IFPRs) [21], hesitant fuzzy preference relations

(HFPRs) [22–27], and heterogeneous preferences in GDM

[28, 29]. In this paper, we applied a consistency process

before the selection process and the consensus process, and

the consensus model is based on the ordinal consistency

(OC) of APRs.

Classically, it is rare to obtain the unanimous and

complete agreement on a specific problem for all the DMs.

Thus, a ‘‘soft’’ consensus [29–31] is adopted in real

applications. At present, the majority of the research

studies pay attention to making the individual DMs closer

to the group, which generally includes the individual

consistency process (ICP) and CRP [32]. The ICP is
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usually applied to transform an inconsistent preference

relation into one with acceptable consistency. It is gener-

ally measured by a consistency index (CI) [10, 14, 15, 19].

The CRP is a negotiation process which involves some

consensus rounds, in which the DMs revise their judge-

ments according to the recommendations offered by a

moderator. It is measured by a group consensus index

(GCI) [10, 11, 24, 33–36]. Whether the CI and GCI are

predefined in advance, and there is no rule to determine

their threshold, then it is too arbitrary.

The OC means a logical person will not express con-

tradictory judgments [37, 38]. Thus, it is the basic

requirement that should be satisfied firstly. The CI is gen-

erally used to measure the cardinal consistency of a PR.

However, if a PR is of cardinal consistency, it cannot

assure the OC, and it may still contain contradictory

information. Thus, the OC should be considered firstly. In

the CRP, if the DMs change their preferences to narrow

their judgments to the group judgements, it will distort the

DMs’ original information. Thus, to develop a consensus

model that does not change DMs’ judgements is a more

rational way to deal with the consensus problem, which

motivates us to change the weights of the DMs. Addi-

tionally, as the objective of the GDM problem is to choose

the most preferred alternative(s), it is naturally that the best

alternative should have the highest agreement level among

all the DMs. Thus, the alternative consensus level should

be measured. Recently, related lines of research have been

hotly studied [4, 39].

Lots of the present consensus models have the draw-

backs as below: (1) Some of them do not include the ICP

[9, 11], or most of the ICPs are measured by the CI

[10, 14], which is based on the cardinality consistency

index. However, CI cannot assure whether the information

provided by DM is self-contradictory. (2) Most of the

consensus degrees are measured by the GCI [10, 11, 16],

which measures the differences of preferences between a

single DM and the group. However, in order to select the

most preferred alternative, we should pay attention to the

DMs’ consensus degree on the alternatives. (3) To suffi-

ciently use the DMs’ judgments, it is mostly desired that

the DMs’ original information unchanged.

In order to overcome the shortcomings of the present

methods, this paper proposes a new consensus model for

APRs, which contains the following three folds: (1) The

OC of an APR is used in the ICP; (2) the alternative

consensus level is proposed to measure the consensus

degree; (3) a weight updating model is proposed to

reaching consensus, while keeping the DMs’ preference

information unchanged.

The main advantages of the proposed methods are:

1. As we use the OC to measure the consistency degrees

of APRs, it does not need to give the CI in advance,

and the OC can assure the basic reasonableness of the

DMs’ judgements.

2. In the CRP, we measure the alternative consensus

levels among all the DMs, which is different to the

consensus of individual DM to the group one. It

depends on how many alternatives the DMs want to

select.

3. In the CRP, a weight-changing model is used to revise

the DMs’ importance, which does not change the DMs’

judgements of ordinally consistent APRs. This will not

distort the DMs’ original judgments.

The remainder of the paper is structured below. Sec-

tion 2 gives the preliminaries of the paper, including the

definition of APR, the weighted arithmetic averaging

(WAA) operator, and the OC of an APR. Section 3 pro-

poses an alternative consensus model of APRs based on

OC. Section 4 provides an example, and a comparative

analysis is also performed. The conclusions are given in

Sect. 5.

2 Preliminaries

In the following, the definitions of the APR, the WAA

operator, and the OC of APRs are reviewed. In addition, an

algorithm to examine and improve the OC of an APR is

also offered.

2.1 The APR

For the sake of simplicity, N ¼ f1; 2; . . .; ng,

M ¼ f1; 2; . . .;mg. X ¼ fx1; x2; . . .; xng ðn� 2Þ denotes a

set of alternatives; D ¼ fd1; d2; . . .; dmg m� 2ð Þ denotes a

set of DMs. Each DM dk, k 2 M, provides his/her com-

parisons on alternatives using a 0–1 scale, and all the

preference values consist of an APR [40–44]. We use P ¼
ðpijÞn�n to represent the APR. pij indicates the preference

degree of the alternative xi over xj:

(1) pij ¼ 0:5 indicates that xi and xj are equally impor-

tant (xi � xj);

(2) 0� pij\0:5 implies xj is better than xi (xj � xi).

Particularly, pij ¼ 0 denotes that xj is definitely

better than xi. While 0:5\pij � 1 reverses.

Definition 1 ([40]). Let P ¼ ðpijÞn�n be a PR, if

pij 2 ½0; 1�, pij þ pji ¼ 1 and pii ¼ 0:5 for all i; j 2 N, then

P is called an ARP.
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2.2 The WAA Operator

In the GDM, APRs provided by different DMs generally

have different levels of importance. Assume wk (k 2 M) be

the weight of a DM, where

Xm

k¼1

wk ¼ 1;wk � 0; k 2 M: ð1Þ

Then, the group APR P ¼ ðpijÞn�n obtained by the WAA

operator [9] is:

pij ¼
Xm

k¼1

wkpij;k; i; j 2 N: ð2Þ

Notice that P is also an APR.

There are so many methods to obtain the priority vector

from an APR. One of the most used methods is the nor-

malizing rank aggregation method [45]. Assume v ¼
ðv1; v2; . . .; vnÞT be the priority vector of an APR

P ¼ ðpijÞn�n, then

vi ¼
2

n2

Xn

j¼1

pij; i 2 N: ð3Þ

Remark 1 Based on Eqs. (1) and (2), we can know that P

is also a APR. Here, we use WAA operator to aggregate the

individual APRs to a group APR. However, other operators

such as OWA operator also can be used to aggregate. If an

OWA is used, in order to keep the reciprocity of group

APR, the weights should be carefully chosen. Further, in

this paper, we assume that initial weight vector is

w ¼ ð1=m; 1=m; . . .; 1=mÞT , and this means all the DMs’

APRs play an equal role in the initial stage.

2.3 The OC of an APR

Consistency is very important for the GDM. If the DM’s

judgments are ordinally inconsistent, it will result in wrong

decisions. The OC is the basic requirement to avoid con-

tradictory judgments. The OC is referred as weak transi-

tivity [46, 47]. The concept of OC of APR was first

proposed by Xu et al. [37], and a procedure to find and

amend the inconsistency entries was also offered in Xu

et al. [37].

Definition 2 An APR P ¼ ðpijÞn�n is OC when for all

i; j; k 2 N, i 6¼ j 6¼ k, the following properties are verified:

1. If pik [ 0:5; pkj � 0:5
� �

or pik � 0:5; pkj [ 0:5
� �

, then

pij [ 0:5;

2. If pik ¼ 0:5; pkj ¼ 0:5
� �

, then pij ¼ 0:5.

Remark 2 If the APR is ordinally inconsistent if it has

contradictory elements rij; rik; rkj for i; j; k 2 N; i 6¼ j 6¼ k

satisfying

pik [ 0:5; pkj � 0:5; pij\0:5
� �

or

pik � 0:5; pkj [ 0:5; pij\0:5
� �

or

pik ¼ 0:5; pkj ¼ 0:5; pij 6¼ 0:5
� �

:

Xu et al. [37] investigated the OCof APRs by the graph theory.

In each situation of Remark 1, a 3-cycle (vi ! vk ! vj ! vi)

appears in the digraph. They also gave the below results:

Theorem 1 [37]. Let P ¼ ðpijÞn�n be an APR, if entries

pik; pkj; pij; i 6¼ j 6¼ kð Þ, satisfy:

(a) pik [ 0:5; pkj � 0:5, or pik � 0:5; pkj [ 0:5, but

pij � 0:5.

(b) pik ¼ 0:5; pkj ¼ 0:5, but pij 6¼ 0:5:

(c) pik ¼ 0:5; pkj ¼ 0:5; pij ¼ 0:5:

Then, there exist 3-cycles in the digraph G of P, and

vice versa.

It should be noted that case (c) in Theorem 1 does not

lead to ordinal inconsistency. When applying Xu et al.

[37]’s method to identify the ordinal inconsistency ele-

ments, more attention should be paid to the case (c) in

Theorem 1. In order to avoid this inconvenience, Xu et al.

[48] devised an improved method, which designed a

modified adjacency matrix as follows.

Definition 3 ([48]). Let P ¼ ðpijÞn�n be an APR, the

adjacency matrix B ¼ ðbijÞn�n of P is

bij ¼
1; pij [ 0:5
f ; pij ¼ 0:5; i 6¼ j

0; otherwise

8
<

: ð4Þ

The ‘‘f’’ is a symbol that represents the indifference

between xi and xj. More detailed explanation can be found

in Xu et al. [48].

Definition 4 ([48]). Let P ¼ ðpijÞn�n, B ¼ ðbijÞn�n be as

before, and E ¼ ðeijÞn�n ¼ B2 	 BT , then the OC index

(OCI) of P is

OCIðPÞ ¼ 1

3

Xn

i¼1

Xn

j¼1

eij; ð5Þ

where 	 denotes the Hadamard product operation, f ¼ 1,

f 2 ¼ 1, f 3 ¼ 0.
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Based on the aforesaid concepts and results, Xu et al.

[48] proposed an algorithm to detect and adjust the ordi-

nally inconsistent entries for APRs.

Algorithm 1 ([48]).

Input: the APR P ¼ ðpijÞn�n.

Output: Output t, EðtÞ, BðtÞ, OCIðPðtÞÞ; and PðtÞ.

Step 1. Let PðtÞ ¼ ðpðtÞij Þn�n ¼ ðpijÞn�n, and t ¼ 0.

Step 2. Establish EðtÞ ¼ ðeðtÞij Þn�n, where

b
ðtÞ
ij ¼

1; p
ðtÞ
ij [ 0:5

f ; p
ðtÞ
ij ¼ 0:5, i 6¼ j

0; otherwise

8
><

>:
ð6Þ

Step 3. Derive EðtÞ, i.e.,

EðtÞ ¼ ðeðtÞij Þn�n ¼ ðBðtÞÞ2 	 ðBðtÞÞT : ð7Þ

That is,

e
ðtÞ
ij ¼

Xn

k¼1

b
ðtÞ
ik b

ðtÞ
kj b

ðtÞ
ji ; 8i; j; k 2 N ð8Þ

Step 4. Using Eq. (9) to obtain the OCIðPðtÞÞ:

OCIðPðtÞÞ ¼ 1

3

Xn

i¼1

Xn

j¼1

e
ðtÞ
ij ð9Þ

If the value of OCIðPðtÞÞ is 0, then go to Step 7.

Otherwise, go to Step 5.

Step 5. Find the maximum entry e
ðtÞ
irjr

in EðtÞ(i.e.,

e
ðtÞ
irjr

¼ maxijfeðtÞij g). Then p
ðtÞ
jrir

is treated as the mostly

ordinally inconsistent entry in PðtÞ. If there are two or

more mostly ordinally inconsistent entries, any incon-

sistent entry can be selected for repairing. Let

Pðtþ1Þ ¼ ðpðtþ1Þ
ij Þn�n, where

p
ðtþ1Þ
ij ; p

ðtþ1Þ
ji

� �
¼

1 
 p
ðtÞ
irjr

; p
ðtÞ
irjr

� �
; p

ðtÞ
irjr

is inconsistent entry and p
ðtÞ
irjr

6¼ 0:5

ð0:4; 0:6Þ; p
ðtÞ
irjr

is inconsistent entry and p
ðtÞ
irjr

¼ 0:5

p
ðtÞ
ij ; p

ðtÞ
ji

� �
; otherwise

8
>>>><

>>>>:

ð10Þ

So we can get a new modified APR Pðtþ1Þ.
Step 6. Let t ¼ t þ 1, then go to Step 2.

Step 7. Output t, EðtÞ, BðtÞ, OCIðPðtÞÞ; and PðtÞ. PðtÞ is

now the modified APR.

Step 8. End.

Please refer to [37, 48] for all the related information.

Remark 3 In Step 5, generally, there are two or more

mostly ordinally inconsistent entries, we select the entry

which is closest to 0.5 to be revised prior. The entry pij is

closer to 0.5, indicating that the DM does not have distinct

preference between the alternative xi and xj. At present,

there are so many methods to measure the distances

between two elements. For simplicity, the Hamming dis-

tance is used to measure the distance between the entry and

0.5, i.e., dðpij; 0:5Þ ¼ jpij 
 0:5j:

Remark 4 If an APR is of OC, the rankings can be

derived immediately.

3 An Alternative Consensus Model of APRs Based
on OC

In the GDM problems, when the APR Pk ¼ ðpij;kÞn�n of

each DM is ordinally consistent, the order Odk
xi

(Odk
xi

is a

permutation of 1, 2, …, n) of xi for APR Pk can be obtained

directly, and the order OG
xi

(OG
xi

is a permutation of 1, 2, …,

n) of xi for the group APR P can be obtained by Eq. (3).

Definition 5 Let wk be the weight of the kth DM, Odk
xi

and

OG
xi

be the order of the alternative xi from the DMs dk’s

APR Pk and group APR P. Then the consensus degree

(CD) of the alternative xi is defined by

CDi ¼
Xm

k¼1

1 

OG

xi

 Odk

xi

�� ��
n
 1

 !
� wk

" #
; i 2 N: ð11Þ

Definition 6 Let ½i� be the alternative ranking in the ith

position. Then the group consensus degree (GCD) is

defined by

GCD ¼ min CD½1�; . . .;CD½i�; . . .;CD½q�
� �

: ð12Þ

Remark 5 q is the number of alternatives that the DM

wants to choose in the group. If only one best alternative is

needed to be selected, it needs the alternative that is ranked

in the first position to achieve the desired consensus level.

Similarly, if we want to choose q alternatives, we should

ensure the minimum consensus level of the top q alterna-

tives’ consensus levels over a certain level.

The aim of the GDM is to rank the alternatives and then

select the best one, and the rankings can be obtained easily

if an APR is ordinally consistent. Thus, OC of APRs is

more suitable to rank the alternatives. In the following, a

consensus model which will only update the DMs’ weights

but do not modify the DMs’ ordinally consistent judge-
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ments will be developed. The main procedure of the con-

sensus measure includes three steps:

1. The OC process. By Algorithm 1, we can obtain the

ordinally consistent APRs.

2. The ranking process. The APRs are ordinally consis-

tent, it is easy to rank the alternatives from the APRs,

and the group ranking of alternatives can be obtained

using Eqs. (2) and (3).

3. The CRP. If the alternative consensus level is lower

than the predefined value, an algorithm is designed to

adjust the weight of each DM based on his/her

contribution to the group.

Algorithm 2

Input: the ordinally consistent individual APRs P
ðtÞ
k ¼

ðpðtÞij;kÞn�n (k 2 M) using Algorithm 1, the group APR

Pr ¼ ðpij;rÞn�n, the weight vector wðrÞ ¼
ðwðrÞ

1 ;w
ðrÞ
2 ; . . .;w

ðrÞ
m ÞT of the DMs in the rth iteration,

and we assume the weight vector in the initial iteration

wð0Þ ¼ ðwð0Þ
1 ;w

ð0Þ
2 ; . . .;w

ð0Þ
m ÞT ¼ ð1=m; 1=m; . . .; 1=mÞ,

parameter d, and d 2 ½0; 1�.
Output: the weight vector wðrþ1Þ ¼
ðwðrþ1Þ

1 ;w
ðrþ1Þ
2 ; . . .;w

ðrþ1Þ
m ÞT of DMs after ðr þ 1Þth iter-

ation, and the GCD of each iteration.

Step 1. Using Algorithm 1 to judge and rectify all the

APRs P
ðtÞ
k ¼ ðpðtÞij;kÞn�n to be ordinally consistent.

Step 2. Obtain the orders Odk
xi;r

of all the alternatives xi

for DM dk in the rth iteration.

Step 3. Aggregate all the individual APRs into a

collective APR PðrÞ ¼ ðpðrÞij Þn�n using the WAA opera-

tor, and then by Eq. (3), we can get the orders OG
xi;r

of the

alternative xi from the group APR PðrÞ.
Step 4. Using Eqs. (11) and (12), the consensus degree

CDi;r of xi, and the group consensus degree GCDr can be

obtained, respectively.

Step 5. The consensus degree CD�s
i;r of xi without the DM

ds can be obtained by Eq. (13):

CD�s
i;r ¼

X

k2Mnfsg
1 


jOGnfdsg
xi;r


 Odk
xi;r

j
n
 1

 !
� uk;r

" #
;where

uk;r ¼
wk;rP

i2Mnfsg
wi;r

;

ð13Þ

where k 2 Mnfsg denotes k 2 M and k 6¼ s. OGnfdsg
xi;r

denotes the ranking orders of the alternative xi from the

group without DM ds in the rth round.

Step 6. Calculate the individual contribution ICs
i;r, which

represents the contribution of DM ds on the alternative xi
in the rth round, where

ICs
i;r ¼ CDr 
 CD�s

i;r; i 2 N: ð14Þ

Step 7. Calculate the contribution GCs
r, which represents

the contribution of the DM ds on all alternatives, where

GCs
r ¼

Xn

i¼1

ICs
i;r ð15Þ

As it can be seen from Eq. (15), the larger the value of

GC is, the more contribution the DM ds to the group

decision, and the DM ds should be assigned a higher

weight.

Step 8. If GCDr � d, then output

wðrþ1Þ ¼ w
ðrþ1Þ
1 ;w

ðrþ1Þ
2 ; . . .;w

ðrþ1Þ
m

� �T
. Otherwise, con-

tinue with the next step.

Step 9. The DM dk’s weight w
ðrþ1Þ
k is revised according

to Eqs. (16) and (17):

tðrþ1Þ
k ¼ w

ðrÞ
k : 1 þ GCk

r

	 
b
; ð16Þ

w
ðrþ1Þ
k ¼ tðrþ1Þ

kPm
k¼1 t

ðrþ1Þ
k

; ð17Þ

where w
ðrÞ
k represent the weight of the DM dk in the rth

iteration. b is a parameter, denoting the influence of

DM’s weight on its contribution, and the larger b is, the

faster it reaches the agreed level of consensus. Go to

Step 3.

The above Algorithm 2 can be depicted in Fig. 1.

4 Illustrative Example and Comparisons

We illustrate the following example and offer comparisons

to demonstrate the effectiveness of the method.

4.1 Illustrative Example

Consider the example shown in [10, 49]. Let us suppose a

group of four DMs dk, (k ¼ 1; 2; . . .; 4) and a set of four
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alternatives xi (i ¼ 1; 2; . . .; 4). The DMs construct the

following four APRs Pk ¼ ðpij;kÞ4�4 ðk ¼ 1; 2; . . .; 4Þ.

P1 ¼

0:5 0:2 0:6 0:4

0:8 0:5 0:9 0:7

0:4 0:1 0:5 0:3

0:6 0:3 0:7 0:5

2
6664

3
7775;

P2 ¼

0:5 0:7 0:9 0:5

0:3 0:5 0:6 0:7

0:1 0:4 0:5 0:8

0:5 0:3 0:2 0:5

2
6664

3
7775;

P3 ¼

0:5 0:3 0:5 0:7

0:7 0:5 0:1 0:3

0:5 0:9 0:5 0:25

0:3 0:7 0:75 0:5

2

6664

3

7775;

P4 ¼

0:5 0:25 0:15 0:65

0:75 0:5 0:6 0:8

0:85 0:4 0:5 0:5

0:35 0:2 0:5 0:5

2
6664

3
7775:

DMs’ APRs

Compute the adjacency 
matrix and the number of 

3-cycles

Calculate the OCI index

The ordinally consistent
APRs

Obtain the orders of all 
alternatives for all DMs

Aggregate all APRs into 
a collective one

Obtain the orders of all 
alternatives for the 

collective APR

Calculate GCD

GCD≥ ?End

Calculate IC 
and GC. 

Update the 
DMs’ weight

No

Yes

Yes No

Find the inconsistency 
entries and modify it

OCI=0?

Fig. 1 Flowchart of the process of consensus model

4.1.1 Stage 1. OC Process

Using Algorithm 1 to judge and improve the OC for all the

APRs, let P
ð0Þ
k ¼ Pk ¼ ðpij;kÞ4�4 ðk ¼ 1; 2; . . .; 4Þ.

By Eq. (6), the adjacency matrices B
ð0Þ
k ¼

ðbð0Þij;kÞ4�4 ðk ¼ 1; 2; . . .; 4Þ of the APRs P
ð0Þ
k ¼

ðpð0Þij;kÞ4�4 ðk ¼ 1; 2; . . .; 4Þ are:

B
ð0Þ
1 ¼

0 0 1 0

1 0 1 1

0 0 0 0

1 0 1 0

2

664

3

775; B
ð0Þ
2 ¼

0 1 1 f

0 0 1 1

0 0 0 1

f 0 0 0

2

664

3

775;

B
ð0Þ
3 ¼

0 0 f 1

1 0 0 0

f 1 0 0

0 1 1 0

2
664

3
775; B

ð0Þ
4 ¼

0 0 0 1

1 0 1 1

1 0 0 f

0 0 f 0

2
664

3
775:

By Eq. (7), we have

E
ð0Þ
1 ¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2

664

3

775; E
ð0Þ
2 ¼

0 0 0 2

1 0 0 0

1 0 0 0

0 1 1 0

2

664

3

775;
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E
ð0Þ
3 ¼

0 2 1 0

0 0 1 1

1 0 0 1

2 0 0 0

2
664

3
775; E

ð0Þ
4 ¼

0 0 1 0

0 0 0 0

0 0 0 1

1 0 0 0

2
664

3
775:

By Eq. (9), we have

OCIðPð0Þ
1 Þ ¼ 0;OCIðPð0Þ

2 Þ ¼ 2;OCIðPð0Þ
3 Þ ¼ 3;OCIðPð0Þ

4 Þ
¼ 1:

Thus, P
ð0Þ
1 is ordinally consistent. There are two 3-cy-

cles, three 3-cycles, one 3-cycle in P
ð0Þ
2 , P

ð0Þ
3 , P

ð0Þ
4 ,

respectively.

P2 should be improved to be ordinally consistent,

e
ð0Þ
14;2 ¼ maxij e

0ð Þ
ij;2

n o
¼ 2, p

ð0Þ
41;2 is the mostly ordinally

inconsistent element. By Eq. (10), p
ð1Þ
41;2 ¼ 0:4, p

ð1Þ
14;2 ¼ 0:6.

P
ð1Þ
2 ¼

0:5 0:7 0:9 0:6
0:3 0:5 0:6 0:7
0:1 0:4 0:5 0:8
0:4 0:3 0:2 0:5

2
664

3
775

and

B
ð1Þ
2 ¼

0 1 1 1

0 0 1 1

0 0 0 1

0 0 0 0

2

664

3

775; E
ð1Þ
2 ¼

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

2

664

3

775:

By Eq. (9), OCIðPð1Þ
2 Þ ¼ 0. Therefore, P

ð1Þ
2 is of OC.

For P
ð0Þ
3 , as e

ð0Þ
12;3 ¼ e

ð0Þ
41;3¼ 2, and dðpð0Þ21;3; 0:5Þ ¼

j0:7 
 0:5j ¼ 0:2, dðpð0Þ14;3; 0:5Þ ¼ j0:7 
 0:5j ¼ 0:2; thus,

we choose p
ð0Þ
21;3 to be repaired randomly. We set

p
ð1Þ
21;3 ¼ 0:3, p

ð1Þ
12;3 ¼ 0:7. That is

P
ð1Þ
3 ¼

0:5 0:7 0:5 0:7
0:3 0:5 0:1 0:3
0:5 0:9 0:5 0:25

0:3 0:7 0:75 0:5

2

664

3

775:

By Eq. (9), OCIðPð1Þ
3 Þ ¼ 1, we set p

ð2Þ
13;3 ¼ 0:6,

p
ð2Þ
31;3 ¼ 0:4. Then, we have

P
ð2Þ
3 ¼

0:5 0:7 0:6 0:7
0:3 0:5 0:1 0:3
0:4 0:9 0:5 0:25

0:3 0:7 0:75 0:5

2
664

3
775;

and OCIðPð2Þ
3 Þ ¼ 0

Similarly, we set p
ð1Þ
43;4 ¼ 0:4, p

ð1Þ
34;4 ¼ 0:6. That is:

P
ð1Þ
4 ¼

0:5 0:25 0:15 0:65

0:75 0:5 0:6 0:8
0:85 0:4 0:5 0:6
0:35 0:2 0:4 0:5

2
664

3
775;

and OCIðPð1Þ
4 Þ ¼ 0.

Then, the consensus process is activated.

4.1.2 Stage 2. Consensus Stage

Step 1. According to the ordinally consistent APRs P
ð0Þ
1 ,

P
ð1Þ
2 , P

ð2Þ
3 , and P

ð1Þ
4 , the alternative rankings are detailed

in Table 1.

Step 2. When r ¼ 0, wð0Þ ¼ ðw1;w2;w3;w4ÞT ¼ ð0:25;

0:25; 0:25; 0:25ÞT . Then we can get the aggregated APR.

Pð0Þ ¼

0:5 0:4625 0:5625 0:5875

0:5375 0:5 0:5500 0:6250

0:4375 0:4500 0:5 0:4875

0:4125 0:3750 0:5125 0:5

2
664

3
775

Using Eq. (3), we obtain

v1 ¼ ð0:5 þ 0:4625 þ 0:5625 þ 0:5875Þ=8 ¼ 0:2641;

and

v2 ¼ 0:2766; v3 ¼ 0:2344; v4 ¼ 0:225:

Thus, the ranking of the collective APR Pð0Þ is

x2 � x1 � x3 � x4.

Step 3. Based on the alternative rankings in Table 1 and

the ranking of the group, using Eqs. (11) and (12), we

can obtain the CDi (i ¼ 1; 2; 3; 4) for each alternative xi
(i ¼ 1; 2; 3; 4). When the DM wants to select only one

best alternative (i.e., q ¼ 1), then GCD ¼ CD2 ¼ 0:6667

as alternative x2 ranks first in the collective APR.

Similarly, when the DM wants to select two alternatives

(i.e., q ¼ 2), then GCD ¼ minfCD2;CD1g ¼ 0:6667 as

alternatives x2 and x1 are ranked in the first and second

position. Table 2 lists the values of CDi (i ¼ 1; 2; 3; 4),

and the group consensus level when q ¼ 1 and q ¼ 2 in

the initial round r ¼ 0, respectively.

Table 1 Alternative orders from individual experts

Expert Order OG
x1

OG
x2

OG
x3

OG
x4

d1 x2, x4, x1, x3 3 1 4 2

d2 x1, x2, x3, x4 1 2 3 4

d3 x1, x4, x3, x2 1 4 3 2

d4 x2, x3, x1, x4 3 1 2 4

1824 International Journal of Fuzzy Systems, Vol. 21, No. 6, September 2019

123



Step 4. Assume the threshold value d ¼ 0:99 and the

parameter b ¼ 1. To measure the contribution of each

DM, we obtain the aggregated values without one

particular DM. The weight vector is wð0Þ ¼ ð1=3;

1=3; 1=3ÞT . Table 3 shows the new orders without one

particular DM, and Table 4 lists the consensus degree by

Eq. (13) without one particular DM.

Step 5. Calculate ICs
i;0 and GCs

0 (s ¼ 1; 2; 3; 4) by

Eqs. (14) and (15), which are displayed in Table 5.

Step 6. Using Eq. (16) and Eq. (17), we revise the

weights of DMs based on their contributions to the group

consensus, wð1Þ ¼ ð0:2656; 0:2656; 0:2031; 0:2656ÞT . By

Eq. (2), we obtain the new APR:

Pð1Þ ¼

0:5 0:4476 0:5601 0:5804

0:5523 0:5 0:5781 0:6452

0:4398 0:4218 0:5 0:5023

0:4195 0:3546 0:4976 0:5

2

664

3

775

Therefore, the ranking of the collective APR Pð1Þ is

x2 � x1 � x3 � x4. Tables 6, 7, 8, and 9 list the CDi

(i ¼ 1; 2; 3; 4), and the GCD of alternatives, new group

orders without one particular DM, the new alternative

consensus level without one particular DM, the contri-

butions of DMs for r ¼ 1, respectively.

The algorithm stops after 10 iterations. The detailed

weights of DMs, individual consensus degrees, and the

GCD for each iteration are listed in Tables 10, 11, and

12, respectively.

While the DM’s weights change, the group CRP

achieved a predefined threshold gradually. Figure 2

shows the detailed process for q ¼ 1 and q ¼ 2.

From Fig. 2, we can obtain the characteristics of the

developed method:

1. The GCD increases gradually while the weights of the

DMs are changed. Specifically, the weight of DM d2

increases, the weights of other three DMs decrease,

and finally, the weight of DM d2 almost equals to 1,

which shows the DM d2 is the most important in the

group, and can be looked as an autocratic leader.

Table 2 The values of CDi and GCD (r = 0)

Alternative consensus CD1 CD2 CD3 CD4

0.6667 0.6667 0.8333 0.6667

Group consensus (q = 1) GCD = CD2 = 0.6667

Group consensus (q = 2) GCD ¼ min CD1;CD2f g ¼ 0:6667

Table 3 New group orders

without one particular DM

(r = 0)

Without DM ds New group order OGn dsf g
x1

OGn dsf g
x2

OGn dsf g
x3

OGn dsf g
x4

d1 x1, x3, x2, x4 1 3 2 4

d2 x2, x4, x1, x3 3 1 4 2

d3 x2, x1, x3, x4 2 1 3 4

d4 x1, x2, x4, x3 1 2 4 3

Table 4 New alternative consensus level without one particular DM

(r = 0)

x1 x2 x3 x4

CD
�1
i

0.7778 0.5556 0.7778 0.7778

CD
�2
i

0.7778 0.6667 0.6667 0.7778

CD
�3
i

0.6667 0.8889 0.7778 0.7778

CD
�4
i

0.7778 0.6667 0.7778 0.6667

Table 5 Contribution of the experts (r = 0)

d1 d2 d3 d4

GC - 0.0556 - 0.0556 - 0.2778 - 0.0556

Table 6 Consensus level to alternatives (r = 1)

Alternative consensus CD1 CD2 CD3 CD4

0.6666 0.7083 0.8228 0.6874

Group consensus (q = 1) GCD = CD2 = 0.7083

Group consensus (q = 2) GCD ¼ min CD1;CD2f g ¼ 0:6666

Table 7 New group orders without a particular DM (r = 1)

Without expert New group order

d1 x1, x3, x2, x4

d2 x2, x4, x3, x1

d3 x2, x1, x3, x4

d4 x1, x2, x4, x3
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2. In the CRP, the group rankings for alternatives may be

changed. In the 4th iteration (r ¼ 4), the alternative

ranking is x2 � x1 � x3 � x4, and it is x2 � x1 � x3 �
x4 in the 5th iteration (r ¼ 5), which is same as the DM

d2’s ranking. This is why the weight of DM d2

increases, and the other three weights decrease while

the consensus degree approaches the predefined

threshold.

4.2 Comparisons with the Existing Methods

4.2.1 Comparison With Wu and Xu [10]’s Method

Wu and Xu [10] investigated the consensus problem for the

illustrative example. Their method included two processes:

individual consistency control process and the CRP. In the

consistency control process, they used the additive con-

sistency property of APRs to measure whether an APR is

consistent and established an algorithm to make an

inconsistent APR to turn into one with acceptable consis-

tency. In the illustrative example, they set the consistency

threshold CI ¼ 0:1, and obtained the CIðP1Þ ¼ 0,

CIðP2Þ ¼ 0:1417, CIðP3Þ ¼ 0:1875, CIðP4Þ ¼ 0:0917: As

the consistency degrees of DMs d2 and d3 are higher than

the threshold, they used their proposed algorithm to modify

P2 and P3 to be additively consistent. The modified P2 and

P3 are (here, they set b ¼ 0:9):

Table 10 Weights of experts for each iteration

w(r) d1 d2 d3 d4

r = 0 0.25 0.25 0.25 0.25

r = 1 0.2656 0.2656 0.2031 0.2656

r = 2 0.2636 0.3133 0.1596 0.2636

r = 3 0.1974 0.3885 0.1380 0.2761

r = 4 0.1322 0.4980 0.1096 0.2602

r = 5 0.1017 0.5928 0.1093 0.1962

r = 6 0.0715 0.7108 0.0830 0.1347

r = 7 0.0438 0.8225 0.0531 0.0807

r = 8 0.0238 0.9035 0.0295 0.0432

r = 9 0.0120 0.9515 0.0150 0.0215

r = 10 0.0058 0.9767 0.0073 0.0103

Table 9 Contribution of the DMs (r = 1)

d1 d2 d3 d4

GC - 0.0227 0.1617 - 0.2260 - 0.0227

Table 8 New alternative consensus level without one particular DM

(r = 1)

x1 x2 x3 x4

CD
�1
i

0.7589 0.5461 0.7872 0.8156

CD
�2
i

0.4823 0.7234 0.7589 0.7589

CD
�3
i

0.6667 0.8889 0.7778 0.7778

CD
�4
i

0.7589 0.6950 0.7872 0.6667

Table 11 Consensus degrees for each iteration

Iteration CD1 CD2 CD3 CD4

r = 0 0.6667 0.6667 0.8333 0.6667

r = 1 0.6666 0.7083 0.8228 0.6874

r = 2 0.6667 0.7361 0.8244 0.7180

r = 3 0.6667 0.7325 0.8422 0.7764

r = 4 0.6667 0.7244 0.8692 0.8388

r = 5 0.8014 0.8278 0.9007 0.8593

r = 6 0.8625 0.8759 0.9313 0.8970

r = 7 0.9171 0.9232 0.9586 0.9355

r = 8 0.9553 0.9580 0.9777 0.9645

r = 9 0.9777 0.9788 0.9888 0.9820

r = 10 0.9894 0.9899 0.9947 0.9914

Fig. 2 Group consensus process with the change of DM weights
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P2 ¼

0:5 0:67 0:83 0:59

0:33 0:5 0:59 0:68

0:17 0:41 0:5 0:72

0:41 0:32 0:28 0:5

2

6664

3

7775;

P3 ¼

0:5 0:44 0:48 0:58

0:56 0:5 0:22 0:32

0:52 0:78 0:5 0:36

0:42 0:68 0:64 0:5

2
6664

3
7775:

It is obvious that the revised P2 and P3 are greatly dif-

ferent from the original ones. When setting different bs, it

will get different results and the iterations are also differ-

ent. Furthermore, if we use Algorithm 1 to verify the

revised P3, it still contains two 3-cycles. One of the cycles

is x1 � x4 � x2 � x1. Furthermore, Wu and Xu [10]

thought P4 is additively consistent. As we have verified, it

contains one 3-cycle. Therefore, Wu and Xu [10]’s additive

consistency cannot assure the DMs’ preferences without

contradiction, which makes their results unreliable.

4.2.2 Comparison with Other Similar Methods

Chiclana et al. [49] first investigated the consensus problem

for Example 1. The consensus model they presented for

APRs dealt with consistency and consensus. In the con-

sistency process, Chiclana et al. [49] regarded P2 and P3

are not of (additive) consistency (AC), but P4 is of AC.

Then, based on the AC consistency property, they devel-

oped a consistency model which generates the recom-

mendations which help the DMs to modify their

preferences to increase the consistency. The consensus

model then is sought after. It also generates the advices to

change the DMs’ preferences. In our OC process, it is

verified that P4 is not ordinally consistent, which means

that there are contradictory judgements in P4. Therefore,

AC cannot assure whether there exist contradictory

judgements for an APR. Furthermore, in the consistency

and consensus processes, Chiclana et al. [49] changed so

many pairwise comparisons, distorting the DMs’ initial

judgements greatly. However, the proposed method in this

paper can keep most of the DMs’ original judgements

unchanged, which will make the final decision more

reliable.

Based on the maximizing group consensus for APRs, Xu

and Cai [9] established several goal programming models

and quadratic programming models. There are two main

drawbacks of Xu and Cai [9]’s method. First, they did not

consider the individual consistency of APRs, which cannot

assure whether the DMs’ information is reasonable. Actu-

ally, most of the APRs are not of OC, which makes the

final decision unreliable. Second, in the CRP, Xu and Cai

[9]’s method not only changes the DMs’ weights, but also

modifies the DMs’ judgments, which will distort the DMs’

original information. There are also similar problem for Xu

et al. [11]’s method.

5 Conclusion

In the above, we have proposed an alternative consensus

model for APRs in the GDM problem. Its main charac-

teristics are:

1. It has two courses: ICP and CRP. The OC of APRs is

used in the ICP, while the cardinal consistency is

generally used in the existing literature. As we know,

cardinal consistency within a certain predefined level

cannot assure that there are no contradictory judgments

in the APRs. Thus, it is more reasonable to use the OC.

2. In the CRP, an alternative consensus level is defined to

measure the group consensus level. As the aim of the

group is to decide the best alternative, alternative

consensus of all the DMs is more rationale to select the

alternatives.

3. The weight updating does not modify the DMs’

ordinally consistent APRs, which intends to keep the

DMs’ initial information to the greatest extent.

Nowadays, a GDM process generally involves a large

scale of DMs. Therefore, it is unrealistic to modify most of

the DMs’ judgements in the CRP. Thus, the proposed

method has the potential to be extended to deal with large-

scale GDM problems [36, 50–52], which will be left for

our future research.

Table 12 Group consensus for

each iteration
Group consensus r = 0 r = 1 r = 2 r = 3 r = 4 r = 5 r = 6

q = 1 0.6667 0.7083 0.7361 0.7325 0.7244 0.8278 0.8759

q = 2 0.6667 0.6666 0.6667 0.6667 0.6667 0.8014 0.8625

Group consensus r = 7 r = 8 r = 9 r = 10

q = 1 0.9232 0.9580 0.9788 0.9899

q = 2 0.9171 0.9553 0.9777 0.9894
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