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Abstract Nested probabilistic-numerical linguistic term
sets (NPNLTSs), which can be used to express two layers
of evaluation information from qualitative and quantita-
tive views, increase the flexibility of representing the
nested uncertain information. In order to enhance and
extend the applicability of the NPNLTSs, in this paper, we
mainly investigate and develop some different types of
distance and similarity measures for NPNLTSs. Firstly, a
family of distance and similarity measures between two
NPNLTSs with their properties and proofs are proposed.
Then, we further establish a variety of weighted distance
and similarity measures between two collections of
NPNLTSs in discrete case, continuous case and ordered
weighted case, respectively. Based on that, an approach
based on the proposed measures is put forward to deal with
multi-attribute decision-making problems. After that, a
practical application concerning the evaluation of medical
treatment is given to illustrate the usability and effective-
ness of the proposed approach. Finally, some comparisons
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and analyses are provided from three angles including the
impact of using various decision-making methods, various
distance and similarity measures and the changed focal
parameters.

Keywords Nested probabilistic-numerical linguistic term
sets - Distance measure - Similarity measure - Multi-
attribute decision making - Evaluation of medical treatment

1 Introduction

Fuzzy linguistic approach, which was first introduced by
Zadeh [42], has been extended into several different
models [5, 27, 28, 32]. It has attracted a lot of attention
recently, due to its effectiveness and practicality in repre-
senting uncertainty and vagueness of meanings whose
nature is qualitative rather than quantitative [41]. In recent
years, the most popular extended fuzzy linguistic approa-
ches have been based on hesitant fuzzy linguistic term sets
(HFLTSs) [23] or probabilistic linguistic term sets (PLTSs)
[22]. Since HFLTSs focus on the comparative linguistic
expressions where the decision makers (DMs) can propose
several possible linguistic terms at the same time based on
hesitant fuzzy sets (HFSs) [26] and linguistic term sets
(LTSs) [42], they increase the flexibility and capability of
eliciting and representing linguistic information. On the
other hand, PLTSs can express different importance
degrees of the linguistic terms where the DMs hesitate
among some linguistic terms; that is to say, it permits the
DMs to use several linguistic terms to assess a linguistic
variable, and these linguistic terms can be further calcu-
lated together with their associated probabilities. Since
HFLTSs and PLTSs provide merits in depicting the DM’s
cognitions and preferences, many researchers have studied
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them in qualitative decision making. For example, based on
HFLTSs, lots of researches which contain basic operational
laws [23, 31], aggregation operations [11], information
measures including distance [9, 17], correlation [18],
entropy [12] have been made. For another, with PLTSs, the
basic operation [22], the improved operation [11], deci-
sion-making approach [16], etc., have also been studied.

It should be noted that HFLTSs and PLTSs were
introduced to handle the decision-making problems which
are represented in qualitative situations. However, in the
face of increasingly complicated environment, uncertainty
often contains both qualitative information and quantitative
information in a certain problem. For instance, when
evaluating the “performance” of a sensor, the qualitative
terms such as “good,” “medium” and “bad” can be used;
meanwhile, when evaluating the “error” of the sensor, it
should be given a numerical information. Additionally,
HFLTSs and PLTSs have some limitations due to the fact
that they can only express a layer of evaluation information
about the relevant attributes. However, some complex
multi-attribute decision-making problems contain nested
information, and the whole process needs to be evaluated
twice so that the experts can make full use of decision
information to get more accurate result. Motivated by
PLTSs, Wang et al. [29] proposed the concept of the nested
probabilistic-numerical linguistic term sets (NPNLTSs),
which provides a different and more powerful form to fully
represent the DMs’ preferences with qualitative informa-
tion and quantitative information in the decision-making
process. Besides, by using NPNLTSs, an extended TOPSIS
method has been proposed to deal with multi-attribute
group decision-making problem [29]. Later, with the nes-
ted probabilistic-numerical linguistic information, an opti-
mization problem about tracking maneuvering target by
multiple-sensors problem has been solved [30].

In order to apply NPNLTSs to deal with multi-attribute
decision-making problems more effectively, we should pay
more attention to the basic characteristics about NPNLTSs,
in particular distance and similarity measures which are the
basis of some well-known methods, such as TOPSIS [3],
VIKOR [20] and ELECTRE [4]. Furthermore, these mea-
sures are also fundamentally important in many scientific
fields, such as decision making [34], machine learning [13]
and pattern recognition [2]. Therefore, distance and simi-
larity measures are common tools and have been widely
used in measuring the deviations and the closeness degrees
of different arguments [17]. Up to now, many scholars
have paid great attention to this issue and have achieved
many results, which can be roughly classified into two
sorts: one sort is mainly based on the traditional distance
measures, such as the Hamming distance [40], the

Euclidean distance [40] and the Hausdorff metric [10]. And
the other is on the basis of some weighted distance oper-
ators, such as the ordered weighted distance measures
[36, 38, 39], the hybrid weighted distance measures [35]
and the fuzzy ordered distance measures [24]. Furthermore,
all these distance measures have been extended into fuzzy
sets [21], intuitionistic fuzzy sets [25], interval-valued
intuitionistic fuzzy sets [1, 19], linguistic fuzzy sets [8],
hesitant fuzzy sets [37] and HFLTSs [17]. Therefore, in
this paper, we focus on investigating the distance and
similarity measures for NPNLTSs, not only over one single
aspect, but also consider multiple aspects in discrete case,
continuous case and ordered weighted situation. Addi-
tionally, an approach based on these measures would be
proposed to deal with a multi-attribute decision-making
problem with NPNLTSs. Moreover, in order to understand
the effects of different distance measures, various decision-
making methods and the changed focal parameters on the
results, we make some experiment simulations about the
case study considering the evaluation of medical treatment.
The contribution of this paper lies in the following aspects:

(I) Based on some well-known traditional distance
measures over one single aspect, the distance and
similarity measures for two NPNLTSs with their
properties and proofs are proposed.

(2) Considering multiple aspects in three situations,
which are the discrete case, the continuous case and
the ordered weighted case, respectively, the distance
and similarity measures for two collections of
NPNLTSSs are provided.

(3) A decision-making approach with the proposed
distance and similarity measures is provided, and
we apply to a case study considering the evaluation
of medical treatment.

(4) Some comparisons and analyses by experiment
simulations are completed from three angles includ-
ing various decision-making methods, various dis-
tance and similarity measures and some changed
focal parameters.

To do so, the rest of this paper is organized as follows:
Sect. 2 presents the concept of the linguistic term sets and
the nested probabilistic-numerical linguistic term sets. In
Sect. 3, we give definitions and properties of distance and
similarity measures for two NPNLTSs and for two col-
lections of NPNLTSs in three cases. In Sect. 4, we propose
a decision-making approach based on the proposed dis-
tance measures. Section 5 makes comparative analysis and
discussion by experiment simulations from three aspects.
Section 6 ends the paper with some conclusions.
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2 Linguistic Term Sets and Nested Probabilistic-
Numerical Linguistic Term Sets

Since linguistic terms express the DMs’ knowledge more
comfortably and straightforward in the process of decision
making, they have been considered to be closer to human
being’s cognitive processes [41] and provide good appli-
cation results in many fields [6, 7, 12, 33]. In the following,
we recall the concept of the linguistic term sets and further
introduce the nested probabilistic-numerical linguistic term
sets.

2.1 Linguistic Term Sets

Zadeh first proposed the fuzzy linguistic approach to pre-
sent the linguistic information, and its definition was given
as follows [41]:

Definition 1 [41] A linguistic variable is characterized by
a quintuple (H,T(H),U,G,M), where H is the name of
variable; T(H) denotes the term set of H, i.e., the set of its
linguistic values; U is a universe of discourse; G is a
syntactic rule for generating the terms in T(H); and M is a
semantic rule for associating each linguistic value X with
its meaning, M (X) is a fuzzy subset of U.

Obviously, a linguistic variable depends on its linguistic
descriptors and semantics, and many different ways choose
the linguistic descriptor including the ordered structure
approach and the context-free grammar approach to define
its semantic [14]. Additionally, three ways can define the
corresponding semantics: (1) based on an ordered structure
of the linguistic term set; (2) based on membership func-
tions and a semantic rule; and (3) mixed semantics. Up to
now, many researchers have mainly studied the ordered
structure approach and the semantics based on the ordered
structure of the linguistic term set. Based on the above
method, all the terms of the linguistic set are distributed on
a scale [14, 15]. For example, the well-known set of seven
linguistic terms is given as (see Fig. 1):

Moreover, the semantics based on the ordered structure
of the linguistic term set introduce the semantics over the
linguistic term set. For instance, the above linguistic term

set of seven terms with its syntax and fuzzy semantics
representation can be shown in Fig. 2.

2.2 Nested Probabilistic-Numerical Linguistic Term
Sets

Probabilistic linguistic term sets (PLTSs), which permit the
DMs to hesitate among some linguistic terms with their
associated probabilities, are a powerful structure in
reflecting the importance degrees of the corresponding
linguistic terms.

Definition 2 [22] Let S; = {s0, 51, . -
term set, a PLTS can be defined as:

., 8¢} be a linguistic
L(p) = {L‘” P)ILY € 81, pN >0, k=1,2,... . #L(p),

#L(p)
> <t
k=1
(1)

where L% (p<k>) is the linguistic term L*) associated with

the probability p®*), and #L(p) is the number of all dif-
ferent linguistic terms in L(p).

Similar to the situations of PLTS, where the DMs may
hesitate among some linguistic terms with their associated
probabilities when evaluating an alternative, in a complex
circumstance which contains both qualitative and quanti-
tative information, the DMs may not only hesitate between
several linguistic terms, but also have nested numerical
information about the above linguistic terms. Hence,
motivated by PLTSs, Wang et al. [18] introduced the
nested probabilistic-numerical linguistic term  sets
(NPNLTSs) and the normalized NPNLTSs (N-NPNLTSs)
as follows:

Definition 3 [29] Let NPN = {OL(p){IL(v)}} be a
nested probabilistic-numerical  linguistic term  set
(NPNLTS), which consists of an outer-layer probabilistic
linguistic term set (OPLTS) OL(p) and an inner-layer
numerical linguistic term set (INLTS) IL(v), i.e.,

S ={s, = none,s, =very low,s, = low, s, = medium, s, = high,s; = very high, s, = perfect}

none very low low medium high  very high  perfect
\ \ | | | I \
So S, S, S S, S, S,

Fig. 1 The set S of seven linguistic terms
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SO Sl Sz S3 S4 S5 S6
none very low low medium high very high perfect
0 0.17 0.33 0.5 0.67 0.83 1

Fig. 2 The set S of seven linguistic terms with its semantics

Table 1 The comparison of some popular fuzzy sets

Fuzzy sets Type of information

Type of variable

Expert weight information

NPNLTSs [29]
HFLTSs [23]
PLTSs [22]

Qualitative and quantitative
Qualitative

Qualitative

Ordinal and nominal variables Complete
Ordinal variables Partial
Ordinal variables Complete

OL(p) = {OL( ( )\OL € 0s, p >0,

o 2)
k=1,2,...,#O0L(p Z }
k=1
_ o (,0 0 0]
IL(v) = {IL(k> (vi0 )Ly € 18, v >0,
(3)
=1,2,...,#0L(p),l =1,2,.. .,#IL(V)}
where OS = {s,J0 =0,1,2,...,7} and IS = {ng|f =
0,1,2,...,¢} are called an outer-layer linguistic term set

(OLTS) and an inner-layer linguistic term set (ILTS),
respectively, in the nested linguistic term set (NLTS)
NS = {s,{ng}}. OLW(p®)) is the kth outer-layer lin-
guistic term element (OLTE) in the OLTS associated with
), and #OL(p) is the number of the

linguistic term element in OL(p). ILE )>( E)) is the Ith

the probability p

inner-layer linguistic term element (ILTE) in the ILTS
associated with the value VEQ) under kth OLTE, and #IL(v)
is the number of the linguistic term element in IL(v).

Definition 4 [29] Let NPN={OL"(p){IL"(v)}} be a
normalized NPNLTS (N-NPNLTS) that consists of a nor-
malized OPLTS OL"(p) and a normalized INLTS LY (v):

OLY(p) = {OLNU‘) (pN<k)> IOLM® ¢ 08, p® >0,

T+1
k= 1,2,...,f+17sz<k> = 1}
k=1
(4)

LY (v) = {IL()(V >|IL e1s, 120 >0,
w0 (t) 5)

k:l,2,---,r+1,l:1,2,...,g+1}

where pN® = p( /Zk 1% and v /Z”l

Remark 1  According to definitions above, the OLTS and
the ILTS in a NPNLTS can not only consist of ordinal
variables like PLTSs, but also consist of nominal variables.
Therefore, there are four cases obviously. Case 1: the ele-
ments of the OLTS and the ILTS are both ordinal variables;
Case 2: the elements of the OLTS and the ILTS are ordinal
variables and nominal variables, respectively; Case 3: the
elements of the OLTS and the ILTS are nominal variables
and ordinal variables, respectively; Case 4: the elements of
the OLTS and the ILTS are both nominal variables.

Since there have been some popular fuzzy sets to
describe complex and uncertain information, we make
some comparisons of NPNLTSs and these fuzzy sets which
are presented in Introduction. Table 1 shows the merits of
NPNLTSs [29] compared with other popular types of fuzzy
sets, such as HFLTSs [23] and PLTSs [22].

Example 1 Let OS and IS be an OLTS and an ILTS in a
NLTS, respectively, i.e.,
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os = {s¢ : poorstudent, s; : average student, s, : topstudent}

IS = {np : attention score, n; : attitude score, n, : intelligence score}

Then, there are two N-NPNLTSs as follows:
SQ(O3){1’10(07),1’11(05),1’12(08)},
S1 (04){]’10(08)7”1(06), n2(0.8)}, s
$2(0.3){n(0.9),n,(0.7),n,(0.7) }

on._J $0(06){n0(0.7),m1(0.5), m(0.8)},
NPNz_{ sl(0.4){"0(0.8),n](0.6),n2(0.8)}}

NPN, =

where OLY (p) and OLY (p) are OLY (p)={s0(0.3), 51(0.4),
52(0.3)}, OLIZV(p):{SO(Oﬁ), 51(04)} and ILN(v) s
ILY (v) = {{no(0.7), n1(0.5), n2(0.8)}, {no (0.8),n:(0.6),
n2(0.8)}, {n0(0.9),1,(0.7),n2(0.7) } }.

Here, for a student, NPN; means the probabilities of the poor
student, average student and top student are 0.3, 0.4 and 0.3,
respectively. Meanwhile, the attention score, attitude score and
intelligence score for poor student are 0.7, 0.5 and 0.8,
respectively, for average student are 0.8, 0.6 and 0.8, respec-
tively, and for top student are 0.9, 0.7 and 0.7, respectively.
Similarly, we can interpret the meaning for NPN».

3 Distance and Similarity Measures
with NPNLTSs

Since the distance and similarity measures are very
important to calculate the deviation and closeness degrees
of different arguments, and the existing measuring methods
cannot be used to deal with the relevant measures with
NPNLTSs, it is necessary to study the distance and simi-
larity measures over NPNLTSs. In this section, we propose
a family of distance and similarity measures between two
NPNLTSs and two collections of NPNLTSs.

3.1 Distance and Similarity Measures Between Two
NPNLTSs

Inspired by the existing research analyzed in Introduction, we
set out our investigation from two aspects, which are the
extensions of the traditional distance and similarity measures
and on the basis of different types of some weighted forms,
respectively. Suppose that the NPNLTSs are all N-NPNLTSs
in this paper for the sake of the convenient calculation. In the
following, we first put forward the axioms of distance and
similarly measures for NPNLTSs:

Definition 5 Let OS = {s,Jo0 =0,1,2,...,7} and IS =
{ng|p=0,1,2,...,¢c} be an OLTS and an ILTS, respec-
tively, NPN; and NPN, be two NPNLTSs, then the

@ Springer

distance measure between NPN; and NPN, is defined as
d(NPN;,NPN,), which satisfies:

(1)  0<d(NPN;,NPN) <1;
(2) d(NPN{,NPN,) = 0 if and only if NPN; = NPNj;
(3) d(NPN;,NPN,) = d(NPN,, NPN).

As the complementary concept of distance measure, the
similarity measure between two NPNLTSs can be descri-
bed in the next definition:

Definition 6 Let OS = {5,/ =0,1,2,...,7} and IS =
{np|p=0,1,2,...,¢} be an OLTS and an ILTS, respec-
tively, NPN; and NPN, be two NPNLTSs, then the simi-
larity measure between NPN; and NPN, is defined as
p(NPNy,NPN;), which satisfies:

(1)  0<p(NPN;,NPN,) <1
(2)  p(NPN;,NPN;) = 1 if and only if NPN; = NPNy;
(3) p(NPN;,NPN,) = p(NPN,, NPN,).

It is similar to the axioms of distance and similarity
measures for HFSs and HFLTSs given by Xu [37] and Liao
[17], respectively. And the three conditions of each axiom
are easy to be understood and essential for the definitions
of the measures. It can be easy to see that the relationship
between the distance and similarity measures is:

p(NPN;,NPN,) = 1 — d(NPN;,NPN,) (6)

Hence, in this paper, we mainly discuss the distance
measures of N-NPNLTSs, and the corresponding similarity
measures can be obtained by Eq. (6).

In general, different NPNLTSs have different numbers
of OPLTSs or INLTSs in real applications, such as
Example 1. In order to operate correctly when comparing
two NPNLTSs, we first propose a method to add the ele-
ments under different cases in a NPNLTS.

Definition 7 Let NPN; = {OL!" (,,g’ﬂ)) {ILEI” (VEM) }}

and NPN, = {oLg@ (p<2k2>) {1L<212> (ng) }} be two

NPNLTSs, where k; = 1,2,...,#0L;(p1),k» = 1,2,...,
#OLz(pz),ll = 1,2,...,#IL1(V1) and 12: 1,2,...,
#IL2(v2),  #OLi(p1), #OLa(p2), #ILi(vi) and #
IL,(v,) are the numbers of the OLTS in OL,(p;), OL(p2)
and the ILTS in IL (v ), IL,(v,), respectively. Suppose that
#O0L, (Pl) <#OL2(p2) and #IL, (Vl) < #ILz(Vg), then we
can add the elements for the sake of convenient calculation
under different cases as follows:

Case 1 Add min(OL;), min(IL;),OL; € OL,IL; € IL
with  p;=0,v;=0 until #OL,(p;) = #OLy(p>),
#IL, (v;) = #IL,(v2), respectively.

Case 2 Add min(OL;),OL; € OL with p; =0 until
#OL,(p;) = #0L,(p2) and add the missing linguistic
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terms in the ILTS with the estimated values until
#IL[ (V]) = #ILQ(Vz).

Case 3 Add the missing linguistic terms in the OLTS
with the estimated probabilities until #OL,(p;) =
#OL,(p,), and add min(/L;),IL; € IL with v; =0 until
#IL1 (v1) = #ILa(v2).

Case 4 Add the missing linguistic terms in the OLTS
and the ILTS with the estimated probabilities and values
until #OL(p1) = #OLy(p2).#IL1 (v1) = #ILy(v2),

respectively.

Then, we further give the definitions and properties of
different distance measures between two NPNLTSs under
different cases as follows:

Definition 8 Let OS = {5,/ =0,1,2,...,7} and IS =
{np|p=0,1,2,...,¢} be an OLTS and an ILTS in a
NPNLTS, respectively, OL®) (p¥)) is the kth OLTE in the
OLTS associated with the probability p*), and #OL(p) is

the number of the linguistic term element in OL(p).

ILEI))( E”)) is the /th ILTE in the ILTS associated with the

value ng)’ and #IL(v) is the number of the linguistic term

element in IL(v). Let NPN;(x;) and NPN,(x;) be two
NPNLTSs on X = {x;,xa,...,x,} which can be denoted as:

(k)

fout? (o) ol () = 1.2....

#OL]([)),ZZ 1a2a . a#ILl(V)}

NPN; (x;) =
1(xi) UOLﬁ“(;;(k)){lLﬁ” <»’(’)>}ENPN1

NNa(5) = U, s (1) Jevon {OLgk) (v
L (WD) Jlk = 1.2,....#0La(p),
1= 1,2,...,#IL2(V)}

where #OL,(p) = #O0Ly(p) = #OL(p) and #IL,(v) =
#IL,(v) = #IL(v). (Otherwise, we can extend the shorter
one by Definition 7.)

Case 1 Suppose that the subscripts in the OLTS and the
ILTS are arranged in the ascending order, inspired by
Definition 5, the NPN-Hamming distance of NPN; (x;) and
NPN,(x;) is defined as:

dy(NPN) (x;),NPN (x;)) =
1

FOLx #IL

0L 1L ‘OLﬁkLOL(z")‘ )IL ILQ‘

§5H (O e
e T+1 c+1

(7)

and the NPN-Euclidean distance of NPN;(x;) and
NPN;(x;) is defined as:

de(NPN (x;),NPN; (x;)) =

<#OL>< #IL 12

#OL#IL<(‘OL(Ik>OL;k)‘+) ‘ ‘IL 1L2>’Jr )/)2
(3)

=1 = s ¢+l
In addition, we can get the following NPN-generalized
distance measure motivated by the generalized idea [38]:

=

dy(NPN (x;),NPNy (x;))
HOL 1L

1
- <#OL>< #IL;;

N
|0L OL) ‘IL -Y
o) po-g]) /o
T 1 2
T+1 c+1

where A > 0. In particular, if 4 = 1, then the above gen-
eralized distance becomes the NPN-Hamming distance; if
A =2, then the above generalized distance becomes the
NPN-Euclidean distance.

Case 2 Suppose that the subscripts in the OLTS are
arranged in the ascending order, the NPN-Hamming dis-
tance of NPN (x;) and NPN;(x;) is defined as:

dp(NPN; (x;), NPNa (x;))
1
T #OL x #IL

SOL #IL (‘OL(lk) - OL%")‘

(k X I I
el o -1/

(10)

and the NPN-Euclidean distance of NPN;(x;) and
NPN;(x;) is defined as:

k=1 I=1

#OL #IL

d(NPN; (x;), NPN; (x;)) = (#OL x #IL & Z Z

) gk) : )‘ (k) (k) (1) (1)
41+‘p1 -p ‘+‘V1 -V, ‘ 3

and the NPN-generalized distance measure is defined as:

2\ 1/2
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dg(NPN (x;),NPN, (x;))

N 1/
1 e ‘OLW_OLﬂ ®_ ®],|,0_ 0
=\ ~—7F —+|Py P> ‘Jr‘v -V 3
#OLX#IL;; T+1 | e Lo |

(12)

where 4 > 0. In particular, if 2 = 1, then the above gen-
eralized distance becomes the NPN-Hamming distance; if
A =2, then the above generalized distance becomes the
NPN-Euclidean distance.

Case 3 Suppose that the subscripts in the ILTS are
arranged in the ascending order, the NPN-Hamming dis-
tance of NPN (x;) and NPN,(x;) is defined as:

#OL #IL

dy(NPN, (x;), NPN, (x;)) = #OL R Z Z

) 0]
IL; — IL
k k ’ 1 2‘ ! !
’pﬁ’—p§>’+ ct1 +’V§)_V§>‘ /3

(13)

and the NPN-Euclidean distance of NPNj(x;) and
NPN,(x;) is defined as:

#OL #IL

d.(NPN; (x;),NPN,(x;)) = (#OL = #ILZ Z

o\ 1/2

(1>_V<21)‘ /3

i)~ i’ ‘

c+1 +‘V1

‘Ih —pY ‘ +
(14)
and the NPN-generalized distance measure is defined as:

#OL #IL

dy (NPN; (x;),NPN, (x;)) = (#OL x #ILZZ

(0 0
IL;” —IL
k k ‘ 1 2 1 I
((’pg >—pg>’+7g+1 +’v5)—v<2)‘) /3)
(15)

where 4 > 0. In particular, if 1 = 1, then the above gen-
eralized distance becomes the NPN-Hamming distance; if
A =2, then the above generalized distance becomes the
NPN-Euclidean distance.

Case 4 The NPN-Hamming distance of NPN;(x;) and
NPN,(x;) is defined as:

dh (NPN] (Xl')

NPN: (xi)) #OLX#ILZZQP‘ —r} ’J“‘vl

N YA

)2

(16)

and the NPN-Euclidean distance of NPN;(x;) and
NPN,(x;) is defined as:

@ Springer

#OL #IL

d.(NPN; (x;), NPN, (7)) = ( FOL x L 2 Z Z

(s bt f2))

and the NPN-generalized distance measure is defined as:

(17)

#OL #IL

(#OL X #ILZ ; -
(=81 b))

where A > 0. In particular, if 1 = 1, then the above gen-
eralized distance becomes the NPN-Hamming distance; if
A =2, then the above generalized distance becomes the
NPN-Euclidean distance.

d, (NPNl (xi),NPN, (x,-))

Remark 2 Since the ILTSs present the corresponding
OLTSs, ILE% (VEQ)) is invariant with a certain OL(">; that is
to say, if OL¥ =OLY, then 1LV (v(]l)> = (v(;)).

Hence, under Case 3 and Case 4, the NPN-Hamming dis-
tance of NPN; (x;) and NPN,(x;) reduces to:

oL
dn(NPNj (x;), NPN> (x;)) = #OL X #IL & Z Z ‘pl ) ‘
(19)

and the NPN-Euclidean distance of NPNj(x;) and
NPN, (x;) reduces to:

d,(NPNj (x;),
HOL #IL 172
NPN;(x;)) = <#0L < HL Z Z (‘p“) . D >
(20)
and the NPN-generalized distance measure reduces to:
#OL #IL A\
dg(NPN; (x;), NPN; (x;)) = <#OL — #ILZ IZ (b -2)) )

(1)

where A > 0. In particular, if 1 =1, then the above gen-
eralized distance becomes the NPN-Hamming distance; if
A =2, then the above generalized distance becomes the
NPN-Euclidean distance.

Theorem 1 Let NPN; and NPN, be two NPNLTSs on the
universe X = {x1,xa, . ..,X,} which are defined by OL,(p),
IL,(v) and OL,(p), IL,(v), where OL,(p), OL,(p) and
IL,(v), IL,(v) are their OPLTSs and INLTSs, respectively.
Then, a family of distance measures d(NPNj,NPN,) de-
fined by Egs. (7)—(18) satisfy the following conditions:
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(1) 0<d(NPN;,NPN,) < 1.
(2)  d(NPN;,NPN,) = d(NPN,, NPN,).
(3) d(NPN;,NPN,) = 0 < NPN; = NPN,.

Proof Here, we take Eq. (7) as an example to prove
properties above, and Egs. (8)—(18) can be verified in a
similar way. From Eq. (7), we have

1 #OL #IL

d,(NPNj (x;) NPN, (x;)) = ZOL < #IL

k=1 I=1

(k) (k)
S + o) = )| +

(\OLE%) — oLl (u)|

M |v(1’>(x,) _ vg)(x,)|) /4

(1) Since 0<OLY(x,) <t and 0<OLY (x;) <17, then
0<|OL¥(x) — OL¥ (x)

<t+1.

Similarly, since 0 < ILEI) (x;j)<¢and 0< ILgl) (x) <
¢, then 0 < ‘IL(ID (xi) — ILg) (x)| <c+1.

Because 0 §p§k) (x)<1,0 Spék) (x)<1,0< v(ll)

(x)<1 and 0< vg) (x/)<1, then 0< }pgk) (x:)
() <1 and 0< ]v@(xi) .0 (xi)‘ <1.

Thus, 0 < dh (NPN1 (x,-), NPN2 (x,-)) < 1.

(2) The symmetry of the measure dj(NPN;(x;),
NPN; (x;)) with respect to their argument is obvious.
Thus, dp(NPNj (x;), NPN2 (x;)) = di(NPN2 (x;),
NPN] (xi)) .

(3) We have

d,(NPN| (x;), NPN1(x;)) = 0
km@@»—oUWm>=0vM€X
P ) -

‘IL (x;) — ILY ()| =

l
[ ) = )
& oL () = oL (x),p1? ()
= p% (), ILY () = ILY () v (1)
= v(zl) (x:),Vx; € X
< NPN, (Xi) = NPNz(Xi).

}—OVx,EX

i € X

=0,Vx; € X

Therefore, dj,(NPN (x;), NPN,(x;)) is a distance mea-
sure between NPNLTSs, and so do other distance
measures which are defined by Egs. (8)—(18). O

50(0.6){no(0.1)},

and
NPN,={s1(1){n0(0.3),1:(0.5)}} be two NPNLTSs under
Case 1. Then, we add the elements by Definition 7 to

Example 2 Let NPle{

extend NPN,;, NPN, as NPN,=
0.6){n(0.1), (0)},

50(0.6){n0(0.1),n9(0)} ind NPN,—
51(0.4){no(0.3),n,(0.5)}

51(1){no(0.3),n,(0.5)},
S1 (0){}’10(03)7 n (05)}

eralized distance between NPN; and NPN is:

}, respectively. Thus, the gen-

d,(NPN;,NPN,)

(@Ho.ef 1+2% 0.1 70.3|> ’+ <@+\0.071|+‘°%+|070,5\>"

. 4 4

=]|-x

4 121 110.4-0]+25%+0.3-0.3]\ " (152 +10.4—0[+ 5 1 j0.5-0.5]\
+ e + 4

If A=1, then the NPN-Hamming distance between
NPN; and NPNj is:

L (11,19 04 04
4 4 4 4 4

=0.2375

d,(NPN;, NPN,)

If /=2, then the NPN-Euclidean distance between
NPN; and NPNj is:

1 LIV 19\ 04\ f0n2))"
do(NPN;,NPN,) = <Z>< ((T) +<T> +<T> +<T) >) = 0.2834

Next, we mainly discuss other distance measures under
Case 1, and other cases can be deduced from Definition 8.
The generalized NPN-Hausdorff distance measure is
defined as:

dgy(NPN; (x;) NPN; (x;)) =
k (k
( (((OLQOLQ
max —_—+
k=12,...#OL T+ 1
=12, #IL

where A > 0.

In particular, if A = 1, then the above generalized NPN-
Hausdorff distance becomes the NPN-Hamming-Hausdorff
distance:

1/4

[0) 0 B
‘ILI —ILd ‘
- B o) /s

(22)

e (NPN (x;),NPN3 (x;) )

= max
k=12,...#O0L
=12, #IL

’0L§">—0L§>’ ‘IL IL“} 0 o
oo/

(23)

If 1 =2, then the generalized NPN-Hausdorff distance
becomes the NPN-Euclidean—Hausdorff distance:
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dogn(NPN (x;),

12
NPNo(v)= |  max. oo o) i) L)) /4 2
R ot a

(24)

The hybrid NPN-Hamming distance between NPNj (x;)
and NPN;(x;):

dp(NPNj (x;)

HOL AL /1oL® _oL¥ G L o _ O
m: ;(‘ ’1’1 P )4"@71"*“’1 *Vz) 4
(p —Pk)‘+w+|v —v”D/4

(25)

The hybrid NPN-Euclidean distance between NPNj (x;)
and NPN,(x;):

dje(NPN; (x;),

,NPN, (x;)

‘OLM) m

+  max !
k=12,...#0L ol
2. HIL

1 #OL #IL 12

FOLx L L~ £

‘OL‘”—OL ‘ ‘IL S ‘ :
2 ) ) _ | | KUNNO! ‘ /4
T+1 c+1 2
(k) (k) U] [0l 2
(e 8L )

NPN) (1)) =

N =

(26)
The generalized hybrid distance between NPN (x;) and
NPN2 (xi):
die(NPN, (x),

1/

HOLIL / (oL oL)| ® | n_ 0 ‘
TlJr‘ »: ‘+7+‘V( —v[‘ 4
1 mk:l =1 <( o I ;
NPNo () = | 5 0w '
+  max e -y e M
k=12, 0L

=12, HIL

(27)

where 4 > 0.
It is easy to prove that Eqgs. (22)—(27) also satisfy the
properties in Theorem 1, and we omit it.

Example 3 (Continued with Example 2) According to
Eq. (22), the generalized NPN-Hausdorff distance between
NPN; and NPNj is:

dgy(NPNy, NPN,)

1/4
(‘0 014 10.6—1]+%5%+]0.1— 03\) (‘0 O j0.6—1]+95 4 jo— 05\) !

4 4
= | max

(%ﬂo.uou“%‘”ﬂo.yo.z\) : (%”ﬂopou%ﬂo.sfo.s‘)‘

4 4

If 2 =1, then the NPN-Hamming-Hausdorff distance
between NPN; and NPN, is:

1.1 1.9 04 04
dhgh(NPN17NPN2) = aX{T,T,T,T} =0475

@ Springer

If A =2, then the NPN-Euclidean-Hausdorff distance
between NPN; and NPN, is:

s, e = (manf (522" (22" (%)) o

The generalized hybrid distance between NPN; and
NPN, is:

e G (G R R
()2 (212 22

If A=1, then the hybrid NPN-Hamming distance
between NPN; and NPN, is:

dpen(NPN1,NPN,) = = x (0.2375 4 0.475) = 0.3563
If =2, then the hybrid NPN-Euclidean distance
between NPN; and NPN, is:

1 1/2
d.(NPN;,NPN,) = <2 x (0.0803 + O.2256)> =0.3911

3.2 Distance and Similarity Measures Between Two
Collections of NPNLTSs

In Sect. 3.1, we consider the distance and similarity mea-
sures of NPNLTSs over one single aspect. However, in
many real applications such as multi-attribute decision
making, the alternatives are often evaluated with respect to
different attributes, and the weighting information of the
attributes is also very important. Therefore, all aspects and
the corresponding weights need to be considered. Since the
evaluation information of the alternatives is often repre-
sented by several collections of NPNLTSs, in this sub-
section, we mainly study the generalized distance and
similarity measures between two collections of NPNLTSs,
and the corresponding Hamming distance and Euclidean
distance can be obtained when the parameters 4 = 1 and
A =2, respectively.

3.2.1 Distance and Similarity Measures Between Two
Collections of NPNLTSs in Discrete Case

Let OS={s,Ja=0,1,2,...,t} and IS = {ng|f=
0,1,2,...,¢} be OLTS and ILTS in the NLTS. For two
collections of NPNLTSs NPN; = {NPN;;,NPNy,,...,

NPNy,,} and NPN, = {NPN,;,NPNy,,...,NPNy,} with
the associated weighting vector o = (wl,wz,...,wm)T,
where 0<w; <1 and 271:1 w; =1, the generalized
weighted distance measure between NPN; and NPN; is
defined as:
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#OL #IL

dg(NPN; ,NPN; )= <Z#OLX#ILZZ

k=1 I=1

’OLE?_OL(Zf)’ *) ‘IL 1Ly _ W0
bt )

and the generalized weighted NPN-Hausdorff distance
measure is defined as:

N /7

k=1.2,...#0L
=12, #IL

oLy —oLy| - "
o8]y P, )

where 4 > 0.

Similarly, we can derive some hybrid weighted distance
measures via combining the above distance measures. For
example, the generalized hybrid weighted distance is as
follows:

gy (NPN1,NPN3) = (ij max

N 12

dgnmy(NPN|,NPN;)

1 #OL #IL 1/2
#OL X #IL &
k) ) ) ’
forti=0t8] o SV ) /s
| o +1 p,/ 1 v

S}

=] -
! alloal| nln)
. MRGIEROIN \ m W0
+k:|21‘.‘@01. wT iy Py s+ & ¢
=12, I

where 4 > 0.

3.2.2 Distance and Similarity Measures Between Two
Collections of NPNLTSs in Continuous Case

Let x € [a,b], and the weight of x be w(x), where w(x) €
[0,1] and [” w(x)dx = 1. Let OS = {5,Ja =0,1,2,...,7}
and IS = {np|f =0,1,2,...,¢c} be OLTS and ILTS in the

NLTS. For two collections of NPNLTSs NPN; =
{NPN]],NPN]z,.. .,NPN]m} and NPN2 = {NPNZl,
NPNy;,, ...,NPN,,} over the element x, in analogy to the

above analysis, we introduce the generalized continuous
weighted distance measures between two collections of

NPNLTSs NPN; and NPN,, shown as follows,
respectively:
dyew(NPN; ,NPNy)
(()() #OL #IL
( #OLx #IL & ,,Z: )1/A
o 0y O, A
(2 g ).

where 2>0.If w(x)=1/(b—a),Vx€|a,b], then the above

equation reduces to the generalized continuous normalized
distance measures between two collections of NPNLTSs:

dgen(NPN, NPN»)

#OL #IL
(e oS

(=

where 4 > 0.
The generalized continuous weighted distance measures
between two collections of NPNLTSs NPN; and NPN, is

dyn(NPN NPNy)

b
= (/w(x) max
. k=12,..#0L
a

1=12,. HIL

oLfm-oL )| |, ,
((7 - L\pﬁ“(x)—pé”(x

where A > 0.

If w(x)=1/(b—a),¥x € [a,b], then the generalized
continuous normalized distance measures between two
collections of NPNLTSs NPN; and NPN, is obtained:

dgenn(NPN1,NPN;)

1t
=\ max
b—a), k=12..#0L

=12, #IL

®(x)—oLY(; )
(e

where A > 0.

Naturally, a generalized hybrid continuous weighted
distance between two collections of NPNLTSs NPN; and
NPN; is shown below:

dgie(NPN,NPNy)

i ; 1/2
T | "L ;IILIW)‘+)V(|”(*')*”(z”(x)‘>/4) dx)

0 Ao\
)‘+7‘IL \jJriL } ‘“ x) - )‘)/4) dx)

0 0l AN
\t)fpfz*'v(x)‘JIL'>(X;+IIL(2 <X))+‘ ()= X)‘) /4) d.’()

1 #OL #IL 1/4

F#OLx#IL L~

b W, 0 N A
o(x oLl (x)-oLY( ’ 1L () -1LY( (
= / ;) ((7‘ ‘(‘34 . U‘Jr‘l’m(x)*ﬂy)(x) LU L ol ";I)()‘)*l’g)()()|)/4)
Ja
o . O fax
+A7||Znax#0‘_((““ o] o= @] L ki dl }‘\”(x)—r‘g/‘(\l\)/a)
=12 L

=12,

where A > 0.

Let w(x) = 1/(b —a),Vx € [a,b], a generalized hybrid
continuous normalized distance measure between two
collections of NPNLTSs NPN,; and NPN; is:

dghen(NPN;,NPN; )
| gL »

#OLX#IL;;

®) o ® B
Lo (s B ) ) |,
W-al, ,
L P ((“ Il L uwmt"'”‘)/ 4)

where 4 > 0.
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3.2.3 Ordered Weighted Distance and Similarity Measures
Between Two Collections of NPNLTSs

Since the ordered weighted distance can alleviate or
intensify the influence of unduly large or small deviations
on the aggregation results by assigning them low or high
weights, it is very useful in realistic decision-making
problems. Therefore, in this subsection, we mainly con-
sider the ordered weighted distance measures with the
context of NPNLTSs.

Motived by Liao [13], the generalized ordered weighted
distance between two collections of NPNLTSs NPN; and
NPN, can be obtained as follows:

m 1 #OL #IL
dgo (NPN,NPN;) = ( on <7
Y2
® ® 0 0 )
‘OLIHU) B OLZﬁ(/) RO O |y ILIJ(/) 7"“26(/) NG o 4
1 ‘Plam ’l’zam) | Vis() ~ V2e())

where 4> 0 and o(j): (1,2,..
permutation such that:

LOL 4 (k) (k) (1) U] B
1O ‘Ome ’OLzﬁm‘ © ® '"‘mm ’”“zam‘ )
#OLx#IL;; T+ f "’m,fﬁznu,\‘Jrigﬂ +“'|m)"’zn</‘,‘ 4

#OL #IL

am)— (1,2,...

>
FOL X HIL {4~

(*) (k)
'Omen’OLzmﬁn‘ (k) (k)
HPiogi+1) ~P2o(+1)

(IL") IL
I teen ™ o]
1

TR ‘ !
lo(j+1) 20(j+1) W » -
*“’wliulf”mtun‘)/“) J=1.2,m

and the generalized ordered weighted NPN-Hausdorff
distance measure is defined as:

c+1

d0n(NPN; NPNy)

(k) (k)
oLy, -0, |
= Z"’/ max —_——
= kI:].Z.. #OL T+l

12, #IL

| (1) (1)

IL, ., —IL.
161 24(j)
+ a(j) al
c+1

® K
P1a(j) ~P24(j)

m)—(1,2,..

e DRI
max T + ‘Fw/y ’/’zm,/) + o+ + 4

) G} 1) 0} B
‘OL\W?” - OLGz,fn‘ (k) (k) ‘”“mﬁn - ““Zn/]+|)‘ ) 1) 4
= ko120 T+ 1 ey ’f’huw' + 1 —+ “”m,m - ‘zﬁuw)‘ ’

j=12,..m

where 41>0 and 6(j):(1,2,..
tation such that:

.,m) is a permu-

n 0
a0) ~ V26())

(
v
I

Certainly, we can derive some hybrid ordered weighted
distance measures via combining the above distance mea-
sures. For example, the generalized hybrid ordered
weighted distance is:

@ Springer

g (NPN1,NPN;)

1 £OL £1L
HOLXFHIL{ =
® ® 0 ) g
|OL15(/) —OLy;(;) (k) (k) ‘H‘lam ) o (0] 4
"0, a1 HPen TP 1 V166 V260
N 2 )
o ot wll )
1 () 16(j)

j=1 (k) )
+  max v

k=12 0L

=12

where >0 and &(j):(1,2,...,m)—(1,2,..
tation (j=1,2,...,m) such that:

.,m) is a permu-

1 #OL #IL
#OL x #IL & £
® o ® o _q0 ;
)OLMU) OLZn(/)‘ Llp® ® |y ‘ILMU) IL2«U) oo 4
T+ 1 Pia) ~ Pas(j) | Vig() ~ Vad(j)
0"‘\“(/‘ ’OL‘ZMU‘ | K K "'\!” j )
) %0 | | 0 .
A, || e [ i <,v*"z«:,a| 4
=12, #IL
’#OI“HIL;; (( ot asen | B +|an ™50 4
()L‘Ik:‘hl OL;M’H»I] ‘L‘IH'H»IFILLH{/\
G(j+ Gl (k) k) () 2a(j+1) U] o
e P |t P [T io,‘ ‘
1=12,.. #IL

4 A Decision-Making Approach Based

on the Proposed Distance Measures

Multi-attribute decision making is characterized in terms of
a process of selecting best alternative from a set of alter-
natives with respect to some attributes in our daily life. In
this section, we propose an approach based on the proposed
distance measures to handle the multi-attribute decision-
making problems with NPNLTSs.

4.1 A Decision-Making Approach with NPNLTSs

A multi-attribute decision-making problem with NPNLTS
information can be interpreted as follows: Let X =
{x1,%2,...,x,} be a set of alternatives and C =
{c1,¢2,...,cm} be several attributes with a weighting
vector o = {wy,wy,- - 7wm}T, where 0<®;<1 and
Y j=1(G=12,...,m). Since a lot of practical
decision-making problems involve the quantitative infor-
mation and qualitative information, for example, when
evaluating a student, the grades as the quantitative infor-
mation and the behaviors as qualitative information are
both needed, and such information can be transformed into
NPNLTSs, then a judgment matrix with NPNLTS infor-
mation can be obtained as follows:

NPN]] NPN12 NPNlm

NPN21 NPN22 NPNZm
NPN = . . .

NPN,, 1 NPNHQ NPNnm
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where NPNj = {OLEJ)( ){IL (v )}|k—1 2,..., #OL
(p), I=1,2,.. . #ILW)}i=1,2,. .,n;j= 1,2, ce,m)
is a NPNLTS, denoting the degree that the alternative x;
satisfies the attribute c;.

Firstly, we define the bound of a judgment matrix with
NPNLTSs for the sake of the ease of comparison under
different cases:

Definition 9 Let NPN = {OL;(p){IL;(v)}} be a matrix
with NPNLTSs, then the lower bound and the upper bound
under different cases are defined as:

Case 1 and Case 2

(1) Lower bound: NPN~ = min{OL" (p®)){IL(v)}} =

OLY (p){IL(v)},OL"” € OS and OL' >OLV),
p® <p0) Vi k.

) Upper bound' NPN* = max{OL") (PW){IL()}} =
oLU ( M{IL(v)},O0LY € OS and OL®Y <OLV),

p® <p". Vi, k
Case 3 and Case 4

(1)  Lower bound: NPN~ = min{OL(p){IL (v* )}
(p){ILY (»D)}, ILD €IS and ILO >ILU) )y
<l>,vz',k
(2)  Upper bound: NPN™ = max{OL(p){IL" (v¥)}} =
L(p){ILY(v")},ILY €IS and ILY <ILV),
v <y Vi k
Next, the notions of the nested probabilistic-numerical
linguistic positive ideal solution x* and the nested proba-
bilistic-numerical linguistic negative ideal solution x~ can
be defined as follows, respectively:
+ = {NPN'",NPN** ..., NPN"*} and
- = {NPN'",NPN*",... NPN""}

where

=12, HIL(v)

min NPN” - min
=12 k=12...#0L(p)
=12, #IL(Y)

for j=12,.., m

max NPN"" = ma; {OL (p) {IL (v }} for benefit attribute ¢
=1 k=12, ou p)
NPN'E {OL{({IL{’ s} }. for cost attribute ,,

and

for j=1,2,..., m

mx NPN"'~

_min NPN" = m];lou {OL,‘/M(n){ILl’“(L-)}}, for benefit attribute
- = CHIL(Y)
NPN {OL],‘H";{IL,‘/" ! }} for cost attribute .,

i1 #m_w
=12, #IL(Y)

Remark 3 The probabilistic-numerical linguistic positive
ideal solution x* and the nested probabilistic-numerical
linguistic negative ideal solution x~ are also NPNLTSs.
More specifically, according to Definition 9, it can be taken
as special NPNLTSs with only one OPLTS under Case 1

and Case 2, and the number of OPLTSs will be 7 + 1 under
Case 3 and Case 4.

For the sake of selecting the best alternative, motivated
by the TOPSIS method [20], we can calculate the distance
between each alternative x; and the nested probabilistic-
numerical linguistic positive ideal solution x*, and the
distance between each alternative x; and the nested prob-
abilistic-numerical linguistic negative ideal solution x7,
respectively. As we can see, the smaller the distance
d(x;,x"), the better the alternative; while the larger the
distance d(x;,x), the better the alternative. Obviously,
these distances can be calculated by using the proposed
distance measures in Sect. 4. In order to make full use of
distance information, we take both d(x;,x") and d(x;,x")
into consideration simultaneously and use the satisfaction
degree given by Liao [13] as follows:

Definition 10 [13] A satisfaction degree of a given
alternative x; with respect to the attribute c; is defined as:

B (1 —0)d(x;,x)
(i) = 0d (x,x7) + (1 — 0)d(xi, )

where the parameter 6 denotes the risk preferences of the
DM: 6 > 0.5 means that the DM is pessimist, while 6 <0.5
means the DM is optimist and 6 = 0.5 means that the DM
is neutral. And the value of the parameter 6 should be
provided by the DM in advance.

Remark 4 For any 0¢€(0,1], d(x;,x")€[0,1] and
d(x;,x7) €10,1],i =1,2,---,m, it can be easy to see that
0<n(x;)<1 and the higher the satisfaction degree, the
better the alternative. We can calculate the satisfaction
degrees by different measures proposed in Sect. 3.

4.2 Application Flow

Based on the discussion above, a decision-making
approach can be established. In the following, the algo-
rithm of the whole process with NPNLTS information is
presented as follows:

Algorithm

Input: The NPNLTS NPN = {OL(p)

{IL(v)}},,xns the weight vector o = (w1, wy, ...,
and the parameter 0 of risk preferences.

Output: The satisfaction degrees n(x;)(i =1,2,...,m)
of alternatives.

Step 1. Select the nested probabilistic-numerical lin-
guistic positive ideal solution x* and the negative ideal
solution x~ from NPN = {OL(p){IL(v)}},,,- Go to
Step 2.

matrix

wm)T
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Step 2. Choose the appropriate distance measure with
NPNLTSs according to the types of decision-making
problem. Go to Step 3.

Step 3. Calculate the satisfaction degrees #(x;)(i = 1,2,
...,m) of alternative by Definition 10. Go to Step 4.
Step 4. Rank the alternatives A;(i = 1,2,...,m) and
select the optimal alternative. Go to Step 5.

Step 5. End.

To understand Algorithm clearly, the application flow
for decision-making problems based on the proposed dis-
tance measures with NPNLTSs can be described in Fig. 3.

5 A Case Study

In order to illustrate the effectiveness and reliance of the
approaches with the proposed distance measures, in the
following, we consider a multi-attribute decision-making
problem concerning the evaluation of the treatment plans
and make some comparisons and analyses about the pro-
posed distance measures.

5.1 Problem Description

Since the imperfection of the public medical management
system, public problems such as high medical cost, few
channels and low coverage are troubling the people’s
livelihood. For example, famous hospitals are over-
crowded, and community hospitals are neglected, and
patients’ medical procedures are cumbersome. All these
problems are caused by poor medical information, polar-
ization of medical resources, and incomplete medical
supervision mechanism. These problems have become an
important factor affecting the harmonious development of
society. Wise Information Technology of 120 (WIT 120)
makes use of self-service and interactive mode and uses
computer-assisted decision making to improve the effi-
ciency and accuracy of treatment evaluation. The aim of
WIT 120 is to allow patients to enjoy safe, convenient and
high-quality medical services with a relatively short wait-
ing time and basic medical expenses, and to fundamentally
solve the problem of “difficult and expensive medical
services,” and truly achieve the goal of “health for all,
health for all.”

When people suffer from major illness, due to the
uncertainty of information and the urgency of time, doctors
usually cannot make comprehensive judgments about the
illness immediately. However, through the platform of
WIT 120, patients can input information such as symptoms
and medical history. Then, the system will give the best
treatment after machine learning. To select the best
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medical treatment plan, four crucial factors need to be
considered:

e Operable coefficient The implementations of treatment
are related to the safety of the patient. Thus, it is
necessary to choose an operable and feasible treatment.

e Comfort level The treatment process is supposed to
consider the patient’s tolerance level. The more com-
fortable the patient’s experience is, the better the
treatment should be.

e Cost performance Different treatments would cost
different amounts, such as conservative treatment or
surgical treatment. Therefore, Cost is one of the factors
in evaluating treatment.

e Cure rate In the implementations of treatment plan, it is
necessary to consider the cure rate of each treatment.
Under the same circumstance, the higher the cure rate
is, the better the medical treatment should be.

5.2 Solve the Problem

Suppose that five medical treatments {x, X2, X3, x4, x5} are
put forward to cure the disease. Four attributes
{c1,¢2,¢3,c4} are considered, including c¢;: Operable
coefficient, c;: Comfort level, c3: Cost performance, c4:
Cure rate. The weighing vector of these four attributes is
o = (0.2,0.1,0.2,0.5)". Given the OLTS and the ILTS as
follows:

OS = {50 = verybad, s; = bad, s, = medium,

s3 = well, s4 = very well}

IS = {ny = higher cost performance,

n; = medium cost performance, n, = lower cost performance }

As we can see, the elements of the OLTS and the ILTS
are both ordinal variables, which shows that the problem
belongs to Case 1. In order to get the relevant evaluation
information, the WIT 120 system sets up a decision orga-
nization, which contains a group of DMs to assess the
treatment plan. In the process of evaluation, the DMs
evaluate different treatment plans with NPNLTSs which
contain OPLTSs and INLTSs. More specifically, the DMs
express their linguistic information with respect to the
attributes in the OLTS and then we can further calculate
the corresponding probabilities. In addition, the DMs also
need to discuss the numerical information with respect to
the OLTE in the OLTS to fully illustrate the nested
information, such as hundred-mark system which is a 0-to-
100 index in this example. In the following, a nested
probabilistic-numerical linguistic judgment matrix can be
constructed, shown in Table 2.
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Next, we normalize the NPNLTSs with respect to the
attributes with different alternatives, which can be shown
in Table 3.

From Table 3, it is noted that all the four attributes are
benefit-type attributes. In order to select the desired treat-
ment plan, we first establish the nested probabilistic-nu-
merical linguistic positive ideal solution x* and the nested
probabilistic-numerical linguistic negative ideal solution
x~, shown in Table 4.

Then, considering the weighing vector about the attri-
butes, we calculate the distance between each alternative x;
and the nested probabilistic-numerical linguistic positive
ideal solution x* and the distance between each alternative
x; and the nested probabilistic-numerical linguistic negative
ideal solution x~, respectively. Furthermore, the satisfac-
tion degree #(x;) for each alternative x; can be calculated
by Definition 10. Without loss of generality, we choose
0 = 0.5, and the results based on NPN-Hamming distance
measure are:

Outer-layer information Inner-layer information

]

NPNLTS information

n(x)) = 0.2682, n(x;) = 0.2496, n(x3) = 0.2876, n(xs)
=0.2760, 5(xs) = 0.2910

Therefore, the ranking of alternative medical treatments
iS x5 > x3 > x4 > X1 > X», and the best medical treatment
is X5.

5.3 Comparative Analysis and Discussion

In order to understand deeply about the proposed distance
measures and show the superiority of the proposed method,
we make some comparisons and analyses through simula-
tion experiments from three aspects:

e The impact of using various decision-making methods.
e The impact of using various distance measures.
e The impact of changing the focal parameters 4 and 6.

—  Discrete case

Problem type

Choose distance
measure

- Continuous case

—  Ordered case

Weight type  H

Choose decision

L

"{ Unordered case

— Proposed method

TOPSIS

method

VIKOR

ELECTRE

Ranking

Apply

Fig. 3 The application flow for decision-making problems with NPNLTSs
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Table 2 The nested probabilistic-numerical linguistic judgment matrix

X1

@ Springer

c{;

{51(0.4){no(0),n;(0),n2(70)} }

|
|

(0.4){no(10),n1(50), n2(60)}

52

{52(0.4){no(10),1,(50),n,(60)}}

|
i
)
)

52 (03) {l’l()( 10)7 np (50). ny (60)}
52(0.3){ny(10), n,(50), n, (60

53(0.2){no(50),n,(40),n,(20)},
S84 (02) {no (70)7 np (20), np (10)}

X2

)
3

)
)

52 (05){}’10(10). ny (50). ny (60)}.
53(0.3){no(50),n,(40),n,(20)}

|
7)}}

0),n,(0),n,(70)}
Ay (04) {ﬂg(lo), ny (50). np (60
52 (05){”()(10). n (50), ny (60

S0 (0.2){n0 (O) ny (0) , o (80)}

81 (04){}10(

3}}

0)

51(0.5){n0(0), n,(0), n2(70)}
52(0.3){no(10), 1, (50), n5 (60

0),n2(70)}

0),n(

S0 (02) {no(o)., n (0), n2(80)}
52 (06){1’!0( 10). np (50), ny (60

S1 (02){}10(

X3

S0 (02){}10 (O)7 np (O), ny (80)}

0), 12(60
0), ny (2

52 (02) {no(l()), ny (5

~

6

53 (04){71[] (50) s (40)7 ny (2

I

$2(0.4){no(10),n,(50),n

0), 11 (0), n2(70)},

852 (06){"0 ( 10), n (50)7 ny (60)

51(0.2){no(

X4

51(0-2){n0(0), n1(0), n2(70)}
52 (0.6){"0(10), np (50), ny (60

53 (04) {11()(50), ny (4

—~

)

, N2 (20

),11(50),n2(60
), 11 (40)

0.6){n(10
04){}’1{)(50

51(0.5){n0(0),m1(0),n2(70)}

|

82 (04){"0(10)‘ np (50),}12 (60)},
53(0.2){no(50),n,(40),n,(20)}

51(0.2){no(0),11(0),n2(70)},

(70)}

2

50(0-2){no(0), m1(0), n2(80) }
51(0.3){no(0),n,(0),n

|

X5

5.3.1 The Impact of Using Various Decision-Making
Methods

In this part, we compare the proposed method with other
three popular decision-making methods presented in
Introduction, which are the TOPSIS method, the VIKOR
method and the ELECTRE method, respectively. Table 5
shows the rankings of the medical treatments by using four
methods above based on Hamming distance measure.

From Table 5, there is a little difference among the
ranking results by using four decision-making methods.
However, all the best medical treatments are x5, and the
rankings are the same by using the proposed method and
the ELECTRE method. Therefore, compared with other
three methods, the ranking result with the proposed method
is effective and reliable.

In the following, we study the average operation time
(AOT) by four methods to deal with decision-making
problems. Suppose that the numbers of alternatives and
experts are denoted as m and k, some simulation experi-
ments are given by using various decision-making methods
based on Hamming distance measure. When m and k are
taken from 3 to 14, the AOTs by four methods after 1000
simulation times can be shown in Figs. 4 and 5,
respectively.

From Figs. 4 and 5, there are apparent difference about
AOT by using four methods when m and k are taken from 3
to 14. As we can see, there are the minimum AOT when
using the proposed method, and the maximum AOT when
using the ELECTRE method. Moreover, in Fig. 4,
increasing the number of alternatives would take more time
than increasing the number of experts. Hence, using the
proposed method to deal with decision-making problems
can obtain more stable results without taking too much
time than the other three methods.

5.3.2 The Impact of Using Various Distance Measures

Next, we mainly discuss the impact of the ranking result
when using various proposed distance measures with
NPNLTSs. In order to compare and analyze the results
clearly with different distance measures, we use the gen-
eralized weighted distance measure, the generalized
weighted NPN-Hausdorff distance measure and the gen-
eralized hybrid weighted distance measure, respectively, to
deal with the same problem in Sect. 5.1. The satisfaction
degrees and the ranking results with different distance
measures can be shown from Tables 6, 7 and 8,
respectively.

As we can see, there is little difference about the ranking
results when using the proposed various distance measures
with the changed parameter A. More specifically, when
A=1 and A= 2, the rankings are the same, that is
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Table 4 The positive ideal solution x* and the negative ideal solution x

Cq
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Table 5 Rankings based on four methods

Methods Alternative ranking

The proposed method X5 > X3 > X4 > X > Xp
The TOPSIS method [3] X5 > X3 > X4 > X2 > X
The VIKOR method [20] X5 > X4 > X3 > X > X
The ELECTRE method [4] X5 > X3 > X4 > X > X2

X5 > X3 > x4 > x1 > xp; and when A=4 and A= 6, the
rankings are also the same, that is x5 > x3 > xy > x4 > X3
but when A= 10, the slightly changes take place between x;
and xs, x; and x4, respectively. Therefore, the ranking
results have the strong stability based on different proposed
distance measures.

Furthermore, it is noteworthy that when the focal
parameter A smaller than a certain value, all the best
medical treatments are xs. As the parameter / increases, the
largest growth satisfaction degree is x,. Hence, when
A= 10, the best medical treatment is x,. In some way, the
parameter A represents the preferences of the decision
makers, and we will discuss some focal parameters in the
next part.

5.3.3 The Impact of Changing Focal Parameters

Now, we study the impact of changing some focal
parameters in decision-making process. In order to see the
satisfaction degrees of different alternatives when using
various distance measures with the parameter 4, we draw
the conclusions directly considering the influence of both
the changed parameter / and the different alternatives
x(i=1,2,3,4,5), shown from Figs.6, 7 and 38,
respectively.

From the above figures, there are also some interesting
results:

(1) When using a certain distance measure, the satisfac-
tion degrees are increasing or decreasing with the
parameter A changes. More specifically, when we use
the generalized weighted distance measure and the
generalized hybrid weighted distance measure to
calculate the distances, shown in Figs. 6b and 8b,
respectively, the satisfaction degrees of all the
alternatives are monotonically increasing with the
increase in the parameter 1. However, when we use
the generalized weighted NPN-Hausdorff distance
measure to calculate the distances, shown in Fig. 7b,
the satisfaction degrees of x; and x, are monoton-
ically increasing, while the satisfaction degrees of
x3,x4 and xs are monotonically decreasing with the
increase in the parameter A.

(2) It is noted that the alternatives with the largest
increase are x, with different distance measures,
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Table 6 The satisfaction

degree results with the - - - - - Rankings

generalized weighted distance i=1 0.2682 0.2496 0.2876 0.2760 0.2910 Xs>X3> X4 > X > X0

measure J=2 0.2712 0.2611 0.2896 0.2776 0.2931 X5 > X3 > X4 > X > Xp
J=4 0.2769 0.2810 0.2935 0.2809 0.2971 X5 > X3 > X > X4 > X
=6 0.2818 0.2956 0.2967 0.2840 0.3007 X5 > X3 > X > x4 > X
=10 0.2893 0.3139 0.3011 0.2888 0.3063 X2 > X5 > x3 > x| > Xy

Table 7 The satisfaction xi X X x4 x5 Rankings

degree results with the

generalized weighted NPN- J=1 0.2929 0.2816 0.3221 0.3042 0.3249 Xs > X3> X4 > X > X

Hausdorff distance measure =2 0.2943 0.2894 0.3213 0.3039 0.3246 X5 > X3 > X4 > X > X0
=4 0.2965 0.3042 0.3196 0.3033 0.3240 X5 > X3 > X > X4 > X
=6 0.2980 0.3158 0.3179 0.3028 0.3234 X5 > X3 > X > X4 > X
J=10 0.3002 0.3296 0.3149 0.3020 0.3222 Xa > X5 > X3 > x4 > X

Table 8 The sat.isfaction X X X3 x4 x5 Rankings

degree results with the

generalized hybrid weighted =1 0.2814 0.2667 0.3062 0.2926 0.3093 X5 >X3> X4 > X > X

distance measure =2 0.2845 0.2773 0.3080 0.2941 0.3113 Xs > X3 > X4 > X >0
=4 0.2894 0.2964 0.3104 0.2957 0.3145 X5 > X3 > X > x4 > X
=6 0.2930 0.3094 03115 0.2978 0.3165 X5 > X3 > X > x4 > X
J=10 0.2975 0.3256 0.3116 0.2992 0.3184 X2 > X5 > X3 > x4 > X

which is the reason that when 4 = 1,2,4, 6,x5 is the
best alternative and x, is the second-best alternative;
however, when 4 = 10,x; is at the top of the figures.
Therefore, from this point of view, we can regard the
parameter A as a DM’s risk attitude; thus, the
proposed distance measures can give the DMs more
choices to decide their risk preferences by the
parameter A.

Without loss of generality, the value of the parameter 6
is equal to 0.5. In the following, we further consider the
influence of the satisfaction degrees with the changed
parameter 0 by using different distance measures. There-
fore, we use the generalized weighted distance measure,
the generalized weighted NPN-Hausdorff distance measure
and the generalized hybrid weighted distance measure,
respectively, to calculate the distances with the values of
the parameter 6 from O to 1 and the -calcula-
tion step is 0.001, which can be shown from Figs. 9a, 10
and 1la. In order to see the difference clearly by using
different distance measures with the changed parameter 4,
we draw the satisfaction degrees with the parameter 0 from
0.5 to 0.6 and the calculation step is 0.0001, shown from
Figs. 9b, 10 and 11b, respectively.

From the above figures, some interesting phenomena are
also presented.

(1) If we use a certain distance measure with the value
of the parameter 6 from O to 1, shown in Figs. 9a, 10
and 11a, respectively, the surfaces almost coincide
with the five different values of the parameter 4; that
is to say, overall, the differences of the satisfaction
degrees are very small with the changed parameter 1.
However, when the value of the parameter 0 limits
the scope, such as from 0.5 to 0.6, shown from
Figs. 5b, 6 and 7b, respectively, it shows the
difference of the satisfaction s with the different
values of the parameter A.

(2) The differences of the satisfaction degree results are
different compared with the above proposed distance
measures. More specifically, the difference by using
the generalized weighted distance measure is larger
than using the generalized weighted NPN-Hausdorff
distance measure. Hence, from another point of
view, the parameter 6 can be also regarded as the
risk preference of the DM.

(3) Combined with the figures and Definition 10, we can
see that the larger the parameter 0 is, the more
optimistic the DM 1is, on the contrary, the more

@ Springer
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Fig. 5 The average operation time when both m and k are taken from 3 to 14

pessimistic the DM is. Therefore, when the DMs
deal with the multi-attribute decision-making prob-
lems with the nested probabilistic-numerical linguis-
tic information, they can choose the risk preference
in three aspects, which are the distance measure, the
parameter A and the parameter 0.

@ Springer

6 Conclusions

In this paper, we have mainly investigated some various
types of distance and similarity measures for NPNLTSs
combined with the basic axioms. A family of distance and
similarity measures for NPNLTSs have been developed
based on the well-known distances, such as the Hamming
distance, the Euclidean distance, the Hausdorff distance
and their generalizations. Then, we have studied the dis-
tance and similarity measures with respect to two collec-
tions of NPNLTSs in three aspects, which are discrete case,
continuous case and the ordered weighted -case,
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Fig. 10 The satisfaction degree results with the generalized weighted NPN-Hausdorff distance measure

respectively. Because of the relationship between the dis-
tance measures and the similarity measures for NPNLTSs,
we have focused our attention on the distance measures in
this paper and the corresponding similarity measures can
be obtained naturally. It should be noted that the lengths of
two different NPNLTSs are often different in real appli-
cations, and we have discussed how to extend the shorter
one under various cases until both of them have the same
length to further calculate their distance. Additionally, we
have proposed an approach to deal with multi-attribute
decision-making problems based on the proposed distance
and similarity measures. In order to show the applicability
and the efficiency of the approach with the proposed

@ Springer

distance measures, a case study concerning the evaluation
of the medical treatments has been presented. After some
comparisons and analyses, we have discussed from three
angles including the impact of using various decision-
making methods, various distance measures and the
changed focal parameters. And we have obtained some
interesting results. For example, the parameter A and the
parameter 0 can reflect the DM’s risk preferences in dif-
ferent aspects. As a result, the proposed distance measures
give the DMs more choices to decide their risk preferences.

There are some interesting topics for further research.
For example, the hybrid weighted distance and similarity
measures between two collections of NPNLTSs can be
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Fig. 11 The satisfaction degree results with the generalized hybrid weighted distance measure

investigated. Furthermore, we can apply our distance and
similarity measures to other decision-making methods and
study how to determine the weights in the decision-making
problems.
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