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Abstract In this paper, the problem of observer-based

adaptive fuzzy decentralized control is studied for uncer-

tain large-scale nonlinear systems with full state con-

straints, input saturation and unmeasurable state.

Compared with the existing literature, the state directly

measurable problem is relaxed, and the systems with full

state constraints and input saturation problem are further

considered. In order to solve the controller design diffi-

culties caused by input saturation and state constraints, the

auxiliary design functions and the barrier Lyapunov func-

tions are employed, respectively. By utilizing adaptive

backstepping technique and Lyapunov stability theorem, an

observer-based adaptive fuzzy decentralized control

approach is developed. It is proved that all the signals of

the closed-loop systems are semi-globally uniformly ulti-

mately bounded and the observer errors are converged on a

small neighborhood of the origin. The tracking errors are

remained in the bounded compact set, and the full state

constraints are not violated. Two practical examples are

given to demonstrate the usefulness of the proposed control

scheme.

Keywords Adaptive fuzzy control � Full state constraints �
Input saturation � Uncertain large-scale nonlinear systems

1 Introduction

In past years, nonlinear adaptive control based on back-

stepping technology has received extensive attention. In

early times, these studies [1–3] required that the uncertain

nonlinearities in systems either are known linear function

with unknown parameters, or bounded by known nonlinear

functions. It is well known that if a priori knowledge of the

above structure or the upper bound of these unknown

nonlinearities are not available, then these methods are no

longer applied. Under such restrictions, the unknown

nonlinear functions are identified via adaptive neural net-

work control [4–6], or adaptive fuzzy control [7–9]. Lit-

erature [6] researched the output feedback control problem

with a class of stochastic nonlinear systems with non-strict

feedback structures and used neural networks’ universal

approximation capability to approximate nonlinear func-

tions. Literature [7] investigated the nonlinear fuzzy

adaptive controller design problems with arbitrary switch-

ing, and the nonlinear function is approximated by fuzzy

logic system. Literature [9] proposed a corresponding

adaptive fuzzy tracking control approach for the uncertain

nonlinear strict feedback systems. In the above studies, the

unknown nonlinearities are approximated to use neural

networks or fuzzy logic systems and combined with

backstepping technique to construct controllers. Recently,

the approximate dependent adaptive control of output

feedback systems has been further developed [10–12].

Although the controller design approaches based on

adaptive fuzzy backstepping technique have made great

progress, the ones are directed to the normal operation of

the nonlinear system. It is known that many control sys-

tems have constraints on their inputs, such as input satu-

ration, hysteresis [13] or dead-zone [14–16]. In fact, the

most important form of constraint is input saturation that is
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widely studied in [17–22]. Among them, literature [17]

researched the adaptive control problem of uncertain non-

linear system with input saturation. And the nonlinear term

is compensated by the Nussbaum function. In order to relax

the requirement that the nonlinear function can be linearly

parameterized in [18]. Subsequently, studies [21] and [22]

further extend the content of [17] to MIMO nonlinear

systems. However, the aforementioned works did not

consider the state constraints. State constraint is also an

important control index. By far, the problem of state con-

straints nonlinear systems has been widely studied, for

example, partial state constraints [23, 24] and full state

constraints [25–30]. By constructing BLF, the states of the

system can be constrained within the given value. Thus,

literature [24] proposed the output constrained uncertain

nonlinear systems with input saturation. In addition to this

constraint method, literature [25] used an one-to-one non-

linear mapping to transform a strict feedback system into a

pure feedback system and eliminated state constraints.

Moreover, studies [26–28] studied the state constrained

controller design problem for pure feedback systems. From

above analysis, the controller design methods are no longer

applicable to the case of the uncertain nonlinear large-scale

systems with full state constraints. Therefore, the control

scheme for the uncertain nonlinear large-scale systems

with full state constraints is developed.

It is well known that uncertain large-scale nonlinear

systems usually need to design decentralized controllers for

each subsystem. Different from centralized control,

decentralized control is easier to implement, but decen-

tralized controller design is difficult to design, see [31–41]

and the references therein. The method of processing

interconnection terms is given in studies [31–33], where

the uncertainty the interconnected items are replaced by

unknown pth-order polynomial in outputs. Subsequently,

literature [34] used this method to study the decentralized

fault-tolerant control of large-scale nonlinear systems with

actuator failures. In addition, studies [35–41] studied other

constraints of uncertain large-scale nonlinear systems.

Literature [37] investigated decentralized control for non-

linear large-scale systems with unknown dead-zone inputs.

Literature [41] proposed the output constraints problem for

nonlinear interconnected time-delay systems. Observer-

based adaptive fuzzy tracking control for nonlinear systems

with time delays and input saturation is studied in [42].

However, many large-scale systems tend to ignore cusp of

the input saturation, the performance of the closed-loop

systems will be severely degraded, and instability may

occur. On the other hand, the full state constraints of large-

scale systems are complex and rarely studied in the existing

results. Therefore, it is significant work to study the

observer-based adaptive fuzzy decentralized control of

uncertain large-scale nonlinear systems with full state

constraints, input saturation and unmeasurable state.

Motivated by the aforementioned observations, obser-

ver-based adaptive fuzzy decentralized control for uncer-

tain large-scale nonlinear systems is studied in this paper.

The uncertain terms contain uncertain nonlinear functions

and unmeasurable states, and the constraint terms include

full state constraints and input saturation. The fuzzy logic

systems are utilized to approximate the nonlinear functions,

and the fuzzy observers are designed to estimate the

unmeasurable states in the systems. In contrast to existing

results, the main contributions can be summarized as:

(1) The assumption that the state directly measurable is

relaxed, and the full state constraints problem is

further considered.

(2) The input saturated cusp is replaced by the auxiliary

design functions, which makes the input function

smooth and the BLFs differentiable; then, the full

state constraints of the uncertain large-scale nonlin-

ear systems can be guaranteed by the BLFs.

(3) An adaptive fuzzy decentralized controller is pro-

posed for uncertain large-scale nonlinear systems

with full state constraints, input saturation and

unmeasurable state.

Finally, it is proved that all the signals of the closed-loop

systems are SGUUB and the observer errors are converged

on a small neighborhood of the origin. The tracking errors

are remained in the bounded compact set, and the full state

constraints are not violated.

2 Preliminaries and Problem Statement
Assumption

2.1 System Descriptions

Consider the following uncertain large-scale nonlinear

systems, which consist of N interconnected subsystems:

_xi;1 ¼ fi;1ðxi;1Þ þ xi;2 þ Di;1ð�yÞ
_xi;2 ¼ fi;2ðxi;2Þ þ xi;3 þ Di;2ð�yÞ
..
.

_xi;ni�1 ¼ fi;ni�1ðxi;ni�1Þ þ xi;ni þ Di;ni�1ð�yÞ
_xi;ni ¼ fi;niðxi;niÞ þ uiðviðtÞÞ þ Di;nið�yÞ
yi ¼ xi;1

ð1Þ

where xi;j ¼ ½xi;1; . . .; xi;j�T 2 Rj, i ¼ 1; 2; . . .;N, j ¼
1; 2; . . .; ni are the state vectors, y ¼ ½y1; . . .; yN �T 2 RN is

the systems output. fi;jðxi;jÞ 2 R are unknown smooth

functions. The output yi must be retained in the set

jyij � kcij(output constraints), 8t� 0, where kcij are positive

constants. viðtÞ are the controller input to be designed,
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uiðviðtÞÞ denotes the systems input subject to saturation

type nonlinearly. Di;jðyÞ 2 R are uncertain smooth func-

tions represents the connection between the ith subsystem

and other subsystems. In the paper, only the output yi is

measurement. uiðviðtÞÞ is described by

uiðviðtÞÞ ¼ satðviðtÞÞ ¼
signðviðtÞÞuiM; viðtÞj j � uiM
viðtÞ; viðtÞj j\uiM

�

ð2Þ

where uiM is the bound of ui. From the above formula (2),

the relationship can be obtained and there is a sharp point

at jviðtÞj ¼ uiM . Because there is a sharp point, the adaptive

backstepping technology cannot be directly used. The

auxiliary design functions are used to replace the input

saturation as follows:

giðviðtÞÞ ¼ uiM � tanh
viðtÞ
uiM

� �
¼ uiM

e
viðtÞ
uiM � e

�viðtÞ
uiM

e
viðtÞ
uiM þ e

�viðtÞ
uiM

ð3Þ

Then, satðviðtÞÞ in (2) can be written as

satðviðtÞÞ ¼ giðviðtÞÞ þ qiðviÞ ¼ uiM � tanh
viðtÞ
uiM

� �
þ qiðviÞ

ð4Þ

where qiðviÞ ¼ satðviðtÞÞ � giðviðtÞÞ is a bounded functions

whose bound can be expressed as

jqiðviÞj ¼ jsatðviðtÞÞ � giðviðtÞÞj � uiMð1� tanhð1ÞÞ ¼ Di

ð5Þ

Note that in the section 0� jvij � uiM the bound qiðviÞ
increases from 0 to Di as jvij changes from 0 to uiM , and

outside this range the bound qiðviÞ decreases from Di to 0.

Figure 1 shows approximation of the saturation function,

where uiM ¼ 3. In paper [24], a functional image of the

saturation input and an auxiliary function is given, when

the upper limit of saturation is 5.

Thus, system (1) can be rewritten as

_Xi ¼ Ai;0Xiþ
Xni
j¼1

Bi;jfi;jðxi;jÞþDiðyÞþBi;niðgiðviðtÞÞþqiðviÞÞ

yi ¼CT
i Xi ð6Þ

where Xi ¼ ½xi;1; . . .; xi;ni �
T
, Ai;0 ¼

0

..

.
Ini�1

0 � � � 0

2
4

3
5,

DiðyÞ ¼ ½Di;1ðyÞ; . . .;Di;niðyÞ�
T
, Ci ¼ ½1; . . .; 0�T, Bi;j ¼

½0; . . .; 0|fflfflffl{zfflfflffl}
j�1

; 1; 0; . . .; 0�T.

The following assumptions are given to facilitate the

design of the controller of the systems.

Assumption 1 [37] The nonlinear interconnected terms

Di;jðyÞ satisfy

jDi;jðyÞj�
Xpi;j
k¼1

XN
l¼1

qkijljylj
k ð7Þ

where Di;jðyÞ are unknown except that they are bounded by

an unknown pi;jth-order polynomial in outputs and qkijl is an

unknown constant.

Assumption 2 It is assumed that the reference signal yi;d

and its kth order derivatives y
ðkÞ
i;d ; i ¼ 1; 2; . . .;N; k ¼

1; 2; . . .; ni satisfy jyi;dj � ai0 and jyðkÞi;d j � aik where

ai0; ai1; . . .; aik are positive constants.

Assumption 3 Assume that functions fi;j satisfy the glo-

bal Lipschitz condition, there exists known constant Li;j
such that the following inequalities hold

jfi;jðxi;jÞ � fi;jðx̂i;jÞj � Li;j k xi;j � x̂i;j k; i ¼ 1; . . .;N;

j ¼ 1; . . .; ni:
ð8Þ

Remark 1 In order to design the adaptive controller, the

processing of interconnected terms is studied in studies

[31, 34]. An unknown pth-order polynomial is designed as

an upper bound to replace the uncertain interconnect term.

In the article, the same method is used to handle the

interconnect items. And the auxiliary design functions are

used to remove the cusp of the input saturation.

2.2 Fuzzy Logic Systems

Due to the uncertainty of the existence of nonlinear func-

tions, the fuzzy logic systems (FLS) are introduced. Con-

struct fuzzy logic systems with the following form of if–

then rules:−20 −15 −10 −5 0 5 10 15 20
−6

−3

0

3

6

v
i
(t)

sa
t(v

i)

Fig. 1 Saturation(red solid line: satðviÞ; blue dot line: smooth giðviÞ)
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Rq: if x1 is F
q
1 and x2 is F

q
2 and ...and xn is F

q
n , then y is

Bq; q ¼ 1; 2; . . .; i: where x=½x1; . . .; xn�T and y are the fuzzy

logic system input and output, respectively. Fuzzy sets F
q
i

and Bq, associated with the fuzzy functions lFq
i
ðxiÞ and

lBqðyÞ, respectively. i is the rules number. Through sin-

gleton function, center average defuzzification and product

inference, the FLS can be formulated as

yðxðtÞÞ ¼
Pi

q¼1 eyqQn
i¼1 lFq

i
ðxiÞPi

q¼1

Qn
i¼1 lFq

i
ðxiÞ

� � ð9Þ

where eyq ¼ maxy2RlBqðyÞ.

Let uq ¼
Qn

i¼1
l
F
q

i
ðxiÞPi

q¼1
ð
Qn

i¼1
l
F
q
i
ðxiÞÞ

, and denote h ¼

½ey1;ey2; . . .; eyi�T ¼ ½h1; h2; . . .; hi�T and

uðxÞ ¼ ½u1ðxÞ; . . .;uiðxÞ�, then FLS (9) can be rewritten as

yðxÞ ¼ hTuðxÞ:

Lemma 1 [33] Let f(x) be a continuous function defined

on a compact set X. Then for any constant e[ 0, there

exists an FLS such as

sup
x2X

jf ðxÞ � hTuðxÞj � e ð10Þ

2.3 Fuzzy State Observer Design

Since the state of the systems is unmeasurable, fuzzy state

observer is designed to estimate the state of the systems

and define the ideal parameter vector h�i;j as

h�i;1 ¼ arg min
ĥi;12U0

i;1

½sup jf i;1ðxi;1jĥi;1Þ � fi;1ðxi;1Þj�;

h�i;j ¼ arg min
ĥi;j2U0

i;j

½sup jf̂i;jðx̂i;jjĥi;jÞ � fi:jðx̂i;jÞj�; ðj ¼ 2; . . .; niÞ:

where xi;1 2 Xi;1 and x̂i;j 2 X
0

i;j. U
0

i;j and X
0

i;j are compact

sets for ĥi;j and x̂i;j, respectively.

By Lemma 2.1, the nonlinear functions can be approx-

imated by the following FLSs:

f̂i;jðx̂i;jjĥi;jÞ ¼ ĥTi;jui;jðx̂i;jÞ ð11Þ

Define the fuzzy minimum approximation errors as

ei;1 ¼ fi;1ðxi;1Þ � f̂i;1ðxi;1jh�i;1Þ; ei;j ¼ fi;jðx̂i;jÞ � f̂i;jðx̂i;jjh�i;jÞ:
Where x̂i;j ¼ ½x̂i;1; . . .; x̂i;j�T are the estimation of the state

xi;j. Assume that there exists a constant e�i;j such that

jei;jj � e�i;j.

The corresponding fuzzy observer is designed as

_̂
Xi ¼AiX̂i þ

Xni
j¼1

Bi;jf̂i;jðx̂i;jjĥi;jÞ þ Kiyi þ Bi;nigiðviðtÞÞ

ŷi ¼CT
i X̂i

ð12Þ

where X̂i ¼ ½x̂i;1; x̂i;2; . . .; x̂i;ni �
T
, Ai ¼

�ki;1

..

.
Ini�1

�ki;ni � � � 0

2
64

3
75,

Ki ¼ ½ki;1; . . .; ki;ni �
T
.

The observer gain matrix Ki is choose such that Ai is a

Hurwitz matrix. Thus, given a positive definite matrix Qi ¼
QT

i [ 0 there exists a positive define matrix Pi ¼ PT
i [ 0

such that

AT
i Pi þ PiAi ¼ �Qi ð13Þ

According to (6) and (12), the observer errors can be

obtained as

_eX i ¼ Ai
eXi þ

Xni
j¼1

Bi;j
ehTi;jui;jðx̂i;jÞ þ ei þ Df i þ Bi;niqiðviÞ þ DiðyÞ

ð14Þ

where eXi ¼ Xi � X̂i are the observer errors, ehi;j ¼ h�i;j � ĥi;j,

ei ¼ ½ei;1; . . .; ei;ni �
T
, Df i ¼ ½Df i;1;Df i;2; . . .;Df i;ni �

T
and

Df i;j ¼ fi;jðxi;jÞ � fi;jðx̂i;jÞ.

Remark 2 Because the states are unmeasured, fuzzy

observer is used to estimate the state of the systems. The

saturated input saturation value should be appropriate, too

large to make the observation inaccurate, too small to

achieve the design effect. Equations f i;jðx̂i;jjehi;jÞ ¼ ehTi;jui;j

ðx̂i;jÞ and f̂i;jðx̂i;jjh�i;jÞ ¼ h�i;j
Tui;jðx̂i;jÞ similar to (11) can be

obtained.

The candidate Lyapunov function V0 is considered as

V0 ¼
XN
i¼1

1

2
eXi

TPi
eXi

� �
ð15Þ

The time derivative of V0 along with (15) is

_V0 ¼
XN
i¼1

1

2
eXi

TðAT
i Pi þ PiAiÞeXi

�

þeXT
i Pi

Xni
j¼1

Bi;j
ehTi;jui;jðx̂i;jÞ þ ei þ Df i þ Bi;niqiðviÞ þ DiðyÞ

" #�

ð16Þ

By using Young’s inequality 2ab� a2 þ b2, Cauchy–

Schwarz inequality ð
Pp

k¼1 akbkÞ
2 �

Pp
k¼1ðakÞ

2Pp
k¼1ðbkÞ

2

andð
P2

i¼1 jaijÞ
k � 2k

P2
i¼1ðjaijÞ

k
, Assumptions 1, 3 and the

fact uT
i;jðx̂i;jÞui;jðx̂i;jÞ� 1.
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The following inequalities can be obtained as

eXT
i Pi

Xni
j¼1

Bi;j
ehTi;jui;jðx̂i;jÞ�

1

2
k2maxðPiÞk eXik2

þ 1

2

Xni
j¼1

ehTi;jehi;j � 1

2
k2maxðPiÞk eXik2 þ

1

2
kehik2

ð17Þ

XN
i¼1

½eXT
i PiDiðyÞ� �

1

2

XN
i¼1

k2maxðPiÞk eXik2

þ
XN
i¼1

Xp
k¼1

qik kyi;dk2k þ kzi;1k2k
� � ð18Þ

eXT
i PiBi;niqiðviÞ þ eXT

i PiDf i þ eXT
i Piei

� 3

2
k2maxðPiÞ þ

1

2

Xni
j¼1

L2i;j

 !
k eXik2

þ 1

2
kDik2 þ

1

2
ke�i k

2

ð19Þ

where kmaxðPiÞ represents the maximum eigenvalue of the

matrix Pi, ehi ¼ ½ehi;1; . . .; ehi;ni �T, zi;1 ¼ yi � yi;d, p ¼
maxfpi;jj1� i�N; 1� j� nig is a known integer,

qik ¼ pN22k�1
PN

l¼1

Pni
j¼1ðqkl;j;iÞ

2
.

Substituting (17)–(19) into (16) yields

_V0 �
XN
i¼1

�ki;0keXik2 þ
1

2
kehik2 þ 1

2
ke�i k

2 þ 1

2
kDik2

�

þ
Xp
k¼1

qik kyi;dk2k þ kzi;1k2k
� ��

ð20Þ

where ki;0 ¼ 1
2
kminðQiÞ � 5

2
k2maxðPiÞ � 1

2

Pni
j¼1 L

2
i;j.

Remark 3 The actual system will always have too large or

too small input to make the system unable to work prop-

erly, so input saturation is very important in practice.

However, the problem of input saturation is not considered

in [31–37]. There are few papers on input saturation, which

is also the main contribution of this paper.

3 Control Design and Stability Analysis

In this section, by utilizing adaptive backstepping tech-

nique and Lyapunov stability theorem, an observer-based

adaptive fuzzy decentralized control approach is

developed.

The ni-step adaptive fuzzy backstepping output feed-

back control design is based on the following change of

coordinates:

zi;1 ¼yi � yi;d

zi;j ¼x̂i;j � ai;j�1ði ¼ 1; 2; . . .;N; j ¼ 2; . . .; ni � 1Þ
zi;ni ¼x̂i;ni � ai;ni�1 � �hi

ð21Þ

where �hi will be given at the end.

Step i, 1 : From (1), (21) and xi;2 ¼ exi;2 þ x̂i;2, the fol-

lowing equations can be obtained as

_zi;1 ¼ _yi � _yi;d ¼ fi;1ðxi;1Þ þ xi;2 þ Di;1ðyÞ � _yi;d

¼ ei;1 þ h�i;1
Tui;1ðxi;1Þ þ exi;2 þ zi;2 þ ai;1 þ Di;1ðyÞ � _yi;d

ð22Þ

Choose the Lyapunov function candidate as

V1 ¼ V0 þ
XN
i¼1

1

2
log

k2bi1
k2bi1 � z2i;1

þ 1

2ci;1
ehTi;1ehi;1 þ 1

2bi
ev2i

( )

ð23Þ

where log
k2
bi1

k2
bi1
�z2

i;1

defined as a BLF in literature [28], ci;1 and

bi are positive design constants. evi ¼ vi � v̂i and v̂i is the
estimate of vi. The purpose of designing vi ¼
max1� k� pfqik þ niq1ikg is only for stability analysis.

The derivative of V1 is

_V1 ¼ _V0 þ
XN
i¼1

zi;1

k2bi1 � z2i;1
_zi;1 þ

1

ci;1
ehTi;1 _eh i;1 þ

1

bi
evi _ev i

( )

¼ _V0 þ
XN
i¼1

zi;1

k2bi1 � z2i;1
½ei;1 þ h�i;1

Tui;1ðxi;1Þ þ exi;2 þ zi;2 þ ai;1

(

þDi;1ðyÞ � _yi;d� þ
1

ci;1
ehTi;1 _eh i;1 þ

1

bi
evi _ev i

)

ð24Þ

By using Young’s inequality, i.e., the following

inequality relationship is satisfied

kzi1ei;1 þ kzi1exi;2 �kkzi1k2 þ
1

2
ke�i;1k

2 þ 1

2
kexi;2k2 ð25Þ

XN
i¼1

kzi1Di;1ðyÞ�
1

2

XN
i¼1

kkzi1k2 þ
XN
i¼1

Xp
k¼1

q1ik kyi;dk2k þ kzi;1k2k
� �

ð26Þ

where kzij ¼ zi;j
k2
bij
�z2

i;j

ðj ¼ 1Þ and q1ik ¼ pN22k�1PN
l¼1ðqkl;1;iÞ

2
.

Substituting (25), (26) into (24) yields
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_V1 �
XN
i¼1

�ki;0keXik2 þ
1

2
kehik2 þ 1

2
ke�i k

2 þ 1

2
kDik2

�

þ
Xp
k¼1

ðqik þ q1ikÞ kyi;dk2k þ kzi;1k2k
� �

þ 1

2
ke�i;1k

2 þ 1

2
kexi;2k2

� vi
Xp
k¼1

22kkzi;1k2k þ kzi1
3

2
kzi1 þ ĥTi;1ui;1ðxi;1Þ

	

þðk2bi1 � z2i;1Þv̂i
Xp
k¼1

22kðzi;1Þ2k�1 þ zi;2 þ ai;1 � _yi;d

#

þ 1

ci;1
ehTi;1ðkzi1ci;1ui;1ðxi;1Þ �

_̂hi;1Þ

þ 1

bi
evi bi

Xp
k¼1

22kðzi;1Þ2k � _̂vi

 !)

ð27Þ

where 1
2
kexi;2k2 � 1

2
keXik2 and 1

2
ke�i;1k

2 � 1
2
ke�i k

2
.

Choose the virtual control ai;1, the adaptive function ĥi;1
and v̂i as follows:

ai;1 ¼� si;1zi;1 �
7

4
kzi1

� k2bi1 � z2i;1

� �
v̂i
Xp
k¼1

22kðzi;1Þ2k�1

� ĥTi;1ui;1ðxi;1Þ þ _yi;d

ð28Þ

_̂hi;1 ¼� ri;1ĥi;1 þ kzi1ci;1ui;1ðxi;1Þ ð29Þ

_̂vi ¼� riv̂i þ bi
Xp
k¼1

22kðzi;1Þ2k ð30Þ

where si;1 [ 0, ri;1 [ 0 and ri [ 0 are the design

parameters.

Substituting (28)–(30) into (27) results in

_V1 �
XN
i¼1

�ki;1keXik2 þ
1

2
kehik2 þMi;1

�

þ
Xp
k¼1

ðqik þ q1ikÞ kyi;dk2k þ kzi;1k2k
� �

� vi
Xp
k¼1

22kkzi;1k2k

� 1

4
k2zi1 � si;1kzi1zi;1 þ kzi1zi;2 þ

ri;1
ci;1
ehTi;1ĥi;1 þ ri

bi
eviv̂i

)

ð31Þ

where ki;1 ¼ ki;0 � 1
2
and Mi;1 ¼ ke�i k

2 þ 1
2
kDik2:

This inequality relationship is obviously obtained as

kzi1zi;2 �
1

4
k2zi1 þ z2i;2 ð32Þ

Thus, (31) can be rewritten as

_V1 �
XN
i¼1

�
� ki;1keXik2 þ

1

2
kehik2 þMi;1

þ
Xp
k¼1

ðqik þ q1ikÞ kyi;dk2k þ kzi;1k2k
� �

� vi
Xp
k¼1

22kkzi;1k2k

�si;1kzi1zi;1 þ z2i;2 þ
ri;1
ci;1
ehTi;1ehi;1 þ ri

bi
eviv̂i

�

ð33Þ

Step i; jðj ¼ 2; . . .; ni � 1Þ : The derivative of zi;j is

_zi;j ¼ _̂xi;j � _ai;j�1 ¼ f̂i;jðx̂i;jjĥi;jÞ þ x̂i;jþ1 þ ki;jðyi � ŷiÞ � _ai;j�1

¼ ĥTi;jui;jðx̂i;jÞ þ ehTi;jui;jðx̂i;jÞ � ehTi;jui;jðx̂i;jÞ þ zi;jþ1 þ ai;j þ ki;jexi;1
�
Xj�1

k¼2

oai;j�1

ox̂i;k
_̂xi;k �

Xj�1

k¼1

oai;j�1

oĥi;k

_̂hi;k �
Xj

k¼1

oai;j�1

oy
ðk�1Þ
i;d

y
ðkÞ
i;d � oai;j�1

oyi
_yi

ð34Þ

Thus, (34) can be rewritten as

_zi;j ¼ zi;jþ1 þ ai;j þ ehTi;jui;jðx̂i;jÞ � ehTi;jui;jðx̂i;jÞ þ Hi;j

� oai;j�1

oyi
ðei;1 þ exi;2 þ Di;1ðyÞ þ ehTi;1ui;1ðxi;1ÞÞ

ð35Þ

where Hi;j ¼ ĥTi;jui;jðx̂i;jÞ þ ki;jexi;1 �
Pj�1

k¼2
oai;j�1

ox̂i;k
_̂xi;k

�
Pj�1

k¼1
oai;j�1

o
ĥi;k

_̂hi;k �
P j

k¼1
oai;j�1

oy
ðk�1Þ
i;d

y
ðkÞ
i;d � oai;j�1

oyi
ðx̂i;2 þ ĥTi;1ui;1

ðx̂i;1ÞÞ; ðj ¼ 2; . . .; ni � 1Þ:
Consider the following Lyapunov function candidate as

Vj ¼ Vj�1 þ
XN
i¼1

1

2
log

k2bij

k2bij � z2i;j
þ 1

2ci;j
ehTi;jehi;j

( )
ð36Þ

The time derivative of V2 along with (35), (36) is

_Vj ¼ _Vj�1 þ
XN
i¼1

zi;j

k2bij � z2i;j
_zi;j þ

1

ci;j
ehTi;j _eh i;j

( )

¼ _Vj�1 þ
XN
i¼1

fkzij zi;jþ1 þ ai;j � ehTi;jui;jðx̂i;jÞ þ Hi;j

h

� oai;j�1

oyi
ðei;1 þ exi;2 þ Di;1ðyÞ þ ehTi;1ui;1ðxi;1ÞÞ




þ 1

ci;j
ehTi;j kzijci;jui;jðx̂i;jÞ �

_̂hi;j
� �

ð37Þ

By using Young’s inequality, i.e., the following

inequalities can be obtained as

� kzij
oai;j�1

oyi
ei;1 �

1

2

oai;j�1

oyi

� �2

ðkzijÞ2 þ
1

2
ke�i;jk

2 ð38Þ

� kzij
oai;j�1

oyi
exi;2 � 1

2

oai;j�1

oyi

� �2

ðkzijÞ2 þ
1

2
kexi;2k2 ð39Þ
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�
XN
i¼1

kzij
oai;j�1

oyi
Di;1ðyÞ�

XN
i¼1

1

2

oai;j�1

oyi

� �2

ðkzijÞ2

þ
XN
i¼1

Xp
k¼1

q1ik kyi;dk2k þ kzi;1k2k
� � ð40Þ

� kzij
oai;j�1

oyi

ehi;1Tui;1ðxi;1Þ�
1

2

oai;j�1

oyi

� �2

ðkzijÞ2

þ 1

2
ehTi;1ehi;1

ð41Þ

� kzijehTi;jui;jðx̂i;jÞ�
1

2
ðkzijÞ2 þ

1

2
ehTi;jehi;j ð42Þ

Substituting (38)–(42) into (37) yields

_Vj �
XN
i¼1

�ki;j�1keXik2 þ
1

2
kehik2 þMi;j�1

�

þ
Xp
k¼1

ðqik þ ðj� 1Þq1ikÞ kyi;dk2k þ kzi;1k2k
� �

� vi
Xp
k¼1

22kkzi;1k2k

þ
Xp
k¼1

q1ik kyi;dk2k þ kzi;1k2k
� �

þ j� 1

2
ehTi;1ehi;1

�
Xj�1

m¼1

si;mkzimzi;m þ
Xj�1

m¼1

ri;m
ci;m

ehTi;mĥi;m þ 1

2

Xj

m¼2

ehTi;mehi;m

þ kzij zi;jþ1 þ ai;j þ Hi;j þ 2
oai;j�1

oyi

� �2

kzij

"

þ 1

2
kzij þ

z2i;j

kzij

#
þ 1

2
keXik2 þ

1

2
ke�i k

2 þ ri
bi
eviv̂i

þ 1

ci;j
ehTi;jðkzijci;jui;jðx̂i;jÞ �

_̂hi;jÞ
)

ð43Þ

Choose the virtual control ai;j and the adaptive law ĥi;j as

ai;j ¼� si;jzi;j �
3

4
kzij � Hi;j � 2

oai;j�1

oyi

� �2

kzij �
z2i;j

kzij
ð44Þ

_̂hi;j ¼� ri;jĥi;j þ kzijci;jui;jðx̂i;jÞ ð45Þ

where si;j [ 0, ri;j [ 0, ci;j [ 0.

Similar to inequality (32), one can obtained

kzijzi;jþ1 �
1

4
k2zij þ z2i;jþ1

ð46Þ

Substituting (44)–(46) into (43) yields

_Vj �
XN
i¼1

�ki;jkeXik2 þ
1

2
kehik2 þMi;j

�

þ
Xp
k¼1

ðqik þ jq1ikÞ kyi;dk2k þ kzi;1k2k
� �

� vi
Xp
k¼1

22kkzi;1k2k

þ j� 1

2
ehTi;1ehi;1 þ 1

2

Xj

m¼2

ehTi;mehi;m �
Xj

m¼1

si;mkzimzi;m

þ
Xj

m¼1

ri;m
ci;m

ehTi;mĥi;m þ z2i;jþ1 þ
ri
bi
eviv̂i

)

ð47Þ

where ki;j ¼ ki;j�1 � 1
2
and Mi;j ¼ Mi;j�1 þ 1

2
ke�i k

2
.

Step i; ni : The time derivative of zi;ni along with (12)

and (21) is

_zi;ni ¼ _̂xi;ni � _ai;ni�1 � _�hi ¼ f̂i;niðx̂i;ni jĥi;niÞ þ giðviÞ
þ ki;niðyi � ŷiÞ � _ai;ni�1 � _�hi

ð48Þ

From (11) and (44), (48) can be written as

_zi;ni ¼ giðviÞ � _�hi þ ehTi;niui;niðx̂i;niÞ � ehTi;niui;niðx̂i;niÞ þ Hi;ni

� oai;ni�1

oyi
ðei;1 þ exi;2 þ Di;1ðyÞ þ ehTi;1ui;1ðxi;1ÞÞ

ð49Þ

where Hi;ni ¼ ĥTi;niui;niðx̂i;niÞ þki;niexi;1 �Pni�1
k¼2

oai;ni�1

ox̂i;k
_̂xi;k

�
Pni�1

k¼1

oai;ni�1

oĥi;k

_̂hi;k �
Pni

k¼1

oai;ni�1

oy
ðk�1Þ
i;d

y
ðkÞ
i;d � oai;ni�1

oyi
ðx̂i;2 þ ĥTi;1ui;1

ðx̂i;1ÞÞ:
Define the dynamic system as

_�hi ¼ ��hi þ ðgiðviÞ � viÞ ð50Þ

Consider the following Lyapunov function candidate as

V ¼ Vni ¼ Vni�1 þ
XN
i¼1

1

2
log

k2bini
k2bini � z2i;ni

þ 1

2ci;ni
ehTi;niehi;ni

( )

ð51Þ

Choose actual control input vi and the adaptive law
_̂hi;ni

as

vi ¼� �hi � si;ni zi;ni �
1

2
kzini � Hi;ni � 2

oai;ni�1

oyi

� �2

kzini �
z2i;ni
kzini

ð52Þ
_̂hi;ni ¼� ri;ni ĥi;ni þ kzinici;niui;niðx̂i;niÞ ð53Þ

where si;ni [ 0, ri;ni [ 0, ci;ni [ 0.

By (51)–(53), the time derivative of Vni can be written as
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_V ¼ _Vni ¼ _Vni�1 þ
XN
i¼1

zi;ni
k2bini � z2i;ni

_zi;ni þ
1

ci;ni
ehTi;ni _eh i;ni

( )

�
XN
i¼1

�ki;nikeXik2 þ
1

2
kehik2 þMi;ni

�

þ ni � 1

2
ehTi;1ehi;1 þ

Xp
k¼1

ðqik þ niq1ikÞ kyi;dk2k þ kzi;1k2k
� �

�vi
Xp
k¼1

22kkzi;1k2k þ
1

2

Xni
m¼2

ehTi;mehi;m

�
Xni
m¼1

si;mkzimzi;m þ
Xni
m¼1

ri;m
ci;m

ehTi;mĥi;m þ ri
bi
eviv̂i

)

ð54Þ

where ki;ni ¼ ki;ni�1 � 1
2
and Mi;ni ¼ Mi;ni�1 þ 1

2
ke�i k

2
.

By using Young’s inequality, the following inequalities

can be obtained as

ri;m
ci;m

ehTi;mĥi;m ¼ ri;m
ci;m

ehTi;mðh�i;m � ehi;mÞ� � ri;m
2ci;m

ehTi;mehi;m
þ ri;m

2ci;m
h�i;m

Th�i;m

ð55Þ
ri
bi
eviv̂i � ri

bi
eviðvi � eviÞ� � ri

2bi
ev2i þ ri

2bi
v2i ð56Þ

Substituting (55), (56) and vi ¼ max1� k� pfqik þ niq1ikg
into (54), (54) becomes

_V �
XN
i¼1

�ki;nikeXik2 �
Xni
m¼1

si;mkzimzi;m � ri;1
2ci;1

� ni

2

 !
ehTi;1ehi;1

(

�
Xni
m¼2

ri;m
2ci;m

� 1

 !
ehTi;mehi;m � ri

2bi
ev2i þ ni;ni

)

ð57Þ

where ni;ni ¼
Pni

m¼1
ri;m
2ci;m

h�i;m
Th�i;m þ ri

2bi
v2i þ

Pp
k¼1 ðqik þ

niq1ikÞ ðmaxt� 0 kyi;dk2kÞ þMi;ni .

The following theorem is summarized by the above

controller design and stability analysis.

Theorem 1 When uncertain large-scale nonlinear sys-

tems (1) satisfy assumption 2, if the design positive

parameters si;j; ri;j and ci;j are appropriately chosen to

satisfy kcij [ ai;j þ kbij, ai;j ¼ max jai;jðx̂i;j; ĥi;j; yi; y
ðkÞ
id Þ;

k ¼ 1; 2; . . .; jj. The proposed adaptive control

scheme composed of the controllers ai;j; ðj ¼ 1; . . .; ni � 1Þ,
vi in (28), (44), (52), and the adaptation laws

_̂hi;j, ðj ¼
1; . . .; niÞ and _̂vi in (29), (45), (53) and (30) can guarantee

(1) The observer errors are converged on a small

neighborhood of the origin and the tracking errors are

remained in the bounded compact set;

(2) All the signals in the closed-loop systems are

SGUUB;

(3) The full state constraints are not violated.

Proof According to the inequalities (38), (42) and

logð k2
bij

k2
bij
�z2

i;j

Þ� z2i;j
k2
bij
�z2

i;j

, one can obtain

_V � � .i;niV þ Ci;ni ð58Þ

where .i;ni ¼ minf 2ki;ni
kmaxðPiÞ ; 2si;m; 2ci;1ð

ri;1
2ci;1

� ni
2
Þ; 2ci;m ð ri;m

2ci;m

�1Þ; rig; ðm ¼ 2; . . .; niÞ, Ci;ni ¼
ni;ni
.i;ni

and .i¼ minf.i;1;
.i;2; . . .; .i;nig, Ci ¼ minfCi;1; Ci;2; . . .; Ci;nig, . ¼ minf.1;
.2; . . .; .Ng, C ¼ minfC1; C2; . . .;CNg.

So (58) can be rewritten as

_V � � .V þ C ð59Þ

Multiplying (59) by e.t on both sides, followed by inte-

grating from t0 to t, the following inequalities hold

e.t _V þ .e.tV �Ce.tZ t

t0

ðe.tVÞ0dt�
Z t

t0

Ce.tdt

VðtÞ� Vðt0Þ �
C

.

� �
e�.ðt�t0Þ þ C

.

ð60Þ

According to (60),
k2
bij

k2
bij
�z2

i;j

� e2ðVðt0Þ�
C
.Þe�.ðt�t0Þþ2C. ; and

1
2ci;j
ehTi;jehi;j �ðVðt0Þ � C

.Þe�.ðt�t0Þ þ C
., the following inequal-

ities are established as

XN
i¼1

Xni
j¼1

jzi;jj � kbij

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� e�2 Vðt0Þ�C

.ð Þe�.ðt�t0Þ�2C.

q
ð61Þ

XN
i¼1

Xni
j¼1

jjehi;jjj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ci;j Vðt0Þ �

C

.

� �
e�.ðt�t0Þ þ 2

C

.

� �s

ð62Þ
XN
i¼1

keXik2 � Vðt0Þ �
C

.

� �
e�.ðt�t0Þ þ C

.
ð63Þ

If t ! 1, then e�.ðt�t0Þ ! 0, it follows from (61), (62),

(63) that there exists T, when t[ T . In (61), there are

xi;1 ¼ zi;1 þ yi;d and jyi;dj � ai0, so can obtain

jxi;1j � jzi;1j þ jyi;dj\kbi1 þ ai0\kci1. It can be known from

the definition of ai;1, it is a function of xi;1, yi;d , _yi;d, ĥi;1.

Because the boundedness of ĥi;1, zi;1, xi;1, _zi;1, ai;1 is

bounded and satisfies jai;1j � ai;1. Then, jx̂i;2j � jai;1j þ
jzi;2j � ai;1 þ kbi2 ¼ kci2. Similarly, it can be proved that

jx̂i;jj\kcijðj ¼ 3; . . .; niÞ. Therefore, the tracking errors are

remained in the bounded compact set and the full state

constraints are not violated.

From the definition in (60), ui;ni is a function of ĥi;ni , x̂i;ni ,

zi;ni , _yi;d,..., y
ðkÞ
i;d owing to the boundedness of ĥi;ni , x̂i;ni , zi;ni ,

_yi;d, ..., y
ðkÞ
i;d , the controller ui;ni is bounded. In (62), there are
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adaptive laws ehi;j ¼ h�i;j � ĥi;j with h�i;j and ĥi;j are bounded.

In (63), the observer errors exi;j are also bounded. Therefore,
all the closed-loop signals are SGUUB and the appropriate

choice parameters can make the observer errors are

converged on a small neighborhood of the origin. h

Remark 4 The formula logð k2
bij

k2
bij
�z2

i;j

Þ� z2i;j
k2
bij
�z2

i;j

from the proof

can be obtained from Lemma 2 of literature [28]. In

addition, a very important choice comes from the proper

choice of parameters. Choose the design parameters

ci;j [ 0, ðj ¼ 1; . . .; niÞ and bi [ 0, in (29), (45), (53) and

(30), which are used for the r-modification. According to

[34], the appropriate choices of ci;j and bi can prevent the

parameters ĥi;j and v̂i to drift.

Remark 5 In (63),
PN

i¼1 keXik2 � l, with l[ C
. [ 0. The

observer errors exi;j are converged on a small neighborhood

of the origin, so by exi;j ¼ xi;j � x̂i;j and xi;j ¼ x̂i;j þexi;j � kcij þ l can be known that the system’s full state

constraints are satisfied.

4 Simulation Example

In this section, the effectiveness and the control perfor-

mances of the proposed decentralized control method are

illustrated via the following two examples.

Example 1 Consider two inverted pendulum models

connected by a spring and set an input ti at the base. The

schematic of the two inverted pendulum models is shown

in Fig. 2. It is only assumed that Hi are available to the ith

controller for i ¼ 1; 2. Let H1 ¼ x1;1, H2 ¼ x2;1, _H1 ¼ x1;2,

_H2 ¼ x2;2; then, the inverted pendulum equation can be

described as

_x1;1ðtÞ ¼ x1;2ðtÞ þ f1;1ðx1;1ðtÞÞ þ D1;1ðy1ðtÞ; y2ðtÞÞ
_x1;2ðtÞ ¼ u1ðv1Þ þ f1;2ðx1;1ðtÞ; x1;2ðtÞÞ þ D1;2ðy1ðtÞ; y2ðtÞÞ
y1ðtÞ ¼ x1;1ðtÞ

ð64Þ

_x2;1ðtÞ ¼ x2;2ðtÞ þ f2;1ðx2;1ðtÞÞ þ D2;1ðy1ðtÞ; y2ðtÞÞ
_x2;2ðtÞ ¼ u2ðv2Þ þ f2;2ðx2;1ðtÞ; x2;2ðtÞÞ þ D2;2ðy1ðtÞ; y2ðtÞÞ
y2ðtÞ ¼ x2;1ðtÞ

ð65Þ

wheref1;1ðx1;1Þ ¼ 0, D1;1ðy1ðtÞ; y2ðtÞÞ ¼ 0, f1;2ðx1;1; x1;2Þ ¼
ðm1gr

J1
� Kr2

4J1
Þ sinðx1;1Þ, D1;2ðy1ðtÞ; y2ðtÞÞ ¼ Kr2

4J1
sinðx2;1Þ, f2;1

ðx2;1Þ ¼ 0, D2;1ðy1ðtÞ; y2ðtÞÞ ¼ 0, f2;2ðx2;1; x2;2Þ ¼ ðm2gr
J2

� Kr2

4J2
Þ sinðx2;1Þ, D2;2ðy1ðtÞ; y2ðtÞÞ ¼ Kr2

4J2
sinðx1;1Þ.

Here, H1 and H2 are the angular displacements of the

pendulums form vertical. The parameters m1 ¼ 2 kg and

m2 ¼ 2:5 kg are the pendulum end mass, J1 ¼ 5 kg and

J2 ¼ 6:25 kg are the moments of inertia, K ¼ 100 N/m is

the spring constant of the connecting spring, r ¼ 0:5 m is

the pendulum height, l ¼ 0:5 m is the natural length of the

spring and g ¼ 9:81m=s2 is the gravitational acceleration.

The distance between the pendulum hinges is defined as

b ¼ 0:5 m. The given reference tracking signal is

y1;d ¼ sinðtÞ, y2;d ¼ sinðtÞ. The states of the systems are

jx1;1j ¼ jy1j � kc11 ¼ 1:2, jx2;1j ¼ jy2j � kc21 ¼ 1:2,

jx1;2j � 1:5, jx2;2j � 1:5.

The input functions uiðviðtÞÞ are represented in (2),

where uiM ¼ 3, i ¼ 1; 2. According to (11), to construct the

fuzzy logic systems f̂1;2ðx̂1;2jĥ1;2Þ ¼ ĥT1;2u1;2ðx̂1;2Þ and

f̂2;2ðx̂2;2jĥ2;2Þ ¼ ĥT2;2u2;2ðx̂2;2Þ are obtained. The design

parameters k11 ¼ 10, k12 ¼ 200, k21 ¼ 5, k22 ¼ 150 are in

the fuzzy observer (12).

By setting the control parameter s1;1 ¼ 4, s1;2 ¼ 10,

s2;1 ¼ 3, s2;2 ¼ 15, kb11 ¼ 0:5, kb21 ¼ 0:4, kb12 ¼ kb22
¼ 0:5, c1;1 ¼ c1;2 ¼ c2;1 ¼ c2;2 ¼ 0:1, r1;1 ¼ r1;2 ¼ r2;1 ¼
r2;2 ¼ 10, r1 ¼ r2 ¼ 0:1, b1 ¼ b2 ¼ 1, p ¼ 2. Then, vir-

tual controllers and the actual control are designed as

following

Fig. 2 Two inverted pendulums connected by a spring of Example 1
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a1;1 ¼� 4z1;1 �
7z1;1

1� 4z21;1
� ĥT1;1u1;1ðx1;1Þ

� ð0:25� z21;1Þv̂1
X2
k¼1

22kðz1;1Þ2k�1 þ cosðtÞ

a2;1 ¼� 3z2;1 �
7z2;1

0:64� 4z22;1
� ĥT2;1u2;1ðx2;1Þ

� ð0:16� z22;1Þv̂2
X2
k¼1

22kðz2;1Þ2k�1 þ cosðtÞ

v1 ¼� �h1 � 10:25z1;2 �
z1;2

0:5� 2z21;2
� H1;2

� 2
oa1;1
oy1

� �2
z1;2

0:25� z21;2

 !
þ z31;2

v2 ¼� �h2 � 15:25z2;2 �
z2;2

0:5� 2z22;2
� H2;2

� 2
oa2;1
oy2

� �2
z2;2

0:25� z22;2

 !
þ z32;2

and adaptive laws as follows:

_̂h1;1 ¼ 0:1u1;1ðx1;1Þ
z1;1

0:25� z21;1
� 10ĥ1;1;

_̂h1;2 ¼ 0:1u1;2ðx̂1;2Þ
z1;2

0:25� z21;2
� 10ĥ1;2

_̂h2;1 ¼ 0:1u2;1ðx2;1Þ
z2;1

0:16� z22;1
� 10ĥ2;1;

_̂h2;2 ¼ 0:1u2;2ðx̂2;2Þ
z2;2

0:25� z22;2
� 10ĥ2;2

_̂v1 ¼ � 0:1v̂1 þ
X2
k¼1

22kðz1;1Þ2k;

_̂v2 ¼ � 0:1v̂2 þ
X2
k¼1

22kðz2;1Þ2k

where H1;2, H2;2 and �hi in (35), (49) and (50), i ¼ 1; 2.
The initial conditions of states are chosen as x1;1ð0Þ ¼

0:05 and x1;2ð0Þ ¼ 0:3, x2;1ð0Þ ¼ 0:05 and x2;2ð0Þ ¼ 0:2,

the others initial values are chosen as zeros. The simulation

results are shown in Figures 3, 4, 5, 6, 7, 8, 9, 10, 11, 12

and 13. Where Figure 3 shows the response trajectories of

control output yi (state variable xi;1) and the desired ref-

erence tracking signal yi;d . Figures 4 and 5 represented

show the response trajectories of zi;1 and zi;2, respectively.

It is obviously that zi;1 and zi;2 are constrained within the

given space with proposed approach. However, if the state

constraint is removed, the tracking error zi;1 is worse in

Figure 4, and the tracking error zi;2 cannot be constrained

on a given threshold in Fig. 5. Figures 6 and 7 show the

trajectories of the states of the systems and the states

estimated, respectively. It can be seen from these fig-

ures that the full state constraints are not violated. The

observer errors trajectories are shown in Figs. 8 and 9,

respectively. Figures 10 and 11 show the trajectories of the

control input and input saturation. In order to make the

input saturation function satðv1Þ and satðv2Þ became the

smooth function, Figs. 12 and 13 given the response tra-

jectories of their the auxiliary functions g1ðv1Þ and g2ðv2Þ,
respectively. From these figures, it is guaranteed that the

controller proposed in this paper can make the systems

stable and the constrained states are not violated.

Example 2 We present in what follows another practical

example illustrating the effectiveness of the technique

proposed. We select a quadruple-tank model from [35] and

[43] describing a large-scale nonlinear systems consisting

of four interconnected water tanks and two pumps through
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a selector value, which is connected to two different

pumps. The schematic of the quadruple-tank equipment is

shown in Fig. 14. The water flows from tanks 3 and 4 into

tanks 1 and 2, respectively, and from these two tanks to a

reservoir.

A continuous-time state-space model of the quadruple-

tank process system can be derived from first principles

[43] to result in

dh1

dt
¼� a1

S

ffiffiffiffiffiffiffiffiffiffi
2gh1

p
þ a3

S

ffiffiffiffiffiffiffiffiffiffi
2gh3

p
þ ca

S
qa

dh2

dt
¼� a2

S

ffiffiffiffiffiffiffiffiffiffi
2gh2

p
þ a4

S

ffiffiffiffiffiffiffiffiffiffi
2gh4

p
þ cb

S
qb

dh3

dt
¼� a3

S

ffiffiffiffiffiffiffiffiffiffi
2gh3

p
þ 1� cb

S
qb

dh4

dt
¼� a4

S

ffiffiffiffiffiffiffiffiffiffi
2gh4

p
þ 1� ca

S
qa

ð66Þ
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where hi and ai with i ¼ 1; 2; 3; 4 refer to the water level

and the discharge constant of tank i, respectively, S is the

cross section of the tanks. qj and cj with j ¼ a; b denote the

flow and the ratio of the three-way valve of pump j,

respectively. g is the gravitational acceleration.

Defining the deviation variables x1;1 ¼ 14ðh2 � h02Þ,
x1;2 ¼ h4 � h04, x2;1 ¼ 13ðh1 � h01Þ, x2;2 ¼ h3 � h03, u1 ¼
S

1�ca
ðqa � q0aÞ and u2 ¼ S

1�cb
ðqb � q0bÞ. We obtain the fol-

lowing decentralized model (see [35] for details):
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0 2 4 6 8 10 12 14 16 18 20
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

t(sec)

0 2 4 6 8 10 12 14 16 18 20
−2.5

−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

2.5

t(sec)

x12 estimate of x12 1.5 −1.5

x22 estimate of x22 1.5 −1.5

Fig. 7 Responses of xi;2, x̂i;2 of Example 1

1096 International Journal of Fuzzy Systems, Vol. 21, No. 4, June 2019

123



_x1;1 ¼x1;2 �
14
12

x1;1

_x1;2 ¼u1ðv1Þ �
1

14
x1;2

y1 ¼x1;1

ð67Þ

_x2;1 ¼x2;2 �
13
11

x2;1

_x2;2 ¼u2ðv2Þ �
1

13
x2;2

y2 ¼x2;1

ð68Þ
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where h0i denotes the linearization level of tank i, q0j

denotes the linearization flow of qj, 1i ¼ S=ai
ffiffiffiffiffiffiffiffiffiffiffiffi
2h0i =g

p
,

i ¼ 1; 2; 3; 4. Some important system values are given as

S ¼ 0:06m2, a1 ¼ 1:31 e�4 m2, a2 ¼ 1:507 e�4 m2,

a3 ¼ 9:267 e�5 m2, a4 ¼ 8:816 e�5 m2, h01 ¼ 0:6534m,

h02 ¼ 0:6521 m, h03 ¼ 0:6594 m, h04 ¼ 0:6587 rm m,

ca ¼ 0:3, cb ¼ 0:4, q0a ¼ 1:63m3=h, q0b ¼ 2:0m3=h,

g ¼ 9:8m=s2. More detailed parameters are given in [43]

of Table 1.

Based on the derivation of reference [35] and similar

example 1, the decentralized output feedback controller

and the update laws were designed as

vi ¼� �hi � si;2zi;2 �
1

2
kzi2 � Hi;2 � 2

oai;1
oyi

� �2

kzi2 �
z2i;2

kzi2

ð69Þ

_̂vi ¼� riv̂i þ bi
Xp
k¼1

22kðzi;1Þ2k ð70Þ

where the virtual controllers a1;1 ¼ �s1;1z1;1 � 5kz11=4�
ðk2b11 � z21;1Þv̂1

Pp
k¼1 2

2kðz1;1Þ2k�1 þ 14x1;1=12 þ _y1;d and

a2;1 ¼ �s2;1z2;1 � 5kz21=4 � ðk2b21 � z22;1Þv̂2
Pp

k¼1 2
2k

ðz2;1Þ2k�1 þ13x2;1=11 þ _y2;d. H1;2 ¼ f1;2ðx̂1;2Þ þ k1;2ex1;1 �P2
k¼1

oa1;1
oy

ðk�1Þ
1;d

y
ðkÞ
1;d � oa1;1

oy1
ðx̂1;2 þ 14x1;1=12Þ and H2;2 ¼ f2;2

ðx̂2;2Þ þ k2;2ex2;1 �P2
k¼1

oa2;1
oy

ðk�1Þ
2;d

y
ðkÞ
2;d �

oa2;1
oy2

ðx̂2;2 þ 13x2;1= 11Þ.

The given reference tracking signals are y1;d ¼
0:5 sinð0:5tÞ þ 0:5 sinðtÞ, y2;d ¼ sinð0:5tÞ sinðtÞ. The states
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of the systems are jx1;1j ¼ jy1j � kc11 ¼ 1:5, jx2;1j ¼
jy2j � kc21 ¼ 1:5, jx1;2j � 2:0, jx2;2j � 2:0. And by setting

the control parameter s1;1 ¼ 13, s1;2 ¼ 10, s2;1 ¼ 12,

s2;2 ¼ 10, kb11 ¼ 0:6, kb21 ¼ 0:8, kb12 ¼ 1:1, kb22 ¼ 1:4,

u1M ¼ 3, u2M ¼ 2, r1 ¼ r2 ¼ 0:1, b1 ¼ b2 ¼ 1, p ¼ 2.

The simulation results are shown in Figs. 15, 16, 17 and 18

with the initial conditions of states ½x1;1ð0Þ; x1;2 ð0Þ�T ¼
½0:1; 0:3�T, ½x2;1ð0Þ; x2;2ð0Þ�T ¼ ½0:1; 0:1�T, ½x̂1;1ð0Þ; x̂1;2
ð0Þ�T ¼ ½�0:1; 0:1�T, ½x̂2;1ð0Þ; x̂2;2ð0Þ�T ¼ ½�0:1; 0�T, the

others initial values are chosen as zeros.

Figure 15 shows the response trajectories of control

output yi (state variable xi;1) and the desired reference

tracking signal yi;d. Figures 16 and 17 show the trajectories

of the states of the systems and the states estimated,

respectively. It can be seen from these figures that the full

state constraints are not violated. Figures 18 and 19 show

the trajectories of the control input and input saturation.

From these figures, it is guaranteed that the controller

proposed in this paper can make the systems stable and the

constrained states are not violated.
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Fig. 14 Johansson’s quadruple-tank process diagram of Example 2
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5 Conclusion

In this paper, observer-based adaptive fuzzy decentralized

control has been proposed for a class uncertain large-scale

nonlinear system with full state constraints, input saturation

and unmeasured states. The fuzzy observers have been

designed to estimate the unmeasurable states. The auxiliary

design functions have been used to replace the input sat-

uration, and the BLFs have been used to constrain the full

state constraints. Finally, by utilizing adaptive
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backstepping design technique and Lyapunov stability

theorem, an observer-based adaptive fuzzy decentralized

control approach has been developed. It has been proved

that all the signals of the closed-loop systems are SGUUB,

the tracking error remains in the bounded compact set, and

the constrained states are not violated. Further research is

needed to design adaptive dynamic surface control for

large-scale nonlinear delay systems with the full state

constraints.
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