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Abstract In this paper, a disturbance attenuation controller

is presented for networked vehicle active suspension with

measurement noise and random control delay. By defining

the appearing probabilities of control delay as the mem-

bership function, the Takagi–Sugeno (T–S) fuzzy model of

networked vehicle active suspension is established with the

consideration of the persistent irregular road disturbance,

the random actuator delay, and the measurement noise. By

designing a transformation vector, the disturbance attenu-

ation control problem is reformulated as an equivalence

two-point-boundary-value problem under the constrains of

a delay-free system with respect to an equivalence per-

formance index. After that, an optimal disturbance atten-

uation controller is proposed by solving a Riccati equation

and a Stein equation, in which a Kalman filter is employed

to estimate the road disturbance state with Gaussian white

noise. Finally, by employing a simple vehicle active sus-

pension, simulation results show that the designed con-

troller can attenuate the vibration and compensate the

control delay for the networked T–S fuzzy vehicle active

suspension, in which the values of the sprung mass accel-

eration, the suspension deflection and the tyre deflection

can be reduced effectively.

Keywords Vehicle active suspension � Disturbance
attenuation control � T–S fuzzy control � Control delay �
Optimal control

1 Introduction

Vehicle active suspension plays an important component of

the automobile assisted driving technology in improving

the driving safety, the road-holding capability and the

passenger ride comfort [1, 2]. However, many irresistible

phenomena threat to the safety and stability of vehicle

active suspension, such as the irregular road disturbances

and structure friction loss. To offset the persistent vehicle

body’s vibration and satisfy the control performance

requirement of the vehicle active suspension, various active

control schemes have been proposed in recent decades

aiming to achieve the tradeoff among the conflicting per-

formance requirements including the road-holding ability,

ride comfort, suspension deflection and energy consump-

tion [3]. More recently, combining active vibration control

strategies with advanced optimal control technologies to

offset the irregular vehicle body’s vibration has been

attracted continuing attention, such as linear quadratic

optimal control [4], approximate optimal active control [5]

and optimal preview active control [6].

With advantages of convenient maintenance and flexible

structure, the researches on networked control system

(NCSs) have become important topics in the automatic

control domain [7, 8], such as stability analysis [9], con-

troller design [10, 11], and fault-tolerant diagnosis and
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control [12–14]. Then, the networked vehicle active sus-

pension is an inevitable trend by using the technologies of

advanced actuator and communication network. However,

due to the complexities of active suspension actuator and

communication network, control delay is inevitable in

practical vehicle engineering [15]. On the one hand, while

the advanced suspension actuator implements the control

strategies, the control delay will be induced from building

up the required control force, such as pneumatic [16, 17]

and hydraulic systems [18, 19]. On the other hand, in

communication network, control delay mainly results from

transmitting the control signals from vehicle implementing

agency to actuator. Unfortunately, the control delay usually

brings about the deterioration of control performance, even

the instability of vehicle active suspension. Taken the

control delay and external road disturbances into account,

the design problem of vibration control strategy for net-

worked vehicle active suspension is crucially important for

development of the vehicle initiative safety system. The

aim of this paper is to seek a disturbance attenuation

controller to reduced the road-induced vibration of the

vehicle active suspension and compensate the random

control delay.

The disturbance attenuation control problem for net-

worked vehicle active suspension is discussed in this paper,

in which the random control delay and the external road

disturbances with Gaussian white noise are considered.

First, the T–S fuzzy model for networked vehicle active

suspension is established, where the appearing probabilities

of control delay are defined as the membership function.

After that, a delay-free transformation system and a cor-

responding reformed performance index are designed

based on an introduced transformation vector. By

employing the optimal control theory and a Kalman filter, a

physically realizable disturbance attenuation controller is

proposed. Finally, the effectiveness of proposed control

scheme is illustrated by discussing the sprung mass

acceleration, the suspension deflection and the tyre

deflection under different situations with control delay.

The rest of this paper is organized as follows. The

attenuation control problem for networked vehicle active

suspension is presented in Sect. 2. The main result of this

paper is proposed in Sect. 3 where the optimal disturbance

attenuation controller is developed. By employing a simple

vehicle active suspension, some simulation results are

given in Sect. 4. Some findings and concluding remarks are

concluded in Sect. 5.

2 Problem Description

In this section, we discuss a simple vehicle active sus-

pension displayed in Fig. 1. Tanking the random control

delay into account, the dynamic equations of the two-di-

mensional vehicle active suspension are described as

ms€zsðtÞ þ cs½ _zsðtÞ � _zuðtÞ� þ ks½zsðtÞ � zuðtÞ� ¼ uðt � sÞ;
mu€zuðtÞ þ cs½ _zuðtÞ � _zsðtÞ� þ ks½zuðtÞ � zsðtÞ�

þ kt½zuðtÞ � zrðtÞ� þ ct½ _zuðtÞ � _zrðtÞ� ¼ �uðt � sÞ;
ð1Þ

where msðtÞ and zsðtÞ denote the mass and displacement of

sprung components; zsðtÞ and zuðtÞ are the mass and dis-

placement of unsprung components; kt and ct denote the

compressibility and damping of the pneumatic tyre; cs and

ks stand for the damping and stiffness of vehicle active

suspension, respectively. u(t) is the control force with

control delay s, and zr denotes the road irregularities acting

on the vehicle active suspension.

Defining the following vehicle suspension system state

�xðtÞ ¼

x1ðtÞ
x2ðtÞ
x3ðtÞ
x4ðtÞ

2
6664

3
7775 ¼

zsðtÞ � zuðtÞ
zuðtÞ � z4ðtÞ

_zsðtÞ
_zuðtÞ

2
6664

3
7775; ð2Þ

the continuous-time state space of vehicle active suspen-

sion can be written as

_�xðtÞ ¼ �A�xðtÞ þ �Buðt � sÞ þ �DvðtÞ;
ycðtÞ ¼ C�xðtÞ þ Euðt � sÞ;

�
ð3Þ

where x1 denotes the suspension deflection, x2 is the tyre

deflection, x3 and x4 represent the velocities of sprung mass

and unsprung mass, respectively; ycðtÞ is the controlled

output; vðtÞ ¼ _zrðtÞ, and

Fig. 1 The simple quarter vehicle active suspension
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�A ¼

0 0 1 �1

0 0 0 1

� ks

ms

0 � cs

ms

cs

ms

ks

mu

� kt

mu

cs

mu

�ðcs þ ctÞ
mu

2
66666664

3
77777775
;

�B ¼

0

0
1

ms

� 1

mu

2
6666664

3
7777775
; �Dv ¼

0

�1

0
ct

mu

2
66664

3
77775
;

C ¼
� ks

ms

0 � cs

ms

cs

ms

1 0 0 0

0 1 0 0

2
664

3
775; E ¼

1

ms

0

0

2
664

3
775:

ð4Þ

Considering the vehicle active suspension under an in-

vehicle network, the following fuzzy rule is defined based

on the random control delay s, which is in the form as

IF m � 1ð ÞT\s�mT ;

THEN x k þ 1ð Þ ¼ Ax kð Þ þ DvðkÞ þ Hu k � mð Þ;
ð5Þ

where T denotes the sampling period, the random control

delay s is evaluated between two adjacent sampling periods

with m � 1ð ÞT � s\mT , A ¼ e
�AT , H ¼

R T

0
e
�Atdt �B and

D ¼
R T

0
e
�Atdt �D.

Defining the appearing probabilities of control delay as

membership function to fuzzily fuse the subsystems (5), the

global model of networked vehicle active suspension with

random control delay can be formulated as

xðk þ 1Þ ¼ AxðkÞ þ
PM
i¼1

liHuðk � iÞ þ DvðkÞ;

ycðkÞ ¼ CxðkÞ þ
PM
i¼1

liEuðk � iÞ;

8>><
>>:

ð6Þ

where M is the number of switch subsystems, li denotes

the appearing probability of the control delay with the

following constrains

lm ¼ P m � 1ð ÞT\s\mT½ � 2 0 1½ �;
XM
i¼1

li ¼ 1: ð7Þ

For the external road disturbances, as stated in [5], based

on the ground displacement power spectral density (PSD)

under different road roughnesses, the road disturbance

v(t) can be viewed as the output of the following exosystem

_wðtÞ ¼ �GvwðtÞ;
vðtÞ ¼ FvwðtÞ;

�
ð8Þ

where �Gv 2 R2p�2p, Fv 2 R1�2p, and

�Gv ¼
0 I

~G 0

� �
;

Fv ¼ ½ 0; . . .; 0;|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
p

1; . . .; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
p

�;

~G ¼ diag �x2
1; . . .; � x1 þ ðp � 1Þ 2pv0

l

� �� �
:

ð9Þ

in which the considered frequency range of road distur-

bances is arranged in x1;x2½ � ¼ b1xn; b2xn½ � with

0\b1\1\b2; p 2 x2 � x1ð Þl=2pv0 þ 1; x2 � x1ð Þl=½
2pv0 þ 2Þ restricts the frequency of road roughness; l is the

road length.

Taken the measurement noise into account, the discrete-

time form of Eq. (8) can be described as following equa-

tion with the sampling period T

wðk þ 1Þ ¼ GvwðkÞ þ HvmðkÞ;
vðkÞ ¼ FvwðkÞ þ nðkÞ;

�
ð10Þ

where Gv ¼ e
�GvT , m(k) and n(k) denote the discrete-time

Gaussian white-noise processes with zero-mean values

E½mðkÞmTðjÞ� ¼ �Qdkj;E½nðkÞnTðjÞ� ¼ �Rdkj;

cov½mðkÞnTðjÞ� ¼ 0; 8k; j:
ð11Þ

In general, the performance requirements include the

suspension deflection, the sprung mass acceleration and the

tyre deflection. In order to trade off between performance

requirements and energy consumption, the following

average performance index is chosen as

J ¼ lim
N!1

1

N

XN

k¼0

yT
c ðkÞQycðkÞ þ uTðkÞRuðkÞ

	 

; ð12Þ

where Q 2 R3�3 is positive-semi-definite matrix, and R is a

positive real number.

Then, the disturbance attenuation control problem for

networked vehicle active suspension with random control

delay and measurement noise can be formulated to find a

controller u�ð�Þ to minimize the performance index (12)

under the constrains of (6) and (10).

3 Design of Optimal Disturbance Attenuation
Controller

3.1 Reformation of Disturbance Attenuation

Control Problem

Due to the control delay items
PM

i¼1 liHuðk � iÞ, it is

difficult to design the optimal disturbance attenuation
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controller. In order to resolve this problem, the following

transformation vector is introduced as

zðkÞ ¼ xðkÞ þ
XM

i¼1

li

Xk�1

j¼k�i

Ak�j�1�iHuðjÞ; ð13Þ

vehicle active suspension (6) can be reformulated as

z k þ 1ð Þ ¼ Az kð Þ þ Bu kð Þ þ Dv kð Þ;
yc kð Þ ¼ Cz kð Þ þ CðkÞ;

ð14Þ

where

B ¼
XM
i¼1

liA
�iH;

CðkÞ ¼
XM

i¼1

li Euðk � iÞ �
Xk�1

j¼k�i

CAk�j�1HuðjÞ
 !

:

ð15Þ

Substituting the second formula ycðkÞ of (14) into the

performance index (12), it can be reformulated as

J ¼ lim
k!1

1

N

XN

k¼0

zTðkÞCT QCzðkÞ
�

þ uTðkÞRuðkÞ þ CTðkÞQCðkÞ þ 2zTðkÞCT QCðkÞ
�
;

ð16Þ

Expanding superposition and summarizing the same item,

one has

lim
k!1

XN

k¼0

CTðkÞQCðkÞ
� �

¼ lim
k!1

XN

k¼0

uTðkÞRuuuðkÞ
� �

;

lim
k!1

XN

k¼0

zTðkÞCT QCðkÞ
� �

¼ lim
k!1

XN

k¼0

zTðkÞQzuuðkÞ þ wTðkÞQwuuðkÞ
� �

;

ð17Þ

where

Ruu ¼
XM
i¼1

li ETQE �
Xi

j¼1

CA�jB
� �T

QCA�jH
 � !

;

Qzu ¼
XM

i¼1

li CAi
� �T

QE �
Xi

j¼1

CAi
� �T

QCAj�1�iH
 � !

;

Qwu ¼
XM
i¼1

li

Xi

j¼1

CAi�jDFGj�1

 !T

QE

 

�
Xi

j¼1

Xi�j

t¼0

CAtDFGj�1
� �T

QCAtþj�i�1H
 �!

:

ð18Þ

Then the introduced average quadratic performance

index (12) can be reformulated as

J ¼ lim
k!1

1

N

XN

k¼0

zTðkÞCT QCzðkÞ
�

þ zTðkÞQzuuðkÞ þ uTðkÞ~RuðkÞ þ wTðkÞQwuuðkÞ
�
;

ð19Þ

where ~R ¼ Ruu þ R.

Therefore, the disturbance attenuation control problem

can be reformulated to find a controller u�ð�Þ to minimize

the performance index (16) under the constrains of (10) and

(14).

Remark 1 Noted the designed real number ~R, the absolute

value of component Ruu is in the range of [0, 1] based on

the small values of matrices A, B, C and H. Therefore, the

value of R could set a reasonable value to ensure the

existence of ~R�1, which is larger than the absolute value of

Ruu

3.2 Optimal Disturbance Attenuation Controller

The main results are described in the following theorem,

which include a physical realizable disturbance attenuation

controller with a Kalman filter for estimating the road

disturbances.

Theorem 1 Consider the disturbance attenuation control

problem for the T–S fuzzy networked vehicle active sus-

pension (6) subject to the persistent irregular road dis-

turbance (10) with respect to the average quadratic

performance index (12), the disturbance attenuation con-

troller can be designed as

uðkÞ ¼ �~R�1 K1zðkÞ þ K2ŵðkÞð Þ; ð20Þ

where

S ¼ ðI þ BT PB~R�1Þ�1; K1 ¼ QT
zu þ SBT PA1;

K2 ¼ QT
wu þ SBTðPðDvFv � B~R�1QT

wuÞ þ P1GvÞ;
ð21Þ

in which P is the unique solution of the following Riccati

equation

P ¼ CT QC � Qzu
~R�1QT

zu

� �

þ AT
1PðI þ B~R�1BT PÞ�1

A1;
ð22Þ

and P1 is the unique solution of the following Stein

equation

P1 ¼ A1P DvFv � B~R�1QT
wu

� �

þ A1ðI � PB~R�1BTÞP1Gv � Qzu
~R�1QT

wu;
ð23Þ

with A1 ¼ A � B~R�1QT
zu.
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Meanwhile, ŵðkÞ is the estimation of road disturbance

state w(k), which can be obtained from the following

Kalman filter

ŵðk þ 1jk þ 1Þ ¼ GvŵðkjkÞ
þ Kðk þ 1Þðvðk þ 1Þ � Fvŵðk þ 1jkÞÞ;

ð24Þ

where

ŵðk þ 1jkÞ ¼ GvwðkjkÞ;
Kðk þ 1Þ ¼ �Pðk þ 1jkÞFT

v ðFv
�Pðk þ 1jkÞ þ �RÞ�1;

�Pðk þ 1jkÞ ¼ Gv
�PðkjkÞGT

v þ Hv
�QHT

v ;

�Pðk þ 1jk þ 1Þ ¼ I � Kðk þ 1ÞFvð Þ�Pðk þ 1jkÞ;

ð25Þ

Proof Applying the optimal theory to disturbance atten-

uation control problem, the disturbance attenuation con-

troller can be designed as

uðkÞ ¼ �~R�1 QT
zuzðkÞ þ QT

wuwðkÞ þ BTkðk þ 1Þ
� �

: ð26Þ

Then the following TPBV problem is introduced

zðk þ 1Þ ¼ A1zðkÞþ
ðDvFv � B~R�1QT

wuÞwðkÞ � B~R�1BTkðk þ 1Þ;
kðkÞ ¼ ðCT QC � Qzu

~R�1QT
zuÞzðkÞ

þAT
1kðk þ 1Þ � Qzu

~R�1QT
wuwðkÞ;

zð0Þ ¼ x0; kð1Þ ¼ 0:

8>>>>>><
>>>>>>:

ð27Þ

By defining the following vector kðkÞ
kðkÞ ¼ PzðkÞ þ P1wðkÞ; ð28Þ

the above TPBV problem can be obtained.

Rearranging (26), (27) and (28), we have

BTkðk þ 1Þ ¼ SBT PA1zðkÞ½
þ P DvFv � B~R�1QT

wu

� �
þ P1Gv

� �
wðkÞ



:

ð29Þ

Substituting (29) into (26), the disturbance attenuation

controller can be obtained as

uðkÞ ¼ �~R�1 K1zðkÞ þ K2wðkÞð Þ: ð30Þ

Rearranging (28) and the first formula of (27), we have

zðk þ 1Þ ¼ S A1zðkÞf
þ DvFv � B~R�1QT

wu � B~R�1BT P1Gv

� �
wðkÞ

�
:

ð31Þ

Thus we have

kðkÞ ¼ CT QC � Qzu
~R�1QT

zu

� �
zðkÞ

þ A1 Pzðk þ 1Þ þ P1wðk þ 1Þð Þ � Qzu
~R�1QT

wuwðkÞ
¼ fðCT QC � Qzu

~R�1QT
zuÞ

þ A1PðI þ B~R�1BT PÞ�1
A1gzðkÞ

þ fA1PðDvFv � B~R�1QT
wuÞ � Qzu

~R�1QT
wu

þ A1ðI � PB~R�1BTÞP1GvgwðkÞ:
ð32Þ

Noting the parameters for the items of z(k) and w(k) in

(28) and (32), the Riccati equation (22) and Stein equation

(23) are obtained.

Meanwhile, it should be noted that the disturbance

attenuation controller (30) is physical unrealizable caused

by the disturbance state w(k). Then by applying the Kalman

filter theory, the Kalman filter (24) is designed under the

assumption (11). Substituting the estimated value ŵðkÞ for
w(k) into the controller (30), the optimal disturbance

attenuation controller (20) is designed. The proof is

completed. h

4 Simulation Results

In this section, by employing a simple active vehicle sus-

pension, experimental results will be discussed detailed to

show the abilities for offsetting the irregular road distur-

bance and compensating the random control delay of the

proposed optimal disturbance attenuation controller (20).

The parameters of vehicle active suspension are listed in

Table 1. Thus the matrices A, B, C and D in Eq. (14) are

obtained as

Table 1 Parameters of vehicle active suspension [16]

Name of parameters Variable Value

Sprung mass ms 9527.6 N

Unsprung mass mu 1113.3 N

Damping of passive suspension cs 1095 Ns/m

Stiffness of passive suspension ks 42719.6 N/m

Compressibility of pneumatic tyre kt 101115 N/m

Damping of pneumatic tyre ct 14.6 Ns/m
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A ¼

0:8754 0:2627 0:0734 � 0:0661

0:1110 0:7358 0:0059 0:0668

� 0:3290 � 0:0628 0:9779 0:0206

2:5350 � 6:0630 0:1760 0:5589

2
6664

3
7775;

H ¼ 10�4 �

0:0292

� 0:0260

0:0770

� 0:5934

2
6664

3
7775;D ¼

� 0:0073

� 0:0727

0:0015

0:2651

2
6664

3
7775;

C ¼
� 4:4838 0 � 0:1149 0:1149

1:0000 0 0 0

0 1:0000 0 0

2
64

3
75;

E ¼ 10�3 �
0:1050

0

0

2
64

3
75:

ð33Þ

Meanwhile, the road displacement input is generated

from the exosystem in Eq. (10) based on the parameters

shown in Table 2. The curve of the random road distur-

bances input is shown in Fig. 2. In order to established the

T–S fuzzy networked vehicle active suspension, the prob-

ability distributions of control delay s are given in Table 3.

At the same time, the designed performance index (12) is

set as Q ¼ 107 � diag 1; 2; 5f g;R ¼ 215:07 (Fig. 2).

In order to show the abilities of offsetting the irregular

road disturbance and compensating the random control

delay more clearly, the control performances will be dis-

cussed by applying the proposed controller to the above

vehicle active suspension. Specially, considering an open-

loop vehicle active suspension and ones under proposed

control scheme with control delay s ¼ 15, 24, 45 ms, the

comparison curves of the sprung mass acceleration, the

suspension deflection, the tyre deflection and the control

force are displayed in Figs. 3, 4, 5 and 6.

From Figs. 3, 4 and 5, by applying the proposed control

scheme, it can be observed that the values of the suspen-

sion deflection, the sprung mass acceleration and the tyre

deflection could be converged to a small range rapidly

under control delays s ¼ 15, 24, 45 ms. Meanwhile,

although the control delays increase, the values of the

sprung mass acceleration, suspension deflection and tyre

deflection can be arranged in the range of ð� 0:25; 0:25Þ,
ð� 0:05; 0:05Þ and ð� 0:025; 0:025Þ, respectively. Then the

control performance can be improved effectively under the

proposed control scheme. Meanwhile, from Fig. 6, the

trajectories of control schemes are similar under the situ-

ations with control delays s ¼ 15, 24, 45 ms.

After that, in order to demonstrate the ability of

improving the control performance under control delays,

the root-mean-square (RMS) values of control performance

requirements are displayed in Tables 4, 5 and 6 including

the sprung mass acceleration, suspension deflection and

tyre deflection are displayed in Tables 4, 5 and 6 under

different situations with control delays s ¼ 15, 24, 34, 45

and 56 ms, in which the decrement rate (DR) of the closed-

loop (CL) response relative to the OL vehicle active sus-

pension are given. For example, while control delay

Table 2 Parameters of random road roughness

Variable n1 n2 b1 b2 wn v0 l

Value 2 1.5 0.5 5 2.1175 20 m/s 200 m

Table 3 Probability distributions of actuator time delay

s ðmsÞ (10, 20) [20, 30) [30, 40) [40, 50) [50, 60)

m 1 2 3 4 5

Probability 0.5 0.25 0.15 0.06 0.04

0 1 2 3 4 5 6 7 8 9 10
−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

0.05

0.06

v(
t) 

(m
/s

)

Random Road Disturbance

Fig. 2 The curve of random road disturbances

0 1 2 3 4 5 6 7 8 9 10
−0.25

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

0.2

0.25

Time (sec)

Z"
s (m

/s
2 )

 Sprung Mass Acceleration

τ=15 ms
τ=24 ms
τ=45 ms
Open−Loop

Fig. 3 The curve of sprung mass acceleration under different

situations
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s ¼ 15 ms, the RMS values of sprung mass acceleration,

suspension deflection and tyre deflection under proposed

controller are 0.0840, 0.0215 and 0.0129. Compared to OL

system, the decrement rate are 52.24%, 45.15% and

34.18%.

In summary, the proposed control scheme is efficient to

improve the control performance, offset the road distur-

bance and compensate the control delay.

5 Conclusion

The disturbance attenuation control scheme for T–S fuzzy

networked vehicle active suspension was developed in this

paper. A T–S fuzzy model of networked vehicle active

suspension was established based on the appearing proba-

bilities of control delay. The gain matrices of the distur-

bance attenuation control scheme were designed by solving

a TPBV problem formulated from a delay-free transfor-

mation system and an equivalence performance index.

Meanwhile, the road disturbance state were estimated from

a Kalman filter under white noise. The simulation results

have shown that under the proposed control scheme with

different control delays, the values of control performance

including suspension deflection, sprung mass acceleration

and tyre deflection can be effectively reduced, and the road

disturbances can be significantly offset.
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