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Abstract This paper studies the robust fuzzy controller
design problem for the nonlinear ship fin stabilizing sys-
tems. By considering the perturbations, the nonlinear ship
fin stabilizing system is represented by the perturbed
Takagi—Sugeno fuzzy model. According to the perturbed
Takagi—Sugeno fuzzy model, the parallel distributed
compensation technique is used to design a model-based
robust fuzzy controller. The purpose of the parallel dis-
tributed compensation fuzzy controller is to derive linear
controllers such that each fuzzy rule of the Takagi—Sugeno
fuzzy model can be compensated. In addition to the robust
stability performance, the variance constraint and transient
performance constraint are also considered in this paper.
According to these performance constraints, the linear
matrix inequality technique is employed to solve the suf-
ficient conditions developed in this paper. At last, some
simulations for the control of nonlinear ship fin stabilizing
systems are made to show the usefulness and effectiveness
of the proposed design method.
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1 Introduction

The rolling usually has a negative impact on the cargo and
crew on board. It is dampened when a vessel uses the roll
stabilization systems. The rolling caused by the sea waves
affect the comfort of passengers. It is uncomfortable for the
crew when a rolling motion happens with large amplitude.
In [1], a ship roll prediction scheme was proposed using an
adaptive sliding data window, which is designed to repre-
sent time-varying nonlinear dynamics of ship roll motion.
In order to reduce the rolling effect, the fin stabilizer sys-
tem was designed in the literature [2—-8]. It can be found
that the fin stabilizer is an effective device that can be used
to reduce the rolling motion for the ships. One of the fin
stabilizer systems is a device comprising fins placed on
both sides of the ship’s hull. The fin stabilizer system can
create a held-up moment that can resist the sea wave dis-
turbance and reduce the ship’s rolling motion. Recently,
some intelligent control techniques have been applied to
design the fin stabilizer system [2, 4, 5, 8]. In [2, 4], the
fuzzy control and predictive control were employed to
design the fin stabilizer system, respectively. Besides, a
neural network-based PID control approach was applied in
[5]. Moreover, the fin stabilizer design problem based on
model-based fuzzy control technique was solved in [8]. In
[8], the Takagi—Sugeno (T-S) fuzzy model was employed
to represent the nonlinear fin stabilizer system. According
to the T-S fuzzy model, the parallel distributed compen-
sation (PDC) [9] method was used to develop sufficient
conditions that guarantee the stability of the nonlinear fin
stabilizer system.

Over the past few decades, the T-S fuzzy model and its
corresponding control techniques have been developed
rapidly for the complex nonlinear control systems [10-21].
Applying the T-S fuzzy modeling method, one can obtain
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that the system dynamics can be captured by the sets of
linear local dynamic models, and the overall nonlinear
complex systems can be approximated smoothly by
“blending” of these local models through membership
functions. According to the T-S fuzzy model, the PDC
technique [9-11] was employed to design the fuzzy con-
trollers for the nonlinear systems. Corresponding to the
PDC-based fuzzy controller design method, some resear-
ches related to relaxed stability condition issues have been
investigated in [12, 13]. In [14, 15], an adaptive fuzzy
control method was developed for the uncertain nonlinear
systems with input constraint. Besides, the H, control and
neuro-network control were combined with fuzzy control
to deal with the control problem for the T-S fuzzy systems
in [16, 17], respectively. In [18-21], the sliding mode
control method was applied to design fuzzy controllers for
achieving multiple performance requirements. The dissi-
pativity-based fuzzy integral sliding mode control of con-
tinuous-time T-S fuzzy systems was developed in [20].
The sliding mode control of fuzzy singularly perturbed
systems with application to the electric circuit was studied
in [21]. In general, the T-S fuzzy model-based control
methods were widely applied in many practical industrial
systems [22-29]. For the TCP network systems, the T-S
fuzzy model-based control technique was applied to design
routers [22]. Also, the similar control method was also
applied to the nonlinear ship drum-boiler systems in [23].
In [24, 25], a T-S fuzzy control approach was investigated
for the ship steering systems. In [26], a global asymptotic
model-free  trajectory-independent tracking control
methodology for an uncertain marine vehicle was devel-
oped. The main technique investigated in [26] was imple-
mented by combining tracking control and adaptive fuzzy
control [27]. Moreover, the T-S fuzzy control for the
generator systems has been studied in [28, 29]. In many
branches of engineering applications and practical systems,
the stochastic behaviors are inevitable and need to be
considered for the controller design process [19, 24, 28].
Therefore, the stochastic behaviors will also be considered
in this paper to study the robust fuzzy control problem for
ship fin stabilizing systems.

Generally, the uncertainty is usually considered in the
controller design for the robust control problem of T-S
fuzzy systems [9, 11, 22, 30-33]. It is known that the
robust control theory is effectively applied to solve the
control problem for the systems with perturbations and
uncertainties. Robust control was also considered and
widely employed for the industrial systems to improve
system performance. In order to deal with the uncertainty
problem of T-S fuzzy systems, some benefit approaches
have been investigated in [9, 11, 22, 30-33]. Stability
analysis is the most important part for the controller design
of the uncertain T-S fuzzy systems. Thus, the quadratic

stability conditions based on the well-known Lyapunov
theory are considered and presented in [9]. For obtaining
better performance, pole placement constraint and state
variance constraint are considered in the proposed fuzzy
control design methodology. Considering the above con-
straints, some researchers developed approaches to deal
with the performance-constrained control problem
[18, 19,24, 32, 34-37]. In [18, 19, 24, 32-37], the state and
output variance constraints were considered in the fuzzy
controller design process. Besides, the pole placement
constraint was considered in the control problem for T—S
fuzzy systems [19, 36]. It is known that the pole placement
technique can improve the transient performance for the
controlled systems. However, to the best of the authors’
knowledge, so far the problem of robust fuzzy control with
all of the above performance constraints has not been
discussed in the literature. Extending the results of
[18, 19, 24, 32, 34-37], this paper investigates a robust
fuzzy control methodology for the ship fin stabilizing
systems by considering robust constraint, pole placement
constraint and state variance constraint, simultaneously.

In [37], the variance-constrained fuzzy control problem
has been studied for the ship fin stabilizing systems.
However, the approach developed in [37] just considered
the steady-state performance requirement. The transient
performance requirement and the uncertainty were not
considered in [37]. Therefore, the purpose of this paper is
to extend the study of [37] to design a robust fuzzy con-
troller for the nonlinear uncertain ship fin stabilizing sys-
tems. The motivation of this paper is to deal with the
control problem for the ship fin stabilizing systems subject
to transient and steady-state performance requirements.
The transient performance requirement considered in this
paper is the pole placement constraint. The steady-state
performance requirement considered in this paper is the
state variance constraint. Up to now, the robust fuzzy
control problem with the above performance requirements
has not yet been investigated for nonlinear uncertain
stochastic systems. Based on the Lyapunov stability theory,
some sufficient conditions are derived in this paper to
achieve the above transient and steady-state performance
requirements. The advantage of the proposed robust fuzzy
control approach is that one can use the linear matrix
inequality (LMI) technique to solve these sufficient con-
ditions such that the pole placement constraint and state
variance constraint can be satisfied for the ship fin stabi-
lizing systems, simultaneously. In order to demonstrate the
effectiveness of the proposed robust fuzzy control method,
some numerical simulations for the control of a nonlinear
uncertain ship lift-feedback-fin stabilizing system are pro-
vided in this paper.

This paper is organized as follows: In Sect. 2, a T-S
fuzzy model with external disturbances and perturbations is
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used to represent the nonlinear uncertain ship lift-feedback-
fin stabilizing systems. The performance constraints and
the proposed control problem are also defined in this sec-
tion. In Sect. 3, the individual state variance constraint and
pole placement constraint are considered in the fuzzy
controller design process. Some sufficient conditions are
derived subject to the above performance constraints. In
Sect. 4, some numerical simulations are provided to
demonstrate the applicability and effectiveness of the
proposed robust fuzzy control method. The LMI technique
is employed to solve the sufficient conditions derived in
this paper. At last, some conclusions are provided in Sect.
5.

2 System Description and Problem Statements

A lift-feedback-fin stabilizer control system of a ship
consists of a controller, sensor, servo system, fin, etc. [2].
The lift feedback fin encapsulates the nonlinear and
uncertain relationship between lift and fin angle, and all the
other parts are linear blocks. Thus, all parts except ship can
be simplified and united to a controller block when a sys-
tem is designed.

Sea waves mainly cause rolling of a ship. Sea waves
have a statistical rule although they are irregular and
stochastic. In this paper, the main energy of sea waves
centralizes in the low-frequency range of 0.3—1.25 rad/s by
sea wave spectrum theory. Considering the nonlinearities
of rolling resilient moment and rolling damp moment, we
can describe the nonlinear model of rolling of a ship as
follows [2]:

(I, + AL)é + Byd + By |d|a + Cyo 4+ C30° 4 Csor
:Md _Ms (1)

where o denotes the rolling angle of a ship, I, and A4I,
denote the mass inertia moment and affixing mass inertia
moment relative to the vertical axes of the ship, My denotes
the disturbance moment of sea waves, M, denotes the
stable moment of lift feedback fins. Besides, C;, Cs, Cs, By,
B, are constants and C; = Dh, where D denotes the ton-
nage of a ship and & denotes the height of the steady center
of rolling of a ship.

The parameters of a certain ship are D = 1457.26¢,
h=1.15m, I, + AL, = 3.4383 x 10°, C;=2.097 x 10°,
Cs = 4.814 x 10°, B, =0.636 x 10°, B, =0.79 x 10°.
Let M, = M; + M, the nonlinear model of this rolling of a
ship can be described as follows:

G +0.1856 + 0.23|c|& + 0.48740 + 0.610° + 1.45°
=2.9084 x 107'M, (2)

In this paper, we choose the system states as x; = o, xp = o
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and the control input as u = M,. Then, the dynamic equa-
tion of the nonlinear lift-feedback-fin system can be given
as follows:

X1 =x (3a)

Xy = —0.4874x; — 0.61x7 — 1.4x] — (0.185 + 0.23|x2|)x2
+2.9084 x 10~ "u + 0.050

(3b)

where x(¢) is the rolling angle of the ship, x,(¢) is the
rolling angular velocity of the ship, u(#) is the control input
that denotes the stable moment of lift feedback fin, w(?) is
the external disturbance input, which expressed in xj, xa,
u and o for simplicity. Applying the T-S fuzzy modeling
technique [9], one can obtain the perturbed T-S fuzzy
model for the lift-feedback-fin system (3a, b) as follows:

Plant Rules
IF x,(t) is R} and x,(t) is RS, then
X(1) = (Ai + AAy)x (1) + (Bi + ABig)u(t) + Niw(t)
(4a)

¥(1) = Cxlt) iyl =1~3 (4b)

The membership functions of x;(f) and x,(f) are pre-
sented in Figs. 1 and 2. The system matrices for the T-S
fuzzy model (4a, b) are given as follows:

0 1 0 1
A= , Ag = ;
—0.4874 —-0.185 —0.5073 —0.185

0 1
Az = )
—0.5272 —-0.185

0 1 I 0 1 ]
Ap= , Ap= ;
| 04874 —0.225] | —0.5073 —0.225 |
0 1
Az = ,
—0.5272 —-0.225
[ 0 1 7 [ 0 1
Ap= , Ap= 5
| —0.4874 —0.265 ] | -0.5073 —0.265 ]

0 1
Az =
—0.5272 —-0.265
Bii =By =B3; =B =By =B3; =Bj3 =By = B33

B 0
~ 129084 x 1077 |’
Ni; =Nz; =N3; =Nj2 =N =N3; =Nj3 =Ny =N33

- {0.%5]’

and Cj; =Gy =C3; =Cp=Cpp=C35p=Cj3=Cy3 =
Cyi;=[1 0]

Besides, the uncertainties of the T—S fuzzy model (4) are
selected as follows:
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Fig. 1 Membership function of the state x;(¢)
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Fig. 2 Membership function of the state x,(¢)

[AA,‘( AB,‘@] = HmA(l)[Ral[ Rb,'/g], l',f =1~3 (5)

where A(t) = sin(#) and
H;i =Hy =H3 =Hj; =Hy; =H3 =Hj3 =Hy =

Hy — [0.1 0 :|’
0 0.1
Rait = Roi = Ryzi = Ry = Ry = Ryzp = Ry =
Rz =Rz = {0 O.l],
0 O

20°/s

and Ry = Ryt = Rpzi = Rpi2 = Ry = Ry = Ry3
0
= Rp23 = Rp33 = [2 % 10-8

Then, one can obtain
AAj = AAy = AA3 = AAp = AAp = AA3 = AAg3

=AAy; = AAsyz = |:8 081:| sin(t),

and ABH = Ale = AB31 = ABlz = AB22 = AB32 =

0 .
AB13 = AB23 = AB33 = |:2 % 109:| Sll’l(t).
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In order to design a robust fuzzy controller for the
perturbed T-S fuzzy model (4a, b) of the nonlinear lift-
feedback-fin system (3a, b), a general form of the perturbed
T-S fuzzy model is considered in this paper as follows:
Plant Rule i

IF z;,(¢) is M;; and ... and z;,(¢) is M, then

(1) = (A; + AA)x(t) + (B; + ABu(r) + Now(r)  (6a)
y(1) = Cix(1) (6b)

where i = 1, 2, ..., rand r is the rules number, M;, are fuzzy
sets, £ is the premised variable number, x() € R" is the state
vector, u(t) € " is control input vector, y(r) € R is output
vector, and external disturbance input vector w(t) € R/ is
assumed as a zero-mean Gaussian white noise with intensity
W, which satisfied the condition (W > 0), |w(?)|| < ¢and ¢
is a positive scalar. A; € R, B; € R N, € ", C; €
97" are constant matrices, and the uncertainties of the
system state (6a, b) are described as the form
[AA; AB;] =HA;(1)[Ry; Ry, Ai(f) is the uncertain
matrix and (H;, R,;, Rp;) are the known matrices.

Let us consider the T-S fuzzy model (6a, b) with the
state vector x(¢) and the input vector u(?); then, the overall
T-S fuzzy model can be rewritten as follows:

x(r) = Zh,—(z(t)){(A,— + AA)x(t) + (B; + AB))u(t) + Niw(r)}
i=1
(7a)

r

= Z hi(z(2))Cix(1) (7b)
i=1
where  i(3(1)) = TTjy My (5:(0)) /S50, T My (5(0).
hiz(1)) = 0, >i=ihi(z(1)) = 1 and My;(z;(1)) is the grade of
the membership of z(?).

In this paper, the PDC method [9-11] is applied to
design the robust fuzzy controller for the perturbed T-S
fuzzy model (7a, b). The important concept of this method
is to design the linear controller for each rule in the T-S
fuzzy model, and then, one can “blend” the linear con-
trollers of each rule so that the overall fuzzy controller can
be obtained. The fuzzy controller for the T-S fuzzy model
(7a, b) is constructed as follows:

Controller Rule i
IF z;1(¢) is M;; and ... and z;(¢) is My, then

u(t) = Fx(1) (8)

Then, the overall fuzzy controller can be represented by:
1) =Y hi(a(t)Fix(r) 9)
=1

Thus, one can obtain the following closed-loop system
form by (7a, b) and (9).

@ Springer

=33

i—1 j=1

:ﬁiﬁum
i=1

+ 2 h;(z(2))Nw(2)

N{((Ai + AA) + (B

Tix(z +22h h;j(z(1)) <#>X(l‘)

i<j

i + AB)F))x(1) + Now(1) }

(10)

where l",-j: Gij—|—H,‘Ai(t)Rij, G,’j: AH—BiFj and
R; = R, + R,F;.

Considering the stability analysis of the above stochastic
uncertain T-S fuzzy model (10), one can obtain the Lya-

punov stability conditions introduced in Lemma 1.

Lemma 1 [9] The closed-loop T-S fuzzy model (10) is
stable if there exists a common positive definite matrix Q
such that the following conditions are satisfied.

I''Q+Qr;<o0, for i=1,2,...,r (11)
and

1_‘i‘ r'i rl rl . .
(7]; ") Q+ Q( i+ ’)<0, for i<j (12)

The stability of the closed-loop T-S fuzzy model (10)

can be ensured by achieving conditions (11) and (12). In
addition to the stability performance, this paper also con-
siders performance requirements in the fuzzy controller
design. First, a steady-state performance constraint so-
called individual state variance constraint is introduced as
follows:
Definition 1 For the closed-loop system (10), it is
assumed that X; is the steady-state covariance matrix of
system X,- = lim,_
E(x(t)x"(r)), which satisfies X; = XIT > (. Considering
the uncertainties consist of the T-S fuzzy system (10), the
individual state variance matrix and its constraint consid-
ered in this paper are introduced as follows:

state x(f) for each rule, ie.,

T 2

Xi,, <o, (13)
where [-],, means the pth diagonal element of the matrix [-]
and ¢, p =1, 2, ..., n are the root-mean-squared individ-

ual state variance constraints.

Next, in order to obtain a better transient performance of
the system responses, the D-stable pole placement con-
straint is considered for the T-S fuzzy model (10). The
description of the D-stable pole placement constraint can
be found as follows:

Definition 2 [38] The D-stable pole placement constraint
considered in this paper is defined as that all the poles of
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each linear subsystem of the closed-loop system (10) can
be located at the following specified circle region D.

D= {x Fjye Cilx+ q)2+y2<r2} (14)

where the center of the circle is at the point (— g, 0), the
radius is » > 0, and it has the consequent — g + r < 0.

From [38], it can be known that the D-stable conditions

for a dynamic system x = Ax can be referred to as follows:
If there is a symmetric matrix K satisfying the following

conditions, then the dynamic matrix A of the dynamic

system x = Ax is called D-stable.

gK + AK
—rK

—rK

T <0 (15)
gK + KA

where K > 0. Furthermore, the corresponding
D-stable conditions for the uncertain T-S fuzzy system
(10) can be obtained by extending the conditions of (15).
The conditions for the D-stability of T-S fuzzy system (10)
with uncertainties can be expressed in the following
lemma.

Lemma 3 [39] If there exists a common positive definite
matrix K such that the following conditions are satisfied, it
can be said that each subsystem of the T-S fuzzy system
(10) is D-stable.

—rK

gK +K(ry)"
qK + (I'y)K

0 16
k< (16)

Via the conditions of (16), the closed-loop poles of each
dynamic matrix €; can be located in a circle region
expressed in Definition 2. The circle region can put a lower
bound on both the exponential decay rate and damping
ratio of the closed-loop responses. Usually, the
D-stable pole placement constraint is widely used to pro-
mote the performance for controlling practical systems.

Besides, the following effective lemma was developed
in [40] to deal with the uncertainties of the control systems.
It will be used to derive the sufficient conditions for the
perturbed T-S fuzzy model (10) that satisfying the indi-
vidual state variance constraints and D-stability constraint,
simultaneously.

Lemma 2 [40] Given real compatible dimension matri-
ces A, H and R for any matrix X >0, £>0 with
AT()A(1) <T and X — EA(1)AT (1) >0, one can find two

results as follows:
HA(f)R+RTAT(1)HT < ‘HH" +¢ 'RR (17)

and

(A+HA()R)"X ' (A+HA(1)R) <AT(X—¢HH") 'A+¢ 'R™R

(18)

The performance constraints considered in this paper
have been introduced as the above statements. According
to the above transient and steady-state performance con-
straints, the purpose of this paper is to develop an approach
to design a robust fuzzy controller for the perturbed T-S
fuzzy system (10). In the following section, the stability
conditions subject to the individual state variance con-
straint and pole placement constraint are derived based on
the above lemmas.

3 Robust Fuzzy Controller Design with State
Variance Constraint and Pole Placement
Constraint

In the previous section, the definitions of the state variance
constraint and pole placement constraint have been intro-
duced. The purpose of this section is to combine state
variance constraint and pole placement constraint into the
stability conditions for the perturbed T-S fuzzy model (10).
The sufficient stability conditions, which satisfy the state
variance constraint (13) and D-stability constraint (14), for
the closed-loop T-S fuzzy model (10) are given as follows.

Theorem 1 If there exists a positive definite matrix X,
and matrices T; such that the following sufficient condi-
tions are satisfied, then the closed-loop T-S fuzzy system
(10) is stable, and the individual state variance constraint
(13) and D-stability constraint (14) are all achieved.

[ T T T
(Dii_'—q)ii—"_il_{%li +N;WN; —*ﬂ] <0, for i=1,2,....r
(19)
(d)ij + (DE> + (q)ji + (I)jTI) ,
+ fH,‘Hi *
%{ R <0, for i<j
( z:z; ji>X a
(20)
[ X * *
gX+AX+BT, —(X-¢HH") =« [<0 (21)
R, X + Ry T; 0 —¢I
X — diag(d?,...,62 ) <0 22
g 1 ny

where (Dij = AiX+BiTj, Tl‘ = Fl‘X, Rij = Rm‘ —+ RhiFj7 X is
the upper bound of the state covariance matrix, the * is the
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transport element, and the circle region D is defined in
Definition 2.

Proof Because T; = F;X, the following inequality can be

obtained from condition (19) by taking the Schur com-

plement [41].

GiX +XG! + cHH! + ¢! (R.X) (RiX) + NJWN! <0
(23)

Based on inequality (17) of Lemma 3, the following

inequality can be obtained from (23) by considering the

uncertainties.

G;X +XG/ + (H;AR;X + XRATH] ) +N;WN/ <0
(24)

1.e.,

;X + XTI, + N;WN/ <0 (25)

Multiplying the above inequality on the left and right by
Yﬁl, then one can obtain
X T+ TIX X 'NWNIX ' <0 (26)
Let Q = X_l, then condition (11) can be satisfied because
XﬁlNiWNiTif1 >0 and inequality (26) is satisfied. Thus,
if condition (19) is satisfied, one can obtain that condition
(11) is also satisfied. In the same way, one can also con-
clude that if condition (20) is satisfied, then condition (12)
is also satisfied. In summary, if conditions (19) and (20) are
satisfied, then the T-S fuzzy model (10) is stable because
conditions (11) and (12) of Lemma 1 are satisfied.
Applying the Schur complement [41] to (21), one can
obtain the following inequality due to T; = F;X.
—I‘X + é_l (R,‘,’X)T(R,’iX)
J— T — . 71 J—
+{(a+Ga)X} (X - HHT) " {(q+Gi)X} <0
(27)
Based on inequality (18) of Lemma 3, the following
condition can be obtained from (27).
—rzi + {(q + G,’,’)X + H,'A,'R,-;X}TXA {(q + G,’,’)X + H,‘A[Riii} <0
(28)
Moreover, (28) can be rewritten as the following form.
X+ (X + ;X)X (¢X +,X) <0 (29)
Taking the Schur complement [41] to the above inequality
(29) and choosing the positive define matrix K = X, then
the D-stable condition (16) of Lemma 2 can be obtained.

That is, the D-stability of the T-S fuzzy model (10) can be
ensured if condition (21) is satisfied.

@ Springer

Also, the matrix X described in conditions (19)—(22) can
be used to achieve the individual state variance constraint
(13). From [42], it can be found that the steady-state
covariance matrix Xi of system state x(¢#) for each rule
satisfies the following Lyapunov equation.

X+ XIT+ NWN! =0 (30)
Subtracting (30) from (25), one has

From the previous statements, it is known that if
conditions (19) and (20) are satisfied, then the T-S fuzzy
model (10) is stable. In this case, one can obtain that the
matrix I';; is stable. Because the matrix I';; is stable, the
fact of X — X; > 0 can be obtained from (31). For the fact
X — X; > 0, then the individual state variance constraint
(13) can be achieved if condition (22) is satisfied. That is,

X],, <X, <o (32)

Thus, if conditions (19)—(20) are satisfied, then one can
find that the closed-loop T—S fuzzy model (10) is stable via
Lemma 1. Furthermore, if conditions (21) and (22) are
satisfied, then the T-S fuzzy model (10) also achieves the
D-stability constraint (14) and individual state variance
constraint (13), respectively.

It is obvious that (19) and (20) provide the conditions for
the stability synthesis for the T-S fuzzy model (10) with
perturbations. The characteristic of the D-stable pole
placement constraint is to let all the poles of the control
system be placed in the circle LMI region D defined in
(14). In Theorem 4 of [43], it can be noticed that the pole
placement is fundamentally related to the cases i =j and
not necessary for i < j, and it suffices to locate the poles of
only dominant term in the prescribed LMI region D.
Applying the upper bound state covariance matrix for
condition (22), the individual state variance constraint (13)
of T-S fuzzy control system (10) under the stochastic
behaviors with external disturbance effects can be
guaranteed.

Remark 1 The advantage of the proposed design method
is that the pole placement and state variance-constrained
control problem for the perturbed T—S fuzzy stochastic
models can be solved by solving the conditions of Theo-
rem 1 with the LMI technique [41]. However, if the
number of sub-models of the T-S fuzzy model (7) is large,
it might be difficult to find a common matrix X for the LMI
conditions of Theorem 1. Moreover, this constraint is often
conservative, and it is well known that a common positive
definite matrix does not exist, whereas the system is stable.
To overcome this limitation, the designers can employ the
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relaxed stability condition approaches investigated in
[12, 13, 44, 45] to extend the results of Theorem 1.

By solving the sufficient conditions provided in Theo-
rem 1, a PDC-based fuzzy controller (9) can be designed
for the T-S fuzzy system (10) to satisfy D-stability con-
straint (14) and individual state variance constraint (13).
For expressing the applicability and effectiveness of the
proposed fuzzy controller design approach, a multiple
performance-constrained control problem for a nonlinear
lift-feedback-fin system is introduced in the next section.

4 Applications to a Nonlinear Lift-Feedback-Fin
System

In this section, two numerical examples are provided to
show the practicability of the proposed fuzzy control
approach. For considering the nonlinear lift-feedback-fin
system, its dynamic equation is given in (3a). Its corre-
sponding perturbed T-S fuzzy model is introduced in (4a).
According to the perturbed T-S fuzzy model (4a) of the
nonlinear lift-feedback-fin system, one can design the
robust fuzzy controller by solving the sufficient conditions
of Theorem 1. Then, the fuzzy controller can be obtained to
guarantee the achievement of individual state variance
constraint (13) and D-stability constraint (14),
simultaneously.

For the T-S fuzzy model (4a) for the lift-feedback-fin
system, two examples are presented in this section for
verifying the effectiveness and applicability of the pro-
posed fuzzy controller design method. In the first example,
the circle LMI region of the D-stable pole placement
constraint is adjusted to discuss transient behaviors of the
closed-loop system. In the second example, the fuzzy
controller obtained in the first example is compared with
the controller developed in [37] to verify the advantage of
the proposed fuzzy controller design method. For the

beginning of the simulations, the intensity of the external
disturbance is defined as W = 1, and the individual state
variance constraints are given for each state as follows:

o1 =0.1, 03=02 (33)

Example 1 The purpose of this example is to discuss the
effect of the pole location for the transient behaviors of the
closed-loop T-S fuzzy system. That is, the circle LMI
region D(q, r) of the D-stable pole placement constraint in
the proposed controller design method is adjusted to
investigate the transient behaviors of the closed-loop sys-
tem. First, the simulation results of the adjustment of the
center for the circle region are presented. For the different
center ¢, the control gains of the fuzzy controller (9) can be
solved from Theorem 1. By setting r = 3, the control gains
forgq=—4,qg=— 6 and ¢ = — 8 are shown in Table 1.
Therefore, the PDC-based fuzzy controller can be obtained
from Table 1 as follows:

3

u(t) =Y hile(r) Yo (x(1)Fxe(1) (34)

il=1

From Table 1, it can be found that the control gain is
bigger when the center is adjusted to the more negative
location. According to the different center ¢, all the poles
of each subsystem can be found in Table 2, where eig(T';)
denotes the poles of the closed-loop state matrix I'; with
setting A;(f) = 1. From Table 2, it can be found that the
poles are pulled to the more negative location if the center
is chosen more negative. Furthermore, it can also be found
that the poles have an imaginary part in the case of
(g, r) = (— 8, 3), and it may increase the oscillation of the
response. The location of the poles in the circle region from
the different centers is presented in Fig. 3. Based on the
above results, the comparisons of system responses for the
different centers are presented in Figs. 4 and 5. In these
figures, it can be found that the transient behaviors

Table 1 Control gains for the different center ¢ of the circle region D in (14)

(. =(=4,3) (g, 1) =(=6,3) (. =(—183)

Fi, = 107 x [—2.4607 —1.9402] Fi; =107 x [—9.4999 —3.6086] Fi = 108 x [—1.7676 —0.4895]
Fy = 107 x [—2.4596 —1.9446] Fy = 107 x [—9.4793  —3.6034] Fy = 108 x [—1.7707 —0.4902]
F3 = 107 x [~2.4538 —1.9453] F3 = 107 x [—9.4704 —3.6026] F3 = 108 x [—1.7708 —0.4903]
Fip = 107 x [—2.4665 —1.9308] Fip =107 x [—9.4861 —3.5896] Fio = 108 x [—1.7713 —0.4888]
Fy = 107 x [—2.4596 —1.9309] Fp = 107 x [—9.4792  —3.5896] Fy = 108 x [—1.7707 —0.4888]
Fy = 107 x [—2.4528 —1.9309] Fy, = 107 x [-9.4724 —3.5896] Fi, = 108 x [—1.7700 —0.4888]
Fi3 = 107 x [—2.4664 —19171] Fi3 = 107 x [—9.4861 —3.5759] Fi3 = 108 x [—1.7713  —0.4874]
Fa; = 107 x [—2.4596 —1.9171] Fo3 = 107 x [—9.4792 —3.5759] Fp; = 108 x [—1.7706 —0.4874]
Fy; = 107 x [—2.4528 —1.9171] Fs3 = 107 x [—9.4724 —3.5759] Fi3 = 108 x [—1.7699 —0.4874]
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Table 2 Pole locations for the

,N=(—4,3 ,1)=(—6,3 ,HN=(—28,3

different center ¢ of the circle @n=( ) @n=( ) @n=( )

region D in (14) , [—2.0200] , [—4.8159] . [—7.2598 +0.2601 |
cigli) = | 33468 cigli) = | 50366 ciz(Mi) = | 75508 - 0.2601 |
. ~ [—2.0150] . _ [—4.8463] ‘ _ [—7.2695 +0.1944i |
cig(l2) = | 38646 cig(l21) = | 58909 eiz(l21) = | 77605 — 0.1944i
. _ [—2.0141] . _ [—4.8513] ) _ [-7.2716 +0.1775i
cigla) = | 38676 cigla) = | 58836 eiz() = | 75716 - 0.1775i
: _ [—2.0154] : [ —4.8477] ‘ ~ [=7.2693 +0.2016i ]
cigl2) = | 38640 cigl2) = | 58802 eiz(M2) = | 72693 - 0.2016i |
. ~ [—2.0153] . _ [—4.8476] . ~ [—-7.2693 +0.2011i]
eiel=2) = | 38640 cigl2) = | 58803 eigl2) = | 72603 - 0.2011i]
. _ [—2.0152] . [ —4.8475] ) _ [—7.2693 +0.2082i
eieM2) = | 35641 cigl2) = | 58804 eigl2) = | 72693 - 0.2082i |
: ~ [—2.0157] : _ [—4.8490] ‘ ~ [=7.2690 + 0.2082i ]
eigls) = | 35633 | eie(Tis) = | 58876 | eie(T13) = | 75690 — 0.2082i |
. ~ [—2.0156] : _ [—4.8489] . _ [—=7.2690 + 0.2077:
cigl) = | 38634 cigl) = | 58877 eizl) = | 72690 - 0.2077i |
. _ [-2.0155] . _ [—4.8487] . _ [—=7.2690 + 0.2072i ]
cigla) = | 38635 cigls) = | 58879 ciglss) = | 7600 - 0.2072i

obtained from the regions (g, r) = (—6, 3) and (g, r) = 6 N( ) (4‘3) ]

. * (q.r)=(-4,

(— 8, 3) are better than that of the region (¢, r) = (— 4, 3). o (:,r)=(—6,3)
Moreover, the responses of the region (g, r) = (— 6, 3) can 4l Q=83 ] |
obtain the most proper transient behaviors with considering
the settling time and the maximum overshoot. 5l |

Secondly, the simulation results of the adjustment of the
radius for the circle region are presented. By setting the o
same center ¢, the control gains of the fuzzy controller (9) =
for the different radii can be solved from Theorem 1. By
setting ¢ = — 6, the control gainsforr = 1,r=3andr =5 25 ]
are shown in Table 3. From Table 3, it can be found that
the control gains are bigger when the radius is adjusted to a Ar 1
smaller region. According to the different radius r, all the
poles of each subsystem can be found in Table 4. From 6L ‘ ‘ ‘ ‘ ‘ e
A2 10 -8 -6 4 2 0 2

Table 4, it can be found that the poles are pulled to the
more negative location if the designer chooses a smaller
radius. However, it can also be found that the poles have an
imaginary part in the case of (g, r) = (— 6, 1), and it may
increase the oscillation of the response. The location of the
poles in the circle region from the different radii is pre-
sented in Fig. 6. Based on the above results, the compar-
isons of system responses between the different radii are
presented in Figs. 7 and 8. In Figs. 7 and 8, it can be found
that the transient behaviors obtained from the regions
(g, r) =(—6,1)and (g, r) = (— 6, 3) are better than that
of the region (g, r) = (— 6, 5). Moreover, the responses of
the region (g, r) =(— 6,3) provide better transient
behaviors than the results of the region (g, r) = (— 6, 1).
From the above two simulation results of the adjustment
for the circle region, it can be concluded that the controller
obtained by choosing the region (g, r) = (— 6, 3) is the

@ Springer

Fig. 3 Location comparison of the poles for the different centers

best choice for the proposed design method. Thus, the
fuzzy controller by setting the region (g, r) = (— 6, 3) is
applied in Example 2 to compare with the controller design
method developed in [37].

Example 2 In this example, the proposed fuzzy controller
design method is compared with the fuzzy control
approach developed in [37]. From Example 1, we choose
the circle region (g, r) = (— 6, 3) for the D-stable pole
placement constraint. Then, the positive definite matrix X
and feedback gains F; can be obtained by solving the
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Fig. 4 Response of the state x,(f) for the different centers Fig. 6 Location comparison of the poles for the different radiuses
5 sufficient conditions (19)-(24) via MATLAB LMI-Tool-
box as follows:
0 < 0.0092 —0.0374
= X= —0.0374  0.1829 (35)
> 5
S F;; =107 x [—9.4999 —3.6086] (36a)
Bl Fao = 10" x [~9.4793  —3.6034] (36b)
>
515 F3; = 10" x [-9.4704 —3.6026] (36¢)
jo2)
%_20 Fi, =107 x [—9.4861 —3.5896] (36d)
© ! Fy = 107 x [-9.4792 —3.5896] (36¢)
=250 .
% Fs3, = 107 x [-9.4724 —3.5896] (36f)
.30 L I -
0 5 10 15 Fi3 =10" x [-9.4861 —3.5759] (36g)
time (s)
Fo; = 107 x [-9.4792 —3.5759] (36h)

Fig. 5 Response of the state x,(¢) for the different centers

Table 3 Control gains for the different radius r of the circle region D in (14)

(g n=(=61 (g, n=(=16,3) (g, =(=65)

Fi = 10% x [—~1.1866 —0.4005] Fi; =107 x [-9.4999 —3.6086] Fi = 107 x [-3.3530 —2.4533]
Fy = 10° x [~1.1859 —0.4005] Fy = 107 x [-9.4793  —3.6034] Fy = 107 x [-3.3553 —2.4597]
F3 = 10% x [—1.1852 —0.4005] F3; = 107 x [-9.4704 —3.6026] F3 = 107 x [-3.3500 —2.4607]
Fio =10% x [-1.1866 —0.3991] Fi; =107 x [-9.4861 —3.5896] Fi; =107 x [-3.3621 —2.4459]
Fyp = 10% x [—~1.1859 —0.3991] Fyp =107 x [-9.4792 —3.5896] Fp = 107 x [-3.3553 —2.4459]
F3 = 10% x [—-1.1852 —0.3991] F3 =107 x [-9.4724 —3.5896] Fi3 = 107 x [-3.3484 —2.4459]
Fi3 =108 x [-1.1866 —0.3977] Fi3 =107 x [-9.4861 —3.5759] Fi3 =107 x [-3.3621 —2.4321]
Fp; =108 x [—1.1859 —0.3977] Fy =107 x [-9.4792 —3.5759] Fy; = 107 x [-3.3552 —2.4321]
F3; =108 x [—1.1852 —0.3977] F33 = 107 x [-9.4724 —3.5759] F3; = 107 x [-3.3484 —2.4321]
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Table 4 Pole locations for the

, 1) =(=6,1 ,PND=(—6,3 ,PH=(—6,5
different radius r of the circle @n=( ) @n=( ) @n=t )
region D in (14) . [—5.9565 + 0.3286i | . [—4.8159] . [—1.9049]
eizl) = | 59565 - 0.3286i izl = | 59366 ciz) = | 54644 |
. [—5.9565 + 0.3284/ | . [—4.8463 ] . [—1.9026 ]
eig(l21) = | 59565 - 0.3284i eig(l21) = | 58009 | cigla) = | 54853
. [ —5.9565 + 0.3282i ] . [ —4.8513] . [—1.9022]
eig(l31) = | 59565 - 0.3282i | eizla1) = | 5 gg36| cigls) = | 54888
. [—5.9564 + 0.3309i | . [—4.8477] . [—1.9028 ]
eigM2) = | 50564 - 0.3309i | eigl2) = | 5880y | cigl2) = | 54848
. [—5.9564 + 0.3307i | . [—4.8476 ] . [—1.9027]
cig(l2) = | 59564 - 0.3307i | eigla2) = | 5 ggo3| cigl2) = | 54849
. _ [—5.9564 +0.3305/ | . _ [—4.8475] . ~ [—1.9027]
cigl2) = | 59564 - 0.3305 | eigl) = | 5 ggo4 | cigl2) = | 54849
. [—5.9563 + 0.3332i ] . [—4.8490 ] . [—1.9029 ]
cig(lis) = | 59563 - 0.3332i | eigla) = | 5 gg76 | ciglis) = | 54843
. _ [—5.9563 +0.3330i ] . _ [—4.8489] . ~ [-1.9029]
eig(l) = | 59563 - 0.3330i | eigla) = | 58877 cigl) = | 54844
. _ [—5.9563 +0.3328] . _ [—4.8487] . _ [-1.9028]
cigls) = | 50563 - 0.3328i ciglss) = | 5870 cigls) = | 54844
10 5
Y @n=(6.1)
| (9,r)=(-6,3)
8| —— —(@n=65) |
5 6 ,‘\\ 7 g
| >
o | 3
g’ 4110\ il O -
© [ z
> | o
= | =
E 2L v‘ \\ i %_
= | =
x \ \ =
\_ N~ S
oL == _ S _ — -
2]
-2 L I -25 I L
0 5 10 15 0 5 10 15
time (s) time (s)
Fig. 7 Response of the state x;(7) for the different radiuses Fig. 8 Response of the state x,(¢) for the different radiuses
Fz; = 107 x [-9.4724 —3.5759] (36)  F, =[146.1067 69.0424] (37b)
F3 =[145.1549 69.0424 ] (37¢)
In order to verify the advantage of the proposed fuzzy =~ Fi2 = [147.0585 67.1293] (37d)
control method, it is. compared v&./ith.the fuzzy control Fy = [146.1067 67.1293] (37¢)
approach developed in [37]. Considering the T-S fuzzy
model (4, b) for the lift-feedback-fin system (3a, b), the ~ F32 = [145.1549  67.1293] (37f)
fuzzy control gains solved by the methodology of [37] can  Fy3 = [147.0585 65.2162] (37g)
be sh foll :
© ShoWIL as ToTlows Fos = [146.1067 65.2162] (37h)
F, = [147.0585 69.0424] (37a) _
F3; = [145.1549 65.2162] (37i)
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Fig. 9 Comparison of the responses of state x;(¢) for Example 2
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Fig. 10 Comparison of the responses of state x,(f) for Example 2

For applying the fuzzy control gains (36a—i) and (37a—i),
the corresponding PDC-based fuzzy controllers can be
obtained from (34).

In the simulations, the initial condition is selected as

x(0) = {% 0} and the simulation time is set as 60 s.

Applying the fuzzy controller (34) with control gains (36a—
i) and (37a—i), the simulation responses of the system states
are shown in Figs. 9 and 10. It can be found that the pro-
posed robust fuzzy controller provides a better robust
performance under the effect of the external disturbance.
Moreover, it can also be found that the proposed robust
fuzzy controller provides a better transient behavior
because the pole placement constraint is considered in the
proposed fuzzy control method.

For checking the state variance constraints, the variance
values of system states obtained by the simulation results
of the proposed fuzzy control method are given as follows:

var(x;) = 0.0824, var(x;) = 0.1820 (38)

Besides, the following state variance values can be
obtained from the simulation results of the method devel-
oped in [37].

var(x;) = 8.2712, var(xy) =4.1134 (39)

The state variance values of (38) are both suppressed
under the given constraints 67 =0.1 and o3 = 0.2. How-
ever, the state variance values of (39) cannot satisfy the
specified variance constraints. Therefore, the proposed
fuzzy controller design approach provides a better choice
for the nonlinear lift-feedback-fin system to control the
rolling motion of the ship and to achieve stability, indi-
vidual state variance constraint and pole placement con-
straint, simultaneously.

5 Conclusions

In this paper, a robust fuzzy controller design methodology
has been investigated for achieving multiple performance
constraints for the nonlinear lift-feedback-fin systems
modeled by the perturbed T-S fuzzy model. The perfor-
mance constraints considered in this paper include the
stability constraint, individual state variance constraint, and
the pole placement constraint. Some sufficient conditions
were derived to achieve the above multiple performance
constraints. By using the LMI technique to solve these
sufficient conditions, a robust fuzzy controller can be
designed subject to multiple performance constraints for
the perturbed T-S fuzzy models. Finally, the proposed
robust fuzzy control method was employed to control a
nonlinear lift-feedback-fin system to verify the practica-
bility and applicability. In the future, the proposed design
method can be extended to the discrete-time nonlinear
stochastic systems. Moreover, the sufficient conditions
developed in this paper can be relaxed, and the other per-
formance requirement can be affiliated in the future.
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